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Abstract

Our main goal in the thesis is to study the support points of normalized univalent
functions .We begin with special classes of functions in the set of normalized
univalent functions such as the family of starlike functions(S"); The family of convex
functions(K) ; The family of closed convex functions(CL), then the support points
of these families are studied by presenting some theorems. Later on, some families of
univalent functions are discussed like Typically real functions(T) and positive real
functions(®).

Considerable effort has been devoted to the study of support points of normalized
univalent functions. In general many factors play a role in the determination of
support points of a given class of functions. The support points of these
classes(S*,K,CL,T,q") are identified , but this is not the case of the class of
normalized univalent functions.

Some facts and properties of a function to be a support point of the family of
normalized univalent functions proved at the end of this thesis.

According to this study, one might think the support points and extreme points
coincide. However there is an example of extreme points which is not a support
points. On the other hand there is an example of support points which is not extreme

points .
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Introduction

Let A be the unit disk consists of all point z of the complex plane C of modulus

|z| < 1. In the first chapter , we introduce the definition of univalent functions and

basic results about univalent functions.

The theory of univalent functions is a classical field beginning at least as early as
1907 with the paper P. Koebe [24].

A number of survey articles have been written about the general theory of univalent
functions and more specific developments and we mention [3],[7],[12],[17],[18], and
[36] .

The book [17] by A.W.Goodman almost provides an encyclopedia about univalent
functions and describes a very large number of results in the field, even on quite
specialized topics.

We shall need the material of this chapter throughout the following chapters.

In the second chapter, we present the special families of univalent functions,
Riemann's Theorem enables many problems in general domains D to be reduced to
problems in A. Thus the class of the corresponding conformal maps or functions
univalent in A, acquires a special importance. We may normalize so that

£(0)=0, £'(0) =1.Otherwise we may consider g(z)= (f(2) - £(0))/ f'(0) instead

of f,since gis univalent if and only if f is univalent . We accordingly denote by S

the class of functions f(z)=z+ Z a,z" univalent in A.
n=0

VIII




We introduce the subsets of S consisting of starlike functions S°, convex functions
K, and close to convex functions CL, we also introduce the class of functions having
a positive real functions @, and the typically real functions T, and obtain similar
results for these classes.

Generalization of the families S” and K were introduced by M.S .Robertson in
[35].The geometric characterization mentioned for close to convex functions is due
to Z. Lewandowski[26,27].The class T of typically real functions was introduced and
studied by W.Rogosinski[40]. |

In chapter three , we first present the definition of subordination and prove some
initial facts about subordination.

Subordination was more formally introduced and studied by J.E.Littlewood[28] and
later by Rogosinski[39], we first prove some basic properties(Littlewood 1925).

In the second part of this chapter we discuss the linear topological structure of 4,
where 4 denotes the set of all functions analytic in the unit disk A. The topology on
A is given by a metric which is equivalent to the topology of uniform convergence on
compact subsets of A. We study the topological and convexity properties of the
various subsets of 1. We introduce the idea of a continuous linear functional and
begin our study of one of the central themes in this chapter. We also present the
Krein — Milman theorem as a fundamental tool in this development.

The book[11] by N.Dunford and J.T Schwarts is a source for information about
locally convex linear topological spaces, including the Krein — Milman theorem.
Finally in this chapter we identify closed convex hulls and the extreme points of

some classes of univalent functions.
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In chapter four, we introduce some of the relationships between support points and
extreme points of a compact subset Fof 4, described at the beginning of this chapter
are contained in [6].

Subclasses of functions of 4 have been studied throughout the twentieth century .
However the systematic application of linear methods to study the extreme points
and support points of subclasses is more recent . In the field of geometric function
theory it began to play an important role starting in the 1970. In this survey we hope
to convey some of the substance and flavor of the use of the linear methods in this
field.

For a given compact family  two basic problems in the application of linear
methods are:

Problem 1. Determine support points.

Problem 2. Identify geometric analytic properties of the functions in the set of
support points.

Families defined by geometric analytic conditions frequently lead to integral
representation which in turn yield a complete answer to Problem 1," determine
support points" , represented by some theorems, as we prove in section 2.

The family S itself has not yielded to such a tractable description . However some
success has been achieved in answering Problem 2 for S. In section 3 we elaborate

on these remarks.




Chapter one

Elementary properties of univalent functions

The aim of this introductory chapter is to review and gather for later reference some
- of the general principles of complex analysis which underlie the theory of univalent
functions. In many instances the statements of theorems are supported by bare

indications of a proof , or by no proof at all.

1.1 Basic Principles

Let Abe the unit disk consists of all points z € C of modulus [z| <1.Its boundary is
the unit circle, is denoted by 6A.

A function f is a complex function if its domain is a subset of a complex set. Let
z=x+iy.Then f canbe writtenas f(z)=U(x,y)+iV(x,y), where

U(x,y) =Re f(z)and V(x,y) =Im f(2)

Definition 1.1.1:

Let f be a complex function and write f(z) =U(x,y)+iV(x,y),where z=x+iy.
If z, =x, + y, is a complex number then

lim f(z) = imU(x, y)+ilimV (x, y)

22 (x.)=(%0.30) (x,)>(x0,)0)

Definition 1.1.2:

fz+h) - f(2)

A function f is differentiable at z if lim,_,, .

exists. If so, we write

[G+h)-f@)
h

f(2)=lim,_,*




Definition 1.1.3:

A complex function f is continuously differentiable on a domain D if f'(z)is
continuous on D.

Definition 1.1.4:

A complex function f isanalyticon D if f is continuously differentiable on D. In
particular f is analytic at a point z, if it is analytic in a neighborhood of z,.

Let 4 be the set of all analytic functions on D.

The following theorem is a simple application of the definition of analytic functions.
Theorem 1.1.1:

Suppose f and g are analytic on D , then

1. f+g,f—g. f.g are analyticon D.

2. if g(z)#0Vze D ,then A is analyticon D .
g

Theorem 1.1.2:

If f is differentiable on a domain D and f"(z) =0,Vz € D, then f is constant.
Proof : see[9,page 37].

Lemma 1.1.1(Schwarz's lemma):

If £(z) is analytic on Awith £(0) =0 and |f(2)| <1,Vz € A, then

/(0| <1 and |f(2)<|z| in A. Moreoverif |f'(0) =1 orif |f(z)|=|for

some z # 0 then there is a constant c, cl =1,suchthat f(z)=cz forall zin A.

Proof’ see [9,pages 130,131].



1.2 Univalent functions

Definition 1.2.1:

A complex function f(z) is said to be univalent in a domain D if for any z,,z, in
Dwith z; # z,,then f(z,)# f(z,),0rif f(z)= f(z,),then z, =2z,
Example 1.2.1 :

The identity function f(z) = z is univalent in C.

Example 1.2.2:

The function f(z) = z* is not univalent in (..

Definition 1.2.2:

A function f : D — (Cis a conformal mapping if f is analytic and univalent on D.
Theorem 1.2.1(Riemann's mapping Theorem):

Let D be a simply connected domain which is a proper subset of the complex plane.

Let z, be a given point in D .Then there is a unique function f which

maps D conformally onto the unit disk and has the properties f(z,) =0 and

arg f'(z,) = @ ,where 0 < a <27.

Proof : see[2, page 222].

We now list some simple properties of univalent functions.

Theorem 1.2.2:

Let f(z)be univalent in Athen the addition of a constant merely translates the image

domain so that f(z)+ Cis again univalent in A.

Proof :




Suppose that f(z)is univalent, let g(z) = f(z)+ C ,to show that g(z)is univalent ,
let g(z,) = g(z,),we must prove that z, = z, 50 f(z,) + C = f(z,)+C ,which
implies f(z,) = f(z,), since f(z)is univalent ,then z, = z,.

Hence g(z)is univalent.

Theorem 1.2.3:

If f'(z,)=0then f(z)is not univalent in any neighborhood of z,.

Proof:

fr(zo) o hm f(z)""f(zo) :0.

Z-)ZD Z —_— zo
There exists z such that f(z)— f(z,) = Owhere z # z,, implies that f(z) = f(z,).
Hence f(z) is not univalent in any neighborhood of z,.

Theorem 1.2.4:

Let f be analytic and univalent on A, and let g be defined by

g(z)= I%glwhere £'(0) # 0, then

¢ g isanalytic and univalent in A.
% g(0)=0and g'(0)=1.

Proof:

Clearly, g(z)is analytic.

To show that g(z)is univalent, let g(z,) = g(z,),s0

f(z)-fO) _ f(z)-1(0)
A 10

which implies that

f(z,)= f(z,),since f(z)is univalent,so z, =z,.



Hence g(z)is univalent.

Also g(0)=0 where f'(0)# 0.Now,

g'(2)= %g—%-, therefore, g'(0) =1.

Theorem 1.2.5:
Let f(z)be univalent in Athen f(z) must be a simple pole.

Proof:

Suppose f(z) has a pole of order two at 0, f(z) = g_(zz_)_ where g(z)is analytic

z

,2(0)=0.But f'(2) = 2'g'(2) ~22¢(2) = zg'(z)-2g(2)

> , which implies that
g z

2g'(z) -2g(2) =2’ f'(2) (1.2.1)

Also, g(z) = 22 f(2), so g'(z) = z* f'(z) + 22f (z) , therefore g'(0) =0, substitute by
(1.2.1) which implies that g(0) = 0 , this contradiction .

Hence f(z)must be a simple pole.

Theorem 1.2.6:

Let f(z)be univalent and w is a function analytic and univalent on the range of f,
with w(0) = 0and w'(0) =1,then g =wo f is univalent .

Proof :

To show that g(z)is univalent, let

g(z) = g(2,).50

w(f(z,)) = w(f(z,)) but wis univalent, which implies that




f(z,)=f(z,),since f isunivalent, then

z, = z,, hence g(z)is univalent.

Example 1.2.3:

The sum of two univalent functions need not be univalent .For example the functions

z(1-z)"and z(1+iz)™" are univalentin A but the sum of z(1-z)™ and z(l+iz)™
has a derivative which vanishes at ?15(1 + 1), and so the sum is not univalent in A.

Proof:
Let f(z)the sum of two functions z(1—z)"and z(1+iz)™,s0

Z Z
+

1-z 1+iz

. But

f(2)=

_(+i2)’ +(1-2)" _142iz-2" +1-2z+2  2-2(1-i)z
T -2 )" (-2)%1-iz)*)  (1-2)*(-iz)*"

1@

So f'(z) =0, which implies that z = %(l +1) .Since |z| = l%(l +i)[ <1, then, by

theorem (1.2.3), f(2) is not univalent, hence the sum of two univalent functions need
not be univalent.

Definition 1.2.3:

Let A be a set, A is called a convex set if the line segment joining any two points of
A is contained in A, that is to say, if x,,x, € A then tx, + (1-)x, € A, re[0]].

Also, we say that the function f is convex if and only if f(A)is a convex set.




Theorem 1.2.7:

Suppose that D is a convex domain, if h is analytic in D and satisfies

Reh'(z) > 0(z e D) then A is univalentin D.
This theorem special case of theorem (1.2.8).

Lemma 1.2.1:

Suppose that £ is analytic in A and satisfies Re[f'(2)/g'(2)]> 0 (|2 <1)where g is
analytic and univalent in A and g(A)is convex. Then f is univalent in A .

Proof:

Let h=fog™ and D =g(A),then 4 is analytic in the convex domain D.

h(w)=f(g"(w), weD.

Then A'(w) = b ’(g:]1 ) _ () ,
g'g"w) g

where w = g(z)

So Re{h'(w)} >0 in D. Thus A is univalent ,by theorem (1.2.7), since

f =hogand gisunivalentin A this shows that f is univalentin A .
Theorem 1.2.8(The Noshiro-Warchawski Theorem):

Suppose that for some real @ we have Re(e'® f'(z)) > 0

for all z in a convex domain D, then f(z)is univalentinD .

Proof:

Let z,and z, be any two distinct points in D .Then f(z) is defined on the linear
segment joining z, to z,,we integrate f'(z)along the line segment

L:z=z +Hz,-2), 0<t<1.Since D isconvex, Lliesin D.Now

dz = (z, — z,)d!, hence




f@)-f@) = [ @)z = [ ')z, ~2)d,

[(@)-f(z)=(2,—2)e™ | e“ f'(2)dt.
But the integral is not zero because it has a positive real part.

Hence, f(z,) # f(z,)and f(z)is univalentin D.



Chapter Two

Special families of univalent functions

In this chapter we introduce the special families of univalent functions, normalized
univalent functions, starlike functions, convex functions, close to convex functions,
Typically real functions,positive real function, and obtain similar results for these

classes.

2.1 Normalized univalent functions

Definition 2.1.1(normalized univalent functions S):

S is defined to be the set of functions that are analytic and univalent in the unit disk
and satisfy the normalization conditions f(0)=0 and f'(0)=1.

Now let f €S then, using Taylor series expansion at z =0, we have

f(2 =ianz” (|z| <1)and as a, = f(0)=0 and a, = f'(0) =1,in fact, this power
n=0

has the form f(z)=z+ia"z". (2115

n=2

Examples of functions in S :
Example 2.1.1:
Clearly the identity mapping, f(z) = z is analytic in A, univalentand £(0)=0
,f'(0) =1
so f(z)=zisinS.

Example 2.1.2:

The Koebe function k(z) = ? ,Z€A,isinS.




Proof:

To show that k(z) € S ,we must show that k(z) is analytic in A ,but this is clear,

since ze A .

Also, k(0) =0 .Now,k'(z) = (11+ ¥ , therefore, £'(0) =1
Z

It remains to show that £(z)is univalent. To do this, let
k(z,) = k(z,) so

Z Zy

(-z) (-z,)°

which implies that

(1-2)%z, =(1-2,)*z, andthus z, —2zz, +2,z, = 2, — 22,2, + 2, z, which
implies z, —z, +2,°z, — 2z, 2, = 0 and hence

(z,-2,)(1-22,)=0,but 1-2z,z, #0

so z, —z, =0,z =z, and hence k(z)is univalentin A.

Hence k(z) €S.

Example 2.1.3:
f(z)= ——, which maps A conformally onto the half — plane Re{w}>- —,isinS.

Example 2.1.4:

.
f(Z)— T 2

—1-5x<00 and —»oo<x£—-l,isinS.
) 2

10



Example 2.1.5:

7(2)=110g

(1+z)
2

a ):’ , which maps A onto the horizontal strip —z/4 < Im{w} < z/4 ,
-z

isin S.

Definition 2.1.2:

Let £ denote the set of functions that are analytic and univalentin {z:0 < |z| «] }

and have a simple pole at z =0 with the residue 1. The Laurent series expansion of a

function in X has the form

g(z)::—i?-i—ibnz" (0<lz<1). (2.1.2)

n=0

We note that the subset of £ for which g(z)#0 when 0<|z/<1 is one to one
correspondence with S through the relation f = L ;
g

Theorem 2.1.1(Area theorem):

If ge X and g has the representation (2.1.2) then

2

S b, <1.

n=|

proof: See[20, pages 2,3].

Corollary 2.1.1:

If geX and g is given by (2.1.2) then [b|<1 .Moreover, if [b,|=1 then
g(z) =1/z+b, +b,z and any function of this form belongs to £ when |b|<1 .

Proof :see[20, pages 3,4].

11




To help us constructing more examples of functions in S ,we can easily prove the

following theorem.
Theorem 2.1.2:

If f € Sand f is given by (2.1.1) then each of the following functions is also in S :

1. e™f(e®2)=z+) a,e"™z", 6 real,
n=2
2. :f(_E) = z+ZZz".
n=2

, 3 %f(tz)=z+2ant"*‘z" 1Sl
n=2

positive integer.
Proof: see[17, page 18].

Lemma 2.1.1:

1
Let f €S then the function g(z)= [f " )F belongs to S , for any natural number
N =2 3 .
Proof: see [20, page 4].

Theorem 2.1.3(De Branges' theorem):
Let f(z)eSand f(2)= z+ianz" then |an| £n for n=23,...
n=2

Proof: See[ 33, pages 24-26].

12



Theorem 2.1.4(koebe covering theorem):
The range of every function of class S contains the disk {w : |w| < %} 2

Proof: see[20, page 6].
Theorem 2.1.5( distortion theorem):

If feSand |z|<1then

d d

<|f(2) < 2.1.3
i A=y g
and
1- |I I+IZI

2.1.4
Proof:

Suppose that || <1. the function g defined by

g(@=f (lf—t_&) is analytic and univalent in A. The power series for g begins
+ iz

g(z) =b, +b,z+b,z* +......., where b, ==——
by=f(u), b =f'(mA-|u) and

=%f"(u)(l—|ﬂ12)2 T ()=,

The function (g —b,)/b, belongsto S and so theorem( 2.1.3 )implies that u

and so |b2| < 2|b]| .This coefficient inequality is equivalent to

%f”(#)(l Iy - B = |

<2 =)

13



multiply by 2, we get

) 28 ()=l <

Divided by f'(u)(1-|u]")? , we get

|
1= |

multiply by u we get

IA

-
7w

) Ml 44
7G| T

. which implies that

4w A 44
' @ 1= 1|

2H0H-2) _ ')  2Hle+2)
17 R A7) B SR 7

-2 ooty A+

< 2.1
W T - .

Therefore, inequality (2.1.5) holds whenever f € S and | ,ul <1

If u=Pe' then
4 _ et ped ) _ 1o [ H W)
aP log| f'()| = Relogf (w) =€ f o PR‘{ I ﬂ)J

so the inequality(2.1.5)is as same as

2(P-2)
1-~p*

2(P+2)
1-P2

<2 logl"(u) <

If we integrate this inequality from 0 to » we get

1-r . 1+r
og[(1 oy ] < log|f (re )] < log,[(1 o )

14




And therefore

1+r

=y

(1 > <|ftre)| <

This proves(2.1.4)
suppose that f € Sand z= re (0<r<l1) if y is the closed line segment from

0 to z then

if i@

)y

|f(2)|=

'J~ 1% r
J- P) (1—r)2

i

Here we have used the upper bound in (2.1.4).This proves the upper bound in (2.1.3)

In order to prove the lower bound in (2.1.3) suppose that f(re'’) =Re” if R> % the

inequality immediately follows; so we may assume that R < i Because of

theorem (2.1.4),if I'={w:w=te?,0<¢t <R} then f(A)>T.Hence. y = f(I')

is a curve in Awith the endpoints 0 and re'? ,using the lower bound in (2.1.4) we

find that

| (re®)| = R = [law] = [|/"(w)dud

¥

A+r)?’

’ f 1-
2 [I7 ol > [ e

Theorem 2.1.6 (Prawitz inequality):

Suppose that f €S and M(r,f)=max|zi=,|f(z)|.lf 0<r<1and p>0 then
27 P Fiaop

2 -ﬂf(reia)l dé<p M-du

2w i u

As a result of this theorem, if €S and f(z) has the power series(2.1.1),then

15




1 2z . r
Eaﬂf(re )’d&‘<i~: (0=r<l).

Proof : see[20, pages 8,9].
2.1 Starlike Functions

Definition 2.2.1:

A set D is called starlike with respect to the point wy provided that

wo +t(w- wo)e D whenever we D and 0<t < 1.

Definition 2.2.2(starlike functions S°):

A function f €S is called a starlike if the image of f is starlike with respect to 0.
Let S” be the set of all starlike functions in S.

Lemma 2.2.1:

I r €S and 0 <7 <1 then f({z:iz|<r}) is starlike with respect to 0 .

Proof: see[20, page 11].

The following theorem showes the relation between the families S and .

Theorem 2.2.1:

feS"ifand only if f €S and

R{%) >0 (7<) . 2.2.1)

Proof:
Suppose that f €S” and 0 < <1,by lemma(2.2.1), f({z:|z| <7}) is starlike and
consequently argument f(z) may be defined locally and becomes a non- decreasing

function of @ where z = re’ since

16




log f(z) =In f(z) +iarg f(z) and so

Imlog f(z) = arg f(z),if z=re" then dz = iz and therefore

—a%lmlog 1) =%argf(z),but

0 il D, _pe 7@
éTg-argf(z)—Imf(z) iz=Re 7@ >0.

The converse assertion follows from the fact (2.2.1) is precisely the assertion that the
vector f(re')turns with an increasing argument as @ increases. This implies that

D, = f({z: ‘z| < r}) is starlike for every r (0 < r <1) .Since

JA) = U D, we conclude that f(A)is starlike.

D<r<l

Example 2.2.1:

The koebe function k(z) = isin§”

Z
(1-2)?
Proof:

In example(2.1.2),we proved that k(z) is in S ,to show that k(z)is in S'.asin

theorem(2.2.1) it is enough to show that Re( z;:((‘;)J > 0. To do this
Z
1+z
k(@)=
) 1-z)}
gk(z) 1+2 © 143

4 ; =
k(z) -z (A-2)! 1-z

14z 1—Z+z—|z|2

1-2
% = 3
1=z 1-Z 1-(Z+z)+[{

2#&n9—r2+1_1+z

Let z = re'” which implies that . =
1+r°-2rcos@ 1-z

L7




zk'(z) 1-r% i
Re > 0. H k :
(k(z)J T T o o

Example 2.2.2:
3 1 ———
The function f(z) = Zlog k'(z)isin S, where k(z)is koebe function.

Theorem 2.2.2:

Let f(z) bein$’. Then

<|f(z )]

(1+ ) )

<|f'z )1

(1+ ) )

and foreach k22

@< m,,—)

Proof : see[17, page 118].

2.3 Positive real part functions

Definition 2.3.1 (positive real part functions):

Let @denote the set of functions p that are analytic in Aand satisfy
Rep(z)>0 (|4<1) and p(0)=1.

This family is directly related to S’ and to several other classes of univalent

functions.

Example 2.3.1:
. 14z N pe -
The function p(z) = " =1 +222 isin®.
-z

n=|

proof:

18




To show that p(z) € ® we must show that p(0)=1 and Re p(z) > 0. clearly, from
the definition of p(z), p(0) =1 .Also, Re p(z) > 0, we proved that as in
example(2.2.1).

Hence p(z)e @

To construct more examples of functions in ®, we can use the following theorem.
Theorem 2.3.1:

Suppose that f(z), f,(z) and f,(z) are in @ then the function g(z) is also in @,
where:

1. g(z)= f(e'"z), where @ is any real number.

2. g@)=[f@],or g(2)= f(tz) ~1<1<1
3. g(@=1/f(2)

4. g@)=[HI'ALG@] 0<t,t,, t+t, <1
5 g(z):-l—[f(z+j')—bi:l if f(A)=a+bi, |]<1
’ a 1+ A4z
b glz)= f_(zﬂ where b is real.
1+ibf(2)
Theorem 2.3.2:

Let f(z)bein ®and z =re" then

1+r

1-r

1
1

T <|f )<
+r

and

2
¥

s g
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Equality occurs for suitable z if and only if f(z) = p(e”’z) ,where p(z) = s ]

Proof : see[17, pages 82,83].

Are there any relations between the class @ and the univalent functions?.The

following theorem gives us some idea.

Theorem 2.3.3:

Let f'(z)bein @ then f(z)is univalentin A.

Proof:

Clearly, from the definition of @ . AlsoRe f'(z) > 0 , using theorem (1.2.8).Hence
f(z)is univalentin A.

Example 2.3.2:

Let f(z) =-z-2In(l - z) then f'(z) = —— ,but in example(2.3.1),we showed that

f'(z) e ® so f(z)is univalent in A.

Theorem 2.3.4:
Let pe ®and p(z) = 1+ipnz" (2 <1) then |p,|<2 for n=12.......
n=1

Proof:
The function ¢ =(p—1)/(p+1) is analyticin A ,

lp(2)| <1 (| <D

1+ P2 —1
a-nd ¢(Z)_ ; p12+P22 Fswsse -
l+zpz +1 2EPEF Pt Fosinsns

4(0)=0.

20



Therefore ¢(z) = zw(z) where w is analyticin A and |w(z)| <1 .This implies that
[w(0)| <1 and since

#(2) N p(z)-1 i DiZ+ Dyz +...
z  zZ(p(2)+1) 2z+pzt+p,2°+...

w(z) =

_Z, DitpPitac.
zZ 24+ pz+ P27+

w(0) = % , P, = 2w(0) which implies that |p,| =[2w(0)| <2 is proved for n =1the

only functions with | P1| =2 are givenby p(z) =(1+xz)/(1-xz) where |x| ]

Now suppose that #>2 and y = e™" , the function g defined by

q(0)=—1~[1+1+1+ ...... ]=£=1 and Reg(z) >0
n n
Also, g has the form ¢(z) =s(z") where s is analytic in A, since

) :%[p(yz)+p(yzz)+p(y’z)+....p(y"z)]=q(z)

if we write s(z) =1+s,z+5,2z° +.....then

s, =p, since se® theinequality |s;,|<2—|p,|<2

the only function with [p,,l =2 are given by p(z) = -iii =1+ Z 2z" .
-z =

Theorem 2.3.5:

Let £ €S’ and f(z)=z+ia,,z” (|z|<1) then

n=2

a,|<nfor n=23,......

Proof:

2]




if feS then pe®, where p(z)x:}f—'((z)l=l+ipnz" (J4 <1
Z n=1

By equating coefficients of the power series in the relation zf'(z) = f(z)p(z) ,

where

@
Z'(2)=z2 +Znanz" =z+2a,z" +3a,2° +...... and
n=2

f@p@)=0+pz+p,2° +...)z+a,2" +a,2° +......)
we conclude that

2a,=a, +p, ,S0 a, = p, and , in general, for n> 2,
2 2 1 2 1 g

(n-1a,=a,,p,+a,,p,+..+a,p, , +p, .

With n =1, Theorem(2.3.4)implies that |a2] £ 2.

Theorem (2.3.4) and an inductive argument complete the proof, since

(n=Dla,| < (n-12+(n-2)2+....+22+2=(n-Dn

Hence |a,,| =

We also note that if |a,,| = nfor a given nthe argument shows that |a,|=2 from
which we conclude that f(z) = z/(1-xz)* ([x|=1).

2.4 Convex Functions

Definition 2.4.1(convex functions K):
Let K denote the subset of S consisting of functions f for which f(A) is a convex

set.

Since each convex set is starlike with respect to the origin, we see that K< S

Lemma 2.4.1:

If f eKand 0<t<I then f({z: |z| <r}) is a convex set.
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Proof: see[20, page 14].

The following theorem showes the relation between the families S and K.
Theorem 2.4.1:

f eKifand only if f €S and

Re(%z)—)+l)>0 (74 <1). (2.4.1)

proof:

Suppose that f eK and 0 <r <1.By lemma 2.4.1, f({z :|z| < r})is convex and
thus the angle of the tangent to the curve w = f(re’®), 0<@<2z,isanon
decreasing function of @. This is the same as
i{arg f(2)}20-> —a—{arg izf'(z)} 2 0 Therefore
06 00
logizf'(z) = Inizf'(z) + iargizf'(z) and so

Im{logizf'(z) = argizf'(z)

8 i B -
Tl gizf'(z) = aalmlog[IZf (2)

N Im[f[zf'(Z) + f’(Z)]iZ]
izf'(2)

—miZL P iy =Re(ﬂl+l) >0
f(2) f(2)

The converse result is a consequence of K< S and the fact (2.4.1) is the assertion

that the curve w= f(re'’),0 <@ < 2z, is locally convex. Since f({z: |z{ <r})is

convex for every r (0 <r <1) we conclude that f(A)is convex.

To make the family more clear, we give the following example.
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Example 2.4.1:
The function f(z) = li is in K.
4

proof:

f(z) belongs to S (example 2.1.3).To show that f(z)is inK ,as in theorem (2.4.1),
it is enough to show that Re(———= ; (( )) +1)>0. But

1

Flllm—

St
f (‘Z)_(l_z)3 » SO

Zf' (2) ] 1+ ,in example (2.2.1) we show that Re( ) >0.
1) l-z s
Hence , f(z) isinK .

Example 2.4.2:

z
a-z)*"

The function f(z) = %log[k(z)/z] is in K, where k(z) =
Proof:

By using theorem(2.4.1) we must show that f(z)isin S and Re[ ; (( )) ] >0,
Z

J(z)= %log[k(z)/ z] =-log(l-z), but it is clear that f(z)is analytic in A.

Also £(0)=0. Now f'(z):l—l-—,therefore £10)=1.
-z
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1

=

It remains to show that f(z) is univalent and Re[if—(zl + 1} >0,but f'(z) = :

'(2)

Zf"(Z)H:_l_
f'(2) l=g

, SO

e i
a‘nd f (Z)_(I“Z)z

1-z

= -, let z = re'® which implies that
1+(Z+2)+|7]

1-rcos@ +irsind 1

1+r? —2rcosé

L aC Y
f(2 1+r° —2rcos@

Now, we prove that f(z)is univalent, by using theorem 2.3.3, f'(z) = 1—1— isin @,

f'(0)=1and Re f'(z) >0, then f(z)is univalent.
Hence, f(z)isinK.
The following theorem shows the relation between the families K and S'.
Theorem 2.4.2:
f eKifand only if g €S” where g(z) = z/'(2).
Proof:
Suppose that f €K ,to show that g(z)is in S’ ,where g(z) = zf'(z), we must
prove that g(z)isin S (by theorem 2.2.1), but it is clear that g(z)is analytic in
A.
Also ,g(0)=0
And g'(z) =zf"(2)+ f'(z) , therefore g'(0) =1

It remains to show that g(z)is univalent and Re (zg_(z)) >0

e




') _ 2/ @+ o' _ o)
£(2) 7'(2) £@

+1.Since

f €K therefore, by theorem (2.4.1) Re (Zf (2) +1)>0,s0 Re(zg (Z)
f'(2) g(z)

But Re(Z?)) = Re(E 2 (z))>0 by lemma(1.2.1), g(z) is univalent, since
g(2) f'(2)

f(z)is univalent .
Hence g(z) e B

Conversely,

Suppose that g(z) S ,where g(z) = zf'(z) ,to show that f(z)is in K, we must
prove that f(z)isin S, by theorem(2.4.1),but it is clear that f(z)is analytic in

A

Also, f'(z) ==~ g(z) —1+Za z"" therefore f'(0)=1.

n=2

And f(z)= Z+Za 27

n=2

Therefore f(0)=0.

It remains to show that f(z)is univalent and Re [%Z)—) +1]>0
z

m +1= £@) since g(z) €S ,therefore by theorem (2.2.1) Re( z8'(2) 50
f(2) 2(2) a0x)

S0, Re[@ﬂ] 24
f(@)

But Re( g(())) Re (f, 2‘2) £(2)is univalent.
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Theorem 2.4.3:

Let f €K and f(z)=z+ianz" (2] <1) then |a,| <1 for n=23,......

n=2
Proof:

By theorem(2.4.2), g €S where

g(2)=zf'(2)=z+ inanz" (]z| %1%

n=2

Theorem (2.3.5) implies that

|a,| =1 are given f(z) = z/(1-xz) where |x|=1.

Theorem 2.4.4:
The range of every function of class K. contains the disk {w :|w| < %} ;

Proof: see[20, page 16].
Theorem 2.4.5:

If f eKand |z/<1, then

_El_gif(z)lg_l_z_l._
1+|z 1-|z|

and

<|f'(z)<

(1+| b? (- ||) '

Proof: see[20, pages 16,17].
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2.5 Close to convex Functions

Definition 2.5.1(close to convex function CL):

Let CL denote the set of functions f that are analytic in A, satisfy f(0) =0 and

f'(0) =1 and have the property that given f there exist a real number « and a

function g in K so that Re(—-.f—(—zz—)>0 . (2 <1) and |o| < o,

Example 2.5.1:

z——l(x+y)z2

The functi =
e function f(z) =32

isin CL,

where x| =1 and |y|=1 and g(z)= iy
1-yz
Proof:

'@ =0=x2)/0-y2)" andif g(z) =1 then ﬁg 3 —

If y# x then w=(1-xz)/(1- yz) maps A onto a half plane containing w = O on its

boundary and thus there is a real number a so that Re(e™“w) > 0 when [zl <1.

Therefore Re[ f'(z)/e g'(z) >0 (|z| <1)and since g €K this shows that f eCL.
In the case y =x, f(z) =z/(l-xz)and so f €CL as KcCL . Thus, in general, the
functions f(z)belong to CL (when [x| =|y| =1).

Theorem 2.5.1:

Let fe CL and f(z):z+ianz" (}z|<])then

n=2

a,|<n forn=23,.......

Proof:
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If f eCL then there is a function g in K and a real number « such that

Re[f'(2)/e“g'(2)]1>0 (2| <1).1f

I %, .
1) = iy~ 2

then the function

z)+isina = n
p(z)= 20y 5
cosa —

belongs to @ ,since

e’ +isina _cosa—isina+isina _
cosa cosa

1

r(0)=
and Re p(z) =l(£)—> 0,
cosa

By equating coefficient of the power series in the relation

p(z)cosa = q(z)+isina where

p(2)=1+) p,z" and g(z)=) q,z"

n=1 n=0
we conclude that

q,z" =cosap,z"

g, =(cosa)p, (n=1.2,....).Theorem(2.3.4) implies that |p,| <2 , so

al<lpls2 (=12...) 2.5.1)
if g(z)=z+ ibnz” (|7 <1) then theorem (2.4.3) asserts that
n=2

b

<l (m=23,...) ey

n

As g, =e ' the relation f'(z)=¢"g'(z)q(z)  where
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fl@=1+Y na,z"" , g'(z)=1+).nb,z"" and
=2 n=2

a(z)=).q,z" implies that

n=0
na, = e [nbne“"" +(n-1b, ,q, +(n—-2)b, ,q, +.....+2b,q, , +q,,]

applying (2.5.1) and (2.5.2) to this equality we find that

na,| < b, |+ (= D|b, @ |+ (n = 2)B, s ] g,| + ... + 2lb, +|g,4|

dn-2
<n+(m-1)2+n-2)2+...4+22+2=n"

|na,,| <n?

Therefore |a,,| sh for n=l.

Theorem 2.5.2:
Every close to convex function is univalent.

Proof :

(2

If f isclose to convex, then Re{ :
g'(2)

) >0 , for some convex function g .Let

Dbe the range of g and the consider the function #(w)= f(g~' (w)), we D .

Then

/'@ w _ 1)
g'g'w g'@

B (w) =

Re(A'(w)) >0 in D .Thus his univalent , by Theorem(1.2.8), and so f is

univalent.
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2.6 Typically real part functions

Definition 2.6.1:

Let Sg denote the subset of functions f inthe set S such that f(z) is real when zis
real.

Definition 2.6.2:

Let S’y denote the subset of S consisting of functions with real coefficients .

Definition 2.6.3:
Let ®g denote the subset of ®@of functions p such that p(z)is real when z is real.
(4 <D).
Definition 2.6.4(Typically real part) :
Let T denote the set of functions that are analytic in A, normalized by f(0)=0 and
£'(0)=1 and satisfy f(z) is real if and only if z is real (|z| <1).
Facts:
¢ f(2)eT isreal when z isreal.
% If f(z) eT, then f(A)is symmetric with respect to the real axis.
% SpcT.

The following lemma showes the relation between the families Typically real part

and positive real part.
Lemma 2.6.1:
f €T ifand only if there is a function p in ®g so that

zZ

1=

f(2)= P (|g<D).
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Proof: see[20, page 20].

As a fact of lemma we introduce the fact , If f(z) €T, then (Imz)[Im f(z)]=0.
(|4 <1).
Example 2.6.1:
The function f(z)=z+2z’ isinT
Proof:
To show that f(z)isin T, as in lemma(2.6.1) ,we must prove that p is in &, where
2

= ;that is, we must show that p(0) =1and Re p(z) > Oand

p(z) = f(2)

z

p(z)is real when z is real, clearly from the definition of p(z), p(0)=1.

"% and therefore,

To show that Re p(z) > 0,let z=re"’so p(z)=1-r'e
Re p(z)=1-r*cos48 >0, (since r <1).

It remains to show that p(z) is real when z isreal, since z =z, so p(z) = p(2)
p(Z) =1-r* cos46 +ir* sin40 = p(z) ,that is , p(z) = p(z) which proves that

p(z)is real when zisreal. Hence f(z)eT.

Example 2.6.2:

z 1-2°
————— isin T ,where = s X =1
(- x)1-52) P& = = i

The function f(z)=

Theorem 2. 6.1 :

Let f eTand f(z)=z+ ianz" (|2 <1) then |a,|<n for n=23,.....
n=2

Proof:
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2 ]
Let p(z) = . filz)= anz" , then by lemma(2.6.1) , p € @. In particular,
z n=0

p € ®and so theorem(2.3.4) implies that |p,| <2 n=12,..)

By equating coefficient of the power series in the relation

p(z)=(1- zz)f—gz)— where p(z)= ipnz" and f(z)= z+i:aﬂz'1
n=0

n=2

we conclude that
p(2)=(1-2")1+) a,z"")
n=2
p(2)=1+a,z+(a, —1)z° +(a, —a,)z’ + e, +(a,—a,,)z

|pn—ll =Ian -an-2| Sz

To show that |a,,[ < n, we use mathematical induction. Since a, =1 then |a1| 1.

Now suppose |a,| <k, then
laea| =@ — a4 +a,,|<l|ag, —a, | +la|<2+k-1=k+1

<n, Vn

Hence , |a,
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Chapter Three

Subordination and Linear topological spaces.

In the first part of this chapter we introduce the concept of subordination between
pairs of analytic functions and prove some initial facts about subordination.
In the second part of this chapter we discuss the linear topological structure of the

set of analytic functions.

Finally, we identify the closed convex hulls and the extreme points of the sets
S‘,K,C and T, in the remaining of this chapter.

3.1 Subordination

Definition 3.1.1(Subordination):

Suppose that the functions f/ and g are analytic inA. We say that [ is

subordinate to g inA if there exists a function ¢ analytic in A such that
¢(0)=0,

#(2) <1, (2| <D and f(2)=g(4(2)), (2<1).

The subordination relation shall be denoted by f < g.

Note:

Let B denote the set of functions @ that are analytic in A and satisfy
()| <1, (2<D).

Let B, denote the subset of B of functions ¢ which additionally satisfy
#(0) = 0 ,that is , B, consists of functions satisfying Schwarz's lemma.

Note that @ € B if and only if ¢ € B, where ¢(z) = zw(z).
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Example 3.1.1:

Let f(z)=z" and g(z)=z. Then f < g.

Let ¢(z) = z" .clearly, f(z) and g(z) are analyticin A, and
f(2) = g(#(2)) = ¢(z) = z" ,but ¢(z) is analytic in A and $(0)=0,s0 f <g.
Example 3.1.2:

Let f(z)=z"and g(z)=z* then f<g.
Letp(z) = z" .clearly, f(z) and g(z) are analytic in A,and
f(2) = g(¢(2)) = (¢(2))* = z*", butg(z) is analytic in A and $(0)=0,s0
F48
Theorem 3.1.1:
suppose that f and g are analytic in Aand g is univalent. If £(0)= g(0) and
f(A)c g(A) then £ is subordinate to g in A.
Proof:
Define ¢ by ¢ =g o f. Since gis pnivalentand f(A)c g(A),d is well

defined and analytic in A. Also,

@¢(2)| <1 when |z| <1 and
#(0)= g7 (f(0)) = g7 (g(0)) = 0. Therefore f is subordinate to gisin A.
Theorem 3.1.2:

Let f <g in A and 0<r <1, then
|7'(0)| <|g'(0)] and (3.1.1)

f{z|d<rDcglz:|d<r). i 1.9)
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Proof:

F(2)=g(4(z)) implies that £'(0) = g'(0)4'(0) .Since |¢(2)| <1when
|2 <1we conclude that |¢'(0)[ <1 .
Hence |£(0)| <g'(0)] -
Suppose that |z| < 7 and ¢ = ¢(z) . Then by Schwarz's lemma,
lK1=#(2)| < || < r.since £(z) = g(¢) this show that (3.1.2) is valid.
Theorem 3.1.3:

Let f<ginA,O0<r<land A>0,then

A

1 2z » 1 2x . i
— ||f(re™)| dO8 <— |lg(re’®)| db.
2z ,;” 2r J] |

The special case of Theorem (3.1.3) with A =2 asserts that

e 2 e
Zlanl 2 SZIbnl r,

n=0 n=0
Where f(z) = i a,z" and g(z) = ibnz" (4 <D
n=0 n=0

proof: see[20, pages 25-27].

Theorem 3.1.4:

Let f<g.f(2) =ianz" and g(z)‘—“ibnz" ’ (Iz[ <1), then

N s o
dla] <X ®N=0,12,.......).
n=0

n=0
proof:

If f=go¢ where ¢ B, then
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F@) =3 a,2" = g¢@) = S b =Y b + Se,2"
n=0 n=0 n=0

n=N+1

for suitable ¢, .Since ¢(0) = 0. Therefore

N © N
Z a,z" + Zd"z" = Z b,[#(2)]" for suitable d, . Since the function on the right

n=0 n=N+l n=0

N
hand side of this equality is subordinate to Z b,z" an application of theorem
n=0

(3.1.3) in the case A =2 shows thatif 0 <r <1 then

N 2 w0 2
Sl 7 + Sl [r <3| #. Therefore
n=0

n=0 n=N+1

N 2 N 2
Z an| pre Sz|bn| r¥"  forevery r (0 <r<1).

n=0 n=0

Letting r — 1 we obtain the desired result.
Theorem 3.1.5:

Let f €S and g , h are defined by g(z) ——~ﬂ2 and h(z)=1/(1-z)*, then

z
g=<h.

Proof: see[20, page 37].

As we know in theorem (2.4.2) then we can prove the following corollary.

Corollary 3.1.1:

Let f eKand h(z)=1/(1-2)" ,then f'<h..
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3.2 The linear topological structure of the set of analytic functions.
We begin by recalling certain simple facts about 4={ f : f is analyticin A}, Aisa

vector space over the set of complex numbers C,with the usual definitions of
addition and scalar multiplication for functions .

The topology on A is defined in the following way. Let {r, } be a sequence of real
numbers so that 0 <r, <1 and r, - 1.If f € Athen define

"f ",, = max{]f (Z)| 3|Z| =r,} . Now let P be defined by

&1 V-sk
PO Lo -4,

whenever f and g belong to 1,

then P is a metric on 4. Moreover, a sequence { f, }in 4 converges to f in the
metric P if and only if { £, } converges to f uniformly on each compact subset of
A, which we denote by f, = f.

Definition 3.2.1(Normal families):

A family F of functions analytic in a domain D ,contained in 1, is called a normal
family if every sequence of functions f, belong to #has a subsequence which

converges uniformly on each compact subset of D .
Definition 3.2.2:

A family & of functions analytic in a domain D ,is said to be uniformly bounded in D

if there is an M > 0 such that for every fin & and every zin D

|f(z)|SM.
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Also, the family ¥ is said to be locally uniformly bounded in D if each point z,in D
has a neighborhood N in which # is uniformly bounded on it.

Example 3.2.1:

If Dis the unitdisk and ¥ is the set of functions

£, (2) =1/(z—€'*), a real, then Fis not uniformly bounded, but  is locally
uniformly bounded.

Definition 3.2.3:

A family of functions ¥is said to be compact if every convergent sequence of
functions from ¥ converges to a function that is also in 7.

Theorem 3.2.1 (Montel' s theorem):

Every locally bounded family of analytic functions is normal.
Proof : see[13, pages 7-8].
Note the converse of Montel' s theorem is also true.

Theorem 3.2.2:

Every normal family is locally bounded.

Proof : see[ 13, pages8-9].

The following theorems can be found in [ 19 ] and give some properties of the
family 4.

Theorem 3.2.3 (Hurwitz theorem):

Let f, be analytic and univalent in a domain D, and suppose f,(z) = f(z)as
n — oo ,uniformly on each compact subset of D, then f is either univalent or

constantin D .
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Theorem 3.2.4:

If {f, ()} is sequence of functions from S that converges in any disk |z| < r, where
0 < r <1, then the limit function is also in S .
Theorem 3.2.5:

A family  contained in A is compact if and only if is closed and locally uniformly
bounded.

Theorem 3.2.6:

Let £, be analytic in a domain D, and suppose f,(z) > f(z)as n — =,
uniformly on compact subsets of D, then f is analytic in a domain D.
Theorem 3.2.7:

The families S,S™,K,CL,® and T are compact subsets of 4.

Proof:

To prove that any of these set compact, we must show that set is locally uniformly
bounded and closed, by theorem(3.2.5).

Here , we prove S is compact, if f €S then (2.1.3) implies that S is locally
uniformly bounded , suppose that f, eSand f, - f we want to prove f belongs
in S .By theorem(3.2.3) either f is univalent or f is constant, f cannot be constant
since lim,_,_ £/(0)= f'(0) =1, hence fis univalent, and so lim,,,, f(0)=f(0)=0
and so f is analytic , by theorem (3.2.6).Hence f belongsto S .

We next consider the family @, if p € @ then (theorem 2.3.2) implies that @ is

locally uniformly bounded, suppose that p, € @ and p, — p It clearly follows that

Re p(z)2 0 (2| <1).If there is a number zyso that Re p(z,) = 0 and |z,| <1 then the
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Finally, If f €T then by lemma 2.6.1 f(z) =[z/(1-z*)]p(z) where p € Pg.In
particular, p € ®and so |p(z)| < (1+|2])/(1-|2)) from which we obtain

\ f (z)i < |z| / (1- Iz])2 . The family T is locally uniformly bounded.

Suppose that f, € Tand f, = f .Since (Imz)[Im £, (z)] 2 0 when

|z| <1 (n=1,2,....), we see that (Imz)[Im f(z)] =0 (|z| <1). Also, the
normalizations f,(0)=0 and £,(0) =1imply that f(0)=0and f'(0)=1and so
FEL

Definition 3.2.4:

A functional defined on a family of functions 4 is a function whose domain is 4 and

whose range is some subset of the set of all complex numbers. The functional is

usually denoted by J and its value at f is J(f). If the range of J is a subset of the
real number, then J is called a real-valued functional.
Definition 3.2.5:

A functional J is linear if for every complex numbers A, 4 and every f,gin A

I f+ugl=aJf]+uJlg]

Definition 3.2.6:

A real-valued functional is convex if for every #in [O,l] and every f,gin 4

Il +a-nglswls]+a-0Jg}

Definition 3.2.7:

A functional J is said to be a continuous functional on 17 if for every sequence

A }of functions in 4 that converges to an f in 4, we have
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limJ[£,]= {7} so J[1,]> JI7].

Example 3.2.2:

< 1), for each fixed value of n the
functional J [ T ] =a, is continuous on 4 .

suppose that f, = f, fi(z) = Za z" and f(2)= Za z" we need to show that

n=0

a' —>a,as k> , byCauchy'sformulaon |z[=r

5@, PACNS (Z)
% 27’[1 |zi.—[r z""" - z|'—[r
g e, PRI ) n=012,.
27,7, z
and thus
k 1
a, —a,|s ;Tmaxlfk (2)- f(2)

since f, — £ uniformly on {z:|| <r, max|f, (2)— f(2)| >0 as k>

thus @, = a, as k - . Hence J(f)=a, is continuous.

Example 3.2.3:

Let f €A, define J(f)= f(")(zo)

where z, and nare fixed (|z,| <1 and nis a non negative integer).clearly, J is a

continuous functional.
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Example 3.2.4:
1 2 A
Define J(f)=— J'] f(re”)| do
2% 3

where f €4,0<r<1 and A >0, clearly, J is continuous functional.
Theorem 3.2.8: |

Let ¥ be a compact subset of 4 and let J be a complex-valued continuous
functional on 1 ,there exists a function F in F so that

ReJ(f)<ReJ(F) forall fin & (G2.1)
Also there is a function G in ¥ so that

MO forall fin % (32.2)
proof:

Suppose M = Max{Re J(f): f € F }and so M < «.There exists a sequence { Ll }so
that f, € ¥ and Re J(f,) > M.By Montel's theorem, the local uniform
boundedness of ¥ implies that there is a convergent subsequence{ f,, } of {f,}.If

F =lim,__ f,, then F e ¥ because Fis closed .The continuity of J implies that
J(f,,) = J(F)as k — o .Therefore Re J(f,,) = ReJ(F) = M.This prove that

M < wand that (3.2.1) holds.

The proof of (3.2.2) is similar, ending with the fact that J(f,,) — J(G) implies that

V() =G

Theorem 3.2.9:
Let J be a complex- valued continuous linear functional on 1 . Then

(1) there is a sequence {bn} of complex numbers satisfying
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1

lim(b )" <1  and such that

b,

J(f)= ibnan where f €4 and
n=0

f(2)= ianz" (|z| £11).

(2) there is a complex valued regular Borel measure A supported on a compact
subset of A such that J(f) = L f(2)dA (z) for f €A
Conversely any such sequence or any such measure defines a continuous linear
functional on 4 according to the formula in (1) and (2).
Proof: see[20, pages 42,43].

3.3 Extreme points of some class of univalent functions.
Definition 3.3.1:
The line segment L[f, g] joining f and gina vector space is the set of all
points 4 of the form ~A=1f +(1-t)g for which 0 <#<1. The points f and g
are the end points of L[f, g].The point A is an interior point of L[f.g] if
D=t«l.
Definition 3.3.2:
Let X be alinear topological space and suppose thata set U in X is convex if
for every pair points f,gin U, the set L[f, g] isalsoin U .
Definition 3.3.3:

The closed convex hull (or cover) of a set U is the smallest closed convex set

that contains U , we denote this set by HU the closed hull of U .
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The convex hull of U consists of all elements of the form Z::1 t,u, where
u, €U, 1,20 and Y, =1, with variable n.

Definition 3.3.4:

A point fina convex set U is called an extreme point of U if it has no
representation of the form

=t +(1‘—r)f2 with 0 <t <1

as a proper convex combination of two distinct points f; and f, in U .The set of
all extreme points of U denoted by EU .

Theorem 3.3.1( Krein-Milman theorem): .

Let U be a compact convex set in a locally convex topological vector space X .

ThenU is the closed convex hull of its extreme points. In symbols U = HEU .

Theorem 3.3.2:
Let 4 be a locally convex linear topological space and let #be a compact subset
of 4.
% If ¥is non —empty then E¥is non-empty.
< HEF=HF
< If HFis compact then EHFcC F.
Proof: see[20, page 44].
Theorem 3.3.3:
Let Fbe a compact subset of 7 and let J be a complex- valued continuous
functional on 4.

then max{ReJ(f): f e HF } =max{ReJ(f): f € F }=max{ReJ(f): f € EHF)
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proof: see[20, pages 44,45].
Theorem 3.3.4:
Let Fbe a compact subset of 2 and letJ be a real-valued , continuous, convex
functional on H € Then,
max{J(f):f eHF } =max{J(f): f e F}=max{J(f): f e EHF }.
Proof : see[20, page 45].
The following theorems can be found in [31] and will be given without proof as

an examples of an extreme points of some class of univalent functions.
Theorem 3.3.5:

The set of extreme points of @ consists of the functions

p(2)= T here I =1.
1-xz
Theorem 3.3.6:

The set of extreme points of T consists of the functions

z
= — = d = .
f(2) - (-%2) where |x| 1 andlmx 20
Corollary 3.3.1:

HSg= HS"r=T and EHSR=EHS r=ET.
Theorem 3.3.7:

HS' consists of all functions represented by the formula

z
(1-x2)?

f@= | dp(x)

E:i:l
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where u € A . Also, EHS' consists of the Koebe functions

Z

f(Z) = (1-1'2)2

where |x| =il..

Theorem 3.3.8:

HK consists of all functions represented by the formula

f@= [ ——du(x)
X.

|x|=l
where u € A .Also, EHK consists of the functions f(z) = % where ]x] =1
— XZ

Theorem 3.3.9:

HCL consists of the functions represented by

z-l(x+y)z:z

(1-yz)’

f@=| du(x,)
R

where u varies over the probability measures on R = 6Ax 6A. EHCL consists

of the functions defined by
1 2
z——(x+y)z
i
(1-y2)’

where |x| =1, |)|=1 andx =y.
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Chapter Four

Support points of several classes

In this chapter we identify the support points of & S*,K,CL and T .

In the first part of this chapter, we will prove that, for each of the families K.S'.Se
and CL, a support point is necessarily an extreme point of the families closed convex
hull.

In the second part of this chapter we consider the classes of functions analyfic in

A and subordinate to a fixed analytic function F.

Later in the chapter we describe some facts related to supp S.

4.1 Introduction
Let A={ze(C :|z| <1} and let 4 denote the set of functions analytic in A ,as we

showed in chapter three, then 4 is a locally convex linear topological space with
respect to the topology given by uniform convergence on compact subsets of A.By a

continuous linear functional on 4 we mean a complex- valued functional defined on

A that is linear and continuous . Also, if f,e A [ s = A— ) and
f,, = [ ,uniformly on compact subset, then J(f,) = J(f), for each continuous

linear functional J on 4. Theorem (3.2.9) shows that J is given by a sequence {b”}

(n=0,,.....) which satisfies lim,,_,_ "1/|b"| <1 and

J(H)= ianbn where f(z)=ianz" (|| <1).
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Definition 4.1.1:

A function f is called a support point of a compact subset F of 2 if f € Fand if
there is a continuous, linear functional J on 4 so that Re .J is non constant on F
and ReJ(f)=max{ReJ(g):geF}. or

ReJ(g)<ReJ(f) forallge F .

Example 4.1.1:
Let f(z)= q _zz)z . Clearly f(z)eS".

As in theorem (3.2.7), S'is compact subset of 4.

Define J on S'by J(g)=a, where g(z)= Zanz" . Clearly ,J is continuous linear
=0

functional on 8" but f(z) = nz" ;50 ReJ(f)=n but Re(J(g))=Rea, <|a,

n=1

|

By theorem (2.3.5).|a,| <n=ReJ(f).

Hence ReJ(g) <ReJ(f) forall geS§’.

Therefore, f is a support of S’

We begin by pointing out some general relationships between support points of F
and extreme pqints of closed convex hull of F whenever Fis a compact subset of 4.

Theorem 4.1.1:

If ¥ is compact then:

1. FcHsupp F

2. HF=H supp ¥

3. EHFcsupp F
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4. HF =H(suppF n EHF)
Proof:
1. We start by proving that ¥ cH supp F.

On the contrary, suppose that there is an element f of Fsuch that / ¢H supp,
since H supp s the intersection of all closed convex sets containing supp F, there
exists a closed convex set B such that supp F— B and f ¢ B . A basic separation

theorem applied to the two sets B and {f} implies that there exists a continuous
linear functional J such that ReJ(g)<ReJ(f)—¢& (&>0)whenever g e B.

In particular , this implies that max ge # ReJ(g) = Re J(h) for some h in supp F
Which contradicts Re J(h) < Re J(f) for some A in B ,since f € H suppF.

Therefore , ¥ cH supp F.

2. we want to prove HF=H supp ¥

since F — H supp F, it follows that H ¥ c H supp F=H supp ¥

Also supp Fc F and so supp F < F and then H supp FcHEF.

Therefore ,we conclude that HF=H supp .

3. we want to prove EHFc supp F

Suppose that f e EHF. As HF=H supp ¥ this implies that / € EH supp %, since

supp Fis compact, so by theorem (3.3.2) if Hsupp ¥ is compact implies that

EH supp FcsuppFandso f esupp F. Therefore,
EH¥csupp F.

4. In order to prove that HF = H(suppZF n EH®F),
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we first prove that ¥ < H(suppF n EHF)

On the contrary, suppose that there is an element f of F so that

f & H(suppF n EHF). Since H(suppF n EH) is the intersection of all closed,
convex sets containing ( suppF N EHF),there exists a closed convex set B such
that (suppF N EHF) c B and f ¢ B.A basic separation theorem applied to the
two sets B and {f} suchthat ReJ(g)<ReJ(f)—¢ (&>0)whenever ge B.In
particular, this implies that max ; e ¥ReJ(g) =max g e eur ReJ(g) =Re J (h) for
some A in suppF N EHE. This contradicts Re J(#) <ReJ(f) and so that we
conclude that F<H(suppF n EH®).

Since H Fc H(supp¥F n EHP).

Conversely, since supp Fc F and EHFc F we have

Supp F "EHF c F and so H (supp F "EHF) cHF .

Consequently, HF=H ( Supp ¥ " EH®).

The next two lemmas have a number of applications and, in particular, will be used

to describe the support points of several families.

Lemma 4.1.1:

Let f be analytic functions in A . If f(e'’) lies on a line for infinitely many values
of @ in [0,27) then f is constant.

Proof:

We may assume that the given line is the imaginary axis. If g(z) = %[ f(2)+ /7))
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then g is analytic in a neighbourhood of the unit circle and g(e'”) = Re f(e'’) for
6 in [0,27).Hence g vanishes on an infinite set with a limit point in its domain of
analyticity .Therefore g vanishes identically, and in particular Re f (€')=0 forall
6 in [0,277). But then Re f(z) =0 when |z| <1 by the maximum and minimum
principle for harmonic functions. Hence f is constant.

Lemma 4.1.2:

Let B any finite set of points on the unit circle. There is a function F analyﬁc on A
such that Re F(z) >0 when z € A and Re F(z)=0 only for z inB.

Proof:

| i R - x,, be m distinct points on the unit circle. Define the complex

numbers e by

ﬁ(e"’ -x e -%,)= icje‘js y

k=1 j=—m

Since

L ] % a o (2]
50 o _ z— -ij
che Zc,-e ;€

J=—m J=—m J=—m

we get ¢, =, and ¢, isreal. IfF(z)= c, 12 chzf then
=1

Re F(e'" )= —; [F(e"’) + F(e“’)]
:%lico +2) ce” 4y + 225112’"’3]

_,|'=| j:]

m m 0
= . o0 ol
cﬂ+_5_cj.e +§cje
J= J=l
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J=l J=—m
m 0 m . )
= che'f = H(e'a -x, )e -X,)
J=—m k=1
= 2
S i9
= TT[e” - x|

This shows thatRe F(e'’) > 0 and thus Re F(z) > 0 for |z| <1.Also ,Re F(z) can be
zero only on |z| =1 and therefore only at e’ =x,  (n=12,...m).
Lemma 4.1.3:

Let G be defined by G = {f € F :Re(J(f)) = Re(J(f,))} ,where f,(z)1is a support

point of F', then G is convex, £ G c EF ,and
G={feF:f(®)=).2,f(2.4,20,) 4, =1, f,(2) e EG}.
k=1 k=1

Proof: see[10, pages 103-111].

Lemma 4.1.4:

Let J be a continuous ,linear functional on 4 .ReJ is constant on @ if and only if

has the form
J(f)=a f(0) (4.1.1)

where f €_4and o is a complex constant .

Proof:
If J is given by (4.1.1) and p €@, then J(p) =a p(0) =a and so ReJ is constant

on @
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Conversely, suppose that Re.J is constant on @, if p(z) =1+xz" where [x| =1 and
=12 ,then p € @ since p(0)=1and Re p(z) > 0. Let J be a given by the
sequence {b, } .as in theorem (3.2.9).

Since ReJ is constant on @, and if
p(z) = 1+anz".
n=l

then J(p) = Z p,b, ;where

n=0

Po =p0)=1.

since J(p)=b,+xb,.
ReJ(p) =Reb, +Re(xb,) is constant, with » fixed, this implies thatRe(xb,) is

constant for |x| =1 and sob, =0 for n=12,...... Thus, J(f) = bya, whenever
f(@D= Zaﬂz" (|z| <1) Hence J has the form (4.1.1).
n=0

4.2 Support points of subclasses of Normalized univalent functions

Theorem 4.2.1:

The set supp @ consists of all functions which may be written

m

p(z)= Z’lk

- 1—x%2

1+x,2

(4.2.1)

Proof:
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Let p,belong to supp ®. There is a continuous linear functional J :4— ( such that

ReJ(p,)=max{ReJ(p): pe ®},and ReJ is not constant on ?.Let J be given

(l+z)
(t-z)°

p(0)=0 and Re p(z) > Osince p(z) € @. Also , we can easily shows,

by the sequence { b, }as in theorem (3.2.9) and suppose p(z) =

 p—

1 o
p(z)= (1t3= 1+>.2z" Apply Jon p,

n=1

J(p)=,2b, and since
n=0

p(xz)=1+ Z 25" 2"
n=l
then

J(p(x2)) = b, +Y.2b,x" = G(x) defines a function which is analytic in A ,since
n=l1

IR
lim qbn l)r- <1 by theorem (3.2.9).
By theorem (3.3.5) the set of extreme points of @ consists of the functions

1+ xz)

p(z)= (i = where lxl =1

E 2={p(xz) :|x| =1
Since ReJ is not constant on @ ,then ReG is not constant when x| =1

(alternatively, if ReG is constant thenRe J is constant on E ® and thus on @ ).

Therefore, there are a finite number of distinct values of x ,say x,,%;,X3,.....X,, ,80

that ReG(x)=max{ReG(»):|y|=1.
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If v ={qe®:ReJ(q)=max pee ReJ(p)} then we must show thatv is compact
and convex, and so non-empty by theorem(3.3.2).To show that v is compact, it
suffusion to prove v is bounded and closed , but v — @ and since ? is locally
uniformly bounded, thenv is bounded.

To show that v is closed ,suppose that ¢, € v and ¢, — g .since g, € v then

ReJ(g,)=max,c¢ ReJ(p) .

q, < Pand ®is compact,sog € ® and J(g,) = J(g) .so ReJ(g,) > ReJ(q)
but ReJ(g,) =max,ee ReJ(p),so ReJ(g,) > max,e o ReJ(p) hence
ReJ(g) =maxpee ReJ(p).

Therefore, qe v, v is closed .

To show that v is convex ,let / and g € v ,then

ReJ(g) = M where M =max{ReJ(p):p € @} and

ReJ(f)=M where M =max{ReJ(p):pe P}.

let h=1tf +(1-t)gthen ReJ(h)=tReJ(f)+(1-)ReJ(g)=tM +(1-)M =M
Hence ,h € v.

Also, we can show thatv is an extremal subset of @ and so Ev cE @. To do this,
Suppose M =max{ReJ(q):q € ® }and v={g:qe @ and ReJ(q)=M}}.
We claim that v is an extremal subset of @ , suppose that # € v and

h=tf +(1-t)g where f,g € ® and 0<7 <1, then

M =ReJ(h)=tReJ(f)+(1-t)ReJ(g) <tM +(1-t)M = M and so we must have

ReJ(f)=ReJ(g)=M .Hence, f and g belongstov .
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By lemma (4.1.1),the equations ReJ(p(xz)) =Re G(x) =ReJ(p,) has only a finite

number of solutions which we denote by 00, %, and where |xk| =1

asssssas

consists of the functions given by (4.1.2) In particular, p, must have the form.
Conversely, we now show that each function of the form(4.1.2) belongs to supp ®

Suppose p, has the form(4.1.2) where the x, are distinct. By lemma (4.1.2j there is

a function F analytic on A such that Re F(z) >0 when z € A and Re F(z) =0 if

and only if z=1x, (k=12,....... ,m). If G(z)=-F(z) = Zd,,z" thenRe G(z) <0

n=0
when z € A and ReG(z) =0 ifand only if z= % (k=12 ,m).

Suppose b, = d, andb, = d, /2when n=1,2,....... Let the continuous linear

functional J be defined on 2 by J(f) = Za,,bn where f(z) = Za,,z" .
n=0

n=0
Note that J((1+x,z)/(1-x,2)) = G(x)and so

max{ReJ(q):q € &= max{ReJ(q):eE®=0  and

ReJ((1+x,z)/(1-x, z)) =Re G(x,) = Owhen k =1,2,......,m Hence ReJ(p,) =0,
and p, €supp . note that ReJ is not constant on P,
Theorem 4.2.2:

supp K= EHK= {z/(l - Xx2): |x| = 1}.
Proof:

The inclusion EHK csupp K , was proved by theorem (4.1.1).
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To prove supp K < EHK, we first show that supp HK consist of all functions of the

form Y 4,(z/(1-x,z) , where 4, 20,Y 4, =1,and |x,|=1 (m=12,......) This
k=1

=
follows from theorem(4.2.1) and the fact that ({/)(z) = %z[f (2) +1]deﬁnes a linear
homeomorphism between ® and HK. This is easily since

2((1+ x2)/(1 - x2)) = z/(1 - xz) if |x] =1.since K is compact, it is clear that
suppK c suppHK. So suppose f € suppK and hence f(z)= i A, (z/(1- lxk z),

k=1

where 4, and x, satisfy the condition noted above. by theorem(2.4.2),

g(z)= zf’(z)=iﬂk (z/(l -x,2z)* €S and so is univalent. If A, #0 then g hasa

k=1

pole of order 2 at z = x, .Therefore, if A, # 0 for at least two values of k,then g has
at least two poles on the unit circle, each of order 2 and such a function is not
univalent on A. Hence, g(z) = z/(1 - xz)* for some x with |x| =1 and so

f(2) = z/(1 - xz) .This proves that supp K < EHK.

Theorem 4.2.3:

Let oL Frwuat be m distinctand f,(z)= where

- X2z
b | =1, 0k =1,23.0c00,,m) .

There is a continuous linear functional J on 2 such that the functions in K which
satisfy ReJ(f)=max{ReJ(g): g €K} are precisely the functions f,, 1., f.......1, .

Proof :
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By lemma( 4.1.2 ) there is a function F analytic on A such that Re F(z) > 0 when

ze A and Re F(z) =0 ifand only if z = x, (k =1,2,.......m) If G(2) = -F(2) =

>'d,z" then ReG(z) <0 when ze A and ReG(z) =0 if and only if z = x,
n=0

Suppose b, =0and b, =d,_, when n=12,...... Let the continuous linear functional

J be defined on by J(f) = x"'b, where f(z)= 3 : = g
n=0 — Xz n=1

Note that J(z/(1-xz)) =d, +d,x+d,x* +...= G(x) and so

max{ReJ(f): f e K}=max{ReJ(f): f e HK}

Il

max{ReJ(f): f € EHK}

max {ReG(x) :|x| = 1}.

Hence

max{ReJ(f): f eK}=0

and Re JJ(z/(1-x, z) =ReG(x,) =0 when k =12,......,m It is clear that
ReJ(f)<0 when feKand f=f (k=12,....,m).

Theorem 4.2.4:

Let .J be a continuous linear functional on /2 not of the form

J(f)=af (0)+bf'(0). The only functions f inK satisfying

ReJ(f) =max{ReJ(g): g € K} are the functions f(z) = z/(l - Xz),

x|/ =1, and
there are only finitely many of them.

Proof:
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According to theorem(3.2.9) J is given by a suitable sequence {b, } .If

=1, then its n" Taylor coefficient is a, = x"" and

X

f@=f1-m)= L "7,

therefore J(f) = Zx""‘bn .This defines an analytic function F(x)for |x| <1 since

n=1

1
limsup,,.,|b,|" <1,the image of the circle |x| =1under F can intersect a line for a

finite number of values of x ,unless F is constant .But F is not constant because

J does has not the form J(f) = af (0) + bf"'(0). Therefore, there are only finitely
many numbers x such that [x| =1 and Re F(x) =max{Re F(»):|y| =1}.

Equivalently, if K= {f : £(2) = z/(1- xz),

x[ =1} then there are only finitely many
functions f in K such that Re J(f) = max{ReJ(g): g €K}.

Let G={f:feHK,ReJ(f)=maxReJ(g):g eHK}. G is compact, convex, and
nonempty and therefore has extreme points . G also is an extremely subset of HK,
thatis,if tf +(1-1)ge G, 0<t<], feHK, and g €HK, then f and garein G.
Thus the extreme points of G are extreme points of HK ,that is, they are

f(2) = z/(1-xz) .Because of what was first proved there can be only a finite number

of such functions , say f, f,, f3,eceeeee » f,,» where
fi(2)=z{(-x2),|x|=1 (k=12,......m),x; #x, for j=Ek.

Since E(G) ={f,, fy» fyswen f,} it follows that

G={f:f=fz ok 20,32 ,,=1}
k=1 k=1
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By Theorem(2.4.2), g(z) =2zf'(z) = Z A,(z/(0-x, 2)") e S” and so is univalent ,the
k=1

function g has a pole of order two at z = x, , and therefore if A ,# 0 for at least two

values of &, the function g has two poles on the unit circle each of order two. Such

that a function is not univalent in A since its local behavior at the poles shows that it
takes on most large values at least twice in A . Hence the only functions in G which

are in K are the functions f, f;, f5,-en.. , f,,-Because

max{ReJ(g):g €K} =max{ReJ(g): g € HK}.

This completes the proof that f,, f,, f;,......., f,, are the only functions in K
satisfying Re J(f) = max{Re J(g): g €K}.

Theorem 4.2.5:

supp 8= EHS'= {(I-f;?: I =1}.

Proof:

The inclusion EHS supp S’ was proved by theorem (4.1.1).

To prove supp S’ c EHS',we first show that supp HS" consist of all functions of the
form > A ,(z/(1-x,z)*),where 4 ,20,> 4 , =1, and |x,|=1 (m=12,....).This
k=1 k=1

follows from theorem(4.2.2) and the fact that (£f)(z) = zf'(z) defines a linear
homeomorphism between HK and HS".
This is easily since £(z/(1-xz)) = z/(1-xz)* if |x| =1. Since S” is compact, it is

clear that supp = supp HS". So suppose f e supp S and hence

Sy = Z}{ " (z/ (1-x,2)*),where A , and x, satisfy the conditions noted above .If
k=1

62




A, # 0 for at least two values of k,then f has at least two poles on the unit circle,

each of order 2 and such a function is not univalent on A. Hence, f(z)=z/(1- xz)’
for some x with |x| =

This proves that supp S"cEHS".

Theorem 4.2.6:

Let f, /5, fyseeeeees [, D€ m distinct koebe functions. There is a continuous linear

functional J on 4 such that the functions f in S” which satisfy

Re J(f) =max{Re J(g):g € S‘}are precisely the functions f,, 15, f3seeeerees [

Proof:

Let £, be given by fk(z)=ﬁ (k =12,......,m), x| =1,where the
il

numbers x,,x,,......,x,, are distinct. Let F' be the polynomial defined in the proof of

lemma( 4.1.2)and defined G by G(z) =-F(z)= Zdnz" .then ReG(z) <0 when

n=0

z € Aand ReG(z) =0 ifand only if z=x, (k=12,...... ,m).

Suppose b, =0 and b, = Ewhen A=l .
n

Let the continuous linear functional J be defined on A by J(f) = Z nx""'b, ,where
n=1

(l xz)2 an N

n=]
Note that J(z/(l ~-xz)’)=d, +d;x+d,x* +...=G(x)and so
max{ReJ(f): f €S }=max{ReJ(f): f eHS"}

= max{ReJ(f): f eEHS"}
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= max{ReG(x) :|x| =1}.
Hence

max{ReJ(f): f €S }=0and ReJ(z/(1-x,2)*) = ReG(x,) = 0 when

Theorem 4.2.7:

Let J be a continuous linear functional on 4 not of the form
J(f) = af (0) +bf"(0). The only functions f inS that satisfy

ReJ(f)=max{ReJ(g):g €S’} are the koebe functions z/(l -xz)?,

x‘ =1, and
there are only finitely many of them.

Proof:
According to theorem (3.2.9) J is given by a suitable sequence {b,}.If f is a koebe

function f(z)=2z/(1-xz)" =) mx""z",|x| =1, then its nth Taylor coefficient is
n=l1
a, =nx"", and therefore J(f) =) nb,x"". This defines an analytic function
n=1

1
n < 1.The image of the circle

1
» = limsup, _, |b,1|

F(x)for |x| <1 since limsup,_,,|nb,
|x| =1 under F can intersect a line for only a finite number of values of x ,unless

F is constant .But F is not a constant because J does has not the form

J(f) = af (0) + bf'(0) . Therefore there are only finitely many numbers x such that
x| =1 and Re F(x) = max{Re F(»):[y| =1}.

Equivalently ,if S'= {f : f(z) = z/(1- x2)*,|x

=1} then there are only finitely many

functions fin S such that Re.J(f) = max{ReJ(g):g €S }.

64



Let G ={f:f eHS",ReJ(f) =maxReJ(g),g € HS }. G is compact ,convex, and
nonempty and therefore has extreme points. G also is an extremely subset of HS",
thatis, if ff +(1-f)ge G, 0<t<1,feHS and g eHS, then fand g arein
G .Thus the extreme points of G are extreme points of HS‘, that is ,they are koebe

functions. Because of what was first proved there can be only a finite number of

such functions, say f, f5, f5seeee-- f,,» Where

fi(2) =2[/A~x, 2)’,

[ s I— ,m), x; #x, for j#k.

Since EG ={ [, 55 fysssseens [, } 1t followd that

={f;f=2,1 sl 20, 4 ,c=1}.
k=1 k=1
the function f, has a pole of order two at z = X, , and therefore if A ,# 0 forat

least two values of &, the function Zﬁ. «J has two poles on the unit circle each of
k=1

order two. Such a function is not univalent in Asince its local behavior at the poles
shows that it takes on most large values at least twice in A .Hence the only functions

in G which are in S” are the functions Ji5 S35 fyseenenns [y DECAUSE

max{ReJ(g): g €S }=max{ReJ(g): g € HS'}.

This completes the proof that f;, f,, fi-...... f,, are the only functions in S satisfying
ReJ(f) =max{ReJ(g):geS}.

Theorem 4.2.8:

The set supp T consists of all functions which may be written

f@@)= Z/‘L i xkz)(] =* (42.3)
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where 4, 20,> 4, =1|x,|=1 and Imx, 20 (m=12,........).
k=1

proof:

we first prove that each support point of T has the form(4.2.3).Suppose that |x| =1
z @
(i 1? : = —_— =z 4 "
and F(z,x) (1 - szI - fz) z ,,§=2 a,(x)z

—=n=-1

Where a,(x) =x"" +x"?X +...+xx" 2 + %" and so we can show that

|a, (x)| <" if 11<[x| <7 and r>1.To do this,

TR =r”'1i1+1+...+1]=r”"n

Hence, |a, (x)| < nr".

A functional J associated with a support point is given by a suitable sequence {5,}

according to theorem (3.2.9) if G(x) = J(F(z,x)) = i b,a,(x) =b, + i:l;v,,a,,l (x)

n=0 n=2

1

and lim b,[)" <1 imply that this series is dominated by a convergent geometric

nesa(

1
series for r sufficiently close to 1 .Indeed , Gb,, I)ﬁ < S when n> N for some N and

some /3 satisfying 0 < g <1.
It follows that |b,a, (x)| < B "nr"™" = (n/r)B r)' .Choosing rso that f r <1 ,we find

that the series for G(x) is convergent if 1/r< |x| <r.Hence G is analytic on
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{x:lr< le <r} and so H defined by H(x) =%[G(x) - G(l/f)] also has this

property . Note that if x| =1, then H(x)=ReG(x) = Re J(F(z,x)).

IfReJ(F(z,x)) = max{ReJ(F(z,y)):[3|=1,Im y > 0} = max{ReJ(f): f € T}has an
infinite number of solutions, then letting M = max{ReJ(f): f € T} we

have H (x) = M for an infinite number of values of x satisfying |x| =1.Since H is
analytic on {x:1/r <|x| <r} we conclude that H(x)=M when |x|=1.Hence
ReJ(F(z,x))=M forall x. Since{F(z,x):|x|=1,Imx > 0} =ET, we have ReJ
constant on T ,which is impossible. This proves that there is only a finite number of
functions f,, f;, f5s:--s f,, INET that maximize Re J over T.

If v={g:geT,ReJ(g)=max{ReJ(f): f €T}} then v is convex and compact
and non-empty and since v is an extremal subset of T we conclude that Ev c ET".

As we showed above, there are only a finite number of members of ET in v .Hence

there exist distinct functions f, of the form

f@)= 2 where |x.|=1 and Imx, > 0 such that
(-x,z)(1-Xx,2)

V:{f:f:z:/lkfks, 4,20, Z’Ik =1}.
k=1 k=1

Hence each support point of T has the form (4.2.3).

Conversely, we now show that each function of the form(4.2.3) belongs to supp T.

By lemma (4.1.2) there exists a function ' analytic on A such that Re F(z) >0
when 'z| <l,and Re F(z) =0 ifand only if z=x, or X, (k=1,2,....,m) and F(z)

is real
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when —~1<z<1.If F(z)=) b,z"then b, isreal (n=0,1,2,....) If ¢, = b, and

n=0

=-b,/2 (n=12,...), then G(z)=) c,z" isanalytic in Aand

n=0

1-272 11+xz 11+Xxz
dgl e aslp= J i T
(1-xz)(1-xz) 2l=xz 21=%z

ZJG(l[l+xz+ 1_+xz_])
4

2|l=-xz 1-xz 1-xz 1-Xx

= G(%[ix"z" +ix"z” +ix"z" +ix }

n= n=1 n=0 n=l

1+ix"z"+ix”z"+l+2x"z"+2x ]
e n=l

n=l n=1

1
R ol
0(2

s (%[2 + Zi x"z" + ZEEHZ"])

n=1 n=1

=J (1+Z(x +X cha" when a, =x" + X"

n n

x"+x
2

Jg=co+ D c,(x"+X")=co+ ) c,2Re(x") ,Re(x")=

n=1 n=1

If ¢,=-b,andc, =-b,/2(n=12,...)and b, is real, then

J,; =Re(=b, - f:b,,x") = Re[-F(x)].

n=l1
It follows that ReJ;(f) <0 whenever f €T with equality exactly for the functions

fin T of the form (4.2.3). Therefore each function given by (4.2.3) is in supp T.
Theorem 4.2.9:
Supp Sg= EHSR=ET= {z/ (1-xz)(1-xz2): |x| =1 Imx > 0}.

Proof :
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It follows from the argument given in the second part of the theorem (4.2.8) that
ET csupp T and, since HSg=T ,corollary (3.3.1) implies that ET < supp Sg.

To prove supp Sg < EHSr we first note that supp HSg consists of all functions of the
form (4.2.3) .Since Sy is compact it is clear that supp Sg c supp HSg and so

supp Sg  suppT.

Now assume that f € supp Sg and so

f(z)= ; - x,,z)(l 77) where 1 ,>0, ;,‘L ¢ =1 |x|=1, and

Imx > 0. Assume that 4 ,# 0 for at least two values of k.Then f has poles on the

unit circle with a total order of at least 4 and such a function is not univalentin A.

This implies that f(z) =—————— (=1, Inx>0)and so f e EHS.
(1-xz)(1-Xx2) _

Theorem 4.2.10:

Let J be a continuous linear functional on 4 such that Re J(f)is non constant on
Sr. The only functions f in Sg satisfying

ReJ(f) = max{Re J(g): g € Sg} are the functions

f(z)=z/(1-2az +z"),—1<a <1, and there are only a finite number of them.

Proof: see[ 4 ,pages 102-103].

Theorem 4.2.11:
1 2
Z—E(x+y)z
supp CL « EHCL = ‘==l ey
PP e
proof :
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Let J be a continuous linear functional on 4 such that Re J is non constant on

CL. By Theorem (3.2.9), J is given by a sequence {b,} satisfying

1
lim il

bﬂ

n—»o0 (

Suppose that f eCL and Re J(f) =max{ReJ(g):g € HCL} = M.By

theorem(3.3.9),

z—l(x+y)z2

f has the representation f(z) = I

Gk @) (423)

where s a probability measure on R = 0A x 6A.If

z —l(x+y)z2

f(z,x,y): (l—yz)2

Theorem(3.3.9) asserts that EHCL ={f(z,x,y): |x| = ] yl =1, x# y}.From (4.2.3)it
follows that there is a set # contained in R suchthat 4 (W) =1 and

ReJ(f(z,x,y)=M whenever (x,y)eW .If

A(y)=J(z- %yzz)/a— y2)*)and B(y) = J(z*/2(1- yz)’) then it is easy to verify

that A(y) = i nb,,yn_i . inbnﬂyn
n=l

n=1

and

1 -
B(y)=52nb,,+ay ;

n=|

1
Since lim,_,, (|b,, ])" <1it s clear that 4and B are analytic in A .Also, (x,y) e W is

equivalent to Re A(y) —RexB(y) = M.If (x,,y,) € W then B(y,) # 0. To show this,

assume that B(y,) = 0.Then Re A(y,) = M,and Re A(y,)-RexB(y,)= M
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whenever |x| =1.In particular, f(z,¥,,¥,) = (2 = y,2°)/(1- y,2)* = z/(1- y, 2) s

then a support point of C L.This is a contradiction of theorem (4.2.5) since S’ = CL,

and therefore B(y) # 0 when (x,y) e W .If Re A(y) —RexB(y) = M,then
x =—|B(»)|/B(y) and Re A(y) +|B(y)| = M.In particular, x is uniquely determined
by y.We show that W is finite .Suppose W is an infinite set; then it follows from

Re A(y)+|B(y)|=M and A(y) = A(/7)that

[ (40) + A0/7) - MY = BG)BAT3) (42.4)
holds that infinitely many y with | y| =1 .Since the expressions in (4.2.4) are
analytic in a neighbourhood of the unit circle |y| =1,(4.2.4) must be an identity on
the unit circle ; that is ,Re 4(y) +|B(y)| = M when || =1.Since

Re A(y) +|B(y)| = M for yin W and B(y) # 0 for such y,we see that

Re A(y) +|B(y)| = M when |y| = L.If F(y) = yB(y) when y <1, thenas F(0) =0 the
winding number of {F(x): |x| =1}

with respect to the origin is non zero. Hence, there exists y, (| y!| = 1) such that
F(»,)<0, thatis, y,B(y,) = —|B(y, )’. This implies that (y,,y,) € W .Hence ,the

corresponding function z/(1 -y, z) € supp C L which, as we noted earlier, is

impossible. Therefore W is a finite set, consisting of n elements.

It follows that f(z) = > 1 , f,(z) where
k=1

A 20, Z’I k =1afk(z)=f(zvxk’yk)3|xk|zlyk|zl!xk # y, and
k=1
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X, = —|B( Vs )[ / B(y,) .Since f is univalent only one second order pole on the unit

z—l(x+y)z2

2
(1-yz)*

circle is possible. Hence f(z) = where |x| = ] y| =land x # yand so

f € EHCL .This completes the proof.

The inclusion EHCL < supp CL is also true. This implies that
supp HCL =supp CL=EHCL .

The next theorem describes the minimal set for supp s(F)when F is a non constant
analytic function in A.

Theorem 4.2.12 :

Let F be analytic and non — constant in A.Then the set {f : f(z) = F(xz),

x| =1}is
contained in supp s(F), where s(F)={f:f < F}.

Proof:

We may assume that Fis non constant. The power series for F begins

F(z)=A,+ A,z" +...where n>1 and 4, # 0.If f € s(F) then f = F o p where

¢ € B, .Suppose that f(z) = Z:=O a,z" and ¢(z) = Z:;] ¢,z" .The form of F implies
that a, =4,,a, =0, a, =0,.....,a, , =0 and a, = 4,¢,".Let J be a continuous linear
functional on 4 defined by J(%4) =b, whenever he Aand h(z)= Z:=o b,
Because |¢,| <1 and equality holds if and only if @(z) = xz with || =1 it follows
that ReJ(f) =Rea, < |an| =

Ad.c’ , therefore

<l|4,

max{ReJ(f): fes(F)}= |A,, |.M0reover , the only functions in s(F') for which

ReJ(f) = |An| have the form f(z) = F(xz) for suitable x with |x| =1
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Hence f(z) is contained in supp s(F).

Lemma 4.2.1:

Suppose that a > 1,

c[ <l,c#-1 and Fa(z)=(ll+cz)

If

l1+ex,z

x,|=1and n>2, then fisnot

FO =¥ A4 )* where 1 ,>0, ) 1, =1,
k=1 k=1

1-%,2
subordinationto F,in A.

Theorem 4.2.13:

Suppose that F, is defined as in lemma 4.2.1, |¢| <1and ¢ # -1.If @ >1then

Hs(F,) consists of all functions in 4 represented by

f@= |

B

(1+cxz
1__

) du(x)where 1 € A Moreover, EHs(F,,) consists of the

1+ cxz
1—xz

functions given by f(z) = ( ) where |x| =],

Theorem 4.2.14:

<1,c#-1 and ﬁ;(z)=(1+“z] ,

Suppose that & > 1, |c :

~z
Then supp s(F,) = EHs(F,) = {F, (xz) :|x| =1}.
Proof :

The second equality is theorem (4.2.13) and by theorem (4.2.12)

EHs(F,) csupps(F),).

We must prove that supp s(F, ) c EHs(F),).
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Suppose that J is a continuous linear functional on 4 such that ReJ is non constant

on s(F,)and J is given by the sequence {b,} as indicted by theorem (3.2.9). If

(=]

F(2)=1+> 4,z" (<)) then J(F,(x2)) = b, +> . Ab,x" =G(x).Since

W e
1 1

b =lim, . (b, l); <1, Gis analytic in A. G is non constant , since

4,

lim, ., ((4,[b, s

otherwise ReJ is constant on EHs(F,) and so is constant on s(F,), contrary to our
assumption . Hence, by lemma( 4.1.1) if M =max{ReJ(f): f € s(F,)} then
ReG(x) = M for only a finite number of values of x satisfying |x| =1, say

X3 Xy s X, If g ={f: f € Hs(F,) and ReJ(f)= M,then by familiar

arguments we conclude that y ={f : f(z2)= ) A . F,(x,2),A ,20and » 1, =1}.
kla (X k k
k=1 k=1

Assume that f € s(F,)and ReJ(f)= M.Then f € y but by lemma (4.2.1) the
only functions in y which are in s(F, ) are functions of the form

F,(xz) (]x| =1).Hence f(z)= F,(xz)where |x| =1 and so f € EHs(F,).This
proves that supp s(F,) < EHs(F)).

4.3 Support points of Normalized univalent functions

Let J be a continuous linear functional on a locally convex space X , and let £ be a

compact subset of X .Let

o,(E)={x € E:Re{J(x)} = maxRe{J(y)} }

be the associated set of support points .Clearly, o, (E) is a nonempty compact subset

of E By the Krein Milman theorem, o, (E) contains an extreme point. This point
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x € o, (E)is not a proper convex combination of two distinct points in o, (E) .If it
had a more general representation x =ty +(1—¢)z for y,z € E ,then it would follow
at once from the linearity of Jthat y,z € o,(E).Thus xis actually an extreme point
of E.

Although a support point need not be an extreme point , it seems intuitively obvious

that every extreme point must be a support point. This is false ,however, even in a

Hilbert space. The following example.
Example 4.3.1:

If X is the complex plane and E is the closed interior of a sequre as in Figure 4.3.1,

every boundary. point is a support point but only the vertices are extreme points.

B A(L1)
E
C
Figure 4.3.1

Vertices are not interior point of the line segement contained in E, therefore the
vertices are extreme points, but every boundary point is not extreme points.

We want to prove every boundary point is a support point.

A point z € E is called a support point of E if there is a continuous linear functional

J, not constant on E , such that Re J{(z)} = ReJ{(z,)} for all z, €E.

Let wbe a point on the line segement AB.

Define J:E—>C J(z)=-iz=-ix+y ,where z=x+iy.

Clearly,Re J(w)=Re J(x +i)=1>ReJ(z,) = y,, where z, =x, + y,.
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Hence wis a support point.

Example 4.3.2:

Consider the space £> of all complex sequence x = (x,,X,,....) such that

o 2
' =Y | <.
n=1

Let T :£* — £ be the compact (or completely continuous) operator defined by
y =Tx, where y, =27"x,. Let B ={x € £* : |x| <1} be the closed unit ball in £* and

let E =TB be its image under 7". Then E is a compact set, because it is the image
under a compact operator of the closed bounded set B (which is weakly

compact).Clearly, E is convex. The extreme points of B are simply the points x with

[|xl| =1.Since 7'is linear and one to one. It follows that the extreme points of E are
the points y = Tx with ||x|] =1.Now let y = Tx be a support point of E .Then by the

Riesz representation theorem there is a point z # 0 in £” such that

Re{(Tx,z)} > Re{(Tw,z)} = Re{(w,Tz)} for all we B .Thus
72| < Re{(Tx, 2)}, which gives |x| |[Tz] < Re{(Tx, 2)} <|(Tx,2)| =|(x,T2)|.

Since |(x, Tz)] < Hx" l[Tz

|, it follows that (x,7z) = |x| |[TZ], which implies Tz = A x for
some constant A > 0 .In particular, x € T'(¢*) for every support point Tx.

It now remains only to choose a point x € £* with "x" =1 and x ¢ T(£%).

For example, let x, =27"?,n=1,2,..... Then |x| =1 but T"'x = w ¢ £?, since

w, = 2"? . n=12,... Thus Tx is an extreme point of E but not a support point.
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Definition 4.3.1(monotonic modulus property):
A function f has the monotonic modulus property if and only if /' maps the unit

disk onto the complement of a continuous arc which extends to « with increasing

modulus.

Theorem 4.3.1 :

If a function f €S omits two values of equal modulus, then f has the form
f=tf,+(1-0f,, 0<t<l,where f and f, are distinct functions in S which
omit open sets.

Proof:

Let Abe the range of f.If f omits @ and £,a # f, then some branch of the

function y(w)={(w-a)w-p )}%
is analytic and single valued in D .We claim that the two functions w + w(w) are
univalent and have disjoint ranges. To prove the univalence, suppose

w, 2y (w,) =w, ty(w,), or

w(w,) —w(w,) = £(w, —w,).Squaring both sides, we have
2y (w)y(w,) = (W, =)W, = B) + (w, = @)(w, = ) — (w, - ;)" . Squaring again,
we obtain after some labor (& — 8)*(w, —w,)* =0, which is impossible unless
w, = w,. Thus both of the functions w + w(w) are univalentin D. A similar
argument shows they have disjoint ranges. Indeed, if w, + w(w,) = w, —w(w,),
essentially the same calculation shows that w, = w,, which implies

w(w,) = w(w,) = 0.This is clearly impossible.
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In particular, we have shown that the functions w +y(w) are univalent and omit

open sets. Both properties are preserved under the normalizations

v, (w) = w+f,f;)'(—0§/(0) s UGl s y/(w) ;;);”(0) These functions y, and v,

are analytic and univalent in D ,omit open sets, and satisfy y;(0) =0 and
y',(0) =1, j =1,2. Therefore, the compositions f, =y, ° fand f, =y, o f are
distinct functions in S which omit open sets. Furthermore, since

[1 - y/’(O)]u/[ (w)+ [1 - .-,1/'(0)]11/2 (w) = 2w, the function f can be expressed bS/

f(2) =tf,(z)+(1-1) f,(z), where t = %[1 + y/'(O)]. It remains to show that 0 <7 <1

under the additional assumption that |a| = |/ | Equivalently, it is to be shown that

~1<y'(0)<1if @ =re' and B =re, where 0 <6 —¢ <27 But an easy
calculation gives y'(0) = —(a + )/ 2y (0) = tcosé—(é’ — ¢), which proves

-1<y'(0)<1.
Definition 4.3.2:

Let I be a closed simply connected set in the extended complex plane, consisting of
more than a single point. Thus the complement of I"is a simply connected domain
A

A variety of techniques and variational methods have been exploited to identify

geometric analytic properties of these support points. For example, if f € S and

f(A)omits an open set, it is easy to show, for w in an open subset omitted by 1,

that £,(z) = f(2) +6——~

€ S for all sufficiently small complex numbers &. This

()
-f(z
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exhibits an elementary variation of f which constructs functions in S close to f

and is the initial step in the proof we present of the following theorem.

Theorem 4.3.2:
If fis a support point of S then f(A)is densein C.
Proof :

Let f yield the maximum of Re.J over S for the continuous linear functional
J ,whose real part is non constant on S .Suppose f(A)is not dense in Cand choose

win an open subset of C\ f(A). Then, with £, as given above, Re J(f,) <ReJ(f)
so that Re J(& f*/(w— f)) < 0 for all sufficiently small complex numbers ¢ . It
follows that J(f2/(w— f)) = 0. According to Theorem (3.2.9) there is a compact set
Q c Dand a measure A supported on Q with J(h) = Lh(z)dﬂ. (z) forhe A. The

univalence of f assures that any w ¢ F(A)is connected to o so that wlies in an

open, connected neighborhood of o disjoint from f(Q). The function
H(w)= L&d}[ (z) is analytic on this neighborhood and vanishes on an open

subset by the above argument, hence is identically zero. Expanding H(w) in a series
at oo yields J(f") = L f"(2)dA (z) =0 for every integer n > 2.

By applying Runge's Theorem to functions analytic on the range of f and
transferring this information back to D we obtain J(h) = J(1)h(0) + J(f)A'(0) for

every h e A. Thus J is constant on S, contrary to hypothesis.
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Theorem 4.3.3:

If f is a support point of S then f maps the unit disk onto the complement of a
continuous arc tending to co with increasing modulus.

Proof:

Let f be a support point of S , and let J be the corresponding linear functional. Thus
f maximizes Re{J} over S. If f does not have the monotonic modulus property, it
must have the form f =tf, + (1-1)f,, 0 <t <1, where f, and f, are functions
in S which omit open sets. In particular, neither f, nor f, is a support point of S,
since the support points have dense range. Thus Re{J(f,)} <Re{J(f)}, j=12.
By the linearity of J, this implies

Re{(J(f)} =tRe{J(/))} + A -)Re{J(f3)} <Re{J(/)}.

This contradiction.

Lemma 4.3.1:

Let f be a support point of S then J(f?/(f —w)) is an analytic function of w in the
complement of a compact subset of f(A).

Proof : see[5, page 525].

Lemma 4.3.2:

Let w, be the end point of I"and let w e I'\ {w,}.Then ReJ(f*/(f —w))> 0.
Proof :

Let f, =wf/w- f.Then f, eSand C\ f,(A) consists of two disjoint unbounded

arcs. By Theorem (4.3.3) (applied to f,) f, is not a support point of S .Therefore

ReJ(f,)<ReJ(f).But f-f, = fZ/(f —w), so the desired inequality follows.
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