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Abstract

Many concepts of mathematics can be generalized. In this thesis, we discuss
the generalization of the concept of derivatives to include the derivatives of fractional
derivatives. Two approaches to the definition of fractional derivatives are given and
proved that are equal.

We introduce an approach to the fractional derivatives of the functions using
the Taylor series of analytic functions. In order to calculate the fractional derivatives
of f, it isnot sufficient to know the Taylor expansion of f, but we should also know the
constants of all consecutive integrations of f. The method of calculating the fractional
derivatives very often requires a summation of divergent series, and thus in this note,
we first introduce a method of such summation of series via anaytical continuation of
functions.

A derivative of a function of order a, for any rea number a ( caled a
fractional derivative) is the subject of this thesis. Here the definition will depend on
the formal power series summation. We used this definition to find the fractional
derivative of the constant functions and the polynomials. The result was the same
result by using the known definitions of fractional derivatives until now. Also, we
proved properties of the fractional derivative. And we proved that the fractional

derivative of order al R of the exponential function e*is the exponential function
e* and this help us in finding the fractional derivatives of the trigonometric functions
and hyperbolic functions.

Finally, we introduce a characteristic class of so called idea functions, which
admit arbitrary fractional derivatives.



-

AadAl

sl s e @ Of Gun 0 @ Aaal) (e O JEY) dGibe ga Gl 1 g g
¢4yl AL (il y anafly Canll 13gn Uil 28] G g lamaa Taae (65 f 35 5 pually
OB 3l Aldiie e alaie YU 8 5 (Ja o) — (lay )y aladiuls J5Y)

) SO A sl AEisal) Cluay Ll AU Cay il e Toldie) s Gloud) 12 3
Cigyma o Lo Gl (e Anlil) iliall d6iae aliil) S Cua caanll 5,8 Clil Y
Al Gailiad Gam bl L celly ) Qi) 3 ) diidl cliy 5 e oY)

Ay sl

(A ex‘;u‘m OEY) s e” Y1 Ol A ) Asuial) of Lndl elly ) aaleay
A 30 sl Y1 g Al bl U Ay o)) AEidiall e Jpanl) 8 Lac Ly 13
el A sl cliniall e DU Gkl Al 0 alay) 8 (eSS Canall 13a Lpaal
Go il (i (o) Aluluia 485k e 4US (Say GEEN QW Gl 8) IS o duag
G5 Jaall 138 8 Al il Lilae ) Lgd oSy 48y 5kl 028 () (5 53 Lild deae ) o L))
B8 Aleal) kil o uSaiy o g 0 50



Table of Contents

Introduction
Chapter One:

Riemann-Liouville Operator

1.1 The Gamma function. 1
1.2 Beta function. 2
1.3 Riemann-Liouville integral. 2
Chapter Two:

Series approach to the fractional derivatives

2.1 Power series. 8
2.2 A new approach to fractional derivatives. 10
2.3 Some Properties of fractional derivatives 11

2.4 New proofs of fractional derivatives of the exponential and
trigonometric functions. 14

Chapter Three:

Algebraic Approach to the Fractional Derivatives

3.1 Theoretical results for fractional derivatives. 22
3.2 Properties of ideal functions (1). 25
3.3 Expanding of the Bernoulli numbers. 28

3.4 Natural representation of (1/cosx) and Euler numbers. 29
3.5 Representations and natural representations of other ideal

functions. 32

vi



Conclusion

Refer ences

Vi

39
40



I ntroduction

The traditional integra and derivative are, to say the least, a staple for the technology
professional, essential as a means of understanding and working with natural and artificia
systems. Fractional Caculus is a field of mathematic study that grows out of the traditional
definitions of the calculus integral and derivative operators in much the same way fractiona
exponents is an outgrowth of exponents with integer value. Consider the physical meaning of the
exponent. According to our primary school teachers exponents provide a short notation for what
is essentialy a repeated multiplication of a numerical value. This concept in itself is easy to
grasp and straight forward. However, this mathematical definition can clearly become confused
when considering exponents of non integer value. While almost anyone can verify that x3 =
x.x.x, how might one describe the mathematica meaning of x3/%4, or moreover the
transcendental exponent x4. One cannot conceive what it might be like to multiply a number or
quantity by itself 3.4 times, or /4 times, and yet these expressions have a definite value for any
value x, verifiable by infinite series expansion, or more practically, by calculator.

Now, in the same way consider the integra and derivative. Although they are indeed concepts of
a higher complexity by nature, it is still fairly easy to physicaly represent their meaning. Once
mastered the idea of completing numerous of these operations, integrations or differentiations
follows naturaly. Given the satisfaction of a very few restrictions (e.g. function continuity),
completing n integrations can become as methodical as multiplication.

But the curious mind can not be restrained from asking the question what if n were not restricted
to an integer value? Again, at first glance, the physical meaning can become convoluted, but as
this report will show, fractional calculus flows quite naturaly from our traditiona definitions.
And just as fractiona exponents such as the square root may find their way into innumerable

equations and applications, it will become apparent that integrations of order ; and beyond can
find practical use in many modern problems.

n
The fractional derivative isnatura anatural extension of the familiar derivative%(nx) where
n=0,1,2,...to arbitrary numbera (( integral, rational, irrational or complex)). Fractiond
differentiation is of use in the solution of ordinary, partial, and integral equations as well asin
the contexts, a few of which are indicated in the bibliography although other methods of solution
are available, the fractiona derivative approach to these problems often suggests methods that
are not obvious in a classical formulation. The fractional calculus forms a specia chapter in the
non-genera "Operation Calculus’ which considers functions of the differential operator "D"
more genera that D¢.

Fractional Calculus is the branch of calculus that generdizes the derivative of function to non-
integer order allowing calculations such as deriving a function to 1/2 order despite generalized
would be a better option, the name "Fractional" is used for denoting this kind of derivative, see

[1].

viii



The simplest gpproaches to the definition of fractional differentiation begin by looking at a few
well-known functions, and try to find various derivatives by means of an intuitive approach. We
will be making use of the usual notation for derivatives, see[2], and we get the following:

D"f(x) = lim h- nZ( 1) ( )f(x+(n—m)h)

Differentiation and integration are usually regarded as discrete operations, in the sense that we
differentiate or integrate a function once, twice, or any whole number of times. However, in
some circumstancesit’s useful to evaluate afractional derivative. In aletter to L’Hospital in
orders, and L’Hospital asked what would be the result of half-differentiating x. Leibniz replied
The paradoxical “It leads to a paradox, from which one day useful consequences will be drawn”.

Theideaof generalizing the concepts of differentiation and integration to non-integer (fractional)
orders has a long mathematical history. It was first discussed in the correspondence of G.W.
Leibniz around 1690. Over the centuries many famous mathematicians including Euler,
Riemann, Liouville and Weyl have built up a body of mathematical knowledge on fractional
integrals and derivatives that is known under the name of fractional calculus.

In chapter (2) an approach to the fractional derivative of order @ € R of afunction is given. This
definition will depend on the forma power series summation. We used this new definition to
find the fractional derivative of the constant functions and polynomials. The result was the same
result by using the known definitions of fractional derivatives until now. Also, we proved
properties of the fractional derivative. Finaly, a proof of the well known fact that fractiona
derivative of e?* of order & € R Is equal to 1%e?*. Also, we proved that sin(®(x) = sin (x +
am/2) and cos®(x) = cos (x + an/2).

In chapter (3) we introduce an aternative definition of the fractional derivativesand also a
characteristic class of so called ided functions, which admit arbitrary fractiona derivatives (also
integrals). Further are found the expansions of the functions

xe* 1
e*—1"cos ( )!
calculate any fractiona derivative of these functionsat x = 0. These calculations |lead to
representations of the Bernoulli and Euler numbers B, and E,, for any complex number k
viafractional derivatives of some functionsat x = 0.

,x tanh x, and some other functions of the form ¥ a, — 7 » Which enables us to



Chapter 1

Riemann-Liouville Operator

The concept of non-integral order of integration can be traced back to the genesis of
differentia caculus itself: the philosopher and creator of modern calculus G.W. Leibniz
made some remarks on the meaning and possibility of fractional derivative of order

a € R inthelate 17:th century. However arigorous investigation was first carried out by
Liouville in a series of papers from 1832-1837, where he defined the first outcast of an
operator of fractional integration. Later investigations and further developments by
among others Riemann led to the construction of the integral-based Riemann-Liouville
fractiona integral operator, which has been a valuable cornerstone in fractional caculus
ever since.

Prior to Liouville and Riemann, Euler took the first step in the study of fractiona
integration when he studied the simple case of fractional integrals of monomials of
arbitrary real order in the heuristic fashion of the time; it has been said to have lead him
to construct the Gamma function for fractiona powers of the factoria [2, p. 243]. An
early attempt by Liouville was later purified by the Swedish mathematician Holmgren,
who in 1865 made important contributions to the growing study of fractional calculus.
But it was Riemann [4] who reconstructed it to fit Abel's integral equation, and thus made
it vastly more useful. Today there exist many different forms of fractiona integra
operators, ranging from divided-difference types to infinite-sum types [1, p. xxxi], but the
Riemann-Liouville Operator is still the most frequently used when fractional integration
is performed.

1.1 The Gamma function:

As will be clear later, the gamma function is intrinsically tied to fractional calculus. The
simple interpretation of the gamma function is simply the generalization of the factoria
for al real numbers. The definition of the gamma function is given by

I(z)= [ e“u’'du, fordlzeR (1)

The beauty of the gamma function can be found in its properties. First asseen in (2), this
function isunique in that the value for any quantity is, by consequence of the form of the
integral, equivalent to that quantity z minus one times the gamma of the quantity minus
one,

I'(z+1)=2zI(z), dso,whenzeN*, T(z)=(z-121)! 2

This can be shown through a simple integration by parts. The consequence of this relation
for integer values of z isthe definition for factoria. Note that at negative integer values,
the gamma function goes to infinity, yet is defined at non-integer values.



Now, we give an example.
Example1.1.1

Using equation (2), then we get
3 1 1 /1 Vi
r5)=riG+1)=3rG) =7

1.2 Beta function:

Also known as the Euler Integral of the First Kind, the Beta Function is in important
relationship in fractional calculus. Equation (3) demonstrates the Beta Integral and its
solution in terms of the Gamma function.

B(p.q):= f01(1 —w)P tudtdu = % = B(q,p), wherep,q € R* (3)

Now, we give an example.
Example1.2.1

Using equation (3), then we get

1.3 Riemann-Liouville integral:

The fractional derivative of order a € R of afunction f is

def(x) . 1 [ f(t)
e T =ry Of (o — )ar1 %

WhereI'(n) is the Euler's Gamma function.

Now, we give an example.
Example1.3.1

The (1/2) th derivatives of the functions f(x) = x and g(x) = Vx are



(1/2) () = 2V% (1/2) () = Y
fOP(x) == and gD (x) =

Solution:

Using this definition, the (1/2) th derivative of the function f(x) = x, isgiven by

f(1/2) (X) = dt

1 fx i
[C@WD) g

_ ' 1y
_r(_(l/z)ofu(l—u) 2 du

_ VX r@r=@/2)
TT(-(72) 1((3/2)
_2vx

-2

Also, using the same definition, the (1/2) th derivatives of the functions g(x) =
Vx isgiven by

1 fx Vit
F(—(1/2))0 (x_t);ﬂ

1 1,
pi=cv] RECRERA

__ 1 rE/Ar=1/2)
I'(=(1/2)) rc)
Vi

:7. |

Now we will give several properties of the fractional derivatives.

Theorem 1.3.2:[4]

If f(x) = ¢, where c is constant, then f(“)(x) = —mc_a) X



Pr oof:

Using the definition, the a th derivative of the function is

1 c
00 = F(—a)of (x — t)*+1 dt

And so,

@) =

1 c
F(—a)f (x “ e

x“F( a)f(l u)~* tdu

_ c F(l)F( Q)
Coxe F( a) T'(l—a)

—-a

F(1 a)

Theorem 1.3.3:[4]

_.n D(x) = LD n-a
If f(x)=x"n €7, then fie'(x) = =5 x

Pr oof:

Using the definition, the a th derivative of the function is

f(@®)

Fo0=rc a)f CENEE

dt

And so

F@ ) =

1
r(—a)of et ot

Xn—(x

(-9

u™(1 —u)~*Idu



_ X" T(n+ DI (—a)
T I(-a) T(n+1-a)

I'(n+1)
=—F—x"“ []
I'n+1-a)
Now, we give an example.
Example 1.3.4:[4]
The (—1/2) th derivative of the function f(x) = x? is

16x5/2

(-1/2)(x) =
frP0) =—¢ Y=

Solution:

Using the definition, the (—1/2) th derivative of the function is

1 [ e
f(—l/z)(x) = T dt
I (1/2) J‘ (X _ t)—§+1
— x5/2 2 l—1
= m u“(1—u)z "du
0

_ x%%2 T(3)r(1/2)
CT(/2) T(7/2)

16x5/2

~ 15VT

Now, assuming a function f(x) that is defined for x > 0, from the definite integral from
0to x, cdl this

UNE) = [, f®)dt.

Repeating this process gives

U200 = [;UN@de = [, f(s)ds)dt,

and this can be extended arbitrarily.



The Cauchy formulafor repeated integration, namely

U"f@) = f (x — O f ()t

1)I

leads to a straightforward way to ageneralization for real n.
Simply, using the Gamma function to remove the discrete nature of the factorial function

(recalingthatI'(n + 1) = n!, or equivalently I'(n) = (n — 1)!) givesus anatural
candidate for fractional applications of the integral operator.

U“f)(x) = ﬁ [G- oo

Thisisin fact awell-defined operator. It can be shown that the J operator satisfies

U9Y(E)f = UBYGo)f = (Jo+F)f = f (x — O)F+B-Lf(e)de

T(a+B) +/>’)
Finally, itisclearly that if « > O, then

D=*(f(x)) =J*(f(x))

Now, we give an example.

Example1.3.5
The (1/2) thintegral of the function f(x) = x? isgiven by
w2 16x5/2
1/2 —
JE2A(f (x)) 15va

Solution:

Using the definition, the (1/2) th integral of the function is

(0®) = ra7s f (e - £y 2 f ()

and so,

](1/2)(f(x)) = D(—l/Z)(f(x))

using example 1.4, then the (—1/2) th derivative of the function f(x) = x2 is

6



16x5/2

(-1/2) =
f (x) 15V
Therefore,
16x5/2
1/2) =
J2(f(x)) 15va




Chapter 2

Series approach to the fractional derivatives

We introduce an approach to the fractional derivatives of the analytical func-
tions using the Taylor series of the functions. In order to calculate the fractional
derivatives of f, it is not sufficient to know the Taylor expansion of f, but we should
also know the constants of all consecutive integrations of f. For example, any

fractional derivative of € ise’ only if we assume that the nth consecutive integral of e

ise for each positive integer n. The method of calculating the fractional derivatives
very often requires a summation of divergent series, and thus, in this note, we first
introduce a method of such summation of series via analytical continuation of
functions.

2.1 Power series:

In this section, quite a strong method of summation is introduced, which considers a
large class of series. It is used in 2.2 in order to effectively calculate the fractional
derivatives of agiven function. But first we recall some facts about the power series.

Definition 2.1.1

An infinite series of the form

e}

Z an(X — C)n =ay + al(x — C) + az(x — C)Z + ..

n=0
is called a power seriesin x about c.
Now, we give an example.

Example2.1.2

The series Yn—o X" isapower seriesin x about 0. In fact, we have seen that
1
_=Z%o=0xn for—-1<x<1
1-x
Definition 2.1.3

If fis a function for which there exists constants ay, a;,a, ... such that f(x) =

o An(x — c)™ Jfor al values of x in some open interval about c, then we say f is
analytic at c. If for some h >0 the equality holds for al x in the interval I =
(c — h,c + h), then we say f is analytic on I and we call Y57, a,(x — c)™ a power
series representation of f on .



Proposition 2.1.4 :[5]

Suppose f(x) = Yoo an(x —c)" on (¢ — R,c + R), where R > 0 is the radius of

(n)
convergence of the power series. Then a,, = fn—'(c) forn=0,12,..

Pr oof:

Since f(x) = Xp=oan(x —c)"

Then,

f(c) =ag+a(c—c)+ay(c—c)*+- =aq

S0 ap = f(c)

Next,

f'(c) = Z na,(c—c)" !t =aq
Soa; = f'(c)

For a, we have

e}

F(©) =) n(n - Dan(c— )" = 2a,

n=2

So a, = 0

In general, for k =0,1,2, ...,

oo

() = Z nn—1).(n—-k+1a,(c—c)"* =kla,

n=k
ichi 1%
from which it followsthat a;, = —
I AIO) _
Therefore, a,, = ,forn=01.2, ... m

n!



2.2 A new approach to fractional derivatives

In this section we will consider summation of divergent series for calculating of
fractional derivatives of order o € R of severa functions.

Discussion of the method:

Let Y:i=5 b; be a given series. Consider the formal power series ¥.t% b;x! and look for
a differential equation which it satisfies, even if the radius of convergence of the
power seriesis 0. If f is the solution of the corresponding differential equation, then

we take f(x) = Y5 bx! for each x. Set f(x) = X% ai’i(—'1 and define’i(—: = 0 for each x
andfori = —1,—-2, ..., then we can writef in the form

400

f(x) = Z ai)i(—!i

i=—o0

Definition 2.2.1

If f(x) = ’:‘g'gaii—f(i for each x. Then, for any a € R, the fractional derivative of order

o € R of afunction f is defined to be

+00 .
a;xi—®
f(ot) (X) = E :

(i—a)t
i=—a0
Notes:
i) Foreachx > 0,x! =T'(x + 1).
(i) (—a)! = [(Coctm) m — 1 < a < m,m isapositive integer.

ala+1)(a+2)..(a+m—-1) '’

i) for each x # o,(’_‘i + 0if a is non-integer number.

i—a)!

The interpretation of the coefficients a_;, i € Z*is the following. The coefficienta_,
is equal to g(0), where g'(x) = f(x), i.e. it isthe integra constant of [ f dx . Similarly,
a_, isequal to the integral constant of [ (J f dx)dx, and so on.

Using this new approach we can prove the following theorem that verifies some
formulas for fractional derivatives of order a € R of several functions.

Theorem 2.2.2 :[6]

i = i (o) = x7® = —a
i) If f(x) = ¢, where c is constant, then f(®(x) = ¢ ol - T
n=a  r(n+1) n—o

i) 1Ff(x) = X", n € Z, then f®)(x) = 2

(n—o)! - I'(n—o+1)

10



Proof:

(i) Writef(x) =

i——oo

'Xl, wherea; = 0,Vi # 0and a, = c. Applying
Definition 2.2.1 to the function f, we get

XO o X~ X~

o Xl * —
F00 = Z (i—a)! (O—a)' C(—oc)! B CF(l—a)'

(i) Writef(x) =
2.2.1 to the function f, we get

1——w i

4+ .
a:xi—« a,xn-« nixn-« I'(L+n
1 _ n _ _

FOx) = Li(i-t (n—o)! (n—a)! T(n—a+1)

X% m

2.3 Some Properties of fractional derivatives

We are now in a position to discuss some properties of fractional derivatives .We will
show that fractional derivatives have several properties that one would expect, such as
the fractional derivative operator is linear and repeated fractional differentiation is
accumulative.

Theorem 2.3.1:[6]

If f(x) =X, a" and g(x) = X, = biX! ¢or each x. Then for any o, B,c €R,

(I) (f(X) +9(x)) = @O ) + 9@ (x).

Ly de rdBefx))) _ d*HB(f(x))
(i) dx“( dxB )_ dxa+tB

(|||) (cf(x)) = cf () (x).

Proof:

ax

(i) Sincef() = 5, % and g(0) = T, 2 Then

4+ b)x
f(x)+g<x)=zw

i=—o0

Applying Definition 2.2.1 to the function f(x) + g(x), we get

11



(100 + 96000 = 3 (a+ by 2
: £, BT
_ o0 aiXi—a oo biXi—a
== gy | &= (i_g)]
=) + g x)
i)  Since f(x) = ¥~ aiifi , applying Definition 2.2.1 to the function f(x), we
get
+o0 .
a;x!—«
(@ (x) = !
90 L (-

Applying Definition 2.2.1 to the function f(®(x), we get

a;xi—aB
g (1000 = Z«. DB

But

axi=(@+h) a;x\~*B
dx°‘+3 5 (100) = Z G-G@rp) Z (—o—p)

Therefore,

d (dB(f(x))\ _ d**B(f(x))
dx“( dxP >_ dxa+B

1o AX

(iii)  Sincef(x) = X2, = then cf(x) =X, _i!xi. Applying Definition
2.2.1 to the function cf(x), we get

400

(cH@(x) =

i=—o0

. +00 .
ca;x'~¢ a;x'—¢

m = Ciz_wm = Cf(a)(X). [ |

Note that for any positive integer n ,this definition agrees with the traditional
definition of the derivative as the following examples show:

__cx M

F(l n) (—n)! =0

(1) L) =

T —
(2) —( ") = r(rfn;'i)l)x“ 3 = (nnz)'xn 3=n(n—1)(n—2)x"3

12



Also, if « = 0 we have ¥ 25— 0!

==y, A 0 = ().

Now the question isthe case n is anegative derivative integer? Let n = —1, then

+o0 .
aiX1+1 X—l XO X2

I TRy TR T

f(-1 (x) =

i=—o0

x0 X x? x3
—a_la+aoﬁ+alz+a2;+“'

=a_, +0jf(t)dt= jf(x)dx

In generdl, if nisapositive integer, then

+00 .
f( 0 aiX1+n x~1 x0 X X2 .
- = = .. 4 E— — 4+ — + —
() i+ n)! e R N TR e TR AT
i=—o0
x° X X2 X1
_a—na+a—n+1ﬂ A_n+2 57 21 + -t ag— n! + -

Oj f(H)dt,

X
X X2 Xn—l
= + — + — 4t —  +
a—n a—n+1 1| a—n+2 2| a—l (n _ 1)|
0

n-times integrations.

Hence, f{C™(x) = [[ ... [ f(x)dx, n-times integrations.

Now, if we take f(x) = e¥,then for any positive integer n, we have
fM(x) = ex and  fCW(X) = [ .. [eXdx

Theorem 2.3.2 :[6]
If g(x) = f(Ax), then g(®(x) = A%f (D (Ax)

Proof:

It is sufficient to prove the theorem for a & Z, because for o € Z, theoremis obvious.
S0, assumethat o & Z.

Xn

Writef(x) = X712 . a, ~ then

13



400

AX™
900 = ) = ) a,—
Then
+o0
)\nxn—a
(o) — -
But
400
XI’I—(X
(o) — -
£ (%) Z_ T
So
+00 +o
(}\X)n—a )\n—axn—a
(o) = — - -
o) _Z_ -y _Z_ -y
i @ Alxn—a @
Therefore, g(@ (x) = A%f (D (Ax). m

2.4 New proofs of fractional derivatives of the exponential and trigonometric
functions:

In this section we will prove that the fractional derivatives of order a € R, of the
exponential function e* isthe exponential function e*.

To do this, we need the following lemmas:
Lemma 2.4.1:[6]
Forany o > —1, if
kK(x) = —ax*® + g + 1)x2+e — q(a + 1) (a0 + 2)x3+% + ...

Then
1
k(1) = —eaje‘l/tt“‘ldt.
0

Proof:

The function k satisfies the following differential equation

14



K'() = —a(l + a)x* + ala + 1) (a + 2)x1+* — aa + 1) (a + 2) (o + 3)x2*H* + -

— _k@+axT _ k(x)

oa—-1
) = ) aX

! 1 a—1
y +ogy = —axt y = k(x)

Also, k(0) = 0 because a > —1. Hence the solution of this differential equation isthe
following function

X
k(x) = —ael/xje‘l/tt“‘ldt
0

1
k(1) = —eaje‘l/tt“‘ldt. m
0

Lemma 2.4.2:[6]

For any o > —1,

; et — 1 1 1 1
Oje = " et G- -o )

Proof:

(_1)ntn—a
n!

Since t™ %t =3Y7_, , then

1 4o

(1) Oj et tudt = j (nzz()(—l)n t:a)dt

0

—\"+o© (_1)n 1 - — +0 (_1)n 1
_Zn=0 n! fO tde = n=0"n1 n-a+1

(2)

1

je‘tt‘“dt— 1 1 1 +1 1 11 N
" 1-0a 1'2—a 2!13—0 3'4—q

0
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Butin [7], p.238, is proved the following identity

1 1
+ + ...
'x+1) TI'(x+2)
e 1 1 1 1 1 1 1

(3)

- (- — - 4 - + ...
F(x)(x 1!x+1+2!x+2 3Ix+3 )
By takingx = 1 — a'in (3) we have
1 1 _ e 1 1 1 1#_1#
(4) F(Z—a)+1’(3—a)+“._I’(l—a)(l_—a_EZ_—a 23 3a—a )
From (2) and (4), we have
— (1 —
I
r2-—a) I'(3—a)

Thus

g —t4+—a — a1 1 1 +
Ojet dt=e (1—a+(2—a)(1—a)+(3—a)(2—a)(1—a) )

Lemma 2.4.3:[6]
For any a > 0,
(—o()! = _afol e—l/tta—ldt

-1 1 1 1
+e (1 * 1-a * 2-a)(1-a) * G-a)2-a)(1-a) * )

Proof:

Using the definition of Gamma function, we have

0 1 0
(—)! =T (—a+1) = j e~tt-odt = j e~tt-adt + j e tt—odt
0 0 1

For the first integral Lemma 2.4. 2 implies

1 -t +—-a — a—1 1 1 + 1
Oje trdt=e (1—a+(2—a)(l—a)+(3—a)(2—a)(1—a) ) M
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For the second integral, using repeated integration by parts we have:

400

j ettt dt=e A —a+ala+1)— -+ (D"ala+1)..(a+n-1))

+(=D"a(a+ 1) ... (a+n) j -wi;nt-l-ldt (2)

but

[ee]

1
j e~ Ve 1dt = j e~ 1dt 3)
0

1

sincea+ 1> 0whena > —1, then

0

1
j e~t/tte-1dt = j et t~(@+dt
0

=e!1l-(a+1D)+(a+1)(x+2)— -

+(-D)"Ya+1)(a+2)..(a+n—-1))

+(—1)"(a+1)(a+2) .. (a+ n)j toi—;:_ldt

therefore,

1 0
(—aej e Vi ldt) + 1 = ej e tt-dt
1

0

Now, from (1),(2) and (3) we have:

1

1 1
—a)! = e ! — -1/tya-1 -1
o= (ot rga gt ) e ve
0
thus
1
((—a)!e+aeje-l/tt“-ldt):1+ ! . - 4.
1-a (1-a)2-a)
0
hence,
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1
1 1
_ | — — —1/t a—1 -1
(—o)! aje t*dt+e <1+1_a+(2_a)(1_a)+ )
0

Theorem 2.4.4 :[6]

4@ A — x
ForanyaeR,m(e ) = e’

Proof:

It is sufficient to prove the theorem for a & Z, because for a € Z, the theorem is
obvious. S0, assume that a & Z.

Using the expansion

NG X2 x 1 x0 xt x2
=+ + ..
i (=2) (—D! o1 2

Applying Definition 2.2.1, we have

4@

— V'+
dx (@ (€) =X (i-a)!

Xl—(X

X—Z—a X—l—a N Xl—a X2—ot

RN Gy v L G s YRl v VR s v Ry YR

and hence the theorem will be proved if we prove the identity

X—Z—a X—l—a N Xl—a X2—ot

N + + + + +...=¢gX
(-2-a)! (-1-a) (—0)! (1-a) (2-a)!

Let
X—Z—a X—l—a N Xl—a X2—ot
+ + + + + + .
(-2-o) (-1-a) () Q1-a) @2-)!

g(x) = ...

Multiplying g(x) by (—a)! we get

(—a)!x27« . (—a)!lx~1-a
(-2 -)! (-1-w)!

(~a)!g() = -+

(—a)!Ix ™ (—a)!xt™® (—a)!x? e

ol TTa—o TTe—ar T

And using the identity

18



x+nN'=+nKx+n-1)..(x+ 1)x!
For any x and positive integer n, we obtain the following equivalent equality
(—a)lg(x) = —x3%a(a+ )(a+2) + x 2 %q(a+ 1) — x 7%

Xl—a X2—ot X3—ot

1—a+(2—a)(l—a)+(3—a)(2—a)(l—a)+m

+X" +

Now, let h(x) denote the right side of the previous equdity. Clearly it satisfies
h'(x) = h(x), then h(x) = ce*, where c is aconstant. Hence it is sufficient to prove
that c = (—a)!. Now, let x = 1 then

(—)'g) =(C.—ala+D(a+2)+ala+1) — )

1 1

R S pwi i oy v ¢ e S ¢y v o i v ¢ i S

We will consider two cases:

Case l:let a > —1.Then the series

1 1 1 N
1—a+(2—a)(1—a)+(3—a)(2—a)(1—a)

1+

Is convergent for any a € {1,2,3, ... }, and by Lemma2.4.1, we have

1
—a+ ala+ 1) — ala+ 1)(a+ 2) + - = k(1) = —ea j o1/t
0
Thus,
1
(—a)!lg(1) = —eaj e~ 1/ta-1dt
0

1 1
e Coll-0 G-C-—0l-a

+(1+

Using Lemma 2.4.3, we get

(—a)!g(1) = (-)'e
But, (—a)!'g(1) = h(1) = ce = (—a)!e whichimpliesc = (—a)!.
Now, suppose that a < 1. Let k be any integer smaller than o + 1. Then

a — k = —1 and using the fact that
19



d« dB da+B
e ” g (100) = s (100)
We obtain
daex da—k dk da—k
dx® — dxeK ° dxk e = dxax-k et =¢e
KLY A x
Thusfor any o € R, =@ (eX) = e*. ]

Use Theorem 2.3.2 and Theorem 2.4.4, we have the following theorem:

Theorem 2.4.5:[6]

KLY

For any o € R,—— (e™) = %M

dx(®)
Corollary 2.4.6 :[6]

The fractional derivatives of order a of the functions sin x and cos x are given by

sin(®(x) = sin (x + “2—“) ,cos(@(x) = cos (x + “2—“)
Proof:
Using the identity cosx + i sinx = e'* and according to the Theorem 2.4.5 we get

cos(®(x) + i sin(®(x) = j%elx

and
cos{(x) — i sin{@(x) = (—i)@e-ix
Hence we obtain
iaeix + (—j ae—ix
cos(@(x) = =D
2
ea(in/z)eix + ea(—ir[/z)e—ix
B 2
Using the fact that
el™2 = cos (m/2) +isin (n/2) =i
We have
(cos (ma/2) + i sin (ma/2))e™ + (cos (ma/2) — i sin (ma/2))e*
cos*(x) =

2
20



(eix + e—ix)

(eix _ e—iX)
2 e —

= cos (ma/2) >

— sin (ma/2)

= cos (ma/2) cos(x) — sin (ma/2) sin(x) = cos (x + %)
Similar argument gives

sin(®@(x) = sin (x + %)

For f(x) = sin (x), using the identity cosx + i sinx = e™* and according to the
Theorem 2.4.5 we get

cos(@(x) + i sin{®(x) = j%eix

And
cos(@(x) — i sin(®(x) = (—i)@e X
Hence we obtain
) iaeix _ (_i)ae—ix
(o) =
sin{®(x) T
ea(in/z)eix _ ea(—ir[/z)e—ix
B 2i
Using the fact that
el™2 = cos (m/2) + isin (n/2) =i
We have
_ (cos (ma/2) + i sin (ma/2))e™ — (cos (ma/2) — i sin (ma/2))e ¥
sin((x) = -
2i
eix _ e—ix eix + e—ix
= COS (na/Z)% + sin (1I0(/2)(2—)

= cos (1ar/2) sin(x) + sin (1ta/2) cos(x) = sin (x 4 %)
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Chapter 111

Algebraic Approach to the Fractional Derivatives

In this chapter we introduce a characteristic class of so caled ideal functions, which admit
arbitrary fractional derivatives (aso integrals).

Further are found the expansions of the functions

X

—1 -
7 cosx’ x tanh x and some other functions

Xxe

eX—

i=—o00
functions at x = 0. These calculations lead to representations of the Bernoulli B, and Euler
numbers E, for any complex number k, viafractiona derivatives of some functions at x = 0.

of the form ;2 ai’lf—:, which enables us to caculate any fractional derivative of these

3.1 Theoretical results for fractional derivatives

In this section we represent an improved version of thisidea, by distinguishing a class of
analytical functions which have ”natural” representations for ieZ.

Now let us assume that an analytical function f can be written in the form

[ .
a+i

flx) = aix—.l, (x#0 ifa€Z),
_ (a+i)!

l=—o00

which means that the sum of the right side (including the summation of divergent series)
convergesto f(x), for x # 0. The formal caculation of the (a + i) —th derivative at x = 0 yields

that £ @*+9(0) = a;. Hence

o0

F@)= " Ferd()

i=—o0

xa+l

(a+i)!

where o isan arbitrary real or complex number. More generaly

(x _ xo)a+i

@+ i) (x#ExyifagZ)

FE)= ) FeD(x,)

l=—0o0

which generalizes the ordinary Taylor’s series.

On the other hand, if f admits fractiona derivatives (integrations are also included) of arbitrary
order, let g(x) = f @ (x). If we write g as a Laurent’s series

0 .
l

X
90)= ) ags

l=—o0

22



Then

[ .
a+i

FO) =g = ) @i

i=—o0
and f can be written in the required form. Namely, we proved the following proposition.
Proposition 3.1.1 :[8]

If f admits fractional derivatives of arbitrary order, then f satisfies the equalities

F@)= Y Ferd()

i=—o0

xa+l

(a+1i)!

(x _ xo)a+i

W,(xixo ifCZ%Z)

FE)= ) FeD(x)
i=—o0
The previous discussion naturally yields to the following definition of fractional derivatives.
Definition 3.1.2

Assume that an analytical mapping f can be written in the following form

f(x) = Z Ci%, (x#xq if a &2Z),

i=—o0

for each a e R(or ¢ € C ). Then f together with the above representations is called idea
function and we define £ @+ (x,): = C;, (i € Z).

Now, we give examples.
Example3.1.3

f(x) = e*isanidea function.
Solution:

We know that

Now,

23



i=—o0
Therefore, e* isan idea function.
Example3.1.4

The function f(x) = sin (x) isan ideal, such that

_ > (atpm xe
sin(x) = Z sin .

. 2 (a + j)!
j=—o0
Solution:
We start with the right hand side,
o (@+)) @ (a+1)n (a+2j)n at
a X
z sin Jn z [ ; 1. -
=, 2 (a+pt (a+))!
UdZ)a J ( —hﬁz)“+f xa+j
- Z 20 @+ )
i=—o0
1 < . Lox%t
—_- iYat+] _ (_—_i)at)
2";@[0) O iy
_1.N ) i (—ix) )
S22 (@) L (a+ )
1. . ; .
=5 [e® — e=*] = sin (x)
Example3.1.5

The function f(x) = cos (x) isanided, such that

© . a+j
cos(x) = ) cos - Z””- (; )

j=—o0
Solution:

We start with the right hand side,
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et 2 o He T xat
P e e

i [ m/Z) +( —m/Z) atj xa+j

(a+))!

1 N + a+ xt
3 o o
1 (Lx)a+] . - (_L-x)a+j

- ‘[] @D L G

1, . )
= E[e”‘ + e‘”‘] = cos (x)

3.2 Properties of ideal functions (I)

In this section, we derive some of the properties of the class of ided functions. The set of idea
functions I can be separated in aquotient set I/ f, where the equivalence relation f is defined

by f ~ g iff thereexistsa € C such that £(® = g. Each such class determines unique seguence

a;, (i€ Z), suchthat ¥ _, a; e I. Namely, then 3.2 e for arbitrary

— i T ™~ =—
l=—0o0 l(a+l)' i= OO

a€C.Also, I isanonempty set because e*, sin(x), cos(x) € I. The zero functlon isadsoan
ideal function.

Theorem 3.2.1:[§]
| isavector space.

Pr oof:

Forany a,pB € C. Let

(x _ xo)a+i

(a+1)!

FE)= ) Fedx)

i=—o0

1

25



— N a+i (x _ xO)a+i_
N O TR
— a+i (x = xo)**
hx) = Z D ()
Then
@ f0)+ () = B IF 0 (x) + gD ()| £
N a+i (x —x0) @™
= Z (f + ) (x) T @l
Therefore, f + g €1
(0) £()+ g0 = Sz fOD () + i, g0 () 22
+i a+i xo)a+i
- Z 9D (xy )+Z e ) S
= g(x) + f(x).
Therefore, f +g=g + f.
O + () +h(x) = TE_I(f + 9)D () + A ()] S22
= Z [ x0) + (g + W0 )] S
a+i )a+l N a+i (x — xO)a+i
= Z Fes ) S * 2,0 T
= f(x) + (g + M) ()

Therefore, (f +g) +h = f +(g +h).
(d) There exists azero function in | such that (f +0)(x) = f(x) .

(x=x0)* @+

(a+i)!

() Forevery finl, (=f)(x) = —f(x) = —EiZ_.f @ (x0) =2
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— ati (x — xo)a+i
= 2 NG

Therefore, (—f) e Iand f + (—f) = 0.

() (af)(x) = af (x) = a X2 _ (f)@+D (x,) T2 X)Wt

(a+i)!
=Y (e &

(a+10)!

i=—o0

Therefore, (af) € 1.

(g) a(ﬁf)(x) = CZZ oo(,Bf)(aH)( )(x Xo)™ = aﬁ Zl__oof(aﬂ)( )(X —x0) %t —

(a+i)! (a+i)!
(@Bf @)
Therefore, a(Bf) = (aB)f.
() a(f +9)(x) = @ T (f + ) (xg) T2
=0 3 [+ gD oy I
=a pa Xp)+ g Xo @+ )]

=)} ey EIIL S ey E

i=-w i=—o0

= af(x) + ag(x)

Therefore, a(f + g) = af + Bg

() (@ + B)f(x) = (@ + B) T @D (xy) & P

(a+i)!

= af (x) + Bf(x)
Therefore, (a + B)f = af + Bf.

(J) 1f(x) = 12 f(a+l)( )(xx—o)““

(a+i)!
=f(x).
Therefore, 1f = f. -

Theorem 3.2.2:[8]
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If fisanideal function,then f(1x) elifA+#0.

Pr oof:

Let f(x) = T2, f@*D () S22 2% 0, then

d ) Ax — 0 a+i
fO) = ) Fete) B
o (x___fg)a+i

FOx) = ) 2w (x,)

i=—o0

(a+1)!
Therefore, f(Ax) € [ if A # 0. ]

k
Also, if P is a polynomia, P(x) = Z’,;z_ooak’;—!, with known coefficients a,, ay, ..., a,, then

a_,,a_,,a_s,... ae not uniquely determined such that P is an idea function. In the remark of
section 3.5 is congtructed awide class of polynomias P which areidea functions.

3.3 Expanding of the Ber noulli numbers.

Now we shall expand the Bernoulli numbers B, for integer k and also for complex number.
Although the Bernoulli numbers are defined by the development

1 x2 x3
+BZ 2| +B3 3|

X X
ex—l_B°+Bll.

It appears more convenient to consider modified Bernoulli number B; viathe development of the
xe*

function —=— + x = as
eX—1 exX—1
xex 1 2 3
er—1 Dot BigptBagy+ Bigrt
Now we get:
B:=1B= B*—l B = 1B* ! opio 1B*—5
o T T2 e YT 30 42’ 3071 66
while
B;=Bi=B;=Bi=--=0.

Notethat B; = B; fori # 1 and B, = —B;. According to the formula(2.4.3) in [9, p.19] we
have
28



B5,, = —2m{(1— 2m), m=123.. (3.1

Where ¢ isthe Riemann Zeta function. Since {(—2m) = 0for m = 1,23, ..., from (3.1) we can
write

By=-p.{(1-p), p=123. (3.2)
Moreover, we accept by definition that for each complex number «,

B;=-a.l(1-a), for |¢(1 — a)| # o (3.3)

3.4 Natural Representation Of (1/cosx) and Euler numbers

In this section we shall consider the function

= 1 = E, continuing in thisway,

Since —- 1=Eo,i(1) o

cos (0) - dx \cosx

_ > (1
LY =1C=)
The numbers Ex satisfy the recurrent relation

_ _(2n 2n\ - _a\n(2n _
E=1 E (2)E2+(4)E4 (1) (2n)E2”_0
And the numbers (—1)"Ek are known as Euler numbers.

We start from the development of the function @ in Fourier series. Si nce@ € L?(—m,m) and

e (x) = %E cos (nx) forms an orthonorma system. Then

1

1 [ 1
m,é’l) =ﬁ_fF(x)COS(X)dX = 2\/E

(

1 _ 1 (m 1
d <cos(x) ! €2> - \/Ef—n cos(x)

cos(2x) dx = 0. Continuing in this way, the Fourier series of

1 . :
oo with respect to this orthonormal systemis

o0

1
D ey e

n=1

Therefore,
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0

1 T
=2 Z X cosnx.
cos (@) cos(n—1) > cosnx

n=1

This equality implies the following conseguence. Replacing cosnx =

2k
Yo (—1)knX % , we obtain

2k

1 — T . X
_ = _ s _ 1\kn2k
COSX 2 Zlcos(n 1)2 kz (=D'n (2k)!

n= =—00

; . 2\ @ 2
— Z (_1)k2 <Z n2k.COS(n — 1) E) (2k)| = kz E2k@a

k=—o0 n=1 =—

Where
Ex = (—1)"2( ©  n* cos(n— 1) g) .

Hence we obtain the required natural representation of COS%X Note that the numbers E_,, can
easily be calculated numerically, because

. 11 1

For example E_, = —2(1—3—12+ 5i2+7i2+)

xa+l

1. . . 1 g A1
If oo isan ideal function, then e Vit v (COSX)

x=0 (a+i)!

then the a-th derivative derivative of @ ax=0is
£ = 5 (cos)
* 7 dx* \cosx

And using the Fourier series, we can obtain

X=

o7t T
E, = 2COSEZ n* .cos(n—1) >
n=1
Specidly, Ex 1 = Ofork € Z, by the following

1
cos (x)

Since

= 2cos(x) — 2cos(3x) + 2cos(5x) — 2cos(7x) + -
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ﬁ( : ) = 2cos(x +“7”) — 23%c0s (3x+1) + 257 (5x +“7”) — 27 cos(?x +%) + e

dx® \cos(x)

30 (s5)
dx* \cosx -

Therefore,

aTt
= 2c0S (—
0

5 ) — 23%cos (%) + 25%cos (?) — 27%cos (?) + ..

E, —2COS—Zn°‘ cos(n—l)—

Proposition 4.1.1 :[8]

The function é isanided, such that

Pr oof:
We start with the right side

XO+]
Z Susi (a+])!

]——OO

— (a+j)m — o T\ X%
=.Z 2cos 5 (Zn I.cos(n—1)= )(a+])'

n=1

_Zcos(n—l) 22 coS— ] (axf;)!

]——OO

(Ot+l)7r L (a+dn] o xeH
—ZCOS(n—l)Z Z l —2 ln I, ]

]——OO

© © i1/2 o)) —in/2 )0
=2c09(n—1)g Z [(el nx) L nx)
n=1 j=—o

(a+j)! (a+j)!

COSX

- : : - T 1
= Z cos(n — 1)g(e'”x — ei™) = ZZ cos(n — 1) 5cosnx = ——
n=1 n=1

Corollary 4.1.2 :[8]
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The function @ isanidea function, such that

Z Ol EM] xatJ

coshx C(o+ ) !
Pr oof:
Letf(x) =— then f(ix) = o (lx) = _X2+ == coihx . Therefore, using theorem 3.2.2, the

function —— isan idea function.
cosh X

3.5 Representations and natur al representations of other ideal functions.

In this section we shall consider some functions whose coefficients of the Taylor series contain
Bernoulli numbers.

Proposition 3.5.1 :[8]

The function ﬁ isan ided function, such that

— Z (_1)i+(1 B;+i h . a € C. (41)

i= —0
Pr oof:
Using the indefinite (3.3) we obtain

N i+o X! N i+a N yqoti=1 X
D D™ Bl = ) (D) [Z ~(a+i)n ]((m)!

i=—o0 i=—o0

Proposition 3.5.2 :[8]

The function e)x(i_xl isan ided function, such that

Z BL.. (ax+ 5 a€eC. (42)
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Pr oof:

Let f(x) = ﬁ ,then f(—x) = e‘_"il = e’%"l . Therefore, using theorem 3.2.2, the function e’%"l is

an ideal function.
Corollary 3.5.3:[8]

Foreacha € C,

d ( xe )| ==& 43
dx*\ex—1 - e (43)
=0
Pr oof:
Using the fact that ~— (;((d‘l) © . Bl ()',therefore i(e’x‘ixl) =B
Remark

In Proposition 3.5.1 and 3.5. 2 were obtained the natural representations for — and

Z 5 Gy Z B o

i= —o i= -

e><1'

Both function < and e)x(i_xl with the corresponding representation are ideal and hence their
difference

ho) = _ X o, X ap, X o 44
=1 e X Ty T P Iy T Ps ey (44)
By theorem 3.2.1

This function h generates a family of idea polynomias P, using the following generator
transformation:

i. IfpeP,thenp® € Pforeacha € Z.
ii. IfpeP,thenx"pe P for each nonnegative integer n.
iii. Ifp,qeP,then xp+puq € P foreach scaars \, p.

Proposition 3.5.4 :[8]

The function x. cot X is an ideal function, such that
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t ‘i?‘*i (@t p. X" €C. (45
X.cotx = Cos——— Buy CEDIR a€eC. (45

j==

Pr oof :

&€ _ g e X
Letf(x)=ﬁ=2k=_w3k%,then

2 - e2iX_1 e—2iX_1 -

f(2x)+f(-2ix) _ ixe2X  jxe2X ( jelx je"ix )

elX_g—ix e—iX_gix

iel® ie”ix

Hence the function x. cot x isan ided function and its natural representation is given by
%

X.COtX = Z (-1)k2*B3, —— @01 (4.6)

k=—o0

According to Proposition 3.5.2, the genera representation for arbitrary a is given by
5 @ix)et - (=2ix)*H
XCOtX—ZZ < at] ((x+])|+Ba+j W

ORI C R ) A ¢ 3k
= Z <2 JCOS—2 . Ba+j ((l"'l)')

j==

As a consequence we obtain the following representation for the Bernoulli numbers.

Corollary 3.5.5:[8]

Foreacha € C,

v (x.cotx)| = 2° cos%T .B;. 4.7
x=0
Pr oof:
d° - v (a+jn (x)!
_ — o+ *
o (x.cotx) Z <2 cos———. By [l
J=—
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Therefore, iu(x. cotx) = 2¢ cos .B;.
dx x=0
Proposition 3.5.6 :[8]

The function ﬁ is an ideal function, such that

" (0. + 1) i
= ZBW(z 2°*1) cos-— 'n.(ax+i)!. weC. (48)

i=—o0

Pr oof:

We start from the identity sTlx = cot > — cotx and thus i isanidea function. Further, from

X X
m— ZE.COtE—X. cotXx (49)

and from (4.6) we obtain the natura representation of $
2k

X ~ X
= k=Zw(_l)k(z— 2% B3, &0

Using the formulas (4.9) and (4.5), the general representation for arbitrary o is given by (4.8).

Corollary 3.5.7 :[8]

For each, o € C,

=(2-2% cos%T .B;. (4.10)

Pr oof:

a+| (a+i)n X!
Smx ZBMI(Z 2 T

i=—o0

d [ x _ o o s
Therefore, 5F (Sn—x) =(2-2 )cos? B;.

x=0

Proposition 3.5.8 :[8]

The function ﬁ isan idea function such that
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Xi+(1

i+a (I + 0()'

@
+| <
H
'MS

(-D*e(1-2")B;

i
|
8

Pr oof:
Using the identity (3.3), we obtain
o+i

C +i o+i * X —
Z (=1)*(1-2"")Bg, ICEDIE

i=—o0

Z( 1)(1+|(1 ot [ Z(a+|)na+| 1] (aX:_ I)I

( nx)(x+i—1(_2(1+i +1) 3
- XZ Z (o +i—1)! -

n=1li=—o
_ i i (_nx)a+i—1 , i « (_an)a+i—1 _
XL L ri-D L L i
n=li=-ow n=1i=—ow
= Ze‘”"—ZxZe‘znx: X __ & _ X
4 4 -1 -1 e+1
n= n=

Corollary 3.5.9:[8]

The function - is an ideal function, such that

e+1
NGA i " Xa+i
e +1 Z (2 - 1)Ba+| m (411)
|=—00

whence

da( xe' ) =("-1)B; 4.12

o \e+1)| - (419
Pr oof:

- X i i ; _ -x _ xe*

f(x) = g isan ideal function, and hence —f(—x) = — (e-x+1) =

function, i.e. the equalities (4.11) and (4.12) hold.

Proposition 3.5.10 :[§]
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The function x tanhx isan ideal function such that

o+i

- . X
—_ o+1 * o+
Xtanhx—. E (2 _1)Ba+i'2 m

|=—00

Proof:
hy = eg—e* -1 f(2X)+f(—-2x) 413
Xtan X_Xe><+e—x_xe2><+1__ 5 , (413)
f(2x) +f(=2x) _ X _,_TX _ xe™* xe* (e —e™*
Bl 2 a _(ezx+1 e‘2x+1) a (ex+e‘x_e‘x+ex) B (ex+e‘x)

= X tanhx.

Where f(x) = ﬁ. According to Proposition 3.5.8, by (4.13) we obtain that xtanhx is

also an ideal function.

Since
i) = Z (-D/(1-2)Biui gy
We obtain
d _ i _ i _ 2
f(2x) + f(=2x) = Z (1-2)B; (I—; [(-1) +1] = 2.2 (1- 22)B;2? %
i.e

- . %2
— 2 * 2
XtanhX—. E (2 _1)BZi'2 m,

|=—0o0
According to Proposition 3.5.8, the genera representation for arbitrary a is given by
o+i

- . X
—_ o+ * a+1
Xtanhx—. E (2 _1)Ba+i'2 m

|=—00

Corollary 3.5.11 :[8]

For each o € C,
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(04

d
m(xtanhx) = (2* - 1)B;2

Pr oof:
i( xtanhx) = i (27" — 1)Bjyi. 2% X—I
dx« L arr !
Therefore, % (xtanhx) 0= (2* —1)B;2<.
X=
Proposition 3.5.12 :[§]
The function x tanx is an idea function such that
@ N _ X(x+j
— — Ju * o+
x tanx Z (1—2")B;,; . (20) ]!

j=—»
Pr oof:

Using the formula x tan(x) = —f(ix), where f(x) = xtanhx, and according to proposition 3.5.10,
the general representation for arbitrary o is given by

0

xtanx= ) (1= 2By, . (2)*

j==e0

o+]

(a+)

Example 3.5.13
The function f(x) = ﬁ isnot idea function.

Solution:

1 . . . ,
Aswe know P n=oX" in Taylor series expansion. Write

o0 o0

Xn
Zx”=2nlﬁ, O<|xl<1
n=0 n=0 '

Now if wetry to expand Y, n!):]—r; to Y- n! )r:—r: we got for the negative integers defined value,

since f isundefined. Therefore, we can't write the function ﬁ of the form of an ideal function.
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Concluson

Inthisthesis, a study of the background of the concept of fractional derivatives,
fractional differentiation and fractional integration was done, by providing two
different

approaches of the concept of fractional derivatives. At the beginning, we have
introduced the concept of fractional derivatives as defined by the Riemann - Liouville
which has been generalized to include also the real numbers, not integers only. Then,
this thesis talks discusses many of the characteristics of this definition. The second
concept

depends on the formal power series summation, which is used to find the

fractional derivatives of the constant functions and polynomials. The result was the
same result by using the known definitions of fractional derivatives until now. Also,
we proved several properties of the fractional derivatives.

Finally, an alternative definition of the fractional derivatives and also

acharacteristic class of so called ideal functions was introduced, which admit
arbitrary

fractional derivatives (also integrals). Further, we are found the expansions of the
functions
xe* 1

k
—, ,x tanh x, and some other functions of the form %% _, a; = , which
eX—1 " cos (x) k!

enables usto calculate any fractional derivative of these functionsat x = 0.
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