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ABSTRACT

[n this thesis , we study some properties of pairwise connected
and pairwise semi-connectedness in bitopological spaces , proffering

some properties of semi-open sets in topological space .

Also , we study the totally disconnectedness and the semi-

components in bitopological spaces .

Finally , we study connectedness and semi-connectedness

between sets in bitopological spaces .

In most of these , we make generalization of similar concepts in
topological spaces , and have generalization for results in topological

spaces .
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Introduction

The triple (X,T,T2),where X is a set and T; ,i =1,2 are arbitrary
topologies on X, is called a bitopological space. In 1963, Kelly [5]
introduced the notion of bitopological spaces. Several authors have
studied this notion and other related concepts .e .g Weston, and Kim ,

Pervin [13] .

Pervin [13] defined connectedness and studied its properties for
bitopological spaces. J.Swart [4] defined total disconnectedness in
bitopological spaces. And Fora and Hdeib defined pairwise

connectedness and semi pairwise connectedness for bitopolbgical spaces.

This thesis consists of 4 chapters. The first chapter deals with
pairwise connectedness -and some types of continuous functions
between bitopological spaces and their effects on some types of
connected spaces.

The properties of semi-open sets, the definition of pairwise
semi-connected and semi-continuous function and some related resuls in
bitopological spaces are studied in the second chapter .

The third chapter concerns with the study of the totally disconnected
Bitopological spaces and the components in bitopological spaces.
The study of pairwise connectedness between sets and

pairwise semi-connectedness between sets and some relations between
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them in bitopological spaces are covered in the fourth chapter.

We use p- and s- to denote pairwise and semi, respectively. e.g.
p- connected and s-connected stand for pairwise connected and semi
connected, respectively.
By saying that the bitopological space (X,T;,T2) has a certain
topological property, we mean that both (X,T;) and (X,T:) have this
property. By saying that a function f: (X,T,T2) = (Y,T*,,T*,) satisfies
a property that is used for functions between topological spaces, we
mean that both f: (X,T,) — (Y,T*,) and f: (X,T2) — (Y,T*,) satisfy
this property. Ts, To ,Tr, and Tp will denote the standerd topology,

the left ray topology, the right ray topology, and the descrete topology,

respectively.

[$¥]




Chapter .1

Pairwise Connected Spaces

1.1 Pairwise Separation .

1.1.1 Definition : [13]

A bitopological space (X,T,T2) is called p-connected if and only
if X cannot be expressed as the union of two nonempty disjoint sets A
and B such that(ANcli(B)) U (cl2(A) NB) = @, where c¢l;(B) and cl2(A)
denote the closures of B and A with respect to T; and T3, respectively.

When X can be expressed as the union of such A and B, we write
X = A|B and call it p-disconnection of X, or paireise separation, and
denoted by p-separation. (This is called a separation of X according to

William [13]).

1.1.2 Definition :

A bitopological space (X,T,T2) which is not p-connected is called

p-disconnected .



1.1.3 Theorem : [13]

For any bitopological space (X,Ty, T2), the foliowing conditions are

equivalent :
1-(X,T,,T2) is p-connected .

2- X cannot be expressed as the union of two nonempty disjoint sets A

and B such that A is T, openand Bis T: open.
3- X contains no nonempty proper subset which is both T; open
and T; closed .

Proof:

1=2) Suppose X = AUB , where A and B are nonempty T open and
T, open, respectively , such that A1 B=@ . A is T, open, then B is T
closed and this implies that cl; (B) = B. Then A} cl; (B) = @. And
since B is T, open , then A is T; closed and so clz(A) = A, then

cl2(A) N B =@. So[A N cl4(B)] U [cl2 (A) N B] = @. Then X is not

p-connected which contradicts the assumption .

2 =1) Suppose that X is not p-connected . Then X = A|B is
a p-disconnection of X, for some nonempty subsets A and B of
X. Then [A N cl;(B)] = @ and [cl2(A) N B] = @. Now since
[A N cli(B)]= @ and B =X\A, then [AN cl,(X\A)] = @.
But cl;(X\A) =X \ int;(A), so [A N (X \ int; (A))] = @. So

int; (A)c A, and so A = int;(A) .i.e. A is T, open set. Similarly,
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we show that B is a T, open set. Therefore X =AU B, and A is
Ty open and B is T; open and both of them are nonempty sets.

This contradicts our assumption. Hence X is p-connected.

2=3) Suppose that there exists a nonempty proper subset A
of X which is both Tjopen and T, -closed. Then X=AU (X\A),
where A is T; open and X\A is T, open, which contradicts our

assumption of X, as A and X\A are nonempty disjoint subsets

ot X .

3 = 2 )Suppose X =A U B, Ais T;open and B is T; open and A, B
are nonempty disjoint sets. Since B = X\A then A is Tz closed. This

contradicts the assumption. This completes the proof of the theorem.

The following corollary results from the equivalence of 1 and 3 in

the previous theorem .

1.1.4 Corollary :[1]

The space (X,T;,T2) is p-connected if and only if X and @ are the
only subsets of the space X which are both open in T; and closed in Tj;

[ i,3=12 and1 % j).



l.1.3 Remark : [13]

For any topology T, (X,T,T) is p-connected if and only if (X,T) is
connected.
Proof:

<) Suppose that (X,T,T) is p-disconnected. Then there exist two

nonempty disjoint open sets in T, A and B such that X=AU B. So (X,T)

is disconnected which contradicts the assumption.

=) Suppose (X,T) is disconnected. Then there exist two nonempty
disjoint open sets A and B such that X= AU B. Then A and B are closed
sets, so A= cl(A) and B = cl(B).

Hence A N cl(B) = @ =cl(A) N B. —

1.1.6 Note : [13]

If the topological spaces (X,T1), (X,T:) are both connected, then
(X,T1,T2) may fail to be p-connected. Also, E. Berven [13] showed that
if (X,T1,T2) is p- connected, then (X,T;)and (X,T:2) need not be

connected.

The following examples show these and all other possibilities.

1.1.7 Example

Let X ={1,2,3,4,5}, T1={X, 9,{2},{3},{2,3}} and

Tg—_'{X, %) ’ {13314!5}}‘




