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Abstract

This thesis is concerned with the oscillation criteria of solutions of certain types of neutral
difference equations. We study the conditions that control the oscillation of solutions of
the first and second order linear and nonlinear neutral difference equations with and
without forcing terms, we classify these neutral difference equations depending on the
coefficients, whether they are constant values, constant and variable values or all the
coefficients are variables, also we study special cases when the neutral difference
equations include maximum and sign functions.

The thesis presents main concepts and basic definitions of neutral difference equations and
oscillations, also it contains several results in the oscillation theory of certain types of
neutral difference equations, in addition to several examples given to illustrate the main
theorems in this thesis.

In fact we were interested to study this topic in difference equations because difference
equations have many applications in our real life and in the last few years there were
many researches that considered studies of qualitative properties of different advanced
types of difference equations like neutral difference equations, which arises in many
applications in economics, delay reaction diffusion and electrical transmission lines in
lossless transmission lines between circuits in high speed computers.

The thesis contains some extensions to theorems, including generalization, deduction and
modifications on some conditions so as to use them to prove the oscillation of certain
neutral difference equations.
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Definitions

Through the research we used

AX, to denote the forward difference operator AX, =X,,, — X, .

NDE's to denote neutral difference equations.
X =1! to denote the space of all real bounded sequences x = {x, } with sup norm

x| = supﬂxn|:n > N}.
R™ to denote positive real numbers.

R~ to denote negative real numbers.

R=R"U{0JUR".

Z to denote the set of integers.

Z" to denote the set of positive integers.

R?={(x,y): x,yeR}.

W.L.O.G to denote the sentence "without loss of generality".
N to denote the set of natural numbers = {0,1,2,....}.

N(n, ) denote the set {n,,n, +1,...}.

N(ny,b—1)={n,,n, +1,....b—1} where n, <b-1<o0 and n,,beN,

Any one of the last three sets will be denoted by N.
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Introduction

About 1960, the study of difference equations (DE's) appeared. Works at that time, did not
exceed simple forms of linear DE's with constant coefficients and sometimes with variable
coefficients. Mathematicians like Boole, Brand, Chorlton, Fort, Miller, Richardson,
Spiegal and others, who introduced and presented many books that talk about finite
differences and difference equations, so that one can not ignore that those works are quite
important, for they are the foundation upon which the more advanced mathematical theory
in DE's is built.

The importance of DE's arises in some mathematical models, for example, in probability
theory, statistical problems, number theory, electrical networks, economics, psychology
and sociology. These mathematical models describe realistic situations, when the variables
under study take or assumed to take only a discrete set of values. Moreover, in view of the
close relation between the finite difference operator A and the differential operator D, it
was possible to approximate a differential equation by a difference equation, where the
solution of the differential equation is an appropriate limit of the solution of the
corresponding DE. So we can say that the subject of DE's is gradually forcing its way out
of the difference calculus to become one of the most important instruments in the hands of
mathematical physicists when concerned with discontinuous processes.

Since difference equations appeared as a discrete analog to differential equations, different
types of DE's were treated and solved using techniques similar to those used in solving
differential equations. for instance, the characteristic equation method was used to solve
linear homogenous DE's with constant coefficients. While the method of undetermined
coefficients was applied successfully to linear nonhomogenous DE's with constant
coefficients under certain conditions, reduction of order was used for first order DE's with
variable coefficients and also the variation of parameters was used successfully to solve
DE's with variable coefficients, provided (in the last two methods) that the general
solution of the corresponding homogenous DE is known. Here, we referred to [7] and [15],
as they considered basic topics in finite differences and difference equations, also they
contain methods that solve linear DE's with constant coefficients or with variable
coefficients in addition to some applications of DE's.

About 1980 and after and as a result of the important and useful applications of DE's in
many fields of science, mathematicians were encouraged to spend more efforts in working
and developing many studies and researches that involve new and more complicated forms
of DE's, like delay difference equations (DDE's), advanced difference equations (ADE's),
neutral difference equations (NDE's), neutral difference equations of mixed type, partial
difference equations (PDE's) nonlinear and higher order DE's, we referred to [1], [4], [6],
[8], and [11]. Also new features of DE's were considered, such as the periodicity of
solutions, asymptotic behavior and stability of solutions, oscillation and nonoscillation of
solutions, boundary value problems, eigenvalue problems, etc. we referred to [1], [21],
[22], [24], and [27]. In fact the valuable book of Agarwal "Difference Equations and
Inequalities” [1] which is full of advanced topics so that one can find answers to many
questions about qualitative properties of solutions of both difference systems and higher
order DE's, solutions of boundary value problems of linear, nonlinear systems and higher
order DE's.



As we will see later the study of each new form or new feature of DE's concerned many
authors, for example in NDE's and oscillations of its solutions one can find many works
for Agarwal, Zhang, Cheng, Grace, Parhi, Tripathy, Lalli, Thandapani and others [2-6],
[8], [10], [12], [13], [14], [18-20], [24-30], these works were devoted to study the
oscillation of NDE's of different orders of NDE's, they also considered the forced and
unforced NDE's the linear and nonlinear NDE's, under several conditions on the
arguments, coefficients, forcing terms and the nonlinear terms. The importance of NDE's
comes from the fact that NDE's arise in many applications, for example, delay reaction
diffusion, also in "cobweb™ models in economics where demand depends on current price
but supply depends on the price at an earlier time, and in electrical transmission in lossless
transmission lines between circuits in high speed computers.

In this thesis we consider theorems that provide sufficient conditions for the oscillation of
solutions of first and second order, linear and nonlinear NDE's, taking different forms
depending on the coefficients and the forcing terms of those NDE's. the difference
between the forms we considered mainly depends on the coefficients and forcing terms of
NDE's. most works that concern the oscillation of NDE's was done in the last three
decades. Again authors employed techniques similar to that used in differential equations
to prove the oscillation of NDE's. All the articles were used in this thesis referred to one or
more reference in differential equations especially in NDE's, most of the articles referred
to [11] which includes a chapter that discusses the oscillation of delay difference equations
(DDE's), as we will see later, the results in NDE's mainly depend on those of DDE's, of
course with some improvements or needed extra conditions.

This thesis consists of four chapters:

Chapter one: contains basic definitions, notes, lemmas and theorems which are essential
in the rest of our research.

Chapter two: studies the oscillation theorems for the first order linear NDE's of the form
Alx, +8¢,%, , —d X, )+ P X, +9,X,., =0, n>0

n*n-m nMn+g
where {c, },{d,}.{p,} and {q,} are sequences of real numbers, m, g,k and | are integers

and 6 ==+1.

First we discussed the proof of the oscillation of the first order linear NDE with constant
coefficients by contradiction and by means of the characteristic equation. Sufficient and
necessary conditions and comparison theorems we considered to the same form but this
time when the coefficients are both constants and variables. When the coefficients are all
variable theorems involved just sufficient conditions and comparison statements were
studied. Finally, we introduced oscillation results for the first order NDE's with positive
and negative variable coefficients depending on the treatment of an ordinary difference
equation.

Chapter three: studies the oscillation theorems for the first order nonlinear NDE's of the
form

A(Xn +51 ann—m)+52qnG(Xn—k): fn v N 20
where {p,}, {g,} and {f}, are sequences of real numbers, 5, =+1, 5, =+1 and G is a
real valued function.



We considered theorems for the special case of the unforced NDE with both constant and
variable coefficients when G(x,,)=x“, where « is the quotient of odd positive
integers, then we discussed the general case of G(xnfk). Next we presented theorems for

the same NDE but when the coefficients are all variables, the oscillation theorems
considered several ranges of {pn } some of the proofs depend on a non-neutral difference

inequality. After that we considered the forced form of NDE's with both constant and
variable coefficients, the method used here was defining an oscillatory sequence of real
numbers {h, } with Ah, = f_ in order to transform the NDE to an unforced form. Also the
forced form of the NDE's with all coefficients are variables was discussed, two approaches
to the proof were used, one by operators and the other by defining an oscillatory sequence
{h, } with restricting conditions on {h, }. Finally, we introduced some oscillation theorems

for special cases when G(xnfk)=|xn7k|a sgnx,,, a is a positive constant, when

6(x,.)=]]

i=1

i
Xn—ki‘ sgn X, and  G(x, )= max x,

se[n—k,n]

Chapter four: studies the oscillation criteria for the second order NDE's of the form

Alc, A, + p, %, . ))+a,G(x,_)="f, , n>0
where {c,}, {p,}, {a,} and {f,} are sequences of real numbers , G is a real valued
function, m and k are nonnegative integers. First we considered the case when
p, = p(real number), c,=1 and f =0, we got oscillation criteria under certain

conditions involving coefficients and arguments, we depended on similar discussion
applied to delay difference equations. Next we discussed the oscillation theorems for the

forced form when p, = p constant, as in chapter three we defined a periodic oscillatory

sequence {h,} with A’h = f_ in order to transform the forced NDE's to the unforced
form. After that the second order NDE's with all coefficients are variables was studied
considering various ranges of p, with f =0, a new approach was applied in [3]

depending on dividing the set of all nontrivial solutions into four sets, one of them is the
oscillatory solutions set and trying to find when this set is nonempty. Next we studied the
forced form with variable coefficients, once again we need a periodic oscillatory sequence

{h,} with A*h = f and limh =0 to achieve the oscillation. Finally, we considered the

n—o0o

special case when G(x, . )=x”,, where $ is the ratio of odd positive integers, which
includes the sublinear, linear and superlinear NDE's depending on 2.



Chapter One

Preliminaries

1.0 Introduction

This chapter mainly contains the basic definitions, results, notes, lemmas and theorems to
be used later in this research. Section 1.1 introduces the definition of difference equations,
the definition of NDE's and their classification. Section 1.2 defines the solutions of the
NDE's and the oscillation of solutions. Section 1.3 contains basic definitions and notes on
metric space, characteristic equation, Halder inequality and Lipschitz condition. Section
1.4 includes lemmas and theorems we need in the rest of this research.

1.1 Difference equations and neutral difference equations (NDE's)

A difference equation in one independent variable ne N and one unknown X, Is a
functional equation of the form
f(n,x,,x Xpp )=0 (1.1.2)

Py Bpgd ottty Mk

where f is a given function of n and the values of x, at neN.

If the equation

Em £ (n)=(1 + A) £(n )&(T}Nf(n) N

i=0
is substituted in equation (1.1. 1) the later equation takes the form
g(n Xo 2 AX, )_ 0

1 M\ns

which is a difference equatlon.

A neutral difference equation (NDE) is a difference equation in which the highest
difference of the unknown function appears both with and without delays, NDE's are
classified into three classes, delay, advanced and mixed type.

If we consider the first order linear homogenous NDE

Alx, +p, X, ZQm =0, neN (1.1.2)
where {pn} and {Qm} are sequences of real numbers.
Let k =max{0,k,,....k,,}

| = max{Ll,~K,,...,— K }
Then equation (1.1.2) is a difference equation of order (k + I).

If k>0 and 1=1, then equation (1.1.2) is a delay NDE (i.e. it has nonnegative
arguments) .

If k=0 and |>2, then equation (1.1.2) is an advanced NDE (i.e. it has nonpositive
arguments).



If k>1and | > 2, then equation (1.1.2) is a NDE of mixed type (i.e. negative and positive
arguments).

For the first order NDE
A(Xn + phxl1—m)—|—ZQiano\{—kI = fn (113)
i=1

If =1, f, =0 thenequation (1.1.3) is called linear forced NDE.
If 0<a <1, f, #0 then equation (1.1.3) is called sublinear forced NDE.
If o >1, f, =0 then equation (1.1.3) is called superlinear forced NDE.

Example 1.1.1:
(1) A(Xn + pn Xn—m)+ qnxn—k +Cn Xn+| = (_1)”
where c,, p, and g, are sequences of real numbers.

1
n> =

2) A?| x +1x_ +——x3_=0
() n n-m n-s
2 n+1

(3) A (Xn + \/§Xn—m )+ (_ l)snG(Xm—k) = fn

Equation (1) is a first order forced linear NDE of mixed type.
Equation (2) is a second order homogenous sublinear delay NDE.
Equation (3) is an n-th order forced nonlinear advanced NDE.

1.2 Solutions and oscillatory solutions of NDE's

By a solution of equation (1.1.2) we mean a nontrivial sequence {xn} which is defined for
n>—u, where 1z =max{m,k,'s} and satisfies equation (1.1.2) for n>0.

If the initial condition X, =¢, for n=—g,....—1,0 is given, then equation (1.1.2) has a
unique solution satisfying the initial condition.

A solution {x,} of equation (1.1.2) is said to be oscillatory if for every n, >0 there exists
an n>n, such that x_ x.,, <0, otherwise it is nonoscillatory. Equation (1.1.2) is said to be

n“*n+l

oscillatory if all its solutions are oscillatory.
1.3 Basic definitions and results

Characteristic equation
Let k,r be positive integers and for each i, i =12,...,k

Let p, be an rxr matrix with real entries
Consider the equation
Xk + PiXpipg Tt P X, =0
then the associated characteristic equation is
det(/l"l AT A A AP+ pk): 0



where | isan rxr identity matrix

Halder inequality
Let p,qe(l,oo) with 1+1:1. If xel, and yelq then (xj,yj),jeN isin I, and
P qQ

2| < I, vl
j=

Lipschitz condition
Let f(x,y) be afunction defined on R?, we say that f(x,y) satisfies Lipschitz condition

in R?, if there exists a constant k , such that the function f satisfies the condition
HESARRICSA A

for every pair of points(x,y, ), and(x,y,) in R?. The constant k is called Lipschitz
constant.

Superlinear NDE:
We said that a nonlinear NDE of the form

A(Xn + ann—m)+qnG(Xn—k)= fn !
where {p, },{a, } and {f} are sequences of real numbers,
is superlinear when G is nondecreasing and for u =0

+oo Au

2, <o,

i=n" G(u|+1)
where n” is any positive integer.

The following notes are from analysis:
A fixed point: a point xe M, M is a subset of a Banach space is called a fixed point
if Tx=x.

A metric space is a set X together with a given distance.

Banach space is a complete normed vector space. That is, a Banach space is a vector
space X with a norm in which every Cauchy sequence converges to a vector in X .

Let (X,d) be a vector space and let T : X — X we say that T is a contraction
mapping on X if there exists a number r € [01] such that
d(Tx, Ty)<rd(x,y) forevery x,ye X.

We say that a Banach space X is partially ordered if X contains a cone K with
nonempty interior. The ordering < in X is defined as follows:
x<yifandonlyif y—xeK.

1.4 Some basic lemmas and theorems

Lemma 1.4.1: Suppose that There exists a positive integer N such that
Chuim <1, for i=012,...



Let p, >0 and is not identically zero for all large n, then for any eventually positive
solution {x, }of the difference inequality

A(X, —C X, )+ PaX,y <O, (1.4.1)
the sequence {z, } defined by
Z, =X, —CXpm » N=0 (1.4.2)

will satisfy Az, <0 and z, >0 forall large n.

Proof: Since {x,} satisfies (1.4.1) then Az, <0, we have that {z,} is a nonincreasing
sequence, and we want to show that z, > 0.

n

On the contrary suppose that z, <0 for n>n, and x, >0,s0 z, <z, <0 for n>n,.
Choose n” large enough so that N +n'm=>n, , from (1.4.2) and for j >0 we have

N-+n"m-+ jm _XN+n*m+jm - CN+n*m+jm XN+n*m+(j—1)m

Nen'mejm ZN+n*m+jm + CN+n*m+jm XN+n*m+(j—1)m
S an + XN+n*m+(j—l)m
= ot Ly rmaym T CN+n*m+(j—l)m XN an'me(j-2)m
<..<(j+h)z, X j=0
as ] oo
(i+D z, X T T

which is a contradiction, so z, >0. 0O

Lemma 1.4.2: Assume thatr > 1. Suppose further that there exists 4 >k *Ina such that
liminf g, exp(—e™) >0 ,

then every solution of the equation
AX,+0q,X , =0, n=012,.

is oscillatory.

Proof: See [17]. O

Lemma 1.4.3: If
n-1
liminf > —
n—e i;kql (k +1)<*
then the inequality Ay, +dq,y, , <0 does not have a positive solution and hence the
inequality Ay, +q,Y, , =0 does not have a negative solution.

kk+l

Proof: See [8] page 184. O

Lemma 1.4.4: Let {f }, {g,} and {p,} be sequences of real numbers defined for
n>n, > 0 such that
fo=0,+P0pm. N=Ny+m (1.4.3)



where m>0 is an integer , suppose that there exist real numbers b,, b,, b, and b,such
that p, is in one of the following ranges:

(i) —o<b, <p, <0,

(i) 0< p, <b,<1,0r

(i) 1<b, < p, <b, <.

If g, >0 for n>n,, liminfg, =0and lim f =L exists,then L=0 .

n—oo N—

Proof: we may write (1.4.3) as
fn+m - fn = Onim +(pn+m _1)gn —PnOnm o N 2 Ny +M (144)
Since lim inf g, =0, there exists a subsequence {gnk } of {gn} such that lim g, =0.
k—o0

n—oo

Suppose that (i) holds. As the sequence {pnwm —1} is bounded, we have
lim(pnk+m —1)gnk = 0and hence (1.4.4) yields that

l!iirglo(gnwm - pnk gnk—m): 0
Since g, ., >0 for large k, we have lim Py, 9n,_m =0. From (1.4.3) it follows that

L=lim f, =lim(g, +p, g, »)=0

k—0

Next suppose that (ii) holds. Replacing nby n, —m in (1.4.4) and then taking limit as
k — oo, we obtain
l!'_'ll((l_ pnk )gnk—m + pnk—mgnk—Zm): 0
Since 1-b, >0, we have
0<(1-b,)liminf g, , <liminf(({L-p, Ja, o+ Py _nGs_on)=0
and
0<(-b,)limsupg, ,, <limsup(L-p, ), o+ Py _nTp 2m)=0
k—o0 k—o0
Hence I!im Jnm=0
From (1.4.3) we get
L=lim f, =lim(g, +p, g, )=0
Finally, let (iii) hold. Putting n, +m in place of nin (1.4.4) and letting k — oo, one
obtains

im(@, 1z + (P com ~2)00, o = P, )= 0
As the sequence {pnwm} IS bounded, we have

im(9, 2 + (P om ~2)01, )= 0
Since g, ,,, >0 for large k and {pnk+2m —1} IS a positive bounded sequence, we conclude
that I!er; . = 0. Thus from (1.4.3) we obtain

L=1im f, ., =lim(g,, .. + Py .Gy, )=0

Hence the lemma is proved. O

Lemma 1.4.5: Let 1<m<k—1 and x, be defined on N(a) . Then



(i) liminf A"x_ >0 implies imA'x, =0 , 0<i<m-1

n—o0 N—o0
(ii) limsupA™x, <0 implies limA'x, = -0 , 0<i<m-1
n—oo n—o0

Proof:
(i) liminf A"x_ >0 implies that there exists a large n, € N(a) such that A™x, >¢ >0 for

n—o

all neN(n,), since

n-1
m-1 m-1 m
ATTX, =ATTX, + E ATX,

I=n,

It follows that A™*x, > A™*x, +c(n—n,) and hence lim A™*x, =oo. The rest of the

N—o0

proof is by induction.
(i) Similar to case (i) O

Theorem 1.4.1: (Discrete Kneser's Theorem)
Let x, be defined on N(a), and x, >0 with A“x, of constant sign on N(a) and not

identically zero. Then there exits an integer m, 0<m<k with K +m odd for A*x_ <0,
or k+m even for A“x. >0, and such that

m <k —1 implies that (-1)™" A'x, >0 forall neN(a), m<i<k-1

m>1 implies A'x, >0 forall large ne N(a), 1<i<m-1

Proof: There are two cases to consider

Case 1: Ax, <0 on N(a)

Before that we prove that A“*x, >0 on N(a). If not, then there exists some n, >a in
N(a) such that A“'x, <0. Since A“'x,
N(a), there exists n, e N(n, ), such that A“*x, <A'x <A“'x, <0 for all neN(n,).

But from lemma 1.4.4 we find lim X = —oo which is a contradiction to x, > 0.

Thus A“'x, >0 on N(a) and there exists a smallest integer m, 0<m <k —1 with k+m
odd and

is decreasing and not identically constant on

(-1)™ A'x,>00n N@@), m<i<k-1 (1.4.5)
next let m >1 and

A"*x, <0 on N(a), (1.4.6)
then again from lemma 1.4.5 it follows that

A"™?x. >0 on N(a), (1.4.7)

Inequalities (1.4.5) — (1.4.7) can be unified to
(-1)™?"A'x, >0 on N(a), m—2<i<k-1
which is a contradiction to the definition of m.
so, inequality (1.4.6) fails and
A™*x. >0 on N(a) .
From inequality (1.4.5), A" 'x_ is nondecreasing and hence



lim A" *x_ >0

We found frommlg;cnma 1.4.5 that
HLQAIXH =0 , 1<i<m-2
Thus
A'x, >0 forall large neN(a) , 1<i<m-1
Case2: A“x, >0 on N(a)
Let n, eN(n,) be such that A“*x, >0, then since A*'x

identically constant, there exists some n, € N(n,) such that

is nondecreasing and not

n

A*x, >0 forall large ne N(n,)
Thus
lim A“"x_ >0

nN—o0

and from lemma 1.4.5
!mA‘xn =0, 1<i<k-2
and so
A'x, >0 forall large ne N(a) , 1<i<k-1
This proves the theorem for m=k .
In case A“*x, <0 for all neN(a) , we find from lemma 1.4.4 that A“?*x, >0 for all

n e N(a). And we continue as in the proof of casel. O

Corollary 1.4.1: Let x, be defined on N(a), and x, >0 with A*x, <0 on N(a) and not

identically zero. Then there exists a large n in N(a) such that

X, > LAk‘lxzk,mn (h-n,)" , neN(n)

" (k-2)

ol
Y

Proof: See [1]. O

or

, neN(2n,)

k-1
A%y

n

Theorem 1.4.2: (Knaster-Tarski fixed-point theorem)

Let X Dbe a partially ordered Banach space with ordering < . Let M be a subset of X
with the following properties: the infimum of M belongs to M and every nonempty
subset of M has a supremum which belongs to M. Let T:M — M be an increasing
mapping, that is x <y implies Tx<Ty. Then T has a fixed pointin M .



Chapter Two

Oscillation Criteria of First-Order Linear Neutral Difference Equations

2.0 Introduction

In this chapter we will study the oscillation of the first-order linear NDE's of the form
A(xn +0C, X, 1 —d X, 4 )+ PrXpk +0nXpey =0, (2.0.1)

where {c,},{d,},{p, }and {g,} are sequences of real numbers, m,g,k and | are integers
and 6 ==1

Oscillation of NDE's with delays has received a great attention since 1980.

Many valuable works for Agarwal [1] , [2], Grace [8], Lalli [5], [14], Zhang [30], Cheng
[26], [30], ... etc deal with different topics in oscillation and nonoscillation, these works
can be considered as good references in this field.

This chapter contains four sections. In the first section we studied the sufficient conditions
for the oscillation of equation (2.0.1) when the coefficients are all constants. Section two
introduces sufficient and necessary conditions for the oscillation of equation (2.0.1)
taking c,=c, —-1<c<0 and d,=q,=0. Section three presents the oscillation
of equation (2.0.1) with variable coefficients letting d, =q, =0. Finally, section four

concerns with the oscillation theorems of equation (2.0.1) with positive and negative
variable coefficients.

2.1 Oscillation criteria of first-order linear NDE's with constant coefficients

Consider the NDE of the form
A(xn +O X,y —dX, )+ pPX,  +0X,,, =0, (2.1.1)

with ¢,d,pand g eR*U{0}, m,g.k and 12" U{0} and &5 =1.
In fact equations of the form (2.1.1) are called NDE's of mixed type, it is clear here that
the sequences of coefficients are all constants. This section shows two different

approaches to achieve the oscillation of equation (2.1.1); one by establishing sufficient
conditions for oscillation and the other by means of the characteristic equation.

Lemma 2.1.1: Assume that pe R" and g e Z", then

a. |If
— g_l
p > & , g >1
gg
then the difference inequality
AV )

has no eventually positive solution {y, } which satisfies Aly, >0 eventually,
j=041.



g g
(g+1)°"
then the difference inequality

(_1)Ayn 2 pyn—g
has no eventually positive solution {y, } which satisfies (-1)’Aly, >0
eventually, j=0,1.

p> , g>1

Proof: See [8]. O

Lemma 2.1.2: Consider the linear difference equation
Xn+s + Zq(j)xm—s—j =0 ' (212)
j=1

for n=012,... , where seZ*U{0} and q(j)eR, j=12,..,s , then the following
statements are equivalent:

(11) Every solution of (2.1.14) oscillates

(I2) The associated characteristic equation

2+ a()Hr =0,
j=1
has no positive roots.

Proof: See [11]. O

Theorem 2.1.1: Let d >0, if

k—-m
P, (k-m) — k-m>1 (2.1.3)
1+C (1+k_m)1+km
and
o~ _1)-91
g>('(lg—;,)_g L l—g>1 (2.1.4)
-9

Then equation (2.1.1) is oscillatory.

() The proof by contradiction:
Suppose to contrary that {xn } is an eventually positive solution of equation (2.1.1)

(i.e. x, >0 for n=n,).
Let

Yo =X, X —AX o (2.1.5)

then
AY, =—PXy =0,y <0, n=n, 2n, (2.1.6)

so either y, <O or y, >0
Case1:If y, <0, for n>n, , set
O<v, ==y, =dX,,, —CX,_

m n — n+g



%vng <X, , h=n, (2.1.7)

Using (2.1.7) we have
_Avn =—PX o — 00Xy

AVn Zap n—(g+k) +%Vn—g+l
Av, > %vng+I (2.1.8)

Using lemma 2.1.1 (a) and inequality (2.1.4) then inequality (2.1.8) has no eventually
positive solution

Case2: If y, >0, forn>n,_, let
Wy =Y, +Cm —dYoig (2.1.9)
then
AW, + DY,y + Y,y =0 (2.1.10)
and
A(wn +CW,_, —dw, )+ pwW,_, +qw,

n+l

=0 (2.1.11)

Clearly that Aw, <0 and A’w, >0, for n> N, >n,, there are two cases to consider:
either
(i) w, <0 eventually, or (ii) w, >0 eventually

@) If w, <0 for n>N, , let
0 <Wn =-W, = dyn+g ~&om = Ya < dyn+g J

then

1

W, <Y, (2112)
Using inequality (2.1.12) in equation (2.1.10) to get

AW, > %wml_g (2.1.13)

Using condition (2.1.4) and lemma 2.1.1(a), inequality (2.1.13) has no eventually
positive solution, which is a contradiction
(i) If w, >0 for n>N,

We have that {— Awn} Is decreasing together with equation (2.1.11) we have
0= Alw, +ow, , —dw,,, )+ pw,  +qw,,, > (L+C)Aw,_, + pw,

n+l =

or

P
AW +—WwW <0, n=>N 2.1.14
n 1+c n—(k-m) 1 ( )
so using condition (2.1.3) and lemma 2.1.1 (b), inequality (2.1.14) has no eventually

positive solution, which is a contradiction.
So every solution of equation (2.1.1) is oscillatory. O

(1) The proof by using characteristic equation:
The associated characteristic equation with (2.1.1) is

F(A)=(A-Df+caA™—da |+ pa* +qd =0 , (2.1.15)




we want to show that equation (2.1.15) has no positive roots, two cases are to be
discussed:

Case(I): 1>1
-9 ~(k+g) I-g
F(Ef)i) _ P2 G +1)CM + A% +camo g
ey
> _
(-
since the minimum of f(x)= , a>f and x>1 occurs at x = we see
( Xl)ﬂ aﬂ
X — a-—
that
I-g
e
F(A)1® - 1-9-1 ..,
(A1-1) 1
l-g-1
Case (I1): 0<A<1
We have
m ~(k-m) (m+g)
CF@ _ (pam g2 )_(/Im”_dﬂmg)
(21-1) (1-1)
~(k-m) (m+g)
_p Q ;q)ﬂ“ —(am +c—dame)
—(k-m)
> pA -A"-c
1-2)
(m-k)
> P g e
1-2)
k—m Y™
P k-m+1
> 1 -1-c¢>0,
(k—m+1}
since the minimum of the function f(x)= ] occurs at x = , Where o and
1-x)’ a+f

S are positive.
From cases (1) and (11) we got that F(4) >0 on (0,1)U(L ) and F(1) >0 = F(4)>0
for 2 € R™, which is a contradiction. O

Example 2.1.1: Consider the linear NDE

A(X, +2X, 5 —2X,5)+ X 4 + X4 =0 (2.1.16)
It is clear that conditions (2.1.3) and (2.1.4) of theorem 2.1.1 are satisfied, so every
solution of equation (2.1.16) is oscillatory. Indeed, one of the solutions is X, =(—1)”,
which is an oscillatory solution.

Remark 2.1.1: The results of this section are mainly referred to [2] and [8].



2.2 Oscillation criteria of first-order NDE's with both constant and variable
coefficients

Consider the NDE of the form

A(x, +85cx, . )+ p.X_, =0 , (2.2.1)
with p, >0, —1<c<0 and 6 =1.
The main results of this section are included in theorem 2.2.1 and theorem 2.2.3.

Theorem 2.2.1: Assume that p, >0 and —1<c <0.Then every solution of equation

(2.2.1) is oscillatory if and only if the following difference inequality
A(X, +¢X, )+ PoX,y <O, (2.2.2)
has no eventually positive solution.

Proof: On the contrary, suppose W.L.O.G that {xn} is a nonoscillatory solution of
inequality (2.2.2), say x, >0 eventually, we want to show that equation (2.2.1) has also
an eventually positive solution.

Let
Z, =X, +CX_ (2.2.3)
then z, >0 and Az, <0 eventually by lemma 1.4.1.
Define
T8 0, neN (2.2.4)
Zn
we have w, <1 for n>N , using (2.2.2) we have
A(X, +cx, )+ p,X,, <0
Az, +p, X, <0
AZn + Pn Xy +(Cpnxn—m—k _Cpnxn—m—k)s 0
AZn + P, (Xn—k +CX )_Cpnxn—m—k <0
AZn + P2 _& Pr-m Xn-m—x <0, (225)
dividing (2.2.5) by z, to get
A
Zn + pn Zn—k _ Cpn pn—m Xn—m—k <0
Zn Zn pn—mzn
n-1 c p n-1
-w, +p, JT@-w)* —=—"w,_, JJ(A-w)"<0 (2.2.6)
i=n—k n-m i=n—-m
Taking in consideration that
n-1
Zni = H (1_Wi )71
Z, i=n—k
Equation (2.2.6) becomes
n-1 n-1
P [T @-w)? = w, [ a-w) < w, (22.7)
i=n—k n-m i=n—-m

Define



A9 ={0}, n=N,N+1..,N+M -1, where M =max{m,k}

n-1 n-1
{ﬂ%:{m]](rw$%4—§&-4§>[Iaawﬁﬁ}jmn2N+M (2.2.8)

j=n—k n-m j=n-m

We have that

—

A< W< <A< <w

=)

and so
lim A" = 2

r—o

for each fixed n> N (2.2.9)

n 1

taking the limit in (2.2.8), to obtain
A,=0, n=N,N+1L.,N+M -1
n-1 n-1
zm:pnfla—zp4—-;m An [1A-24)" . n=N+M (2.2.10)

j=n-k n-m j=n-m

Define the recurrence relation
z,=1, n=N
Zpn = Zn(l_ﬂ’n) , n>N

SO

zn:fiﬂ—A)>0,n>N (2.2.11)
and -

%z_f%>o 2.2.12)

n

Using (2.2.11) and (2.2.12) in (2.2.10) we get
_Azn _ pn Zn—k _ Cpn

z z
(1— ”‘””lJ = forn>N+M

Zn Zn pn—m Zn—m Zn
S0
Az, c
- =z, ,+—Az, ., forn>N+M (2.2.13)
pn pn—m
. Az .
since —— >0, so define
A
= Bhk s N4M -k (2.2.14)
pn+k

and substitute y, in (2.2.13) to get
Yok =Znk —VYomxk » fOr N2N+M (2.2.15)
combining (2.2.15) with (2.2.14) , we get
Aly, +¢y, )+ P, Yo =0, N=N+M
which is a contradiction.
Suppose there exists a nonoscillatory solution {x, } for equation (2.2.1) , such that x, >0,

then {x, } will be a solution of (2.2.2) which is a contradiction. o

Remarks 2.2.1 ([14])
(1) The oscillation of (2.2.1) implies the oscillation of equation



A(X, +CX )+ PoX, o + f(n,xn_hl,...,xn_hI ): 0,
provided that the assumption of theorem 2.2.1 and  f(n,7,,...,7 )7, =0 whenever
M, >0, j=12,...,1 hold.
(2) The oscillation of (2.2.1) implies the oscillation of equation
A(X, + X, )+ PoXoy + 0, X =0
provided that -1<c<0, p, >0, q,2>0, k,h>0

The following theorem provides us with a comparison condition for the oscillation, when
there is a relation between the sequences of coefficients.

Theorem 2.2.2: Assume that

A(x, +Cx,_ )+0. X, =0, (2.2.16)
and ¢,ce(-1,0], so that
q,=p, >0 (2.2.17)

and

(Eq" J < [Cp“J (2.2.18)
qn—m pn—m

hold, then the oscillation of (2.2.1) implies the oscillation of (2.2.16)

Proof: Let {x,} be a positive solution of equation (2.2.16), x, >0 for n> N, proceeding
as in the proof of theorem 2.2.1, there exists a sequence {w, }, w, €(0.1) such that

n-1 _1 an n-1 4,
W, =4, H (1_Wi) B q Wi_m H(l_wi ) |

i=n—-k n-m i=n—-m

using conditions (2.2.17) and (2.2.18) it follows from the above equation that
n-1 n-1
w, = p, [T @-w)* =P w_ [Ta-w)?

i=n—k n-m i=n-m
Thus we get inequality (2.2.7), again proceeding as in proof of theorem 2.2.1 to get a
contradiction. O

Theorem 2.2.3; If
g =>p >0, (2.2.19)

and
>, g =, —1<t<c<0 (2.2.20)
i=N

then the oscillation of (2.2.1) implies the oscillation of (2.2.16) .

Proof: Suppose that {xn} IS a positive solution of equation (2.2.16), let

Z, =X, +CX, (2.2.21)
then

Az, +0,X, =0
It follows that z, -0 as n —» o, and



2, =3 %, . (2.2.22)
now from (2.2.21) an(nj (2.2.22)

X, =—CX,_pm +i q Xy
by (2.2.19) n

X, = —CX, +i P; X,

> —an—m 2.2 (_ C)L X”_Lm

where o = (— C)iim0 X, and L = =Ny
0 m

Define

{iff”}: {x,} , nx>n,

A=A+ > p AR, nzn, +max{mk}

AN =20 - n <n<n, +max{mk}, r=123,. (2.2.23)
we have
and

A <20 n>ng, r=012,..
hence, for each n>n, we have

A0 529 as r — oo
SO

*

/151*) :—Ci;m + Z Pi Aix
hence,

A4 +CA )+ p, A, =0, n>n,+M
which is a contradiction, so equation (2.2.1) is oscillatory. O

Remarks 2.2.2
(1) As a special case of theorem 2.2.3 , when ¢ =¢ =0, then for the equations
AY, + Pp Yy =0 (2.2.24)
AX, +0,X, =0 (2.2.25)
with q, = p,, then

the oscillation of (2.2.24) implies that of (2.2.25) .
(2) One can extend the results in theorem 2.2.3 to the equation

|
A(Xy +C X ) + D P Xy =0 (2.2.26)

: i
j=1



Theorem 2.2.4: If

d; =2 p; >0, j=12..1 (2.2.27)
and
S g, = for j=12,.] (2.2.28)
with —=1<C < c|:<NO, then the oscillation of equation (2.2.26) implies the oscillation of
A(X, +C xn_m)+Z|: Qjn X, =0 (2.2.29)
j=1

Proof: Suppose that {x,} is a positive solution of equation (2.2.29), let z, as in (2.2.21),
then

|
AZ,+ D ;X =0 (2.2.30)
j=1

We have z, -0 as n—oo, let

Z, = i [ _I jSxikjj (2.2.31)

i=n
SO,
Xog ==CXppp + Z (Oy Xy, + 0o Xig, T+ Ui Xig)
i=n

by (2.2.27)

o
Let @ =(-c¢) ™ X, ,then
n

X >a(-c)m

Define
29 §={x, }
A = —c KD+ Y (py A5 4 py A5
ﬂ;r) _ ﬂﬁ]o) , "

we have

A< Al (ie. A" is decreasing)
n

Since A" >a(-c)™ , r=012,...
then for each n > n, we have

AV S A asr—oo
SO



ﬂ’: :_Cﬂ“’r:fm +Z (pli Iilkl +... Py ﬂ’:—h )
Hence,
A (Ir: +Cﬂ“:7m)+ pln ﬂ‘;—kl +o.t pln ﬂ“’:\—k, = O N 2 no + M

This means that 4. is a positive solution of equation (2.2.21), which is a contradiction. O

Example 2.2.1: Consider the NDE's

A(xn —%xnlj+2"xn3 =0 , (2.2.32)
and

A(xn —%xn_1j+3" X, 3 =0, (2.2.33)

using theorem 2.2.2 we conclude that the oscillation of (2.2.32) implies the oscillation
(2.2.33) since conditions (2.2.17) and (2.2.18) are satisfied.
Note also that example 2.2.1 satisfies the conditions of theorem 2.2.3.

Remark 2.2.3: The results of this section are mainly referred to [14].
2.3 Oscillation criteria of first-order linear NDE's with variable coefficients

Consider the first-order linear NDE of the form

A(x, +5¢, X, )+ P, X, =0 , n>0 (2.3.1)
where {c,} and {p,} are nonnegative sequences of real numbers, m and k are
nonnegative integers and 6 =—1.

Equation (2.3.1) has been extensively investigated in literature. Authors like Tang, Yu and
Ladas discussed the boundedness and the asymptotic behavior of the solutions of equation

(2.3.1) with and without the condition Z p, = o, also Zhang, Cheng, Chen, Lalli and Yu
n=0

as in [5] and [30] studied the oscillation property of equation (2.3.1) under several

conditions.

In fact in this section we will consider some of those theorems in [5] and [30], but before
that, we need the following assumptions:
(H1) There exists a positive integer N such that
Chnaim =1, for i=012,...
(Hz) For n>0

o0

npnzpj =

n=0 j=n

Lemma 2.3.1: Assume that (H,) holds, and ¢, >1, p, >0, for n=0,12,... , then for any
eventually positive solution {xn} of the inequality

A(X, —C X, )+ Py X,y <O (2.3.2)
the sequence {z, } defined by



Z, =X, —C,X , N>0 (2.3.3)

n“'n—-m

satisfies that Az, <0 and z, <O0.

Proof: see [5]. O

Theorem 2.3.1: Suppose that ¢, =1 and p, >0, for n=012,..., and (Hy) holds then
every solution of equation (2.3.1) is oscillatory.

Proof: From lemma 1.4.1, the sequence{z, } defined by (2.3.3) would be positive, and
from lemma 2.3.1, the sequence {z, } would be negative for all large n. (i.e. positive and

negative at the same time ) , hence every solution of equation (2.3.1) is oscillatory. O

Theorem 2.3.2: Suppose that (H;) and (H,) hold, then every solution of equation (2.3.1)
oscillates provided that for all large n.

n-m S Cn—k pn (234)

Proof: On the contrary, suppose that equation (2.3.1) has an eventually positive solution
{x,} . let z, asin (2.3.3), then from (2.3.1)

Az, +p, X, =0 (2.3.5)
AZ, =—P X«

=—P, (Zn—k +Chx Xn—k—m)

=—PnZnk = PnCrk Xn_k-m

< ~PnZnk = P Xnokem ) by USing (234)
=—p,Z,+Az, ,, N=n,+kK+m, by using (2.3.5)
Ie.
Az, -2, . )+P,2,, <0, n=n+k+m (2.3.6)

using (Hz) and by lemma 1.4.1 and lemma 2.3.1, then the sequence {z,—z, .} is
eventually negative and positive at the same time, which is a contradiction, so every
solution of equation (2.3.1) is oscillatory. O

Theorem 2.3.3: Suppose that (H;) holds, p, >0 and there is some number ¢ < [0,1]such
that

ap, . < p.c, ., forall large n (2.3.7)
then every solution of equation (2.3.1) is oscillatory provided that the recurrence relation

Aw, + 1?"0[ W, xm <0, n20 (2.3.8)

has no eventually positive solution.

Proof: Suppose that (2.3.1) has an eventually positive solution {xn}, define z, as in
(2.3.3) , then
Az, +p, X, =0 (2.3.9)
AZ, o+ Po_nXn(me) = 0

m+k



a AZn—m =-a pn—mxn—(m+k) ,
using (2.3.7)
a AZn—m Z—C, Prm Xn—(m+k) )
or
-a AZn—m _Cn pn—kxn—(m+k) <0 ' (2310)

adding (2.3.9) with (2.3.10) we get

Az, —alAz, . + Py Xok — PnCri X
using (2.3.3) we get

A(Zn _azn—m)+ PnZnk <0

<0

n—(m+k) =

Define
w,=z,-az,,, n=0

satisfies w, >0 for all large n, we have

and

l-o

and hence {w, } is an eventually positive solution of (2.3.8), which is a contradiction. O

Remarks 2.3.1:

(1) In theorem 2.3.2, if we replace (Hy) by ¢, >1 , for n=0,12,..., and replace (2.3.4) by
Cox Py < P, » then every solution of (2.3.1) is oscillatory.

(2) In theorem 2.3.3, if we replace (Hi1) by c, <0, for n=0,12,... , and replace (2.3.7) by
—C, P, <P, .., we will have another criteria for the oscillation of equation (2.3.1)
provided that

Pn
l+a
has no eventually positive solution.

Aw, +

Wy ko) S0, n20

Remark 2.3.2: The results of this section are mainly referred to [5] and [30] .

2.4 Oscillation criteria of first-order linear NDE with positive and negative
variable coefficients

Consider the NDE of the form

A(X, +5C, X, )+ PoXos =G X%, =0 , (2.4.1)
where m, k and | are integers such that 0<l<k, m>0 ,{c,}, {p,} and {q,} are
nonnegative sequences of real numbers, the sequence h,=p,—-0q,,,, nN=k-1I 1is

nonnegative and has a positive subsequence and 6 = —1.

Authors, since 1990 studied equation (2.4.1), they discussed several cases, when g, =0,
c,=0orwhen c,=cand 0<c<l1.



In [22] Tang, Yu and Peng investigated the oscillation of equation (2.4.1) depending on
the treatment of an ordinary difference equation, while in [26] Tian and Cheng did some
modifications on the results of [22], we will see later that the results in [22] are taken to be
the special case of those in [26].

Before starting we have to consider the following definitions:

n-1 n—t+k-1-1
R,()=c,+ > a,+ >.p, ,wheret=1{01.. k-I} (2.4.2)
s=n-t s=n
. m , ifg,=0and t=k-I
M (t) = "= (2.4.3)
max{m,k}, otherwise
. , Ifg,=0and t=k-I
mt)=1 . "= (2.4.4)
min{m,| +1}, otherwise

Lemma 2.4.1: Suppose that {xn} is an eventually positive solution of the functional
difference inequality

A(X, —C X, )+ PoXo =X,y <O, (2.4.5)
and there exists an integer t € {0.1,....k —1}, such that R_(t) <1, for all large n, then the
sequence {z, } defined by

n+k—I-t-1

Zy =Xy —CyXpm — nZﬁlQSXS—I - Z PsXsk s (246)

s=n-t s=n

for all large n, will satisfy z, >0 and Az, <0 eventually.

Proof: LetN, e Z", such that for n>N,, x, >0. By inequality (2.4.5) and equation
(2.4.6), itis clear that Az, <0, which means that z,, is nonincreasing for n> N, .
To prove that z, >0, suppose not that is z, <O for all large n. Thus there exists a

constant & > 0 such that z, <—«a for n>N, > N,, so from equation (2.4.6)
n—1 n+k—l-t-1
—a>7,=X,—C X — zqsxs—l - Zpsxs—k
s=n-t s=n
n-1 n+k—l-t-1
X S =@ +Co X+ D 0X + D PeXe (2.4.7)
s=n—t s=n

The question appears here whether {xn} is bounded or not ?

If {xn} is bounded: This means that limsupx, = <o, we can choose a sequence of
integers {n,}il such that limn; =0 and lim X, =B
Let {4, } be a sequence of integers such that
n—-M"(t)<A <n -m'(t) ,
and
X, =max{x,:n' ~M"(t)<n<n’—m"@)} ,
with limA, =0 and limsupx, <f.

1>

From equation (2.4.2) and inequality (2.4.7) we have



n-1 n+k—I-t-1
X, <—a+C.X, , + quxsf' + Z PsXs k

s=n-t s=n
S—a+X,
then
limsupx, < lLrposup(—a +X,)<f

B<—a+f<p
which is a contradiction.
If {x,} is unbounded: This means that limsupx, =0, so there exists a sequence of

N—o0

integers {n; |, such that for N, + M"(t)<n;, we have

limn/ =co , limx. =00, and x :max{xn:N2 <n<n,i :L2,...}.
From equation (2.4.2) and inequality (2.4.7), we get

-1 n+k—l-t-1
Xog S =@ +C X+ D.0X + D PeXey

s=n-t s=n

<—a+X,
<X,

which is a contradiction. So z, must be positive. O

Lemma 2.4.2: Suppose that the second-order difference inequality

Ay, +ﬁhnt+k, Y, <0, (24.8)
does not have any eventually positive solution, and there exists an integer t e {0,1,..., k —I}
such that R (t)>1, for all large n, then for any eventually positive solution {xn} of
inequality (2.4.5), the sequence {zn} defined by equation (2.4.6) satisfies z, <0 and

Az, <0 forall large n.

Proof: See [26]. O
Lemma 2.4.3: The difference inequality

A’y +dy, <0, n>0
has no eventually positive solutions if
iminf 3 d, >

nN—oo
s=n

where {d, } is a sequence of nonnegative real numbers.

Proof: See [22]. O

Theorem 2.4.1: Suppose there exist two integers t,t, € {0,1,..., k —I} such that

n-1 n—-t +k—1-1
R,(t,)=c, + qu + Z p, <1, (2.4.9)
s=n-t s=n

n-1 n—t+k—1-1
R,(t)=c, + qu + Z p,>1, (2.4.10)

s=n-t s=n



for all large n. Further suppose that the functional inequality (2.4.8) does not have any
eventually positive solution. Then every solution of equation (2.4.1) oscillates.

Proof: Using lemma 2.4.1, then we have that z, >0 and Az, <0 eventually. However,
using lemma 2.4.2 gives that z, <0 eventually, so we obtain a contradiction, thus

equation (2.4.1) can not have any eventually positive, nor eventually negative solution. O

Corollary 2.4.1: Suppose that (2.4.10) holds for t =0, and all large n and

lim inf ni(pm_I -q,)> %mk} , (2.4.11)

s=n

holds. Further suppose {ﬁ} IS nondecreasing and there exist two nonnegative
n = Mn-k+l
constants o, and o, such that &, > p, —q, ., eventually and for all large n,
Chk (pn il ¢ PO )S 51(pn—m - qn—k+|—m) , (2412)
P (pn+l —Ohks2i )S 52(pn il ¢ PO ) , (2413)

and
5, +(k=1)5, =1, and h, <&, eventually.
Then every solution of equation (2.4.1) oscillates.

Proof: Suppose that equation (2.4.1) has an eventually positive solution {xn}, and let z,

be defined by (2.4.6).
Applying lemma 2.4.2 and lemma 2.4.3 to get that z, <0 and Az, <0 eventually.

In view of inequalities (2.4.12) and (2.4.13) we have

AZn = _hn—t+k—l o1 o
for simplicity let h"=h_, , ,,so
Az, =-h"x_
. . n—t-I-1 n—-2t+k-21-1
=-h (Zn—t—l + Cotr Xnotoi-m )_ h zqsxs—l + Z Ps X,k
s=n—-2t-I s=n—t—|
n—t-1-1
* * AsNgi
>—h Lo — 51 hn—t+k—|—m Xoctolem — h z = Xs

s=n-2t-1 hs+k7|
n—-2t+k-21-1
psh

-h" > —_—
s=n—t—I| s
. h* n—t-I-1
>-h Lo — 51 AZn—m - Jac - AZs+t)

hn—t+k—2| s=n-2t-|

* ne2trk—21-1
_ Poaecal " +Z(— AZg i)

hn—2t+k—2| s=n—t—|

2 _h*zn—l - 51 AZn—m - 52 (Zn—l - Zn—k)
Thus
A(Zn - 5lzn—m )_ (52 + hn—t+k—| )Zn—l + 522n—k >0

Hence {-z,} is an eventually positive solution of inequality



A(Xn - §1Xn—m )+ 52 Xy — (52 - hn+k—| )Xn—l <0

Comparing the last inequality with equation (2.4.1) and using lemmas 2.4.1, 2.4.2 and
2.4.3, we have that z, is simultaneously positive and negative eventually , which is a

contradiction. O

Remark 2.4.2: Similar results can be obtained for (t=k—1), where {q—“} is
Prka — Uy

nondecreasing and for &,,8, € Z* U{0}

O P (pn it )S 52(pn—l — Onx ) )
holds together with (2.4.12) and &, +(k —1)5, =1.

Theorem 2.4.2: Suppose there exists an integer te {0,1,....k —I} such that

n-1
C,+ .0, =1, (2.4.14)

s=n—k+l

holds eventually, further suppose that there exists a constant « e [O,l)such that

Cn—k (pn - qn—k+| )2 a(pn—m - qn—k+l—m) ' (2415)
then every solution of equation (2.4.1) is oscillatory. Provided that there exists a constant
@ €[0,a) such that the following recurrence relation

o
Au, +— hn—t+k—| u

n

rirm <0, N=012,.. (2.4.16)

does not have an eventually positive solution.

Proof: Suppose to contrary that {xn} is an eventually positive solution of equation (2.4.1),
from lemma 2.4.1 we have z, >0 and Az, <0 for all large n.

AZn < _hn—t+k—l Xit1
n—t—1-1 n-2t+k-21-1
= _hn—t+k—l (Zn—t—l +Co_ Xntoiom )_ hn—t+k—| (sn%tqls XL+ sfnz—:t—Fl)SXSik j )
hence,
AZn + hn—t+k—| Zn—t—l + Cn—t—l hn—t+k—| Xn—t—l—m < 0 ’ (2417)
for all large n, by inequality (2.4.15) and inequality (2.4.17) becomes
Az, +Nh 2o rabh o e X <0 (2.4.18)
Inequality (2.4.18) together with
—alz, —ah 0 X, =0,
we get
Az, —az, )N sZoiy <0, (2.4.19)
for all large n.

Let u, =2z, —az,,, similar to the proof of lemma 2.4.1, we have u, >0 and Au, <0
for all large n. Hence, there exists an integer N >0 such that z, >0 and Az, <0, and
u, >0 and Au, <0, for n>N. Thus
z,=U,+az,
=u, +au,, +az, ,,)



i
=U, +aU, , +.+a'u, . +az,

i+1)m
Z(a+a2 +...+ai)u
a(l_ai-#l?
= u
-
for n>(i+1m+ N, for all large n, which is a contradiction. O

n—m

n-m

Example 2.4.1: Consider the NDE
A(xn - % xn_l) + G +(n +1)2jxn_3 —G —(n+ 3)2jxn_1 =0 , (2.4.20)

using theorem 2.4.1 we have for ¢, = 1 and t=0,t, =2,

1
Rn (tl) = Rn (2) = E +0,2 0,4

=1-(n+1)" —(n+2)” <1
and

1
Rn(t): Rn(o):§+ Pn + Pna

=1+(n+1)*+(n+2)* >1,forall large n
but h, =p, -q,,=2n+1)* and

lim inf(ni Moo j = 21lim inf(n iszj -2> % _ %m’k}

N—o0 N—o0
s=n+3

So we can conclude that every solution of equation (2.4.20) is oscillatory.

Remark 2.4.3: The results of this section are mainly referred to [22], and [26].



Chapter Three

Oscillation Criteria of First-Order Nonlinear Neutral Difference
Equations

3.0 Introduction

This chapter mainly concerns with the oscillation of nonlinear NDE's of the form

A(Xn +51 pnxn—m) + 52 qnG(Xn—k) = fn 1 n 2 O (301)
where {p, }, {a,} and {f,} are sequences of real numbers, G is a real valued function and
S5, =+1,8, =+1.

We studied oscillation of equation (3.0.1) under several conditions depending on the form
we consider.

Authors like Zhang [29], Lalli [12] studied nonlinear NDE's with both constant and
variable coefficients. However, as in [23] and [20] authors considered the case when all
the coefficients are variables, also homogenous and nonhomogenous (forced) cases are
discussed as in [18] and [10].

In this chapter, the first section concerns with the oscillation of equation (3.0.1) when
p,=p, f,=0and G(x,,)=x",,where « isthe quotient of odd positive integers. In
section two we discuss the oscillation of equation (3.0.1) with several conditions on
G(x,_, ). Section three considered the forced form of (3.0.1) with both constant and
variable coefficients. While in section four the coefficients are all variables. Finally,
section five studies oscillation theorems when G(x, ) =[x, [sgnx,  and when

G(X, )= max X.

se[n—k,n]

3.1 Oscillation criteria of first - order nonlinear NDE's with both constant and
variable coefficients

Consider the first-order nonlinear NDE's of the form

A(X, + 0, PXym) +9,0,G(X,,)=0, n=>0 (3.1.1)
where {qn} Is a sequence of nonnegative real numbers, m and k are positive integers ,
0,=-1,0,=+1and g, >0.

We start this chapter by taking the special case where G(x, ,) = X", , where « € (O,oo) is

n-k !
a quotient of odd positive integers and 0 < p <1, the oscillation here is discussed for two
cases, (i) ¢ <1, (i) a>1

Theorem 3.1.1: Assume that 0 < p <1 and 0 <« <1. Then every solution of the equation
A(Xn - an—m) +anrl1lfk =0 ) (312)

Oscillates if and only if » g, = .
n=0



Proof: Assume that « (0,1) and {x,} is an eventually positive solution of equation
(3.1.2). If we let
Z,=X,— PX,., ,assumingthat 0< p<1
Using lemma 1.4.1 we have that z, >0 eventually
Now,
X0« = Zyy + PX

n n—-m—k

>z, .+ Pz
> (1+ p)z
so equation (3.1.2) becomes
Az, +q,(1+p)“z <0 ,
multiplying the last inequality by z *
z,°Az, +q,(1+p)“ <0 . (3.1.3)

n—-m-k

n !

Define
rt)=z, +(t—-L)Az, , L<t<L+1,
so z,,<r(t)<z |, since Az, <0,

but
F'(t) = Az,
re) =(z, +(t-L)Az )* <z ,
S0
rYy sz (3.1.4)
re) zf
using (3.1.3) , (3.1.4) and the condition ¢, =0 , we get
n=0
- = —0 ,
ra

r(N)

which contradicts the fact that « € (0,1). O

Note that to prove the other case we assume that o >1 there exists A > k™" Ina such that
liminf g, exp(—e™) > 0. Then if {xn} is an eventually positive solution of equation
n—o0

(3.1.2). we have
Xn—k = Zn—k + pX

n—m-k

2
= Zn—k + pzn—m—k + p Xn—m—2k

L L+1
= Zn—k + pzn—m—k to.t p Zn—m—Lk + p Xn—m—(L+l)k

L
< p Zn—m—Lk '

Back to (3.1.2) it becomes
Az, +Q,p"2%, . <0,
forany L >0 and where p>0



liminf g, exp(—e™) >0 iff liminf p-“q, exp(-e™)>0 .
Then by lemma 1.4.2, we get a contradiction, so {x,} is an oscillatory solution of
equation (3.1.2). For other direction of the proof see [10]. O

Remark 3.1.1: In [17] Lin obtained a bounded oscillation for the higher order form of

equation (3.1.1) if and only if D" n°q, =oowhere s is the order of the NDE.

n=n,

Theorem 3.1.2: Suppose that p=-1, g, >0 and an =oo Where N is a positive
n=N

integer. Suppose further that for G is nondecreasing, XG(x) >0 for x =0,

and

__[du <o forall e>0,
2 G(u)

then every solution of equation (3.1.1) is oscillatory.

Proof: Let {xn} be an eventually positive solution of equation (3.1.1), and define z, again
as in theorem 3.1.1, from equation (3.1.1) we have
Az, =—0,G(x,,) <0, n>0
(i.e. Az, <Oeventually). Since q, is not identically zero, z, can not be eventually
identically zero. Thus either z, is eventually negative or eventually positive.
If z, <0 eventually, then
z, <z, for n=>N ,
now
Z,=X,+ PX, 1 » p=-1
X, =2Z,+X,
=z

X + X

N-+mn N-+mn N+mn—m

< ZN + XN+(n—l)m

< ZN + ZN+(n—1)m + XN—(n—Z)m

<Nz + Xy
<Nz, +Xy,N>=N)
As n— o then X,., <0 eventually, which is a contradiction, so z, must be eventually
positive. (z, > 0 eventually).
Now

(i.e. x

N+mn

Az, +9,G(z,,) <0,
dividing by G(z, ,) we get

A, L4 <0, n=N (3.1.5)

G(Zn—k)
but we have that
Gt)<G(z,,), telz.,.2,.] .

n+1? “n-k

this implies



I 05 -

using (3.1.5) and (3.1.6) we get

Which is a contradiction, so {xn} is an oscillatory solution of equation (3.1.1). O

Remark 3.1.2: The authors in [21] studied the Linearized oscillation of the first-order
nonlinear NDE of the form

L
A%y = PXo ) + 208G (X, ) =0, n>ng (3.1.7)
i=1
where, p e(-10], G, eC(R,R), g, €(0,:0), mk, €{0,1,2,..} and i =1,...,L

The theorems show that the oscillation of equation (3.1.7) is related to that of the linear
case of equation (3.1.7). i.e. the equation of the form

L
A(Xn - pxn—m) + Zq| Xn—ki =0 (318)
i=1

Remark 3.1.3: The results included in this section all mainly referred to [12], [21] and
[29].

3.2 Oscillation criteria of first-order nonlinear NDE's with variable coefficients

Consider the first-order nonlinear NDE's of the form
A(X, +0,P X m) +0,0,6(X,,)=0, n=>0 (3.2.1)

{p,} and {q,} are sequences of real numbers, k and m are integers and &, = 5, =1.

In this section we discussed theorems which give sufficient conditions for the oscillation
of all bounded solutions of equation (3.2.1) when g, >0 , m>0 and k >0 in theorem

3.23andwhen p, >0, qg,>0, m>0 and k is any integer in theorem 3.2.4.

Theorem 3.2.1: Suppose that —1<b, < p, <0, where b, is a constant.
Let

lim inf —= ( ) >y>0, (3.2.2)

[u|—0

and

1 kk+l
lim inf _
N—o0 I;kq' y (k +1)'<+1

then every solution of the equation

(3.2.3)



A(X, + P X, ) +3,G,(X,)=0, (3.2.4)
where, {p,} and {q,} are sequences of real numbers with ¢, >0, GeC(R,R) is
nondecreasing and uG(u) >0 for u=0 and m>0, k>0 are integers, also the value
of y is limited by inequality (3.2.3).

Proof: Let {xn} be an eventually positive solution of equation (3.2.4) (x, >0 for
n>N >0), let r =max{m,k} and define

Z, =X, + P, X\ m s (3.2.5)
then Az, <0 for n> N +r. Then either

z,>0 or z,<0 for n>N,; >N+r
Let z, >0 for n>N,. If limz, =, then 0<a <. Suppose that 0<«a <o, then

n—oo

z,>p>0for n2N, >N,.As z, <x, for n>N,,thenfor n>N, >N, +r

6(5)> 0, < 30,60z, )< S a0,6(x, ) =-> Az, <2, (3.26)

n=Nj n=N; n=Nj n=Nj

From (3.2.6) we get a contradiction. Hence limz, =0.

n—o

From inequality (3.2.2) we have for n> N, > N,,
G(z,)>yz, ,
So we get from equation (3.2.1) that for n> N, +r
Az, +70,2, <Az, +q,G(z, )< Az, +9,G(x,,)=0 , (3.2.7)
inequality (3.2.7) with lemma 1.4.3 leads to a contradiction. Hence z, <0 for n> N,
Thus x, <X, , for n>N, consequently, {z,} is bounded, since limz, exists, then

nN—oo

z, <a<0forn>N, >N,.
Hence for n> N, > N, +r,
Zn :Xn + ann—m >le

n-m !

X > l VA > ﬁ
n—k bl n+m-k b1 '

from equation (3.2.1) we obtain

a j-1 j-1 j-1
G[b_Jan < anG(Xn—k):_ZAzn <_Zj
1

n=N; n=Nj n=Nj

that is

Thus an < o0, Which is a contradiction, that completes the proof. O

n=N;

In fact we will make use of theorem 3.2.1 to determine the sufficient conditions for which
the nonlinear NDE

A(Xn + ann—m) + qn|xn—k|asgn(xn—k) = O ) (328)
oscillates.



Remark 3.2.1: Suppose that—1<b, < p, <0, where b, is a constant, and the relations

(3.2.2) and (3.2.3) hold. Then every solution of equation (3.2.8) is oscillatory, provided
that0 < r <1.

Proof: Let {x,} be an eventually positive solution of equation (3.2.7) for n>N >0, let
z, asin (3.2.5) and r = max{m,k}

then Az, <0, for n> N +r, two possible choices for z, arise:

If z, <0 for n>N,,then x, <x,_. for n>N,, but limz, exists, this means that {z, }

n—o

is bounded , then z, <, <0, for n>N, > N;.

Now
Zﬂ = Xn + pnxn—m > len—m 1
SO
Zn+m—k > b1Xn—k '
or
1 o,
X > Ezmm_k > E nN>N;>N,+r (3.2.9)

Using equation (3.2.8) and taking the summation for (3.2.9) we have for 0 < a <1

al” a, | 1 “
El Sgn[al]zqn < an|xn—k| Sgn(xn—k)
n=N, n=N,
j-1
= —JZ:AZH <-z;,
n=N,

let j — oo , then an < oo, Which contradicts inequality (3.2.3).

n=Nj;
If z,>0 for n>N,, then,
if limz, =qa, then 0< ¢, <

n—oo

Suppose to contrary that 0 < &z, <o, then z, > >0 for n>N, > N,, similarity using
(3.2.8) and taking the summation from N, to (j—1) wegetfor 0<a <1

|ﬁ|a Sgn (ﬂ) iqn < iqn|zn—k|a Sgn(zn—k)

n=N, n=N,

j-1
o
< qn|xn—k| sgn(xn—k)
n=N;
j-1
=—> Az, <z, , N=Ny>N,+r
n=N;
which also a contradiction, hence
limz, =0
n—o0
now, from (3.2.2) we have
|z,[“son(z,)> 2, , for n=N, >N,
S0
(04
AZn +7'qnzn—k < AZn +qn|zn—k| Sgn(zn—k)



<Az, +, %, " son(x,, ) =0, O<a<l

which contradicts lemma 1.4.3, so every solution of equation (3.2.8) is oscillatory. O
Remark 3.2.2: When « >1 we can apply theorem 3.2.2 fails to hold.

Remark 3.2.3: We will see later (in section 3.5) some oscillation theorems for equation
(3.2.8) when p, =-1, for a >0 which includes the sublinear, the linear and the super

linear cases.

Remark 3.2.4: In theorem 3.2.1 if we replace the condition —-1<b <p,<0 by
—oo<a < p,<-1 where b, a are constants then the conclusion we get, that every
solution of equation (3.2.4) oscillates or tendsto o as N — 0.

Theorem 3.2.2: Let 0 < p, <1and there exist A,z > 0 such that for v,u >0

Gu+v) <AG) +G(V)] , (3.2.10)
and for v,u <0

Gu+v) > 4Gu)+G(v)] , (3.2.11)
and suppose that G satisfies the condition

| U forall £ 0 (3.2.12)

2 G(U)

If m<k and Zq: =0, then every solution of equation (3.2.4) oscillates, where
n=k

q, =min{q,,q, .}, n>m.

Proof: Let {xn} be an eventually positive solution of equation (3.2.4), x, >0 for n> N.
Setting r = max{m,k} and z, asin (3.2.5) we get that z, >0 and Az, <0 for n>N+r.
Hence lim z, exists.

n—oo

Using (3.2.10), there exists A > 0 such that
G(X,  + X mai) SAUGKX, ) +G(X, )], N=N; >N+2r
but z, <x,+x,_, for n>N,, then from equation (3.2.4) we get:
0=AAz, +1q,G(x, )+ AAz, . + A0, G(X, 1 y)
> ANz, + AAZ, .+ A [G(X,_ )+ G (X, )]
> Az, +AAZ, A G(X  +X )
> Az, + Az, +0Q.G(z,.,)
Dividing by G(z, ,) we get
. AAzZ ANz

q, + 4 <0, (3.2.13)
G(Zn—k) G(Zn—k)
also
g + 280, Ml s, (3.2.14)
G(Zn) G(Zn—k)
for z,,,<x<z,and z,,,<y<z,,,wehave



Z z

Jﬂ dx >Jﬂ dx Az,
G(x) ] G) G@)

Zns1 Zni1

and
Z"J-”” dy Z"J-“ dy _ Az,
01 OO 1, C@n)  GlZm)
From equation (3.2.14) we get
it j-1 Znn dx j-1 Znam dy
202 lew % ) s

_Fodx ¢ dy
B jG(x) zgme(y)

Zny

Hence, an <o, which is a contradiction. O

n=N;
Remark 3.2.5: In theorem 3.2.3 if we take the sequence {p,} to be —1<p, <a, <o
where a,is a constant and conditions (3.2.10) and (3.2.12) hold then every solution of

equation (3.2.4) oscillates provided that ZQn = , Q, :min{qn,g(”;“)}, and for
n=k 2
u,ve R wehave G(uv)=G(u)G(v)

The following theorem will prove the oscillatory behavior of equation (3.2.4) without the
asymptotic condition on {qn}, here the oscillation is related by a non-neutral difference

inequality. But before that we need the following conditions:
(C1) G eC(R,R) is nondecreasing and uG(u) > 0 for u = 0.
(C2) There exists a continuous function ¢:R — R such that ¢(u) is nondecreasing in
ueR, ug() >0 for u=0 and
lp(u+Vv)| <|GU)+G(v)| , foruv>0
(C3) There exists a continuous function w: R* — R™ such that
IG(uv)| <w(u) |G(v)| , for u>0and veR

Theorem 3.2.3: Suppose that p, >0 and q, >0 real sequences, m>0, k is any

integer, suppose further that (C1)-(C3) hold. Then every solution of equation (3.2.4) is
oscillatory if there exists a positive real sequence {4,} such that 0< A <1 for n>n, ,

and the difference inequality
{Ayn +Qn¢(yn+m—k )}Sgn yn < O '
does not have any nonoscillatory solution, where

W( pn—k)

Proof: Suppose that {xn} is an eventually positive solution of equation (3.2.4). letting
Z,=X,+PX,_n- Then z, >0 and z, is decreasing for all large n>n,. Summing
equation (3.2.4) from n to o, we have



z, =limz, +> 0.G(x_) = > a.G(x_,) .

for all large n > n,, we see that

Z, 2 Z/lsqsG(Xs—k) + Z(l_ ﬂ’s)qsG(Xs—k)

s=n+m

= Z/lsqsG(Xs—k) + Z(l_ j‘s—m)qs—mG(Xs—k—m)

2 ZQSG(X57K)+ iQSW(ps—k)G(Xs—k—m)

S=n+m

> iQsG(Xs—k)+ iQsG(ps—sz—k—m)

s=n+m s=n+m

= iQs [G (Xs—k ) + G( ps—k Xs—k—m )]

s=n+m

= ZQs(p(Xsfk + P Xskm)

S=n+m

= Zw:ngo(zs_k) , forall n>n,,

s=n+m

now let
Yo = Zquo(Zs—k) >0,

then z, >y, . eventually. But

Ay, =-Q.0(z,.) < -Q.o(Y, v.), Torall n>n,
this means that the last inequality has an eventually positive solution, which is a
contradiction, so every solution of equation (3.2.4) is oscillatory. O

Corollary 3.2.1: Every solution of the equation

A(X, + PpXom) A X =0, (3.2.15)
where « is ratio of odd positive integers , {pn} is a positive real sequence and m >0,
{g,} is a positive real sequence and k is any integer,
is oscillatory if the difference inequality

Ayn + Qn yr?—k+m < O ’
does not have any eventually positive solution, where

Qn:min{l,zl‘“}min{ A Ao }

1+ Py "1+ [

Proof: Suppose that{xn} is an eventually positive solution of equation (3.2.15). Let
Z, =X, + P,X,_ . itisclear that z, >0 and z, is decreasing for all large n > n,. Summing
equation (3.2.15) from n to «, to get

— h a
Zn - rllm Zn + ;qsxs—k



00

Z q.x&, , forall large n>n,.

But we have

c qs a ~ p;l—ker a
2y 2 ) X ) A

s=n 1+ ps k+m s=n 1+ ps—k+m

00 pa
- z «t Z 54; qs—mxsa—m—k

1+ ps k+m s:n+m1+ ps—k

ZQS X:l—k_'_ ZQS p:l—k Xg—m—k

s=n+m s=n+m

iQs X?7k+ i Qs (ps—k Xs—m—k )a

sS=n+m S=n+m

iQS (Xsa—k + (ps—k Xs—m—k )0! )

S=n+m

iQs(D(Xs—k + ps—k Xs—m—k)

S=n+m

> Qu(z,.,) , forall n>n,,

S=n+m

\%

\%

\%

let
yn = Zquo(Zs—k) >0 !

hence, z, >y, ... eventually. We see that
Ayn = _Qn(p(zn—k) < _anp(ynfmm) '
ie.  AY,+Q.yr ., <0, forall nxn,
so y, is an eventually positive solution of the above inequality which is a contradiction.
O

Note: in the last corollary it is clear that

A, =# , w(u) =u”
1+ pr:l—k+m

p(u) =u”

Example 3.2.1: Consider the NDE

A( —( ) 1j+ ©,=0, N0 (3.2.16)
using theorem 3.2.1, we have

n-1

DG = 0. i(ij if and only if » > 8

i=n-2 3 7 27 90

As a consequence, every solution of the equation (3.2.16) is oscillatory.
Example 3.2.2: Consider the NDE

1
(k20 k1 5x =0, nzo0 (3217)



Applying theorem (3.2.3), it is clear that the sequence {p,} satisfies 0< p, <1 since
0< %(1+(—1)")s 1.
To check conditions (3.2.10) and (3.2.11)

1 1

1 = =
(U+v)s < /{US +v3] foru,v>0and >0

1 1
(U+v) > y[u3 +V3J for u,v<0and x>0
also

to E o
J’d—uzg{ue‘} <o ,forall >0
0

and finally,
D= zﬂ — oo s satisfied.

n=k n:—23

Then every solution of equation (3.2.17) is oscillatory. In particular x, =(—1)3n is an
oscillatory solution of equation (3.2.17).

Remark 3.2.6: The results of this section are mainly referred to [20] and [23].

3.3 Oscillation criteria of first-order forced nonlinear NDE's with both constant and
variable coefficients

Consider the first-order forced nonlinear NDE of the form

A(X, +6, Py )+, 4,6 (%, ) = T, (33.1)
where, 8, =+1, 5, =1, p is nonnegative real number, {k,} is a sequence of nonnegative
integers with limk, = oo, {f } and {q,} are also sequences of real numbers with g, >0

eventually, the function G is a real valued function satisfying xG(x) >0 for x=0 and
me N(1).

In this section we discuss theorems that establish sufficient conditions of the oscillation of
equation (3.3.1) under certain assumptions on the forcing term.

Theorem 3.3.1: Suppose that there exists a sequence {h, } of real numbers such that

Ah, = f, and {h,} is oscillatory , (3.3.2)
also {h, } satisfies
limsuph, =0 and liminfh =-o , (3.3.3)

then every bounded solution of equation (3.3.1) is oscillatory.

Proof: Suppose to contrary that {xn} is an eventually positive bounded solution of (3.3.1),
so there exists a positive integer n, such that x, >0, x,,>0 and x, >0 for
n>n,.



Define

Yy, =X, +pX,, and z,=y,—h, , (3.3.4)
equation (3.3.1) becomes

Ay, _qnG(an ): fos
hence

Az, = qnG(xkn )2 0fornxn, ,
also z, >0 for nxn, because if not, then z, <0 for n>n, >n, and y,—h, <0 =
0<y, <h, for n>n,, which is a contradiction because {h, } is oscillatory.
Thus z, >0 for n > n, holds and

Aly,-h,)>0 and y,—h >0forn>n, ,

then
lim(y, —h,)=/ , such that 8 <|[0,)
but
lim suph, =0 and liminf h =—o
So there exists a sequence {n, } such that lim h,, =00, but we have ILim(ynL —h, )= B,
L— —®

then {ynL} is unbounded, which is a contradiction, then every bounded solution of (3.3.1)

is oscillatory. O

Theorem 3.3.2: Assume that g, <0 eventually, then every solution of equation (3.3.1) is
oscillatory provided that the conditions (3.3.2) and (3.3.3) hold.

Proof: Suppose that {xn} is an eventually positive solution of equation (3.3.1), also we
choose n, such that x, >0, x,,>0 and x>0 for n>n,>0.
With y, and z, as in theorem (3.3.1) we have
Az, = qnG(an )S 0, fornxn,
again with z, >0 for n>n, , so
Aly,-h)<0 and y,—h >0forn>n, ,
then !igl(yn —h,)= 4", but from (3.3.3) it follows that there exists a sequence {n,_} such

that
lim hnL =—0 |,

L—ow

but we have
|I_i~r>rolo(ynL N hnL ): ﬂ* !
then the sequence {ynL} can not be positive, which is a contradiction, then every solution

of (3.3.1) must be oscillatory. O

Theorem 3.3.3: Suppose that equation (3.3.1) is superlinear. Suppose further that the
sequence {hn} is periodic of period p and satisfies (3.3.2) and (3.3.3). If

> g, =

neA

where A= {n eN:k, >n +1}, then equation (3.3.1) is oscillatory provided that 0 < p <1



Proof: Suppose that {x} is an eventually positive solution of equation (3.3.1), again we
choose a positive integer n, such thatx, , x, , and x, are all positive for n>n, >0.
We define y, and z, as in theorem (3.3.1) ,
Ay, —9,G(x )= 1, (3.3.5)
Az, =q,G(x )= 0 (3.3.6)
with z, >0 for n>n, , now
X+ PX, ., =2Z,+h,
X, =2z,+h —px .
=2, + 0, = P(Zg i + Ny = PXo )
=2, +h, = P2y 0 = PNy + P (20 o + Do = PXoan)
We proceed so that we can choose a sufficient large integer n, such that
x, >(@—p)z,+h,) forn>n, ,
also there exists an integer n, > n, such that
X, 2(1-p)z, +h, )=¢&, fornzn, | (3.3.7)
but we have
Q- plzpa +hy, )=E0n (3.3.8)
@-p)z, +h, )=¢, (3.3.9)

Subtracting (3.3.9) from (3.3.8) to get
1

Az =——A& for n>n
n 1_ p gn 2
@- p)(zn + hnz)
>(1-p)z,, +h,)>0 for n>n, .
It follows, from (3.3.6) and (3.3.7) that
AE =(1-p),G(&, ) forn=n, (3.3.10)

dividing (3.3.10) by G(¢&,.,) and summing from n, to n, we get

i A 5o P d;

and

Sn
Sn

i=n, G(ém) ieD
where D = An[n,,n], taking in consideration that &,,, > & on D
and hence

g <>t o

ieD i=n, G(§i+l)
Which is a contradiction, and hence every solution of equation (3.3.1) is oscillatory. O
The following theorem is for the case when
G(x)
X

>M for x=0, M is a positive constant , (3.3.11)




Theorem 3.3.4: there exists an integer | >2 such that k, >n+1I, neN(), also {h,} is
periodic of period p and satisfies condition (3.3.2), then equation (3.3.1) is oscillatory
provided that 0 < p <1, and

n-1i 1+1
lim inf > g, > y*(ll—lj
+

N0 j=n-l+l

where, " =

1
M(-p)

Proof: Suppose that equation (3.3.1) has an eventually positive solution, then we proceed
as in the proof of theorem 3.3.3 to have
Az, = qnG(xkn) , using condition (3.3.11) for n > n,

= Ma,x,

also
X, 2(1-p)z, +h, )=¢&, fornzn,>n
A, @ pXAZ)
2 '\/anxkn

>Mq,¢,, =Mq,c,.,
A&, >M(1-p)g, &, , for n>N" (sufficiently large)
in view of lemma 1.4.3 the last inequality has no eventually positive solution which is a
contradiction, so every solution of equation (3.3.1) is oscillatory. O

Theorem 3.3.5: Suppose that {hn} is periodic of period o and satisfies condition (3.3.2),
suppose that G'(x) >0 for x=0. If

an=oo , nOZO

n=n,

Then every bounded solution of equation (3.3.1) is oscillatory provided that 0 < p <1.

Proof: Suppose that {xn} is an eventually bounded positive solution, and we proceed as in
the proof of theorem 3.3.3 until we reach to

Ag, >(L-pa,Glg, ), n=n,
but we know that {&,} is bounded and increasing sequence, so there exists ¢,,c, >0 such
that

O<c <¢&,<c,, for nzn,2n,
then

A&, >(1-p)g,G(c,), for nx>n,
summing both sides of the above inequality, we get

ZA§>1 PG> a .

i=n, ieD



then
Zqi < ZA‘fi =Chi ~Sn,

ieD i=ng
where D= AN[n,n], A={neN:k, >n+1}
which is a contradiction, so every bounded solution of equation (3.3.1) is oscillatory. O

Example 3.3.1: Consider the NDE
A(x, +X%, )+ @+2n)x, " son x, , =(-1)"*(2n+3), neN (3.3.12)
itis clear that h, =(~1)"(n+1), and Ah, =(-1)"*(2n+3)=F, , also {h,} is oscillatory
and satisfies that
lim sup(-1)"(n+1)=c0, and  lim inf(-1)"(n+1)=—oo ,

n—o0 n—oo

then by theorem 3.3.1 every bounded solution of equation (3.3.12) is oscillatory.

Example 3.3.2: Consider the NDE

1 9a2n+7 3 n+
A(xn +§xn_2J—%|xM| =4(-1)"*, neN (3.3.13)

taking h, = 2(—1)n+1 an oscillatory periodic sequence of period 2, applying theorem 3.3.3
to equation (3.3.13), it is clear that
9(2n+7)
; n+9
so every solution of equation (3.3.13) is oscillatory.

Remark 3.3.1: Theorem 3.3.1 and theorem 3.3.2 are also true for the equation
A(X, + PXy_) +d,6(%, ) = f, (3.3.14)

(i.e. 9, =+1), but the same thing is not true with the remaining theorems in this section.

Remark 3.3.2: The results of this section are mainly referred to [10].

3.4 Oscillation criteria of first-order forced nonlinear NDE's with variable
coefficients

Consider the first-order NDE of the form

A(X, + 0, PuXpm) +0,0,G(X, ) =T, , n=0 (3.4.1)
where {p,}, {q,} and {f,} are sequences of real numbers with g, >0, GeC(R,R) is
nondecreasing and xG(x)>0 for x=0, m>0 and k >0 are integers and &, =9, =1.

In fact this section takes its importance from its main equation (equation (3.4.1)), since we
can extract many special cases from this equation, for instance, the linear homogenous
case, the linear forced case and the nonlinear homogenous case. However, sometimes the
results of this section are applicable to some special cases of equation (3.4.1) with some
modifications.

Two approaches are used here to prove the oscillation of equation (3.4.1) by operators and
by sufficient conditions while the characteristic equation here does not work.



Theorem 3.4.1: Let —1<b, < p, <0, G(x) is nondecreasing and

2T
n=0
every solution of equation (3.4.1) oscillates or tends to zero as h — oo if and only if

i‘,qn =0 (3.4.3)
n=0

< o0

, (3.4.2)

Proof: Suppose that {xn} is an eventually negative solution of equation (3.4.1), then
X, <0 for n> N,, we want to show that limx, =0. Let

nN—oo

Zn = Xn + ann—m 1 (344)
and
n-1
w,=z,-> f , for n>N;+m , (3.4.5)
i=0
we get
AW, =—q,G(X,,)=0, for n>N, +m+k , (3.4.6)

either w, >0 or w, <0, let w, >0 for n>N,,where N, >N, +m+Kk .

Claim: {x,} is bounded. If not, then there exists a subsequence {x, { of {x,} such that
Xp —>—00 as Ny —>co and j— oo

and

n

Xp, =min{xn:N2 SnSnj} :
We may choose n; sufficiently large so that n; —m> N, and hence

-1
an = an + pnj an—m - Z fi
i=0

nj-1 nj-1
<ft+p, Ky =D f, <@+b)x, -3 f, <0 (3.4.7)
i=0 i=0
Thus w, <0 for large n;, which is a contradiction, so {x, } is bounded, as a consequence
{w, }is bounded and so limw, exists.

If
limsupx, =, —co<a<0,

n—o0

then there exists £ <0 such that
X, <p , for n>N; >N,

but by (3.4.6) we get
r-1 r-1
anG(xn—k): - ZAWn =W, + Wy, > W,
n=Nj3+k n=Nj3+k :
hence

r-1
> 0,6(X,)>-W, , as r—o

n=Nj;+k



iqne(xn,k) > -0 | (3.4.8)

n=Nj;+k
However, using equation (3.4.3) we get
Zq G(x, )< G(B an = (3.4.9)
n=Nj3+k n=Nj3+k

We get a contradiction, hence lim supx, =0.

nN—oo

As lim z exists, using lemma 1.4.4 we get that limz, =0.

n—oo n—oo

Similarly, when w, <0 we have lim supx, =0 and limz, =0.

n—o0 N—

We know that z, < x, +b,X,_, for n> N, , we infer that
0=lim inf z, <lim inf[x, +b,x, ]
< Fl_r;:o inf x_ + Ir}:nwsup(blxn_m)
= nﬁ: inf x_ +B:|a;m inf(x, )
= El_)jbl)lim inf ;:w
no>o

Then lim inf x, =0. Hence limx, =0, so the sufficiency part of the theorem is proved.

N—o0 n—oo

Now for the necessity part we assume that

g, <o
n=0
We want to show that equation (3.4.1) has a positive solution {xn} such that

lim inf x, > 0, since we have that lim Z f. =0, we choose an integer N >0, such that

n—o N—oo 7

Z 1+b and (3.4.10)
=N
G(l)an 1+b , (3.4.11)
let X=1I" is a Banach space , let K= {xeX:x, >0 for n>N} , and

W = {x e X: lJerbl <X, <1,n> N}, with X is partially ordered Banach space.

@+b)
10

If x° = {xr?} where x_ = for n> N, then x° =infW and x° eW . Let W™ be a

nonempty subset of W, the supremum of W is the sequence X" ={x_:n=>N} and
X =supfx, :x=1{x :i=N}eW"}, clearly that X" W .
Now, for x e W, we define
(MX)y., ~N<n<N+r
(Tx), =

+z n>N+r

where r = max{m, k}.
Using (3.4.10) and (3.4.11), we get



2a+q)+r+a<
5 10

(Tx), <—b, + 1,

and
(T%), > 1+b, 1+b _ 1+ b,

10 10
Thus T:W —W for x,yeW, x<y implies T, <T . Hence T has a fixed point in W

by Knaster-Tarski fixed point theorem (theorem 1.4.2).
If x=1{x,}eW is the fixed point of T, then

Xyir s NSNSNA4T

e P S 0G0 )~ ] nz N

— P X +
pﬂ n—-m 5

Hence, x, is a positive solution of equation (3.4.1) with lim inf x_ > Iobl >0.0

n—oo

Theorem 3.4.2: Let 0< p, <b, <1 and let G(x) is nondecreasing and f satisfies
inequality (3.4.2):
i. If equation (3.4.3) holds, then every solution of equation (3.4.1) oscillates or tends
tozeroas N — oo,

ii. Suppose that G satisfies the Lipschitz condition on intervals of the form [a,b],

O<a<b<oo, If every solution of equation (3.4.1) oscillates or tends to zero as
n — oo, then equation (3.4.3) holds.

Proof:
The proof of part (i): is the same as the proof of the sufficiency condition of theorem
(3.4.2)

The proof of part (ii): Suppose that an <0,
n=0
choosing N > 0 sufficiently large such that

fﬁn 1-h,
n=N

10
: N (1-h,)
where, L = max{Ll,G(l)} and L, is the Lipschitz constant of G on A1,

and Lan<l_b2 ,
A 5

<

10
let X=I" and

S = XEXZl b,
10

<X, sl,nzN}

Clearly that S is a complete metric space, where the metric is induced by the norm on X.
For xeS define

(MX)y., -N<n<N+r

T — o0
( X)n — PnXicnm +1+4b2 +Z[in(Xi—k)_ fl] ,N2N+r |

1=n

SO




1+4b, 1-b, 1-b,
< + +
5 5 10

<1, for n>N

and
(Tx). > b, L 1+4b, 1-b, 1-b,
5 10 10

This impliesthat T : S — S. Further, for u,ve S,and n> N +r,
1-b
(1), (1)< vl 2% o

= ]

which implies that
Tu=Tv| < gu—v| ,for x>0

where =%(1+4b2)<1 :

Thus T is a contraction, hence it has a unique fixed point x ={x,} in S, clearly that {x, }
is a positive solution of equation (3.4.1) with lim inf x, >0. O

n—o0

Corollary 3.4.1: Let 0<p, <b, <1 and let G(x) is nondecreasing and (3.4.2) hold.

Suppose that G satisfies the Lipschitz condition on interval of the form [a,b],

O<a<b<o, Then every solution of equation (3.4.1) oscillates or tends to zero as
n — oo if and only if equation (3.4.3) holds.

Proof: The proof is an immediate consequence of theorem 3.4.2. O

Theorem 3.4.3:
i. Ifl<b,<p,<b, <o, G(x) isnondecreasing, and equations (3.4.2), (3.4.3) hold,

then every solution of equation (3.4.1) oscillates or tends to zero as n — .
ii. If 1<b,<p,<b, < %bef equation (3.4.2) holds, G is nondecreasing and satisfies

Lipschitz condition on interval of the form [a,b], 0 <a<b <o and every solution
of equation (3.4.1) oscillates or tends to zero as n — oo, then equation (3.4.3) holds.

Proof: The proof is similar to that of theorem 3.4.2, for details see [16]. O

Remark 3.4.1: for the case when —oo<b, < p, <b, <-1, the authors in [18] obtained
sufficient conditions for oscillation and asymptotic behavior of equation (3.4.3).

In the previous theorems the conditions guarantee the oscillation for equation (3.4.1) when
p, # £1. The question here is whether equation (3.4.1) is oscillatory when p, =+1 ? The

answer is yes, but with different sufficient conditions when m > 0. For that we need the
following conditions:

(Co) There exists a sequence {hn} that changes sign with
liminfh =« and limsuph, =2

n—oo n—oo



where —o<a <0, 0<f <o and Ah, =f,

€)  Ya6h)== ad 30,6, )=
n=k n=k

where h,; =max{h,,0}and h, = max{-h,,0}

(Cs)  3q.G(-hiy)=-o and 3 q,G(-h;,)=—o
n=k n=k

(Ca) For u>0 and v >0, there exists 4 >0 such that
G(u+V) < AG(u) +G(v))

(Cs) For u<0 and v <0, there exists x> 0 such that
G(u+V) > 1(G(u) +G(v))

(Ce) iq:G(hn*_k):oo and Zw:q:G(— hn‘_k)z—oo,

where q; =min{q,,q,_,}, n>m and r = max{k, m}

Theorem 3.4.4: Let —1< p, <0. Let conditions (C1)-(C3) hold. Then all solutions of
equation (3.4.1) oscillate.

Proof: Suppose on the contrary that x, is an eventually positive solution of equation
(3.4.1), (x, >0 for n>N,).
Setting

Z, =X, +PX,, and w, =z —h, (3.4.12)
Then

AW, =—q,G(X,,)<0, for n>N, +r , (3.4.13)
then either w, >0 or w, <0, for n>N, +r. Let w >0, n>N,, then x, >h" and
equation (3.4.13) yields

j-1 j-1

%qnG(h;—k)5§qnG(xn—k)<WN3 ,

where j> N, +1 and N, >N, +r, which contradicts (C), so w, <0 for n>N,. Then

X, =>h

n+m

and limw, =1, —0<1<0

Suppose that | =—o. LetA> 3 >0.For 0<e <A— /g, there exists N, > N, such that
h,<f+e&, nx=N,

Further, we have
w, <-4, n=N, >N,

that is
X, < =P, X, ., +h, —1

X, m+f+e—A

IA - INA

Sofor n>N, + jm



Xy <X + I(B+e—2)
In particular
Xn,om < Xy, + i(B+&-2)<0 forlarge j,
which is a contradiction. So —oo <| <0, now from equation (3.4.13) we get
j-1 j-1
anG(hr1_+m—k ) < anG(Xn—k ) < _Wj )
n=N; n=Nj

which is also a contradiction, so {xn} is an oscillatory solution of equation (3.4.1). O

Theorem 3.4.5: Let 0< p, <1. If conditions (Ci1), (C4), (Cs) and (Ces) hold then all
solutions of equation (3.4.1) oscillate.

Proof: Let {x,} satisfies x, >0 for n> N,. Setting z, and w, as in equation (3.4.12) to
get equation (3.4.13). Using (C;) we have w, >0, forn> N, > N,
hence
X, + X, m =h
Using (Cy4) we have
AMf, + . )=AAz, + Az, . +29,G(X, , )+ A4, .G(X, )
> ANz, +2, )+ 9.G(X,, +X, )
> ANz, +2, )+ q:G(h:_k)

for n>N,

m

That is
q:G(hr-:—k ) = AA(hn + hn—m)_/IA(Zn + Zn—m) '
taking the summation from N, to j—1 to the last inequality to get

j-1 j-1 j-1
zq:G(h;—k )S 2’ ZA(hn + hn—m)_/1 ZA(Zn + Zn—m)

n=N, n=N, n=N,
< }L(hj +h, ., )— l(th +hy, )+ /’L(ZN2 + erm)
Consequently
iq:G(h;k)s 22 Ijim suph; — ﬂ(th +hy,m )+ /I(ZN2 + erm)< 0
=N, —0

Which contradicts (Cg). So {xn} must be an oscillatory solution of equation (3.4.1). O

Example 3.4.1: Consider the NDE

1 3"
A(X, +—X +
( n 4 n—m) 2n+1

3(-1)°
2 +1

(2m —1)x§_k -

, n=0 (3.4.14)

1
equation (3.4.14) satisfies the conditions of theorem 3.4.2(i) ,where G(x)=x3 is

nondecreasing and f, = 3(_1) satisfies inequality (3.4.2) , also

n+l
o0
pICH
n=0

so every solution of equation (3.4.15) oscillates or tends to zero as n — oo.

0 n

Sl -1l

n=0




Example 3.4.2: Consider the NDE

it is clear that equation (3.4.15) satisfies the conditions of theorem 3.4.4 since

20 5 4
also
1 1 0, n even
hn =_(_1)n , h; _ E’ neven ’ and hn_ _1,
2 0, n odd > n odd
S0
>a,6(0)=Xelh.) = Ye i) ==
and
50,6000 Selhrf - Sely.f -0
n=k n=2 i—0
also

29”6(— h1)= 29”6(— o)==,

hence, all solutions of equation (3.4.15) oscillate.

Remark 3.4.2: The results of this section are mainly referred to [18] and [20].

3.5 Oscillation criteria of certain nonlinear NDE's

(3.4.15)

In this section we introduce some oscillation theorems for nonlinear NDE's with G(X)

replaced by special functions, such as the maximum function and the product function
multiplied by the sign function, the theorems in [9] and [16] discuss the special case when
p,=1and f, =0. All the theorems of this section considered special cases of the form

A(Xn + 61 ann—m) + §2qnG(Xn—k ) = O !
with 6, =-1and §, =1.

Consider the nonlinear NDE of the form
A(X, = Py X)) + qn|xn_k|“ sgnx,, =0,

(3.5.1)

where {qn} IS a sequence of nonnegative real numbers, « is a positive constant and m

and k are positive integersand 6, =-1, J, =1.

Theorem 3.5.1: If

in“qn[iqj) = , N=n, =0
j=n

n=n,

Then equation (3.5.1) is oscillatory, provided that



qu < ©
j=n

p,=1land >0

Proof: Let {xn} be a nonoscillatory solution of equation (3.5.1), W.L.O.G let x, . >0 for
n>n, >n,, where r = max{m,k},
let

Z, =X, =X\
then

Az, =—(Q.X , <0 fornxn,
Two cases to be considered here: either z, >0 or z, <0
Casel: z, <0 and Az, <0 eventually:
z, is nonincreasing, so there exists a constant ¢, >0 such that

z,<—c, ,for n>N2=n,
thus

Xy =Zy + Xy <—Cp + Xy o
or

Xnem =2
hence, for any integer h>1

Xponm < —(N+1)c, + Xy, -0, a h—o

which is a contradiction.
Case 2: z, >0 and Az, <0 eventually:
We have x, > X,_,, for n>n, , so there exists a constant c, >0 such that

Xpx 2C, , for n>N, >n, +k

+ Xy <—C, + Xy <—2C; + Xy 1 »

N+m

then
Az, <—(c,)"q, , for n> N,

n

hence
s—1
a
z,-7,<—c,)’>.a; , nxN,
j=n
now, letting s — o , we have
o
z, >(c,) >q;, nxN,
j=n
and hence

AZn Z(Cz)a qn !
but since ¢, >0 and « is a positive constant, then Az, >0, which is a contradiction , so

equation (3.5.1) is oscillatory. O

Theorem 3.5.2: If
> d;=0, n=n,=0
j=n

then equation (3.5.1) with p, =1 is oscillatory.



Proof: Suppose that {xn} is an eventually positive solution of equation (3.5.1), and let z_
be defined as in theorem 3.5.1, the case z, >0 and Az, >0 is as that in theorem 3.5.1.
*If z,>0 and Az, <0,
SO
Xy > Xpmy N=N
and there exists a constant number ¢, > Osuch that
X, =2C, ,for n>n,>n,
then
Az, =—Q. X <0,
o)
Az, < _(Cz )a a,
Taking the summation to the last inequality from n, to h—1>n,, to get
h-1

0<z,<z, —C; > g, »>—,a h—ow

n=n,

which is a contradiction, so equation (3.5.1) is oscillatory. O

Now we will discuss the oscillation for solutions of a more general equation. Several
criteria for the oscillation are to be discussed for the first-order nonlinear NDE of the form

h .
A = PoXo ) +do [ [ %o " sON %, 4 =0, n20 (3.5.2)

i=1
where m is a positive integer, k;'s are nonnegative integers, p, >0, g, >0 such that q,

h
is not identically zero for all large n and ¢, >0 with Z“i =1.
i=1

Lemma 3.5.1: Suppose there is an integer N >0 such that p,., <1 for i >0 holds.
Suppose further that

(Hy) p, +q, min{k,,k,,...k,}>0 or

(Hz) min{k,,k,,...k,}>0
and g, doesn't vanish identically over sets of consecutive integers of the form
{a,a+1..,a+k, jmin{k,,....k, }. Then every solution of equation (3.5.2) is oscillatory if
and only if

h

A(Xn - pnxn—m) + an

i=1

Xoi,| " SO X,, <0, nN=012.. (3.5.3)

has no eventually positive solution.

Proof: See [16]. O

Lemma 3.5.2: Suppose p, =1, q, >0, for n>0 and

0 n-1 qu 0
Z%H(M ?] = (3.5.4)

n=0 j=0



Then for every eventually positive solution {x,} of inequality (3.5.3), the sequence z,
defined by z, =x, —p,X,_, Will satisfy z <0 and Az, <0 forall large n.

Proof: It is clear that Az, <0, and is not identically zero for all large n. Suppose to the
contrary that x, >0, Az, <0 and z, >0 for n>T, then

X, > PpXom = X >0, n>T+m
thus
X, > Min{X;_ X gveen Xr g =M >0, n>T+2m=T, (3.5.5)
let
N =
m
where {n_Tl} is the integer part of (H;le, then

Xy =2, + X,
22, +2Z et 2o vym T Xonmm 0 D21y (3.5.6)

since {z, } is nonincreasing then

X, 2N(n)z, +M, n>T, (3.5.7)
substituting (3.5.7) into (3.5.3) to get
h
Az, +q,[[IN(-k)z,, +M}* <0, n=T,+m=T, (3.5.8)

i=1
by Holder inequality we have

ﬁ[N (N—k)z,, +M [ 2ﬁ[N (n—k)]" ﬁ[znki Foem

also
Az, +qn1£[[N(n—ki)]“' z,+qM <0, nxT,
then -
A{znﬁ{u qjﬁ(N(i —k,))” ﬂ+ quﬁ{u qjﬁ(N(i —k,))" } <0, n>T, (35.9)
Takinthzhe sumr;;tion to inequality (3.5.15;;2 from le_lto n>T,, to get
zMjfT[[u qj]i[(N(i —ki))“i}zn + Mi:qsﬁ{l+ qul[(N(i —ki))“i}so, n>T,

(3.5.10)
we assume that

We have that

1
—>— , a8 N—>w©
m



also Zq {— -

n=T,

h
N(n ¢ ) } is absolutely convergent,
i=1

H{MqJH N(i—k;))" }

then, lim =

o el

By condition (3.5.4), we get

safia(y]--

n=T, =T,

exists.

letting n — oo in inequality (3.5.10), to get a contradiction, hence z, <0. O

Theorem 3.5.3: Suppose that p, =1, ¢, >0 for n>0 and equation (3.5.4) holds.
Then every solution of equation (3.5.2) is oscillatory.

Proof: Using lemma 1.4.1 and lemma 3.5.2 then z, is simultaneously positive and
negative for large n, which is a contradiction, so equation (3.5.2) is oscillatory. O

Remark 3.5.1: Theorem 3.5.3 is an extension and improvement to theorem 2.3.1.

Theorem 3.5.4: Suppose there is an integer N >0 such that p,., <1, i>0 holds
suppose also that p,,q, >0 for n>0 and equation (3.5.4) holds. Suppose further that
an Pry 20, , foralllarge n.

Then every solutlon of equation (3.5.2) is oscillatory.

Proof: Suppose to the contrary that {xn} is an eventually positive solution of equation
(3.5.2). Then by lemma 1.4.1, z, >0 forall large n, but z, =X, — p,X,_, SO

h
]
AZn = _qn H Xn—kI
i=1
h i

= _an(Zn*ki + pn*ki anmfki )

i=1
By Halder inequality we have

h h
S—q{gz,‘ﬁki +1:l[ pe l_Ixn k } , for all large n (3.5.11)

but we have

+qQ, men e = , (3.5.12)

subtracting equation (3.3. 10) from inequality (3.5.9) to get

AZn_AZ +anan —|:qnm anp :|Hxnmk )
i=1

by the hypothesis of this theorem



Az, -z, +anan <0 ,

which is a contradiction to theorem 3.5.3, so every solution of equation (3.5.2) is
oscillatory. O

Remark 3.5.2: Theorem 3.5.4 is an extension and improvement to theorem 2.3.2.

In a similar manner used in the proof of theorem 3.5.4 and using theorem 2.3.3 and
theorem 4 in [30] we deduced the following result.

Theorem 3.5.5: Suppose that p,,q,=>0 for n>0 such that p,,, <1 for some

N >0, i > 0and equation (3.5.4) hold, suppose further that there is some number r (0,1)
such that

h
-q,] [ p, <rq,, . foralllarge n (3.5.13)

Then equation (3.5.25 is oscillatory provided that the following difference inequality

q .
AW+ —"-w <0, k=min:k,,...,k. ¢, n>0
" iar n—(m-k) {l h}

has no eventually positive solution.

Proof: Suppose to the contrary that {xn} is an eventually positive solution of equation
(3.5.2), by lemma 1.4.1 then z, =X, — p,X,_, Satisfies z, >0 and Az, 6 <0 for all large

n.
From equation (3.5.2) we get

h "
0=rAz, , +rq,_. ]| nfmfki‘ ' >rAz, an P, for large n, (3.5.14)

X

nmk"

but we have -

Az, +qnﬁ X k‘—O , (3.5.15)
adding inequality (3.5.1451to equation (3.5.15) to get

Az, +rz, ,)+q, ( ‘—Hp nmk‘j 0, (3.5.16)

however, by Holder inequallty we have

Z, <H 2% =
=1
so inequality (3.5.16) becomes
Az, +rz, . )+q,2,, <0, foralllarge n
where k =min{k,,....K, |,
so the sequence w, defined by
w =z +rz, >0, n=0

h
Qi _ Qi Q;
n I I pn Xn—m
i=1

Q; h
n - pnxn—m‘ <
i=1

and
<@+r)z,.,
thus



Wn—(k—m)
1+r
for all large n, so {Wn} is an eventually positive solution of inequality

d,
1+r
which is a contradiction. O

z

n—

k:Z(

n+m-k)-m =

Aw, +

Wn—(k—m) <0 '

the following theorem concerns with another special case of the nonlinear NDE of the
form

A(X, = PnXym)+0, Max X, =0, nx=0 (3.5.17)

seln-k,n] °
where m and k are positive integers , {p,} and {g, } are nonnegative real sequences and
{g,} has a positive subsequence.

Theorem 3.5.6: Assume that there exists a nonnegative integer N >0 such that p.;, <1

for i1=0,12,... Suppose further that there exists some positive integer T such that the
difference inequality

Az, +d, min Zﬁpsﬂm z,.. <0,

[nkn]IOJO

has no eventually positive solution. Then all solution of equation (3.5.17) are oscillatory.

Proof: Let x, be an eventually positive solution of (3.5.17) then Az, <0 and
Z, =X, — P, X, >0 eventually. Thus
Xn = Zn + pnxn—m

= Zﬂ + pnzn—m + pn pn—an—Zm

T-1
=Z,+ Pnpm +"'+H pn—jmzn—(j+l)m
i=0
T-1 i

z pnjmnm

i=0 j=0
Hence,

T
2 nZHpSJm n-m

K, i=0 j=0
Substituting the last inequallty |nto (3.5.17), we have

+ sE[nkn]ZHps jm nm—o ’

i=0 j=0

which is a contradiction, that complete the proof. O

Example 3.5.1: Consider the NDE
A(X, =X, 5)+ (e5 —1X1—e’1)2e’"xn72 =0 (3.5.18)



It is clear
w (a5 -1)2
Z(e —1X1j—e y__
j=n e

So every solution of equation (3.5.18) is oscillatory by theorem 3.5.2.

Example 3.5.2: Consider the NDE

5

A(X, =%, 1)+ N [, sgnx, , =0 (3.5.19)

.3 1
2.4, =] TN

e

so by theorem 3.5.1 equation (3.5.19) is oscillatory.

8
o

Example 3.5.3: Consider the NDE

7

n —
Al X ———X +n*x . =0 3.5.20
[ n n+1 n—Zj n-1 ( )

It is clear that p,,q, =0, and that there exists N > Osuch that p.;, <1, and

Then by theorem 3.5.5 every solution of equation (3.5.20) is oscillatory.

Remark 3.5.3: the results of this section are mainly referred to [6], [9] and [16].



Chapter Four

Oscillation Criteria of Second-Order Neutral Difference Equations

4.0 Introduction

In this chapter we discuss the oscillatory behavior of the second-order NDE's of the form

Alc,A(x, + p, X, . )+a,G(x,_ )="f, (4.0.1)
where {c, },{p,}{a,} and {f,} are sequences of real numbers , GeC(R,R) with
uG(u)>0 for u=0 and m and k are nonnegative integers.

In fact the problem of oscillation for second-order NDE's has received a great deal of
attention during the last few years, most of the researches to the best we know do not
separate the linear and nonlinear second-order NDE's , they studied the nonlinear case as a
general case, so they did not use the expression "nonlinear™ in the titles of the researches.
However, they used this expression when the brackets containing the difference operator is
of degree more than one.

This chapter mainly includes five sections. The first section deals with the unforced form
of equation (4.0.1) when c, =1, p, = p. Section two concerns with the forced form of the

equation studied in section one. Section three studies the unforced form of equation (4.0.1)
with the coefficients are all variables. Section four discusses the oscillation theorems for
equation (4.0.1) and finally section five studies the nonlinear form

A(Cn [A(Xn + PrXnim )])+ a, Xnﬁ_k =0 ) n>0
where £ is the ratio of odd positive integers.

4.1 Oscillation theorems for second-order NDE's with both constant and variable
coefficients

Consider the second-order NDE of the form

A (X, + pX,_)+9,6(x,, )=0, n>0 (4.1.1)
where pis a positive real number, m and k are nonnegative integers with k >m, {q, } is
a sequence of nonnegative real numbersand G e C(R, R) is a nonincreasing function.

Theorem 4.1.1: Suppose that for a nonnegative constant M the condition
xG(x) > 0 and G(x)sgn x = M|x|" for x =0 ,for y =1 (4.1.2)

suppose further that there exists a positive sequence { } such that

n

o0

Z{Mpnqn -M} — (4.1.3)

n=1 4pn
Then every solution of equation (4.1.1) is oscillatory.

Proof: Suppose to contrary that {xn} is a positive solution of equation (4.1.1), there exists
a positive integer n, such that
X,x >0, for nx=n,



let

Z, =X, +PX\ 1 >
then z, >0 and

Az, =-q,G(x,,)<0, for n>n, (4.1.4)
hence {Az,} is an eventually nonincreasing sequence, either Az, >0 or Az, <0 for
n>n,.
Suppose that Az, <0, then there exists an integer n, > n, such that Az, <0 forall n>n,.
using inequality (4.1.4) we get

Az, <Az, <0, for nzn,
but g, is not eventually identically zero, so there exists an integer n, > n, such that

Az, <0 ,forn>n,
SO

Az, <Az, <Az, <Az, <0, for n>n, +1 (4.1.5)
Taking the summation to the first two terms of inequality (4.1.5) we have

Zn:Azn < Zn:Azn2+1 , n=n,+1

n,+1 n,+1
SO

Znyg — Zn2+1 < (n —n, )Azn2+1 —>—0 aS N—>o©

which contradicts the fact that z, >0 for n>n,, so Az, >0 and so we have

z,.>0,Az, >0, Az, <0 for n>n, (4.1.6)
Set
Az,
n = pn 1 2 nO
Zn—k
then
Az Az
AWn = Pt = ~ Phn : ) (417)
n+1-k Zn—k

n+1-k n—k

. . Az Az .
adding and subtracting the terms [,on —“*l] and (,on ”*l] to equation (4.1.7) we get
z

AZn+1 pn 2 Azml
=Ap, + N A%z M A7
Zn+l—k Zn—k Zn+1—k

using equation (4.1.1), the last equation becomes

G(x Az Az Az
AWn =-p, qn ( n—k)_i_Apn n+1 -p, n+1 n—k
n—k Zn+1—k Zn+l—k Zn—k
then
Glz Az Az Az
AWn < —Ph M + Apn nil _ Pn n+l n-k (418)
n-k n+1-k Zn+1—k Zn—k

since Az, >0 and nonincreasing , there exists an integer n, >n, such that Az _, > Az,
for n>n,. Thus

AW, <-Mp,q, +Ap, Alny —p{AZ"“ j[ Az, j (4.1.9)

n+1-k Zn+1—k Zn—k




Now we have

Az, <Az, ., ,fornx=n,+1
so
n-1
2,2, = Az, =(n-n Az,
and so
z > [ngZn , for n>n, >2n, +1 (4.1.10)
There exists an integer n, >n, +k such that
Z, , > n—k Az, > n—k Az, , n>n, (4.1.11)
and
Az
O0<—=< 2 —0 as n—oo.
z,, h-k

Thus letting h, = Az, , h, >0 and nonincreasing (i.e. h
Zn—k
value of h_ ininequality (4.1.9) it becomes

<h, , n=n,) substituting the

n+1

2

AWnS_'\/llgnqn—'_Apnhnﬂ_[)nhnﬂ ' nzns

2
(Ao, )’ Ap
<-Mp.q, +——| /p.h , ——"
pnqn 4 ) pn n+1 2 /_pn

A 2
<-Mp,q, +m , n=n,
4p,
summing both sides of the above inequality from n, to m > n,, we have
\ (ap,)°
Winsa =Wy, S_Z Mp,a, —4—n — —% a8 M—x0
n=n, Pn

using equation (4.1.3).This contradicts the fact that w,, >0 for m>n,, so every solution
of equation (4.1.1) is oscillatory and the proof is complete. O

Theorem 4.1.2: Suppose that condition (4.1.2) holds with » =1 and k >1. If
e 2 ( k "
liminf I—k)g, >—| — 4.1.12
N i;k( k M (k +1) ( )
Then every solution of equation (4.1.1) is oscillatory.

Proof: Suppose to the contrary that {xn} is an eventually positive solution of equation

(4.1.1). Proceeding as in the proof of theorem 4.1.1, we have that the inequalities in (4.1.6)
holds for n=n, >0. From equation (4.1.1) and condition (4.1.2) we have

AZZn = _qn(G(Xn_k )jznk

an

< _qn (@jzn—k
k

n—



<-Maq,z,, , for n>n, (4.1.13)

using inequality (4.1.11) we get

A’z < —qu(n;zkj(Azn_k) , n>n >n,
where n, is sufficiently large.
Set

O0<Az, =&, , n2n

A& + qu[”;zkj(gn_k )<0 ,for n>n, (4.1.14)
by lemma 1.4.3 inequality (4.1.14) has no eventually positive solution, which is a
contradiction. O

Remark 4.1.1: The oscillation of all solutions of equation (4.1.1) with condition (4.1.2)
was proved in [13] for

(i) 0<y <1, provided that > n’q, = oo
n=1

(if) y >1, provided that there exists a sequence { n} such that p, >0, Ap, >0,

Azpn SO and Z[ann =0

n=1

Theorem 4.1.3: Suppose that G is monotone nondecreasing with xG(x)> 0 for x=0, if
inequalities in (4.1.6) hold and

D, =,
n=1

Then every solution of equation (4.1.1) is oscillatory.

Proof: Let {xn} be an eventually positive solution of equation (4.1.1). There exists a
sufficiently large positive integer n, such that the inequalities in (4.1.6) are satisfied for
n=>n,, so we can find an integer n, > n, and a constant ¢ >0 such that

Xp =C, fornzn,
then equation (4.1.12) becomes

Az, +0q,G(c)<0, forn>n,

and then
L

D Az, g—G(c)ZL:qn , L>n,

n=n, n=n,
hence
L
Az, —-Az, <-G()D.q, ,
n=n,

as L — oo then !im Az, , =—oo , which is a contradiction. O
—>0

Remark 4.1.2: The result in theorems 4.1.1 - 4.1.3 can be found in [13] but for the delay
difference equations, we make some modifications on the conditions, and the proof so as
to apply these theorems on the neutral delay difference equation (4.1.1).



Example 4.1.1: Consider the NDE
My =0, (4.1.15)

A (X + PX_ )+
n
with p, =neN—{O} , keN
It is clear that xG(x)= x? >0 and
G(x)sgn x = xsgn x=M|x , x=#0

taking M =1, we have

Sl IS

zzim_ijzwiﬁm>3
t=\.n 4n 4

Hence using theorem 4.1.1 we have that every solution of equation (4.1.15) is oscillatory
provided that m > %

Example 4.1.2: Consider the NDE
2
Az(xn + g xn_lj + {4n+—8n+6j(xn_2 Y'sonx, , =0 , n>2 (4.1.16)

(n-2)*
taking p, =n
condition (4.1.2) is already satisfied for M =1. Now
& = (4n® +8n+6
pnqn = Nf————|=®
Es
so using remark 4.1.1(ii) equation (4.1.16) is oscillatory.

Example 4.1.3: Consider the NDE

1 3 1 2 1 1
N — -2 — =0 , 2 4.1.17
(xn + 3xnljJr(n )2((n+2)3 + o + S X2 n> ( )

clearly that condition (4.1.2) is satisfied with 0 <y <1 . Now

Z{( ‘Z)E&n TR ij -

3
. 31 2 1)_4n-2)
Since (n-2 + +—=|2—F , n>2
( ){muf(mﬁ m](maS -

Then every solution of equation (4.1.17) is oscillatory by remark 4.1.1(i).

Remark 4.1.3: The results of this section are mainly referred to [13].

4.2 Oscillation criteria of second-order forced NDE's with both constant and
variable coefficients

Consider the second-order NDE of the form
AZ(XH + an—m)+qnG(Xn—k): fn 1 n Z0 (4'2'1)



where pis a positive real number, {g,} and {f } are sequences of real numbers with
g, >0 forall neN and G eC(R,R) with uG(u)>0 for u=0, m,k are nonnegative
integers and r = max{m,k}.

Authors in [25] established sufficient conditions for the oscillation of equation (4.2.1) for
the special case when p is identically one and other cases. However, more general case

was studied by Zafer in [28] when 0 < p, <1with different sufficient conditions. Also in

[10] Grace and Lalli treated equation (4.2.1) but for the case when p is nonnegative real
number.

We need the following conditions:
(Cy) G is nondecreasing and there exists K >0 such that

G(uv) = K|GU)|G(v)| , forall u,veR
and

*C

J.£<oo ,forall c>0
2 G(s)
(Cy) There exists a real sequence {h, } such that
A*h, = f_ with h is m periodic
. G(u)
(C3) There exists >0 suchthat —=>y >0 for u=0.
u

(C4) iqn =

n=n,

Theorem 4.2.1: If p, = p=1 and the conditions (C;)-(C4) hold then all the solutions of
equation (4.2.1) are oscillatory.

Proof: Let {xn} be an eventually positive solution of equation (4.2.1) with x,6 >0,
X, >0 and x,_, >0 forall n>n, >n,. Since {h, } is periodic, there is a real number w
such that the sequence {h, —w} is oscillatory. For n>n, let z, = x, +x, ,, —(h, —W).
Then

n

Nz, =-q,G(x,,)<0 |, (4.2.2)
and so {z, } is monotonic, so either z, <0 eventually or z, >0 eventually.
If z, <O eventually then 0<x, <h, —w for large n, which is impossible. Thus z, >0
for n>n, for some n, >n;, by lemma 1.4.1, we have Az, >0 for n>n,. Taking the
summation to equation (4.2.2) and applying (Cs), we obtain

Az, = nZﬁqsG(xs_k)+ Az,

s=n,

n-1 n-1
> quG(Xs—k ) > 7quxs—k (423)

s=n, s=n,

hence



D UXey <, (4.2.4)

s=n,

Now, from theorem 1.4.1 Az, >0 for n>n,. This means that for n>n,

Zn = Zynm =Xy — Xom _(hn - hn—m) ) (425)
but h, is m periodic, this yields
2, =2y =X, =Xy om >0 (4.2.6)

or X, > X,_,,m for n=n,. Therefore

liminf x, >0 andso ) g, <o

n—oo
s=n,

Which contradicts (C4). O

Consider the second-order NDE

Az(xn+pxrn)+qnG(n,xn,xUn): f., n>0 (4.2.7)
where o,7:N—>N, o,<n,7z,<n and limo, =limz, =0, f:N—>R.

G:NxRxR—>R such that yG(n,x,y)>0 for xy>0 and neN(s), g,=1 and
0<p<l

Theorem 4.2.2:
Suppose that :

I. ¢, isnonnegative functionon I and w(x) >0 for x >0 is continuous and
nondecreasing on R, such that

G(n,x,y)> w[%} ,

7£<oo , forany a>0

o W(X)
Il. h, isan oscillatory function such that A°h, = f_and limh, =0

n
n—o

. g, =0,

Then every solution of equation (4.2.7) is oscillatory.

and

Proof: Let x, be an eventually positive solution of equation (4.2.7), define z, = X, + px,_

and y, =z, —h,. It follows that z,,y, and — Ay, are eventually positive, by Theorem
1.4.1 , we have that Ay, is eventually positive and , since limo, =, it is clear that we

n—o0o

can find a natural number n, such that x, >0 on N(n,), substituting y, in equation
(4.2.7) we have

Ay, :—G(n,xn,xan )<O , (4.2.8)
for neN(n,), let {n, }be an increasing sequence in N so that limn, = and

K—o0

o, €N(n,) for k >1. In view of corollary 1.4.1



yO'nk > Cl(jnk Ayo-nk 1 (429)

where c, is an appropriate constant, since o, <n and Ay, is decreasing , it follows from
inequality (4.2.9) that

Yo >c0, AY, (4.2.10)
on the other hand, since Ah, is oscillatory function, then Az, must be eventually positive.

In view of the fact that x, <z, and 7, <n using the increasing nature of z_ it follows
that

Z, =X, + PX, <X, +pz
from which we obtain

n !

X, >(1-p)z, (4.2.11)
Since limh, =0, there exists a ¢, € (0,1) such that for n sufficiently large

Zy, 2C, Yy (4.2.12)
by inequality (4.2.11) we get

X, =C,(1-p)y,, (4.2.13)

combining inequalities (4.2.10) and (4.2.13), we obtain
X, > ¢,C,(1— p)(ank )Aka

let ¢,c,(1— p)=c by condition ( 1) of this theorem we get
G(n X 1 %o )2 b, w(cAynk ) (4.2.14)

k?n Mo,
If we set v, =cAy, it follows from inequalities (4.2.8) and (4.2.14) that
AV

Y +cg <0 (4.2.15)
w‘vnk ) ‘

note that v, > 0 is decreasing and by using the nondecreasing nature of w(x), then
w(s)<wlv, ) for v, <s<v,
In view of the last observation, we find

vn
f ds > Vnk _Vnh1 Vnk _Vnk+1 _Avnk

> > =
n W(S) W(Vnk ) W(Vnk ) W(Vnk )
Using (4.2.16) and (4.2.15) and summing both sides of the resulting inequality from k =1
to k = K we have

Vg 41 dS K

_ ~_+cY ¢ <0 (4.2.17)
e

let limv, =L. It is clear that the limit L exists and is nonnegative. If L =0 then

n—oo

inequality (4.2.17) implies
Z¢n <
k=1 ‘

We get a contradiction with condition ( I11') , when L =0 making use of the condition that

(4.2.16)

V,

]. cix)_ <o forany a >0, we again get a contradiction with condition ( Il ) , the proof is
5 W(x

complete. O



Consider the second-order NDE of the form

A*(X, + pX,_ )+ qnG(an ): f, (4.2.18)
where p is a nonnegative real number, k >1, the sequence {k,} is a sequence of
nonnegative integers with limk, =co and {f.} and {q,} are also sequences of real

numbers with g, >0 eventually, the function G is a real valued function satisfying
xG(x)>0 for x=0.

We need the following assumptions:

(A1) G(X)>Mx, x=0 M isa positive number

(A\2) There exists a sequence {h, } of real numbers such that
A’h, = f, and {h,} is oscillatory

(As) The sequence {h, } is periodic of period m

Theorem 4.2.3: In addition to the assumptions (A;)-(Asz), assume that there exists a
sequence {l.} of positive integers such that {n—1_} is increasing, lim(n—1 )=oco and

k,=n—I, forneN. If

n-1 Iy

- - l - * -
liminf — i—L)g >y limsup———— 4.2.19
fminf - 2,0=h)a, > fimsup G5 (42.19)
then equation (4.2.18) is oscillatory provided that 0< p <1, " = ﬁ) :
-Pp

Proof: Assume that equation (4.2.18) has an eventually positive bounded solution x,,
then there exists a positive integer n, such that

X, >0, X,,>0and x, >0 for n>n, (4.2.20)
define

Y, =X, +PX,_, and z, =y, —h, (4.2.21)
Then

ANz, = —qnG(xkn )S 0, for n>n, (4.2.22)

Which implies that {Azn} Is an eventually nonincreasing sequences, also z, >0 for
n=n,, we claim that Az, >0 for n>n, for some n, >n,. If not, then there exists an
integer n, > n, such that Az, <0 for n=n,. Since g, is not eventually zero there exists
an integer n, >n, suchthat A’*z, <0 for n>n,. It follows that
Az, ., <Az, <Az, <0
Hence

Az, <Az ., <0
Summing both sides of the above inequality from n, +1 to n>n, +1, we have

Zoy — 2y <(N=N,)AZ, , ——c0 as N>,
which is a contradiction. Thus

Nz,<0, Az,>0, z,>0and x>0, forn>n, (4.2.23)
now using (Aj) in (4.2.22) we get

nz+1



Nz, <-Mq,x, ,fornxn, (4.2.24)
in view of inequality (4.2.23) there exists an integer N, > n, such that

X, + PX,_m =2, + N,

Xp =2, N, = PX
=2, + 1, = Pz, + oy = PXozn)

o)

x,>(1-p)z,+h,) ,for n>n,
and

X, 2 (1= p)z, +hy, )=&, for Ny =n,
It is clear that

Az, :LA(;} ,forn>n,

1-p

and

& =(1-p)z, + hNo)

>(1-p)zy, +hy,)  for Ny >n,

by inequality (4.2.24) we obtain

NE <-M(1-p,&  forn=N, (4.2.25)
clearly that &, satisfies (4.2.23) with z replaced by &. Hence there exists an integer
N, = N, such that

NE <-M(@1-p),é&,., , for n=N, (4.2.26)

by corollary 1.4.1 there exists an integer N, > N, such that
£ > gAgn , for n> N, (4.2.27)

and

£ 2(”;"‘]A§n_ln  for n>N, (4.2.28)

set A&, =6, we get
AG, <-M(1- p)(

By lemma 1.4.3 , condition (4.2.19) implies that inequality (4.2.29) has no eventually
positive solution which is a contradiction. O

”;'”anen_,n , for n>N, (4.2.29)

The following discussion is for equation (4.2.18) when G is superlinear.

Theorem 4.2.4: Let conditions (Ay) and (Asz) hold, and suppose that o, = min{n,kn} such
that

Ac, >0 and A’c, <0 forneN (4.2.30)
If

D00, = (4.2.31)

n=n,

then equation (4.2.18) is oscillatory provided that 0< p<1.



Proof: Proceeding as in the proof of theorem 4.2.3 we get (4.2.20), also we get (4.2.22)
and (4.2.23) hold for n> N, and that &, satisfies (4.2.23) with z replaced by &, so

Azgn <-M (1_ p)qnG(gkn) ’ for n> NO

since G is superlinear and using conditions (4.2.30) and (4.2.23) in the above inequality
we get

A&, +M(1-p),GlE, )<0,for n>N, >N, (4.2.32)
set
w, =0, Ac, ,  nN=N,
G(,.)
then
AWn =0 A§n+1 _ Aé:n

n+l Un
G(S,,.,) G(S,,)
2
— Gn A §n + A§n+1 0n+l _ O-n
G(S,,) G(,.,) G(S,)
Using (4.2.23) and (4.2.30) along with the fact that the sequences {&,} and {o,} are
increasing, we get

Ago'n—l
G(S,,)
Summing both sides of inequality from N, to s> N, , we have

s s Ag
W, —W, <—)» 0,0, +Ac o

N
by condition (4.2.31) , we have

W,,—>—00 aS S—>x,

s+l

Aw, <-0.q, +Aa{ J ,for n>N, >N, (4.2.33)

which is a contradiction. O

Theorem 4.2.5: Suppose that the function G is nondecreasing and that conditions (Ay)
and (As3) hold. If

Sq, =, (4.2.34)

n=n,

holds, then equation (4.2.18) is oscillatory provided that 0 < p <1.

Proof: We proceed as in the proof of theorem 4.2.3 to get (4.2.20), following the proof of
theorem 4.2.4 to arrive at inequality (4.2.23). Choose an integer N, > N, and a positive
number ¢ such that

& >c ,forn=N, (4.2.35)

using inequality (4.2.35) in inequality (4.2.32) to get
NE +M(L-p)g,G(c)<0 , for n> N,
summing both sides of the above inequality from N, to s> N, and using condition

(4.2.34) we have
0<A¢

S

4—>—0 8 S—®



which is a contradiction. O

Remark 4.2.1: The case when ( p >1) are considered to NDE

Az(Xn + an+m)+qnG(an ): fn '
in [10] using similar arguments used in the proof of theorems 4.2.3 , 4.2.4 and 4.2.5.

Example 4.2.1: Consider the NDE

A (X, +X,,)+8x,_, =16(-1)" (4.2.36)
for h, =4(~1)" which is periodic, > q, = , and there exists  =1> 0 such that
n=N,
%:5:127>0 ,for x=0
X X

by theorem 4.2.1 every solution of equation (4.2.36) is oscillatory.

Example 4.2.2: Consider the NDE

1 a 2(-1)
Al X +=x_ |+0g.|x | sonix )=—"—"L, 4.2.37
[ n 2 THJ qn Gn‘ g ( an) n(n+2) ( )
0<a <1, q, is nonnegative and not identically zero

we have
G(n,x,y)=a,]y|“san(y) .

4, =~ p) (o, q, with p=>
S}
n

Using theorem 4.2.2 every solution of equation (4.2.37) is oscillatory.

w(x)=x*, h =

Example 4.2.3: Consider the NDE
Az(xn + % X, j + 2(16n _31j|xn3|sgn (x,.5)=4(-1)" | (4.2.38)
n —
where n>3, m=2, k, =n-3
hence f, =4(-1)" and h, =(~1)" which is periodic of period 2, let I, =3,

then by theorem 4.2.3 or theorem 4.2.4 every solution of equation (4.2.38) is oscillatory.
It is clear that (A1)-(As) are satisfied with M =1, with

P = 6i —1 . 3®
liminf = 1—-3) 2 > v limsup| —
n—o 3 Z( { |_3} Y n—o p[44j

i=n-3

Remark 4.2.2: The results of this section are mainly referred to [10], [25] and [28].
4.3 Oscillation criteria of second-order NDE's with variable coefficients

Consider the second-order NDE of the form
A’ (X, + p,%, ., )+9,G(x,,)=0, n>0 (4.3.1)



where p,, g, are sequences of real numbers with g, >0, G eC(R,R) IS nondecreasing
and satisfies uG(u) >0 for u=0, m>0 and k >0 are integers.

Many authors studied the oscillation of solutions of equation (4.3.1) considering various
ranges of p,. For example, in [19] Parhi and Tripathy established many sufficient

conditions for the oscillation of equation (4.3.1). However, a different approach was
achieved by Agarwal, Manuel and Thandapani depending on dividing the set S of all
nontrivial solutions into four classes and trying to find under what conditions those classes
are empty, as we will see later.

Lemma 4.3.1: Let x, be a real-valued function on N(n,) such that x, >0 and A"x, <0
on N(n,) and A"x, #0, where m>2. If Ax, >0 and A™'x >0, then there exists

m-1

. . ATX
n, > 2n,, where n, is a large number in N(n, ), such that x, > ( 1”I for n>n,, where
m —_

)

N="

n, > max{zm‘lnz, N} and N >0 is a large integer such that (21"“ n)(m_1 >1 forn>N.

Proof: From corollary 1.4.1
1 (n)™Y
X, 2—(—) A" X
(m-1)\ 2 "
for n>2n, where n, is a large number in N(n,). Since x, is increasing, then, for
n>2""n,
1 _ (m-1) \ m—1
X 2X,. >——(2""n)" TA"'x,
n 2°"n (m_]—)( )
Hence, for n>n,
X, > L
" (m-1)

Thus the lemma is proved. O

m-1
ATTX,

We need the following conditions:
(C1) For u > 0 there exists 2 >0 such that G(u)> Au .

For u <0, there exists A > 0such that G(u)< Au
(C2) For u>0 and v >0, there exists A >0 such that G(u +Vv)< A(G(u) + G(v))
(Cs) For u<0 and v <0, there exists A >0 such that G(u +Vv)> A(G(u) +G(v))

+C du
(€ I G(u)

<o forevery ¢ >0

(Cs) iqﬁ =0 , where g, =min{d,,d,_, |

n=m

(C) Foru>0and v>0, G(uv) <G(u)G(v)
(C7) G(-u)=-G(u),ueR
(Cg) For u,ve R, G(uv) =G(Uu)G(v)

Theorem 4.3.1: Let —o< p, < p, <0 and k >m. If (C,) holds and if



n-1 . k k+1 . K—m k—m-+1
liminf >maxs AT —— | —p AT ———— ,
it $ia > ma (5] e {50)

then every solution of equation (4.3.1) is oscillatory.

Proof: Let x,be an eventually positive solution of equation (4.3.1), x, >0 for n>n,.
Setting

Z, =X, + P, X\ m (4.3.2)
we get

ANz, +q,G(x,,)=0 (4.3.3)
let r = max{m,k}, z, <x, and A%z, <0 for n>n,+r, either z, >0 or z, <O.
If z, >0, the inequalities in theorem 1.4.1 hold. Then z, > Az, for n>n, >n, by lemma
4.3.1. Hence, using (C;) equation (4.3.3) gives

ANz, +9,Az, , <0,
that is the last inequality admits a positive solution {Az,}, a contradiction in view of
lemma 1.4.3. Hence z, <0 for n>n,, setting y, =—z, for n>n, , we have y, >0,
Y, <—PX, ., »and

Ay, —0,G(x,,)=0 (4.3.4)
Hence A’y, >0 for n>n,.
By theorem 1.4.1

-Ay, >0
so equation (4.3.4) yields that y, is a positive solution of

Ay, _piqn Yoimi <0,

1
which is a contradiction by lemma 1.4.3, so every solution of equation (4.3.1) is

oscillatory. O
Theorem 4.3.2: Let —o< p, < p, <-1.If

Sq, = (4.3.5)
n=0

then every solution of equation (4.3.1) is oscillatory.

Proof: Let x, be an eventually positive solution of equation (4.3.1), x,>0 for
n>n,>0,let z, asin (4.3.2) we get (4.3.3), for r = max{m,k} we have

z, <X, and A’z <0 forn>n,+r,
let z, >0 for n>n, 2n, +r, then theorem 1.4.1, Az, >0 for n>n, >n,. Since z, is
increasing, z, >M >0 for n>n,, from equation (4.3.3) we obtain

ANz, +q,G(M)<0 ,for n>n,>n, +r
hence iqn <o, because Az, >0, which is a contradiction.

n=ng



Let z,<0 for n>n .Set y =-z, we get y, >0, y <-pX_., ., and
Ay, —q,G(x,,)=0 for n>n,, by lemma 1.4.1 we have —Ay, >0 for n>n, >n,. As
in the proof of theorem 4.3.1 we proceed until we reach to

Ay, +0,6(x,_)<0
Thus

liminf x, =0 ,

N—o0

Which is a contradiction, so equation (4.3.1) must have an oscillating solution. O

Theorem 4.3.3: Let —oo<p, <p, <p;<-1. If condition (4.3.5) holds, then every
solution of equation (4.3.1) is oscillatory.

Proof: Let x, be an eventually positive solution of equation (4.3.1) then x, >0 for
n>n, > 0. Proceeding as in the proof of theorem 4.3.2 we obtain liminf x, =0.

n—oo

We consider the case y, >0, and —Ay, >0, hence limy, =a, 0<a <ow. If >0 then

y,> >0 forn>n, >n,.
Then

yn+m—k

Ay, +,6(x , )=0and x,_, >—Jomk

P,

this yields E q, <o, a contradiction, hence ¢ =0 and limz, =0
n—oo
n=n,

but
PsXym 2 PoXn-m =Zn = X,
then
liminf(p,x,_,)> liminf(z, —x,)>limz, —limsupx, ,
that is
(1+ p,)limsupx, >0 ,
that is
limsupx, =0,
hence
limx, =0 ,

nN—oo

which is a contradiction, equation (4.3.1) is oscillatory. O

Theorem 4.3.4: Let 0<p, <1 and k>m. If (C;)-(Cs) hold, then every solution of
equation (4.3.1) oscillates.

Proof: Let x, be an eventually positive solution of equation (4.3.1), then x, >0 for
nxn,>0, setting z, as in equation (4.3.2) we get equation (4.3.3) and
0<2z, <X, +X,, for n>ny+r (r=max{m,k}). Hence A’z, <0 for n>n,+r, using
theorem 1.4.1 we have Az, >0 for n>n,>n,+r. Hence z, >Az, for n>n, >n, by

lemma 4.3.1. From equation (4.3.3) and using (C,) we have, for n>n, >n, +r



O = Azzn + qnG(Xn—k )+ AZZn—m + qnfmG(Xn—m—k )
> N2, + K2, + 00 G(Xy s )+ G(Xy oy )]
>Nz + Nz, + 27 G(X + X )
>Nz, + Nz, +27'0.G(z,)
>Nz, + Nz, +2'q.G(Az,,)

As Az, >0, then the above inequality yields
. N7 A7
/1_1 S _ n _ n—-m
"6, Gl
Since Az, is decreasing and k > m, then
. N7 Nz
/1_1 S _ n _ n—m
" 6(,) Gz, ,)
Az, n_m
< J- du 4 J' du
a, GU) 7 G(u)

Zn41 n+1

Az

Hence

Az

t-1 . n3 dU n3-m dU
APYq; < -
2.9 j G(u) J G(u)

j=ns Az

Az

t-1
that is qu <, since !im Az, exists and greater or equals zero. This contradicts (Cs), so

j=ng
every solution of equation (4.3.1) is oscillatory. O

Theorem 4.3.5: Let 0< p, < p, <oco and k >m. If (Cy), (C4), (Ce) and (C;) hold, and if

3°Q, =, (4.3.6)

. q,
where Q, =min<q,,——" }
{ G(p,)

then every solution of equation (4.3.1) oscillates.

Proof: The proof is similar to that of theorem (4.3.4), using (C,) and (Cg) we get
0> ANz, +Az,  +A'Q,G(Az, )
using (C4) and proceeding as in theorem 4.3.4 yields ZQn <o, a contradiction, and the

proof is complete. O

Theorem 4.3.6: Let —oco<p, <p, <0, and k>m. If (Cs) and (Cs) hold, then every
solution of equation (4.3.1) oscillates.

Proof: Let x, be an eventually positive solution of equation (4.3.1), then x, >0 for
n>n,. Setting z, as in equation (4.3.2) we get equation (4.3.3) and z,6 <x, for
n>n,+r (r=max{mk}), either z, >0 or z, <0 forn>n, >n, +r.



Let z, >0 for n>n,, then by theorem 1.4.1 Az, >0, for n>n, >n,, hence z, > Az, for
n=n, >n,, and we get
ANz, +q,G(Az, . )<0 ,
since Az, >0 and decreasing, then
2 Az,
Nz, _ du

n

O S——— < | =~
G(Azn—k ) Az, G(U)

Hence

Az,

t-1
Sq,< [ 2L
G(u)

n=ng 2
This leads to a contradiction due to (C4) and (Cs) so z, <0 for n>n,. Set y, =-z,, we
have y, >0, y, <—p,X, ,,, We get also equation (4.3.4), by theorem 1.4.1 — Ay, >0 and
equation (4.3.4) yields

Ay, +9,6(x,.,)<0 ,
that is

using (C4) and (Cs) we get a contradiction which completes the proof. O

Theorem 4.3.7: Let p, be allowed to change sign with —co< p, < p, < p, <o, where
p, >0 and p, <0 are constants. Let k>m and (Cy), (C), (C¢) and (Cy) hold. Suppose

that equation (4.3.6) holds if G(p,) =1 or (Cs) holds if G(p,) <1. Then every solution of
equation (4.3.1) oscillates.

Proof: Let x, >0 for n>n, an eventually positive solution of equation (4.3.1), setting
z, as in equation (4.3.2) to get equation (4.3.3).
Let G(p,) >1, then equation (4.3.6) holds and hence (Cs) holds because Q, <(q_ , since
Az, <0 for n=n,+r, then z, >0 or z, <0 for n>n, +r. Let z, >0 for n>n,;, we
have

Z, <X, + PoX,
Proceeding as in the proof of theorem 4.3.5 we obtain a contradiction. Hence z, <0 for
n>n,. Putting y,=-z, weobtain y, >0, y, <—p,X,, and equation (4.3.4) holds,
and we obtain a contradiction as in the proof of the second half of theorem 4.3.6 .
Let G(p,) <1, then (Cs) holds and hence equation (4.3.6) holds because Q,>q. If
z, >0 for n>n, then continue as in the proof of theorem 4.3.5 to get a contradiction. If
z, <0 for nxn, then continue as in the proof of the second half of theorem 4.3.6 to
arrive a contradiction and the proof is complete. O
Remark 4.3.1: Results for the oscillation when 0< p, <1 and p,6 >0 positive real

numbers was achieved by Zafer in [27], those results were applicable to the form
Az(xn + PoX, )+ G(n,xgn ): 0,



provided that

e}

> G(n,@1-p(o, )= , c>0.

n=0

Consider the second order NDE

Ac, A(x, + P %, )+ 9,,,G(X,,,, )=0 , n>0 (4.3.7)
where m,k are fixed nonnegative integers, {c,}, {p,} and {q,} are sequences of real
numbers, and the following three conditions hold:
(i) c, >0, forall neZ and q,is not identically zero for large n

(ii) G e (R,R) with uG(u)>0 for u=0
(iii) there exists a nonnegative function g such that
G(u)-G(v)=g(u,v)u—-v), forall u=v

Let S denote the set of all nontrivial solutions of equation (4.3.7), S can be divided into:
M* ={{x,} e S :thereexists an integer N € Z such that x,Ax, > Oforalln>N }

M~ ={{x,}eS:{x,} is nonoscillatory and there exists an integer N e Z such that
x,Ax, <0 foralln>N }

0S ={{x, } €S forevery integer N € Z, there exists n > Nsuch that x,x,,, <0
foralln>N }
WOS = {{x, }e S: {x,} is nonoscillatory and for every N e Z there exists n > N, such

that Ax,AX,, <0 }

n+1

Theorem 4.3.8: Assume that with respect to equation (4.3.7) the following conditions
hold:

(1) m>1and -1<p, <0,

(2)g,20forall n>n,eZ ,
n-1

(3) Ilm quﬂzoo’

s=n,

@) Z(

n=n,

CiJ:oo ,then M™ =¢

n

Proof : Let equation (4.3.7) has a solution {x,}e M*, such that x, >0, Ax, >0 ,
x,, >0, Ax,_, >0 forall n>n, >n,+r, r=max{k,m}, let z, =x, + p,X,_,, then by
condition (3) and the fact that {x,}e M *, we have

Z, > X+ PrXpm =0, forall n>n;
but equation (4.3.7) becomes

A(CnAZn ) = _qn+lG(Xn+1—k) » N2n
the {c,Az, } is nonincreasing for all n>n,, to prove that c,Az, >0, suppose it is not, that
is, c¢,Az, <0 forall n>n,, then there exists an integer n, > n, such that



c,Az, <c, Az, <0, forall n>n,
taking the summation from n, to n—-1>n, we have
wic, Az,

_ <Z

s=n,
which implies that that z, ——c0 as n—oo, contradiction, thus c,Az, >0, now by
equation (4.3.7)

CnAZn Cn1AZn1 +nz_1CsAZ g( s+1 k1 s k AX Zq
s+l

G(xt) Gly) & Gl )B(x.) =

Gz, _ CAZ, < nz_l n>n
Gx,,) Gl )~ & T
using condition (3), we find

C. Az
I' n n__ _ ’
n!IJOG(Xn—k) ”

which is a contradiction to the assumption that c,Az, >0. O

and hence

Theorem 4.3.9: With respect to equation (4.3.7), suppose in addition to condition (3) and
(4) of theorem 4.3.8, suppose that

q, >0, forall large values of n (4.3.8)
and
—1<p, <p,<0forall nzn, e Z (4.3.9)

then M~ =¢

Proof: Suppose that equation (4.3.7) has a solution {xn}e M~ so there exists an integer
n>n, e Z suchthat x, >0, Ax, <0, X, , >0 and Ax, , <0 forall n>n,,
let z, = x, + p,X, ., Since we have that z, >0, (otherwise X, vanishes as n — o) then
equation (4.3.7) becomes

A(CnAZn): _qn+lG(Xn+1—k) yNzn

with {c,Az, } is decreasing for n>n, as in theorem 4.3.8 we can prove that ¢, Az, >0 for

n>n
Define
C,AZ,
W, = , n=n,
G(z,)
we obtain

AW = — qn+lG(Xn+1—k ) _ Cn (Azn )2 g(zn ! Zn+1)
i G(z,.1) G(z,)G(z,.1)
Aw, < —M , n=n (4.3.10)
G(Zn+1)
using inequality (4.3.9) we have that z,, <

Zn+l =< Xn+1 < Xn+1—k ’

since {x,}e M, then

n+1 '

and



G(Zm—l) < G(Xn+1—k) ' fOf nz nl
using this inequality in inequality (4.3.10) and taking the summation from n, to n—-1>n,,
to the resulting inequality we get
-1
W, < Wn1 _quﬂ ,

and hence w, — —co as N — oo, which is a contradictionso M~ =¢. O

Theorem 4.3.10: With respect to equation (4.3.7), assume in addition to condition (2) of
theorem 4.3.8 that

m is odd positive integer , (4.3.11)
and

p,=p<0, foralln>n,eZ (4.3.12)

then WOS = ¢

Proof: Let {x,}eWOS, suppose that there exists an integer n, >n,eZ such that
X, >0, x,, >0 forall n>n,, let z, =x, + p,X,_,, then

Az A7, = AX,AXq + p[AXnAXnJrl—m +Axn+lAXn—m]+ pzAXn—mAXn+l—m
Using condition (4.3.11) and (4.3.12), we find that
Az,Az,,, <0,
hence {Az,} is oscillatory
Define
w, =cC,Az

then w, is oscillatory , but

Aw, = _qn+IG(Xn+l—k) , N=n
using condition (2) of theorem 4.3.8

Aw, <0,

and so w, is nonincreasing which is a contradiction. O

Theorem 4.3.11: Assume in addition to the hypothesis of theorem 4.3.9 that m >1, then
every solution of equation (4.3.7) is either oscillatory or weakly oscillatory.

Proof: It is an immediate consequence of theorems 4.3.8 and 4.3.9. O

Theorem 4.3.12: Assume that conditions (2), (3) and (4) of theorem 4.3.8 hold, and
condition (4.3.11) holds, also the inequality —1< p, = p <0 holds. Then every solution

of equation (4.3.7) is oscillatory.

Proof: It follows from theorems 4.3.8, 4.3.9 and 4.3.10 immediately. O

Example 4.3.1: Consider the NDE
A(x, —(4+ (1) )., )+2x2, =0, n>0 (4.3.13)



it clear that —oo<p, < pn:—(4+(—1)”)§ p,<-1 and iqnzoo, G=x3, Is
n=0

continuous on R and nondecreasing satisfies uG(u) >0 for u =0,
so by theorem 4.3.3 every solution of equation (4.3.13) is oscillatory.

Example 4.3.2: Consider the NDE

1

A2(x, ~5(~1)"x, 4 )+ 4x3, =0, n>0 (4.3.14)
5 , neven

, and
-5, nodd

using theorem 4.3.7 , equation (4.3.14) is oscillatory since p, :{

9n :Zilzoo is satisfied in addition to
G(p,) = 53

NgE

1 )
taking G(p,)=5%2>1, also >.Q, =
n=0

1l
o

n

uG(u) >0 foru=0

Example 4.3.3: Consider the NDE
A(%A(xn + mxnl)j +%xn2 =0, n20 (4.3.15)
applying theorem 4.3.12 it is clear that
~-1<p, = p:(—O.S)% <0, q, :%20 forall n>n, eZ

Iimiﬁzoo and nZi;n:oo

n—ow
s=0

so every solution of equation (4.3.15) is oscillatory.
Remark 4.3.2: The results of this section are mainly referred to [3] and [19].
4.4 Oscillation criteria of second-order forced NDE's with variable coefficients

Consider the second order forced NDE

A (X, + Py )+ 0,G (%, 1) = T, (4.4.1)
where {p,}, {a,} and {f,} are sequences of real numbers with g, >0, G eC(R,R) is
nondecreasing and uG(u) >0 for u=0, m>0 and k >0 are integers.

This section studies theorems that establish sufficient conditions for the oscillation of
equation (4.4.1). In [19] Parhi and Tripathy proved the oscillation using sufficient
conditions used in section 4.3 in addition to conditions concerning the forced term.
However, in [25] the authors proved the oscillation of equation (4.4.1) depending on the
technique used in the proof of the unforced related equations.

Assuming in the first three theorems that G satisfies the following two conditions
(i) There exists K >0 such that

G(uv) > K|G(u)|G(v) forall u,veR

(ii) I%<oo forall ¢>0



We need the following conditions:
(H1) 0< p, < p, <1, where p, is a constant.

(H.) there exists a real sequence {h,} such that A*h, = f, .

(Hy) iqne(%}oo

n=N,

(Hz) {h,} is oscillatory and limh, =0.
(Hs) {h,} is m periodic .

(Ho) S, =

n=N,

(H7) there exists y >0 such

G(u)
u

>y >0 foru=0.
The following result that concerns with the oscillation if all solution of equation (4.4.1)
with f =0 is needed to establish the oscillation of all solutions of equation (4.4.1).

Theorem 4.4.1: Let f, =0 forall ne N, and let (H;) and (Hs) hold. Then all solutions of
equation (4.4.1) are oscillatory.

Proof: Let {x,} be an eventually positive solution of equation (4.4.1) , then x >0,
Xpm >0 and x,, >0 for n> N, >N, . Setting

Z, =X, + Py X\ m (4.4.2)
we obtain that z, > x, >0 and

ANz, =-q,G(x,,)<0 ,for n>N, (4.4.3)
by theorem 1.4.1 then Az, >0 for n> N,, from equation (4.4.2) we have

Xy =2y — PpXnm (4.4.4)
s0 z, > x,and {z,} is increasing, so

0<(@-p,)z, <@-p,)z, <X, (4.4.5)
by corollary 1.4.1 there exists N, > N,

x, >(1-p,)z, 2@&” , for n>2N, (4.4.6)

applying (i) and (ii) to inequality (4.4.6) gives

Glx, )= K’G(1- pl)e(”_;k]e(mnk) (4.4.7)

> KlG[n;zij(Azn) for n> N, > 2N,

where K, = K?G(1- p,)> 0. Combining equation (4.4.3) and inequality (4.4.7), we get
Nz, + KlqnG(n;zij(Azn)s 0,forn>N, (4.4.8)

Summing the last inequality, we get



K Zq G( j __l GA(Z j dT (4.4.9)

s=N,

letting n — oo and using (i) and (ii), we get

an ( j (4.4.10)

n=N,

which contradicts (H3). O

Theorem 4.4.2: If (Hy) and (H2)-(Hs) hold, then all solutions of equation (4.4.1) are
oscillatory.

Proof: Let x, be an eventually positive solution of equation (4.4.1) then x,6 >0 ,
Xp.m >0 and x,, >0 forall n>N, >N,. Let

Yo =Xo + P X — hn (4411)
from equation (4.4.11) and (C,), we have
A’y =-q,G(x,,)<0 (4.4.12)

It is clear that y, must be greater than zero, thus y, >0 for n>N, > N,, by theorem

1.4.1 we have
Ay, >0 forn=N,; >N, ,

now for 0< & < (1— p,)y,, (Hs) implies that there exists an integer N, > N, such that
|hn|<g . forn>N,

From equation (4.4.11), we have x, <y, +h,.So
Yo = Pa¥Yom < X, _hn + pnhn—m

g &
<X, +—+— 4413
L (4.413)
Hence
0<(@-p,)yy, —e<@-p,)y, <X, , for n=N, (4.4.14)

Setr,=(1-p,)y, —¢ for n>N,, we get
O<r,<x,,Ar,>0
and
A’r, =—(1- p,)a,G(x, ) <0
We see that this step is similar to equation (4.4.3) in theorem 4.4.1, so we proceed as in the
proof of theorem 4.4.1 to get a contradiction which completes the proof. O

Remark 4.4.1: The conclusion of theorem 4.4.2 will be that the solution either oscillate or
converge to zero if (H,) is replaced by limh, =0

Theorem 4.4.3: If (H1)-(H3) and (Hs) hold, then every solution of equation (4.4.1) is
oscillatory.



Proof: Let {x,} be an eventually positive solution of equation (4.4.1),then x, >0,
Xp.m >0 and x,, >0 for n>N, >N, . Define y, as in equation (4.4.11) , we have that
equation (4.4.12) holds and so either y, >0or y, <0 for n> N, for some N, > N,.
We claim that {x } is bounded. If not, then {x_} is unbounded and since x, <y, +h, and
{h, } bounded, {y,} must be unbounded and eventually positive. Clearly that Ay, >0 for
large n since Ay, <0 implies that {y, } is bounded. From equation (4.4.11) we have

Yo = PoYom =Xy =N+ Pr PromXnom + Puhhm » fOr n>N, (4.4.15)
for some N, > N,. That is

@-p,)y, <x,—@-p,)h, , (4.4.16)
or

0<(@-p, Xy, +h,)<x, (4.4.17)

since {hn} is periodic, there exist real numbers a, and a, and two increasing sequences
{n/} and {n’}of natural numbers such that
limn/ =limn/ =,

I—00

11—

and

h,=a , h,=a,, a <h, <a, forall n>N,
hence

Yotdy 2y, +& =Y, +h, 2x,>0 ,forn>n/,i>1 (4.4.18)
Thus

0<@-p, Xy, +a,)<@-p, Ny, +h,)<x, , for n>n/ (4.4.19)
Setting

r.=@-p,y,+a,) ,forn>n/ andi>1
We obtain

O<r, <x, and Ar, >0
and

A’r, =—(1-p,)d,G(x, )<0 (4.4.20)
Proceeding as in the proof of theorem 4.4.1 to arrive a contradiction, thus {x, } is bounded
as we claim {x,} is bounded

The boundedness of {x,} implies that {y,} is bounded and Ay, >0 for n> N, using
theorem 1.4.1. Again we proceed as the proof of theorem 4.4.1 we arrive a contradiction.
Hence {x,} oscillates. O

In fact, more general ranges of p, are considered in [19], we need some conditions used

in section 4.3, so we will mention those conditions as they were in section 4.3 in addition
to new conditions (Co)-(C13)

(C2) For u>0 and v >0, there exists A >0 such that G(u +Vv)< A(G(u) +G(v))
(C3) For u<0 and v <0, there exists A >0 such that G(u +Vv)> A(G(u) + G(v))
(Cg) Foru>0and v>0, G(uv) <G(Uu)G(v)



(C7) G(-u)=—G(u), ueR

(Cs) For u,ve R, G(uv) =G(Uu)G(v)

(Co) There exists a real valued function {h, } defined on N which changes sign and
satisfies that A°h, = f,

(Co) Y ;G )= and >a;6(-hy )=

n=r

where h' =max{h ,0} ,  r=max{m,k}
hr; = maX{— hn’O} J q: = min{qn’qn—m}

(1) X0:8( )= and Y a:6lhy, )=

n=r

(€) Ya,67, )= and Y q,6(n.,,.,)=o0
n=k n=k

o0

o0

qn G (hr-:-*—m—k )

N

n-

ok ): o and
n=k

N

(
(Cr2) iqnG(h
n=k
(C19) 30,60, )= o0 and >q,Glh )= o0
n=k n=k

Theorem 4.4.4: Let 0< p, <1.If (Cy) , (C3), (Co) and (Cyo) hold, then every solution of
equation (4.4.1) is oscillatory.

Proof:: Let {xn} be an eventually positive solution of equation (4.4.1) , then x, >0
for n>n, > 0. Setting

Zy =Xy + PnXom (4.4.21)
and

w,=2z,-h, , (4.4.22)
we obtain for n>n, +r

A’w, +q,G(x,)=0 , (4.4.23)
now

0<z, <X, +Xp1m »
and A’w, <0. Hence either w_ >0or w, <0. It is clear that w_ >0, otherwise we have
a contradiction with (Co). Hence w, >0 for n>n,.
By theorem 1.4.1, Aw, >0 , for n>n, >n,. We have
X, + X, n =h'
using (C,) from (4.4.23) we get
0= AW, +0,G(X, 4 )+ AW, g, + 0y Gy 1)
> AW, + AW, + 0 [G (X, )+ G(Xy )]
> AW, + AW, + A GG(X,, + X )
> Nw, + AW, +I1q:G(hntk) , forn>n, >n, +r
Hence



iq:G(hntk )< w0

n=n,

which is a contradiction to (Cyo), then {x, } is oscillatory. O

Theorem 4.45: Let 0<p, <p, <. If (Cy), (Ce), (C7), (Co) and (C1p) hold, then every
solution of equation (4.4.1) is oscillatory.

Proof: Proceeding as in the proof of theorem (4.4.4) we reach to
0<z, <X,+ P, X,
to conclude that w, >0 and X, + p,X, , =h,
Using (C,) and (Cs) yield
0= A°W, +0,G(X, 1)+ G(P,)AW,_p, +G(P, )y nG(Xy i)
> Nw, +G(p, )A2w, , + 2 q.G(h )
Hence
Zq:G<h:fk)<°O '

which contradicts (C},), hence {x,} oscillates. O

Theorem 4.4.6: Let —oco< p, < p, <0. If (Cg), (Co), (C11) and (Cy2) hold, then every
solution of equation (4.4.1) is oscillatory.

Proof: Let {x,} be an eventually positive solution of equation (4.4.1), let w, as in
(4.4.22) we obtain equation (4.4.23) since A’w, <0 for n>n,+r, either w, >0 or
w, <0 for n>n, >n, +r

If w >0 for n>n,, then x, >h" and Aw, >0, by theorem 1.4.1 from equation (4.4.23)
we obtain

iqnG(hnik)<oo , N, >N +r

which contradicts (Cy1).
If w, <0 for n>n,, then x, >—p;*h_

AZ Yo — qnG(Xn—k ) =0 )
since A’y, >0, then Ay, <0 for n>n, >n, by theorem 1.4.1, using (Cs) we obtain

iqnG(hnlm—k )< ©

n=n,

set y, =—w,_, then y, >0 and

which again contradicts (Cy1). Thus {x, } is oscillatory. O

Theorem 4.4.7: Let p, changes sign such that —o< p, < p, < p, <oo, where p, <0

and p, >0 are constants. If (C,), (Cs), (Co), (C;,) and (Cy3) hold, then every solution of
equation (4.4.1) is oscillatory.



Proof: Let x, be an eventually positive solution of equation (4.4.1) then x,6 >0 for
n>n,>0.Set w, as in (4.4.22), we get (4.4.23). For n>n,+r, A’w, <0 and hence
either w, >0 or w, <0 for n>n, .

If w, >0for n>n, we proceed as in the proof of theorem 4.4.5 we get a contradiction.

If w, <0 for n>n, we proceed as in the proof of theorem 4.4.6 to arrive a contradiction.

Thus x, is oscillatory. O

Theorem 4.4.8: Let p, >0. If
liminf n™*h, =—o0 and limsupn~™h =oo ,

then every solution of equation (4.4.1) is oscillatory.

Proof: Let {x,} be an eventually positive solution of equation (4.4.1), then x, >0 for
n>n,>0. Setting z, as in (4.4.21) and w, as in (4.4.22), we obtain z, >0 for
n>n,+r and A’w,<0 for n>n,+r from equation (4.4.23). Hence for
n>n, >n,+r,we have

Aw, <Aw,
1
and
w, <w, +(n—n )Aw,
hence
h n-n
O<—<—"yt n1+( l)Awn
n n n n :
Thus
R/ . ..(h w n—n
OgI|m|nf—”sllm|nf(—”+—“+MAwnj
n—ow n n—o n n n 1
. . .h ] w n—n
= liminf — + lim sup —”+(—1)Awn
n—o n n—co n n 1
. . .h . (w n-n
<liminf — + lim —"+MAWn
n—ow n n—wol N n 1

.. .h
<liminf =+ Aw, =-o |

n—oo n

which is a contradiction so {x,} is oscillatory. O

Example 4.4.1:
) 1 3).: 91
A (xn +§xn72 +3 2—2—n X3 s = e (4.4.24)
It is clear that the condition of theorem 4.4.2 are satisfied since

1
(Hy) 0< pn:§< p, <1

9(-1)"

n+2

n+l

n n+l
(H,) Take h, =(‘2—1n) with Ah, = U g Ah, =



o 5215 -

(Hz) {h,} is oscillatory !m(_z—ln)n =0
Then by theorem 4.4.2 every solution of equation (4.4.24) is oscillatory.
Example 4.4.2:
A’ [xn + % xn_zj + 3x§_6 =6(-1)" (4.4.25)
It is clear that equation (4.4.25) satisfies the conditions of theorem 4.4.3 since

(C)o<p, = % < p, <1, where p, is aconstant

(Cy) Taking h, = g(—l)‘” with Ah, =3(-1)"" and A’h, =6(-1)" =6(-1)"

(Ca) {h, } is periodic of period 2
By theorem 4.4.3 every solution of equation (4.4.25) is oscillatory.

Example 4.4.3:
A2 (%, + (1) %, , )+ 2x8, = (1) (4.4.26)

n even

n odd

also we have

O)Zq Glh;,)

(Cq) is SatISerd

(Ci1a) an (m) Z(h;ﬂ) =

n=1
So by theorem 4.4.7 every solution of equation (4.4.26) is oscillatory.

Il
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Example 4.4.4:

A2(x, +(B+(=1)" ], )+ X2, =2(~1)"(4n> +8n+6) , n>0 (4.4.27)
we have h, =2n%(-1)" which changes sign with

Ah, =2(-1)"(2n? +2n +1)

A°h, =2(-1)"(4n® +8n +6)
and



liminf h—“ =—0

n—o n

. h,
limsup—/ =0
n

n—o

By theorem 4.4.8 we have that every solution of equation (4.4.27) is oscillatory.
Remark 4.4.2: The results of this section are mainly referred to [19] and [25].
4.5 Oscillation criteria of sublinear, linear and superlinear NDE's

Consider the second-order NDE
A(CnA(Xn + 5 ann—m ))+ 5qnxrl18+1—k = O » N 2 O (451)

Of course the value of £ determines the type of the NDE whether it is sublinear or
superlinear. In [24] the authors studied the oscillation of equation (4.5.1) where g3 is in
general the ratio of odd positive integers, 0< p, < p <1. However in [17] Lin studied the
superlinear NDE, but this time the results were for bounded oscillation.

The following conditions are needed in our discussion
(C1) {p,} is nondecreasing such that 0< p, < p<land g, >0 and {g,} is not

identically zero for infinitely many values of n
(Cy) ¢, >0 and Zi<oo,

n=nNg ~¥n

Let r = max{m,k}, Q, =§‘ci ,6=1

We need the following lemmas

Lemma 4.5.1: Let {x,} be an eventually positive solution of equation (4.5.1), then for
Z, =X, + P,X,_n, one of the following two cases holds for all sufficiently large n

(1) z,>0,c,Az, >0,

(n)z, >0,c,Az, <0

Proof: Assume that x >0 for n>N, € N(no). Then by the condition (C;), we have

n—k-m

z, >0and A(c,Az,)<0 for n>N,. Hence {c,Az, } is eventually of one sign. O

Lemma 4.5.2: Let {xn} be an eventually positive solution of equation (4.5.1) and suppose
case (1) of lemma 4.5.1 holds. Then there exists an integer N e N(n, ) such that
@-p)z, <x, <z, (4.5.3)

Proof: Cleary that (C;) implies that z, > x,. Moreover we have
Xo =2y, — PpXpk = Z, = PnZni = Zn(l_ p)

Since {z, } is nondecreasing. This completes the proof. O



Lemma 4.5.3: Let {xn} be an eventually positive solution of equation (4.5.1) and suppose
case (11) of lemma 4.5.1 holds. Then there exists an integer N e N(n, ) such that

Z
>—"—>(1- , T >N
Xn—k 1+ ( p)zn orn

Proof: Since {z, } is nonincreasing we may assume that {x, } is also nonincreasing. Hence

Zn < Xn—k + an—k = (1+ p)Xn_k (454)
Since 1>1— p?, we have L >1- p, therefore
1+p
‘b >@-p),. O
1+p

Lemma 4.5.4: Let {x,} be an eventually positive solution of equation (4.5.1). Then {z, }
is bounded above and satisfies

z, >-Q,Cc,Az, , (4.5.5)
for all sufficiently large n.

Proof: Proceeding as in the proof of lemma 4.5.1 we obtain A(c,Az,)<0 for
n>N eN(n,). Then ¢, Az, <c,Az, for n>N. Dividing the last inequality by c,and

summing we obtain
n-1
Z,—Zy SCyAZy Y — <o
s=N Yg

Hence {z,} is bounded above. Letting n—oc, we obtain z, >-c,Az,Q, for
sufficiently large n.

Theorem 4.5.1: Assume that (C;) and (C,) hold and =1 and k > m in equation (4.5.1).
If

an(l_ anrl—k):oo ) (456)
and

n+k—-m-1

> 0Q,>1+p , (4.5.7)
are satisfied, then all solutions of equation (4.5.1) are oscillatory.
Proof: Let {x,} be an eventually positive solution of equation (4.5.1) , then x,_, >0
for n> N e N(n, ), using lemma (4.5.1) we have two cases:
(1)z,>0,c,Az, >0,
by lemma 4.5.2 we have
A(CnAZn )+ qn(l_ pn+l—k )Zn+l—k = O » N 2N (458)

c.Az

Let w,=——=, forn>N>n, +k
Zn—k

then we have




C, Az Az, ,

AWn < _qn(l_ Pk )_ = Q. (1_ pn+l—k)
n-m “n+1-k

Summing the last inequality, we get

qu(l_ ps+1—k ) <Wy

s=N
as h — oo we have

qu(l_ ps+1—k)< O,
s=N
which is a contradiction.
(m)z,>0,c,Az, <0

Taking the summation to equation (4.5.1) from N to n—1, we obtain
n-1

CnAZn _CNAZN + quxsﬂ—k =0
s=N
or
1 n-1
AZn +_zqsxs+l—k <0
s s=N
Summing again from n to j—1 and rearranging, we obtain
D 0QXeyy < Z, (4.5.9)
using inequality (4.5.4) in (4.5.9), and using the fact that {zn} is nonincreasing, we
obtain
n+k—m+1
2.0,Q, <(1+p),

which contradicts condition (4.5.7), {xn} must be oscillatory. O

Theorem 4.5.2: Assume that (C;) and (Cy) hold and £ >1 and k >m in equation (4.5.1).
If

$q,Q/, = (4.5.10)

n=n,

then all solutions of equation (4.5.1) are oscillatory.

Proof: Proceeding as in the proof of theorem 4.5.1 we see that lemma 4.5.1 holds for
n>N eN(n,)
(1) z,>0,c,Az, >0

Summing equation (4.5.1) from N e N(n,) to (n—1), yields

n-1
C,Az, —CyAZy + > XLy, =0, n=N (4.5.11)
s=N

then

n-1
B
Z OsXei1k <CnAZy

s=N
letting n — oo, we obtain



stﬂk«m (4.5.12)

but {z,} is increasing, so there exists a positive constant a such that z, > a for
n> N, together with equation (4.5.2) yields
x, >a(l-p), for n>N
Thus there exists an integer N, > N such that
x, >al-p)Q,, n=N,
since Q, —> 0 as n — . Because {Q } is decreasing the last inequality implies that

Xpaie 2 al= PRy Zall- P, (45.13)
Combining (4.5.12) and (4.5.13) we get
Zq Q/, < (4.5.14)
s=N;

which contradicts (4.5.10)
(m)z,>0,c,Az, <0
From equation (4.5.4) and (4.5.5), the facts that k > m and z is decreasing we have
xn+1 k =X

n+1-k+m-m

2 (1= P)Zois s
>(1-p)z,.s

> (1 p)cn+lAZn+lQn+l ' nZN (4515)
Consider the difference

Al(c,Az, ") = (= B+1)t*A(c,Az, )

= (B-1Na X )T (4.5.16)
where ¢, ,Az, ., <t<cC,Az,

using (4.5.15), equation (4.5.16) becomes
A((CnAZn )ﬁ_l)s (_ ﬂ + 1)(_ qn Xn+l k ch+lAZn+1)

< (_ ﬂ +1)qn (1_ p) n+l(Cn+lAZn+1) (Cn+lAZn+l) g
Hence

Al(c,Az, )" )< ~(B-1)1-p)'q,Q.5 . n=N (45.17)

Summing (4.5.17) from N to n, we have

(Cn+lAZn+l) (CNAZ )1 g < ( ﬁ 1 Zq Qs+l

and so Ietting n — oo, We obtain
Zq Q g <®

which contradicts (4.5.10). O

Theorem 4.5.3: Assume that (C;) and (C,) hold and 0< <1 and k >m in equation
(4.5.1). If

im@m=w, (4.5.18)

n=n,

Then all solutions of equation (4.5.1) are oscillatory.



Proof: Again proceeding as in the proof of theorem 4.5.1, we see that lemma 4.5.1 holds
o)
(1) z,>0,c,Az, >0
then (4.5.13) and (4.5.14) hold, we have
Q, <1 and Q7 >Q, forlarge n
from (4.5.14) we get

Zq Qn+1 —Zq Qn+l k <®©

a contradlctlon to (4.5. 18)
(m)z,>0,c,Az, <0
from (4.5.11) we have

Z4 _[ qusxS+l ., forn>N
n+1

s=n

If we consider the difference A( ) & >0 issuch that 2¢ <1- 4 and
—Az%,)=—26t% Az, ,

>2¢t 251[C_jz O X2 i
n+1

s=N

2e-1
> 2gzn+1 ( qus s+l-k 1 Zn+2’ Zn+l)
n+l =N

and {z,} is decreasing, then

( n+l)>_zqsxs+l A szfl_l ) (4519)
n+1 s=N
since a>z, >0 and a>x, >0, where ais a constant, from (4.5.4),we obtain
Xpax 2(@0=p)z,;  N=N (4.5.20)

From (4.5.19) and (4.5.20) we obtain

2:(1— A
_al,)s @zqszﬁm
N

n+1

>_qu

n+l s=N
where K =2¢(1-p)'a’ +2¢-1
Summing the last inequality we get

N+l n+2 2 qu Z_

+1
as n — oo , we obtain

n
ZQi i1 <P,
i=N

which is a contradiction. O

In the following two theorems, we suppose that equation (4.5.1) satisfies

J
(Cs) D_p, =0 whenever j<i-1

n=i



Theorem 4.5.4: Assume that (C4) holds and there exists a constant p < (0,1), such that

p<p,<l,forlarge n (4.5.21)
If there exists A >0 such that
liminf|q, exp(-e™)]>0 | (4.5.22)

then all bounded solutions of equation (4.5.1) are oscillatory provided that & =-1 and
c, =1

Proof: Suppose that equation (4.5.1) has a bounded eventually solution {xn}, let
Z, =X, —P,X, . then {z } is bounded and A?z, =q,x”, >0 for large n , thus Az, is

monotone and does not change sign eventually, by theorem 1.4.1, we obtain that there
exists an integer n, > n,, such that

z,>0, —-Az,>0,fornx>n, (4.5.23)
Choosing N, such that
A> In ,
K+ Nm p

then for n>n, +k +Nm
Azzn = qnxnﬂ—k

> qn(zn—k + Pz, et pNszNm)ﬂ
= S I 2.
Thus
Az, >p™0.2, o » NN +K+NM
Summing the last inequality from n to m—1 we have
Az, +i PM0iz) <O

Thus
Az, +p™q,27  n <0, n>n +k+Nm
Note that A > 1 and condition (4.5.22), then by lemma 1.4.2 the last
(k+Nm)In 8
inequality has no eventually positive solution, which is a contradiction. O

Theorem 4.5.5: Assume that (C,) holds and there exists a p~ e (1,00), such that

1<p, <p", forlarge n (4.5.24)
and

inqn =00 , (4.5.25)

then all bounded solutions of equation (4.5.1) are oscillatory provided that 6 =-1 and
c, =1.

Proof: Let {x,} be an eventually bounded positive solution of equation (4.5.1), again set
Z, =X, —P,X, ., proceeding as in the proof of theorem (4.5.4), we have



z,>0, —Az, >0 eventually (4.5.26)
Hence, x, > X,_,, eventually. Choosing M >0 and n, > n,, such that x, >M, n>n,, so
ANz, >M”q, ,n=n, (4.5.27)
Summing (4.5.27) and using (4.5.26), we have
z, > M (i-n+1)g, |

i=n
hence

o0

D(i-n+1)g <o,

i=n

and so

inqn <o,

n=n,

which is a contradiction. O

Example 4.5.1:
A(Z"A(xm +%xn_2j] +36" ), , =0, n>=4 (4.5.28)
To check the conditions of theorem 4.5.1

C n 1 _ C Ei n)__

;,3(5 (17) _ ;})4(5 )=
- 1 —n+

CDn :zgg;zgﬁ =2 !

Saov—g2] 2ol

It follows by theorem 4.5.1 that all solutions of the above equation are oscillatory.

now

Example 4.5.2:
A(Z"A(xn +1xn_2D +2°x> ., =0, n>5 (4.5.29)
4

To check the conditions of theorem 4.5.2

Sact- 32 - $2(1] -

So by theorem 4.5.2 we found that equation (4.5.29) is oscillatory.

Remark 4.5.1: The results of this section are referred to [17] and [24].
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