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Abstract

Let Abe the unit disk and 7 be the set of all analytic functions in A. Let S be the

set of all normalized univalent functions in the open unit disk

ie {feA: f isunivalent, f(0)=0 and f'(0)=1 } .

Our main goal in the thesis is to study the extreme points and the convex hulls of
several subfamilies of § such as the set of all starlike functions in.S ( S‘), the
positive real functions are (), the family of closed- to — convex functions (CL),
the family of convex function (X') and the set of all function with real coefficients
in § (T), and give a description about these extreme points by the integration .

Also , we prove some facts about the extreme point of the family S . An example
of a function in § which is not extreme point of S was given.
In general , its proved that if f .S omits two values of equal modulus, then f

1s not an extreme point of S .
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Introduction

Let A be the open unit disk ,A = {z |4 < I}. A function f is said to be univalent on A
if itisone—to—onein A.
The theory of univalent functions is an old subject , born around the beginning of this
Century with the paper by P. Koebe [30]yet it remains an active field of current
research.
A number of books on the subject have been written and an extensive introduction is
provided by P .L . Duren [15] ,G M . Goluusin[16], W . K . Hyman [23] and Chr .
Pomerenke[43].Some additional books about univalent functions are by J .A .
Hummel 29] ,1 .M . Milin [38] , P . Montele[39], and A . C .Schaeffer
And D .C . Spencer [52] .

Several books on complex analysis also contain information about univalent
functions.

A number of survey articles have been written about the general theory of
univalent functions and more specific developments and we mention [3] ;[10] 13}
171, [18], [24],[51],[36],[46] and [54]

The book [ 5 Jedited by D . A . brannan and J . G Clunie also contains survey
articles , introductory lectures and current fesearch work on univalent functions and
other fields in complex analysis .

Let S be the set of all analytic and univalent functions f in the unit disk A with the
normalization f(0)=0 and f'(0)=1 .
Most books of complex analysis are concerned with this family § .

vii




Also, P. Duren.T .Macgr. is a good reference for the set § |
One of the major problems of the field is the Bieberbach conjecture , dating from the
year 1916 , which asserts that the Taylor coefficients of each function of class S

satisfy the inequality

a,|<n For many years this famous problem has stood as a
challenge and has inspired the development of ingenious methods until the proof of
de Brange[ 13 ] in 1985.
Most of the material in chapter two in the thesis deals with univalent functions .

Also , a generalization of the subfamilies S"and K were introduced by
M .S . Roberstone in [45] . The geometric chararecterization mentioned
for close — to — convex functions is due to Z . Lewandowski [32 ,33] .The class T of t
typically real functions was introduced and studied by W . Rogonsinski [48] .We give
a detailed proof of some theorems which we need to develop the theory of the
extreme point of S and the subfamilies of S

The last two chapters give a brief introduction to the subordination
which goes back to E . Lindelof [34] . Subordination was more formally introduced
and studied by J . E Littlewood [35] and the later by Rogosinski [49] .
we say that f is an extreme point of the determination of convex hull and extreme
point of specAial families of univalent functions .
The determination of the extreme points of the family S is partially proved , until
now it is not known the general characterization of the extreme points of S . Some

results can be found in Brickman [ 7 ],G Springer [ 55 ].

viil




Chapter One

Univalent Functions

In this chapter we deal with analytic functions on ( a simply connected) domain that
maps conformaly this domain to the unit disk A .

With some normalization. Also, gives some elementary properties of these functions.

To do this, we want to define what we mean by the univalent functions.

1.1 The Set of Analytic Functions on A

Definition 1.1.1

Let A be the open unit disk , in notation{ z:| z |<I } . Its boundary is the unit circle ,
is denoted by OA.

Definition 1.1.2

A complex function f is continuously differentiable if f”is continuous on A.
Definition 1.1.3

The function f is analytic on Aif f is continuously differentiable on A. In notation

A denotes the set of all analytic functions.

In particular £ is analytic at a point z, if it is analytic in a neighborhood of z, .



It is easy to show that if f and g are two analytic functions on A then

f+gand f-g are also analytic on A.

Also if g(z) #0, for all ze Athen ! is analytic on A, as we see in the following

g
example.
Example 1.1.1.
flz)= L i analytic function on Asince f (z) = (1-2)+z gt .Which

1= b= -7

is continuous on A since 1—z # 0 .Hence f is analytic.

Example 1.1.2

Let f(z)= i 2 % be a function onA . To show that f is analytic, want to find f”
-z

Then f'(z)= ik sincel —z # 0 ,then f'is continuous on A Hence f is analytic

on A.

1.2 The Univalent Function

Definition 1.2.1

Let f be a complex function defined on A. We say f is univalent in domain Aif
whenever f(z,)=f(z,)implies z, =z,, or when z, #z,, then f(z,)#f(z,) for all
Z, 52, €A

Example 1.2.1

z

Let f(z)= be a functionon A.

1-2z



To show that f is univalent, suppose j'(z,):f (zl)for some Z,,z,€A. Then

fla)=—"==1(2,)

since 1—z, #0 , 1—z, # 0 then multiplying both sides by (1-2,)(1-z, ) we get
z,(1-z, ):zz(lmzl ) , there fore —»z, —z,z,=2,~2,z, and hence z,=2z,.
So f isunivalent in A.

Example 1.2.2

Let f(Z):—z—:z+22'2 R i

(1-2)*
( Koebe function ) be a function on A.

To show that £ is univalent, suppose f (z, )=/ (z,) for some z,,z, €A then

i == % =, since 1-z,#0 , 1-2,# 0, then multiplying both sides by
(l_zl) (l_zz)

(l—zl)2 -(1+—zz)2,we get

a 2

z(1-2,) =zz(1—-z1)
Therefore
(1-2z,4+2% )=z, (1-22,+2} )
z\1-2z,+z; J=2z,\1-2z,+2
2 2
. 2,-2z,2,+2,2, =2,-22,Z, + 2,2,
2 . 2
z,+2,2, =2,+2,2
2 -
2, + 5,2, =~ By=E, 2, =0
2 2 _O
Z—2, F 22y — B0y =

(Z]_zl )+lez(22 gzl):O

(5]




Sincel—z,z, #0 (z,,z, € A), s0 z,=z, . Hence fis a univalent inA .

Example 1.2.3

1+z

Let f(z)= %log(l

-

] be a function onA .

To show that £ is univalent, suppose f (zl): g i (zz) for somez,,z, € A then

+ 14 1+
liog1 = :llogl—hz2 it is clearly that log &l =log =

2 1=p 4 =% - % -

, we get

1+2z _ 142,

since 1—z, #0,1—2z, #0 then multiplying both sides by
gy =gy

(1-z, X1~ z,) ,therefore
(I+zl)(l—zz):(l+zz)(1—z,)
1=2,42,—2,2, =1=2,+2, - 4,2,
It is clearly that —z, —z, +z, +z, =0 ,and s02z, -2z, =0 _.Soclearlyz, =z,

Hence f isunivalent on A.

To know how the univalent function behave in a neighborhood of some point z,, let
f beanalytic at z, and f "(z,)%0, then there is a neighborhood N(z,)of z, such
that f is univalent in N(z,).

Theorem 1.2.1

Lot ’(zo )=0 then f (z) is not univalent in any neighborhood of z,.




There exist z such that f(z)- f(z,)=0 where z = z,, implies that f(z)= f(z,).
Hence f (z) is not univalent in any neighborhood of z,.

Theorem 1.2.2

Let f be univalent and g is analytic and univalent function on the range of 1,
with g(O) =0,and g'(O): 1 then h=go f is univalent.

Proof:

To show that A(z) is univalent , let #(z,)=h(z,) , so g(f(z,))= g(f(z,)), therefore
f(z,)= f(z,) since g is univalent ,s0 z, = z,, hence /(z) is univalent.
Definition 1.2.2

A function f:A—C is a conformal mapping if f is analytic and univalent in A.

Example 1.2.4

z

As in example (1.2.1), we show that f (z)=

1s analytic and univalent in A, so

/ 1s a conformal mapping. In fact, / maps A onto the half - plane Re{w} 2 % .
Example 1.2.5

Let #be any real number and « is a complex number with [ a |<1 . The

flz)=€" -IZ —%_is conformal mapping and maps A onto A.
e £

The following theorem is well- known theorem and can be found in [1 |.

Theorem 1.2.3 ( Riemman Mapping Theorem )

Every simply connected domain is conformal mapped to the unit disk A .




From this theorem, we see the importance of the unit disk.
To prove or to find properties of any simply connected domain, we just prove or find
it in the unit disk and then conformaly translated to it. In fact, let f be a univalent and

analytic function on A , then

(L)1)
=)

is also analyticand univalent in A and satisfies the normalization g(0)=0and

—

g'(0)=1.Where g'(z)= f:%(z)

, to show that g is univalent ,let

S~

flz)-10) _ f(z)-£(0)
£'(0) 1'0)

g(zl): glz,) , 50 which implies that f(z,)= £(z,) ,

since f(z) is univalent ,so z, = z, .Hence 2(z) is univalent.
1.3 Normalized Univalent Functions

As we see the importance of the analytic and univalent functions, we will study the

properties of these functions with some normalization, as in the following definition.

Definition 1.3.1
Let S be the set of all functions f that are analytic , univalent in A and satisfying the
normalization conditions f (0)=0and f'(0)=1, § is called the class of normalized

univalent functions. Now if f' €S ,then using Taylor’s Expansion, we get

f(z)z i a.z"

n=0

—z+a,z° +az’ +--
o (1.1)
=z+) a,z

n=21




Example 1.3.1 ( Koebe Function )

Let K(z)=——— =2z+222+32% ++--+nz" +- be a function on A . To show that

Fism S .
First, it is clearly that K (z)is analytic in A .As in example ( 1.2.2), we show that
K(z) is univalent in A . Also K (0)=0and

o ) W SR W)

(e

Hence K (z) isin .

Theorem 1.3.1

If f(z)is a function in S, then each of the following functions are in § :

nE= f(e‘“z )=z+ S a,e"™ 2" gis real

n=2

2) H?)ﬁ Z% i g s

V().

For proofs of (1) ,(3) see[ 13 ]

To proove (2), let g(z) = 7@ where f € § .Toshowthat g isin §.

First , it is clearly that g(z) is analytic in A ,and to show g is univalent , to do this let
g(z, ) = g(z2 ),then ﬂ;)= ﬂz__z) , by taking the conjugant to both sides we have
f(Z): j(g) since f is univalent thenZ = Z , therefore z, = z, Hence g is

univalent . finally g(O): ?(Oj =0, and also g'(O): f’iOizl : Henceg(z) isin §'.




Theorem 1.3.2

o

If feS and f has the power series f(z)=z+> a,z"then |a,[<2. The only

n=2

function in § with |a,|=2 is givenby f(z)=

where ‘xl =

(1 - xz)z

Proof: see [ 22 |

Theorem 1.3.3 ( Koebe covering Theorem)
Kfel thenf(A):){w:\w] <%}

Proof:

o

c_

Suppose that f (z) #C forlzl <1 , the function g = clearly belongsto S.

Since g is analytic and univalent , g(0)=0 and 2'(0) =1 and has apower series

begining g(z)= zw{a2 +l]z2 +...

c
: 1
By using theorem (1.3.2)|a, +—| < 2 and therefore
c
1 1 1
| =|~-a, +a,| <|a, +—| +a,|<4
el e ¢

Hence || > :]i ie {w | = i} 5 C - f(A)and by taking the complement , we get

fwip<5}er@
Note:

The topology in 4 ={f . f is analyticin A } is defined in the following way .



Let {r,,} be a sequence of real numbers so thatO <7, <1 and r, =1 . If f & A then

|71, =max {f(z): e} =%, } - we define p by

o7 )5 L ol

=27 1+ f - g,

whenever f and g belongto 2 . Then p is a metric space .




Chapter Two

Special Families of Univalent Function

In this chapter we introduce several subsets of S, which consists of the set of starlike
functions, convex functions and close to convex functions, we also introduce the

class functions with a positive real part or typically real functions.

2.1 Starlike Function

Definition 2.1.1

A set EcCis said to be starlike with respect to w,e £ provided that

w, +1(w-w,)e E whenever we Eand 0<t<1.

Definition 2.1.2

A function f belongs to S is called a starlike if the image of f is starlike with
respect to 0.

Definition 2.1.3

Let S”be the set of all starlike functions in S . In other words,

S* ={f eS: £(A)is starlike with respect to 0 }.

10



Example 2.1.1

The identity function f(z)=z is a functionin §".

Example 2.1.2

The Koebe function X (z)=

is another example of the functions in S”.

z
(=g}
Theorem 2.1.1 “ Schwarz’s Lemma "

If fis analyticon Awith f(0)=0and | f(z)|<1forall zeAthen | f'(0)|<1 and
| £(z)|s|z| in A, also if |/'(0)=1 and |/(z) = 2| then f(z)=e"z for somed.

Proof: [ 1 |

Theorem 2.1.2
If feS®, 0<r<1 then f (A,)is starlike with respect to the origin
where A, ={z :] z|<r} ;
Proof:
Suppose that 0 <f<1and let ¢ be defined by
#(z)=1"(f(z)) where |z|<1.
¢ is well defined since feS” and also it is clear that ¢ is analytic in Aand ¢

is univalent in A. Also ¢(0)=0and |¢(z)|<1 for | z|<1, by Schwarz Lemma

|4(z)|<| z| for | z|<1, since #{z)=r"(1f(2)), then f(p(z))=1f(z),now

(b




if z, € A, then | ¢(z, )| <| z,| < rand f(gzﬁ(z,,))ef({w:]w]<r}), $0

tf(zo)ef({wzl w|<r }). Therefore £ (A,) is starlike with respect to 0 .

Theorem 2.1.3
1. feS" ifand only if feS and

Re[ﬂ)J>0 where |z|<1 (2.1)

7 (z)

2.If feS" and

f(z)=z +Z.::2 az",

z|<1, (2.2)

then |a,,|$n where n=2,3,---.

3. §" is compact .

Proof: see [12 ].

2.2 Convex Functions

Definition 2.2.1

Let Abe a set. Ais called convex set if the line segment joining any two points of

Ais contained in A that is to say if X, ,x, € 4 then #x, +(1—1')x2 €A,0<t<1.
Definition 2 .2 .2

A function f is convex onAif and only if f (A) is convex .

12




Definition 2.2.3( convex functions K )

Let K be the set of all functions which are convex on A , in other words,
K ={feS:f(A)isconvex}

It is clear that every convex function is starlike function, and so K< S~.

Example 2.2.1

z

The function 1 (z)= is a convex function which maps A onto

1-z

{w:Rew>—l} .
2

Theorem 2.2.1
If fe Kand 0<r<1 then f({z:|z]<r}) is convex.

Proof:

Suppose that z, #z, , | z,|<| z,|< r and 0<z<1. Now let $be defined by

Zs

¢(z)=f-1(z-f[i-z]+(1-r)f(z)].

Since £(0)=0, then ¢ (0)=0,since f(A)is convex, ¢ is well defined, analytic in
Aand |$(z)|<1 ,then Schwarz s Lemma implies that | #(z)|<|z|and so
|#(z, )|< 7. Now letting z =z, , from the definition of ¢, we show that

e f(2)+(1-2) 1 (2,)=1 (8(z,))e £ ({z:] 2| < r}).

Hence, f({z: [z|< r}) is convex.

13




Theorem 2.2.2

1. feKifandonlyif feS and

Re(z—f"(—z—)+lJ>0 where | z|<1 (2.3)

i)
2. feKiff geS where g =z f'(z).
3. K'is compact.

4.If feKand f(z)=z+w2anz" (n=23,---) ,then |a,|<1for n=23,-
n=2

Proof: See[22 ]

Theorem 2.2.3
If fe K then f(A):){w :lw| <—;—}

Proof:

Suppose that f(z)#c for | z|<1,let the function g(z)= (f —¢)’

To show thatg is univalent let g(z, )=g(z,) therefore

f(2) -2¢1(z)+c* = (2, J —2¢f(z,)+¢*

then

f(zl)2 _f(22)2 _ch(zl)+ch(zz)= 0

therefore
(f(Z,)—f(Zz))[f(21)+f(22)—2c]:0
hencg, cither f(z)=f(z,)or f(z)+/(z.)=2¢.

14




which is cannot hold since f (A) is convex and ¢ ¢ f(A) .Therefore f(z,)=1(z,).

Hence z, = z,, hence gisunivalentin A.

2
The function h=2 26 clearly belongs to S since A is analytic and univalent,

h(O) =0and /'(0)=1by using theorem (1.3.3) we conclude

.>_l hence |c|2—
4

ie {w W= %} 5C - f(A) and by taking the complement , we get

f(8)= {w:|w[<%} :

Theorem 2.2.4

If feKand |z|<1then

For proof, see[ 22 ]

Lemma 2.2.1

If 4 is analytic in Aand satisfies Re/’(z)> Owhere ze Athen k is univalentin A.

15



Proof :

Suppose that z,,z, € Aand z, # z,, let ¥ be the closed line segment from z,to z,
parameterized by
z, =zl+l(22—zl) where 0<t<1 24

Since A is convex, we may write

hz,)~hlz) = [#(z),

i
1
= Jh'(z, Xz, -z, )dt
0
by using 2.4

(z, -z )j‘l W(z)-dt

0

I h(zz)_h(zl)s‘_‘

=|z, -z

[ W(z)ar

2|z, -z ]Re_][ h'(z)dt

1
=| z, -z, ” Reh'(z)dt
. .

>0

Hence /(z,)#h(z,) and his univalent in A.

Lemma 2.2.2

Suppose that f is analytic in Aand satisfies Re[ f (z) J >0--- | z 1<1 , whereg is

g'(z)

analytic and univalent in A and g( A )is corvex then fisunivalent in A.

16




Proof:
Let h=fog™ and D=g(A), then A is analytic in the convex domain D .

h(w)= f(g_1 (w)), weD..

en h'(w =f'( "(w)):f’(z) where w = g(z
Then W)= ) ) e =50

So Reh'(w)>0 then lemma 2.2.1 implies that A is univalent in A since
f=hegand g isunivalentin A

This shows f isunivalentin A .

Definition 2.2.4( Positive real part functions)

Let g the set of all functions g that are analyticin A, o (0)=1 and Re(

#(2))>0.

In other words

p=1{feA:p©0)=1and Re( p (2))>0 }.
The following theorems give some properties of the class g and more details can be

found in [22] , also we are here not interested in the proofs .

Theorem 2.2,5

feS ifandonlyif feS and Zf(z)’ego

f(z)

Theorem 2.2.6

17



If pegp and p(z)=1+ipnz" ﬂzf<l)

n=2

Then ] P,

22 - fa=23..)

Theorem 2.2.7

Let f'(z) be in o then f(z) is univalent inA .
Theorem 2.2.8

§ 1s compact.

Proof : see [12 ]

Example2.2.2
) 1+z i 2o o
The function p(z)=——= 1+222 isin .
L=z n=1
Proof:

To show that p(z)e g, since p(z)= i—+i then p(0)=1 .Also
V4

—z l-z+z-|d {ot: 2= 0" wilioh fonsilies fhat
== s = — '
— 1—(2%—2}-}* IZ‘Z ‘

p(z)_ZirsinB—r2+1

B 0,H
1+r*=2rcosd » Re(plz))> 0, Hence plz)e .

18




2.3 Close-to-Convex Function
Definition 2.3.1

A function feH (A)is said to be close to convex if there exist a convex function

g'(z)

Definition 2.3.2

g such that Re( f'(z)J> 0.

Let CL be the set of all functions f such that feH(A), £(0)=0 , f'(0)=1, and

Re[—.—JfLZ—)—J> 0 for some acR , geK . In other words,

e'” g'(z)

CL={feH (a):7(0)=0,/(0)= la"dRe[e ;Z)Z)]}

Notes

1. If feCL, then by the definition 3geK such that Re( f( ) J> 0, but

e g'(z)

eK implies g is univalent and so (e¢'“g )is also univalent and convex .
g plies g

Hence, f isunivalent .
2. The upper bound of such | & | satisfying the definition of CL is % | |<{2£

3 Fael clLes.

Example 2.3.1

Let x, y be complex numbers such that | x|=1=| y| define

vy




Fla)Eopixals

(132

Clearly f is analytic and f(0)=0and since

O T .
diar=
Hence f'(0)=
Now, let
A (1-y2)-2(-)
g'(z)= e} °
therefore
; 1
e
Hence,
f’(z)___l—xz
g'(z) 1-yz

For some o< R then

)

then f isa functionin CL

Theorem 2.3.1

If feCLand f(z): g +ianzn QZI Z 1), then Ia“ [S n for (n =123 w0
n=2

Proof:

20




as

If f € CL then there is a functiong inK and a real numbera such that
f'(z) ] )
R >0 zi<1
[ ia r(z) (I |

If g(z)= ;{ (' () ) an then ,the

function p(z) = M =1+ Z p,z" is belongto g .Since

cosa o
e’® +isinag cosa —isina+isina z
p(0)= == =1 and Rep(z)z q( ) >0
cosa cosa cosa

By equating coefficient of the power series in the relation
p(z)cosa =g(z)+isina where p(z)=1+ > p,z" and q(z)= 2 qz"
n=1

We conclude that ¢,z" =cosa p,z”" then g, = p,cosa  (n=12,-+-me- )

Theorem (2.2.6) implies that | pnl <2 so

la.|<|pa|<2 (p=12,---) 25
If g(z)=z+ ibnz" (n=12,------) then theorem 2.2.2(4)asserts that
=
b]<1  (n=12,---) 2.6
go=e " the relation f'(z)=e"g'(z)q(z)
where f'(z):l—rermnzm1 , 2'(2) 1+an 2" and ¢(z)= Zq,,
= o

Which implies that

na, = ef“ (nbne"i“ -+ (ﬂ —'l)b,,-lql + (n o z)bn—ZqZ e 2b2qn—2 7 QH—I)

Applying (2.5) and (2.6) to this equality we find that
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[nanl < n|b" ’ + (n - ])b’H - —— +9

qll o (n . 2][7”_2

b.'!

ql (In—.'! : |qnﬁi |

<n+(p-12+(n-22+-+2-2+42

L3

<n

Therefore

a |<nforn=23,---
Theorem 2.3.2

CL is compact.

Proof : see [12.

Theorem 2.3.3

Every close to convex function is univalent .

Definition 2.3.3

Let Sy denote the subset of functions f inthe set S such that f(z) is real when
z isreal .

Definition 2.3.4

Let p, denote the subset of p of function p such that p(z) isreal z

z isreal, Izl o

Definition 2.3.5
Let 7' be a subset of S of all functions with real coefficient. In other words a, is

real for all .

o 1)




Example 2.3.2

Let f(z)=2z+2z*+32> +---+nz" +---. Then, clearly, fe T .
N

Facts
1. feT= f(A)is symmetric with respect to x-axis.
2. feT isrealif z isreal .

3. fer, then (Imz )(Imf(z))=0.

The following theorem shows that the relation between the families typically real

part and positive real part.
Theorem 2.3.3

Jf €T if and only if there is afunction p ing, so that

f(2)=1_zz2 plz) e 2.1).

Proof:
Suppose that; feTland p(z) = i(—{) (1 - zz) ﬂz| 2 1) .Therefore ,
zZ

o0
h
z+).a,z
n=2

ple)=| 22— (1—22)

z

= { 1+ianz""l )(I—zz)
n=2

Hence p(0)=1,and it is clear p is analytic in A, and plz)is real when z is real .
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Suppose that0 < r <1 andg(z)= ‘f(rz)(l - zz) (]z| < 1).

Z
If @ isreal and z = " then

- f(re’g Xe'w e“’)
= f(rem Xcosf) —isinf —cos@ —isin 9)
= f(re“’X—Z ising)

Req(e“9 ): Re[— 2isin@- f(re“’ )]
=2sin@ -Imf(re"e)

we conclude that Re q(e’ g )2 0.Therefore Reg{z)= 0 when |z <1.

By lettingr — 1 in the inequality then Re[—@ . (I -z’ )) > 0,we conclude that
Re(@- (l -z’ )] >0 .when |z| <1.Equality cannot occur because of the minimum
principle for harmonic functions and the normalizations f(0)=0and f'(0)=1.
This proves p e g, .

Conversely, -suppose that p e g, and f is defined by (2.1).Then f is analytic

inA
£(0)=0,£(0)=1 and £ isreal whenz is real .Suppose that r e (0,1) and

g(z)= [—(é)} - plrz) (|z| < 1) , Then g is analyticin A= {z: |z < 1} lexcept for the

simple poles at z = +1 and g(z)is real whenz is real .

As
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- 1_18_6_;:_'_ ~2i0 'p(relﬂ)
2cosf ;
=iz P*")

-
S )

Therefore Im g(eie )= Re p(reie) (@ =0,7)

2sin @

We conclude that Im g(e"’)> 0 when 0 <8 <7 andIm g(e“’ )< 0 when

T<0<2r .Supposeyz{z:]z[sl,lmzzo, z-l]:a}where >0,

Since p(r) >0 the local behaviour of g atz =1 implies that if¢ is sufficiently small
then g(¥) is a curve

with one endpoint on on the positive real axis and with the other endpoint having an

argument close to% . As varies clockwise , g(z)varies with an increasing argument
In particular , this implies that if ¢ is sufficiently small then Im g(z)z 0 when z

Is on y .Asimilar argument may be applied at z = —1 to show that Im g(z)z 0
Ifzey'={ e <1LImz 20,z +1|= ¢} By applying the minimum principle for

harmonic functions in the regions formed by deleting open disks centered at

25




z=+ from the closed upper half— disk , we conclude that Img(z)= 0 when |z| <1

and Imz >0 A similar argument shows that Im g(z)< 0 whenl|z| <1 and Imz <0.

. p(rz) we conclude that

Letting r — 1in the relation g(z)= : = -
—

[im 7 (z){imz)=0 (2 <1) andso feT

Example 2.3.3

1 - g .
Let p(z )=-l-t£ be a function in T since pin Pand therefore

z Z 1+z
1-22 'p(z)_l—zz'l—z

z 1+z2 2

(1—z)(1+z)'1-z B (1-z)

- K(z)

be a functionin T .

Example 2.3:.4

Let p(z)z ( e 8 —, where | x‘ =1is clearly in @, therefore

l—xz)(l mxz)

belong to 7T'.
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Chapter Three

Convex and Convex Hulls of Some Classical Families of

Univalent Functions

We shall be concerned with the closed convex hulls of various families of functions
that are analytic and univalent in the open unit disk A= { zeC:| z | <1 } For each
family considered we obtain integral representations for the closed convex hull .

Let us establish some notation, we shall let 2 denote the set of all analytic functions
in A. With the natural topology of uniform convergence on compact subsets of A, 4
is locally convex linear topological space which means at each point in 4 there is a
convex neighborhood of this point .

Recall that S is the subset of A consisting of functions f that are univalent in A and
satisfy £(0)=0, '(0)=1. It is well known that S is compact in 1 .We shall be
particularly interested in the following subfamilies of S

K={ feS:f(A) is convex set }

8" =1{f e S: £(A) is star- like with respect to O |

CL :{ f €S fisclose - to — convex function }

a7




3.1 Basic Definition

Definition 3.1.1

Suppose f,geA . Let L [ f.g ] be the set of all points in 1 lying on the line
segment between f and g .

A set M in 4 is convex if for every pair of points f,gin M , the set L[ f.g ]is also
in M.

Example 3.1.1

The sets g and T are clearly convex subsets of 4. The sets S°,K and C are not
convex subsets of 4 .

Definition 3.1.2

The intersection of all convex sets containing M 1is called a convex hull of M .
Definition 3.1.3

Let A denotethe set of probability measures on 0A .
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Example 3.1.2
A 1s convex and convex hull of AisA.
Definition 3.1.4

The closed convex hull of a set M is the smallest closed convex set that contains

M . We denote this set by H (M ), the closed hull of M .

Example 3.1.3

Let f(z)=——; and g(z)=

z
—— where | x |=| ¥ [=1, 0<i<l
( )2 (l_yz)Z l I I l

Let h=t f+(1-1)g, itis clear that ke H( S ), but hisnotin S.

Proof:

To prove that want to prove A(z) is not univalent . Let x=i ,y = —i then

he)=te—s +(-t)—;

( —lz)

(1 +IZ)

t(1+iz) + (-1 -iz)’

(1 IZ) (1+zz)

_ #1420z iz )+ (- 1)1 - 24z - iz?)

(1—iz)’ (1 +iz)

4+ 2itz—itz” +1-2iz —t + 2itz +itz’

(1-iz)’ (1 +iz)

Therefore h'(z)=

1-2iz-iz> _ (1-izf

(-izf(1+iz) (—iz)(1+iz)

want to prove /(z) is not univalent let 4(z)=0 ,then

(1-iz)’ =0 which is satisfied at z = —i then by theorem (1.2.1) h(z) is
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not univalent ,hence ¢S .

Note :-
Let Fbe a subfamily of 4. Then HF o F.

As we showed in example (3.1.3 ) that the function he HSbut heS, soSc HS.

Definition 3.1.5
A family B of functions analytic in Ais said to be locally bounded if the functions

are uniformly bounded on each closed disk . B 1. ;that is, if| f(z)] < M for all

z € Band for every f e B,where the bound M depends only on B.

Definition 3.1.6

A family B of functions analytic in a domain Ais called a normal family if every
sequence of functions B, € B has a subsequence which converges uniformly on each

compact subset of A.

Theorem 3.1.1 “Montels theorem”

Every locally bounded family of analytic functions is normal.

Theorem 3.1.2

Let A be a locally convex linear topological space and let ¥ be a compact subset of 4

then H A1is compact.
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Proof:

Let #be a compact subset of 4. Want to show that H (1) is compact , let (f,)

be a sequencein H (A)and f, — f .Since f,=D ¢, f, ,then (fn* ); is a
k=1

sequence in ¥ ,but & is compact,So f, = f, as n—ow and f, € F .
Thus, f=)¢, f, and |fe ) sM , VM so|f(z)<M . Therefore ,

felH (1)
3.2 Convex Hull of Some Families

Definition 3.2.1

Let fand gbe analytic functions in A, then f is subordinatetog in Aif there
exists a function @analytic in A such that $(0)=0,] ¢(z)|<1 (| z|<1) and
f(z)=g(#(z)) (] z]<1). Itis denoted by f~g.

Example 3.2.1

Let f=z"and let g=z, if ¢ defined by ¢(z)=z"

Since f(z)=g(#(z))=g(z")=2z" Then f < g

Note:

We use the notations(F)={ f: f <F .when Fea }.

Lemma 3.2.1

Suppose that c¢is a complex number satisfying | c IS land ¢# -1 and
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If fes(F,)and ges(F,) (a>0and B>0)then fges(F,.,).
Proof:

Since f es(Fa) then f<F, this means that 3¢ such that

st ()

5 f%x 2 1+c¢(z) _éf%z(qé (Z))_1+C¢(z)

1-cé(z) N 1-cg(z)

1
Hence, fy' < F, then —log f <log F,
a

1
And also since ges(Fﬁ) then g <F, hence g}‘/’ < F; then Flogg-dogFl.

r

Let G =logF,. Then G is convex and univalent in A, because G’ :-Ii'-, where
1

1= 1
1+cz T E’:( z)c+ +cz

1-z (1-z)

F(z)=

Therefore. F/(0)=c+1 hence G'(o)= CTH =c+1#0

- 1
Where G'(z) = ge =8 A ,therefore

1=2F Ntez (1-2z)1+cz)
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¢’ +(2c2 +Zc)-z+1

e ey |
zﬁﬂ@)ﬂzzﬂc2+@&+2dpu)ﬁ—zﬁ+aa+l
G’(Z) (1 - 2)2 (1 + cz)2 c+l1

2 2
v’ -ctzrc+l

T 0—2P(rez)er1)

By partial fraction we have

G"(z)+1: 2 + 7% 11 Therefore
G'(z) l-z 1+

Re( z g:gg; +1 J: Re[ 1—:;] + Re[é} +Re(1)
2—1—l +1=0
2 2

1 ; . s
Therefore llog S <log F, and }—B—log g<log F; .Since the function G is convex then
a

1 1
t-——logf+(1—t)-§ logg < logF, where O<z<l1.
a

B e fiiin
a+f
i W T ST
a+ﬂa8 a+ﬁJﬂ g8 gL
therefore

1

1 +1 =< log F,
a+ﬂ[0gf ogg] < logF,

log(f-g)=< (a+ B )logF, =log( f-g)< logF**

Hence  f-g<F*™’=F,,,.
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Theorem 3.2.1

Suppose that F, is defined as in lemma ( 3.2.1),

c|$l and c#—1.If @ >1then

the convex hull of F,, consists of all functions in 4 represented by

l1=-xz

#a | [“"‘“J du(x) e - .
| x|=1

Proof : see [22 ]

Theorem 3.2.2

The convex hull of S consists of all functions represented by the formula

fl2)= | —zdu(x)

| x]=1 (l—xz)2
where ue A.

Proof :

If fe8", then by using example (3.2.1), g<G where

_I(2) L
g(z)—T and G(z)_(l_z)z

ie.ge S(G). But G = F,with ¢ =0 .So using theorem (3.2.1) with @ =2 and ¢ =0,

the equation

l+cxz) o 1
se)- | (F52) ant) mpis 5= | i)

whenever feS".

Let G be the set of the functions represented by f(z)= ]

D e
| x|=1 (1—-ch)2

the compactness of A,G is closed convex setand so H S* <G .

du(x) By
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Definition 3.2.3

Let S, denotes the subset of S consisting of functions with real coefficients, and

also let Sy denote the subset of S” consisting of functions with real coefficients.

Theorem 3.2.3

H K consists of all functions represented by the formula

where ueA.

Proof:

Theorem 2.2.2 part (2) asserts that f € K if and only if g € §” where
g(z)=211(z)

Which provides a linear homeomorphism of K onto §°. This map also gives a linear

homeomorphism of HK onto HS" .

Corollary 3.2.1
If feK then
Re[f(z)J>l (|z|<1)
- 2
Proof :

If f <K then theorem (3.2.3) implies that
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f(z)= I 2 dp(x) where HEA

If|xz|<1 then Re[ 1 ]> £ and therefore

l-xz| 2

Re(f_(z)J:li‘:‘Re(—_i—Jd,u(x)>

zZ

Theorem 3.2.4

Suppose that @ >0and G, denotes the set of functions represented by

f(z)= [ du(x)

1
|12 (1-xz)*

where pgeA .
If feG,,geG;,a>0 and £>0 then f-geG,
Proof :

Assume o+ f>1,and suppose that f € G, then let

dp(x)

Flak= 1

= (1- xz)

and let geG ;then let

where u,v eA.

Then

= : X Vv :
ialicat B8 Rrmee s ey ity
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This integral over Ax0A want to show that integral isin G, , for every value of

x and y on JA , by using lemma (3.2.1)

1
(1 B z)a+ﬂ

f(z) glz) <

Since a + 8 =1, we may apply Theorem 3.2.1 to conclude that the integrand belong
to G,,, whenever|y=|y|=1.
Now consider & + 8 <1 ,we show that the integrand in the representation of f - g

Belongsto G,,, , suppose that

h(Z):(l—xz)a(l—yz)ﬁ ’ lezlylzl

4

We will find —I—[h'(z)+ (a+p- 1)"(")) ,where
a+pf

w(z) = (1= xz) (L= y2) — 2| (- x2)" - B (1= 32) +~(1=32)" - 31— x2)""]
(1—xz)* (1= yz)*

(1-xz)*(1-yz) + B yz(1—x2)" (1= y2)"" + @ xz(1 - xz)*" (1 - yz)ﬂ
(1= xz)(1-y2)*

| 1 " Byz(1-xz) (1-yz)’” L@ xz(1-xz) ' (1-yz)’
(-xf ) (- 052" (-x)"(-02)”

= : + PIE - i et (1)
(-xf-yzf (-x)Q-32)" (-x2)"(-2)

If we multiply 4(z)by Lq-iﬂ—_l) ,then

@ B l\h(z)_ e g1 a N Vi ~ 1 A
I 0 xz)@ yzf (U x)(@-y2) (@-xz)(-pz) (1-xz)P(1-yz)’
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by adding (1),(2)

Byz B B ; axz : a
(1-xz)"(1-pz)™  (-xz)(1-yz) (1-xz)"'(1-pz) (1-xz)(1-yz)

=h’(z)+(a+ﬁ-—l)-h(z)

Z

p yz a

—(l—xz)”(l-yz)ﬁ[l—yz : 1]+(1—xz)“(l—yz)” [lfiz+1:|

RGP L | Ty e

"(z)+(a+p- _h(z)= z b T
W (2)+(a+p-1) z  (1-xz)(1-pz)"" (1-xz)"'(1-yz)
then
1 'z+a+—-h(2)=a' 1 B 1 e
a_,_ﬂ[h( ) ( B 1) . } g+ (I—yz)ﬁ(l—-xz)““ a+ﬁ(l—xz)a(l—y2)ﬁ+1- 3

where a+ f+121

so we show that the function defined by the right hand sidese G

a+f+1 *

Let H denote the function defined by the left hand side of (3) then we may write

H(z)= I—l—_—uzl-———dzl (2)eeeevene (4) where A€ A

The mapping & : A — A defined by &(h)= H where

H(z)= ai—ﬁ[h'(zh (a+pB- 1).’%2.).)
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is an invertible linear map of the subset of 4 satisfying the condition
h(O) =0 whenever a + f# > 0 .To see this ,suppose that h(z) — chz"
n=1

Therefore

We)=Some et o) and M= Fc o

1

If we multiply Hz) by(a+ B —1) then
zZ

@+ 8-S @ gty )

1

Adding (5) and (6) we have

) lhs /3—1)-}3@=i( n+(a+ f=1) )e 2™ wenens(7)

zZ

Now multiplying (7) by then,

a+pf

a+pf-1+n e

a_}r—ﬁ(h'(z)+(a+ﬂ~l)'h%))=iw c"

n=1

— f+a+n "
= “CpnZ
= a+f
@ o
. , a+pf+n
In general if we write Y p Cpuz” =2.d,2"
= a4 =0

This determines c, by the formula

n ——-%d (nz 1,2,¢000e )

@+ f-1¥n
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o @
Moreover, » d,z" and ) c,z" have the same radius of converges as

n=w n=1

umﬁmﬁiﬁ—ﬂwz1

nso\ g+ B+n-1

If we apply &' to both sides of (4) we obtain

F4
hlz)= | —————dA
R Ll

1
(1-xz)*(1- y2)’

belonges to G,, , for all complex number x,y with |x| =|)| =1, and so the proof of

k z 1
since = .This proves the function w =
i [(1 " uz)a*ﬂ] (muy™ T F

theorem is finished .
Theorem 3.2.5

HCL consists of the functions represented by

Where 1 varies over the probability on BAX DA .
Proof:

Suppose f e CL , then by notes of family C there exist g belong to K and a real

numbera suchthat A= i{ - which satisfies that Re (k(z))> 0,
e g

zl<1.

Let p(z)= h—(z)c——::n—ai by theorem (2.3.1)

AN



plz)= ﬁ%%”@ (32)

Where #(0) = cosa —isin & ,such that Re h(0)= cosa ,Im h(0)= - sine
therefore p € p . Since p(0)=1 and Rep(z)>1

And also

plz)= j ke ds(x)  whereSeA. (3.3)

From (3.2) and (3.3)

d 5(x)

h(z)—iImh(O)= I1+xz
Reh(0) [ l-xz

Hz)=Reho) [ 2 ds(x)+ilmh(0) e (3.4)

et T

h(z)= J'cosaf(i x xz] +i(—sina)d &5(x)

*xi:l i

cosar(l + xz)—isin a(l — xz) 9
|xl=1 (1 =Xz ) o 5( )

cosa+cosa(xz)—isina +ixzsinax
= ( 1) dé(x)
—Xxz

|xf=1

|x[=1

Since ge K ,and by using theorem (3.2.3) implies that

g(0)= | 122222y )

b=t (1-yz)’
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where v € A . Sinceh = ;fr - then 1'(z) = hlz)- g'(z)-&™
i

Combining (3.5) and (3.6) then

z)= I+e™ xz ol V7 & 74 7)) E e .
N = O 67)

From theorem (3.2.4) ; If | x|=|y|=1, then

1

i xz)(ll o qu — d A (u) ek  semw (3.8)
Since i xz)(ll 7 €G,. Let w=e" x . Consequently (3.7) may be written
as

fz)= }J:(llj;zy dulwau) (3.9)

where 4 is probability measure on R Letting » = y and w = —x and integrating

(3.9) we find that

z—l(:c+y)z2

f(z)=fﬁ*z—')*z—dﬂ(ny) ------ (3.10)

Since CL contained in the set of functions represented by (3.10) , H CL is also a

subset of this closed convex collection .The fact that the collection is closed follows

from the weak — star compactness of the probability measures on R . The functions
1 2
z——(x+y)
f(z)z ——2“2— eCL ,[x[ = M =1
(1-y2)

And thus the functions given by (3.1) belong to HCL

AN

Definition 4.1.1
If UcV then U is called an extremal subset of ¥ provided that whenever
u=tx+(1-t)y

where el ,x,yelV ,and O<t<1 then xand yboth belongto U .
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Chapter Four

Extreme Points of Special Families of Univalent Functions

In this chapter we introduce the extreme points of g, S",K,CL,T and several

classes by subordinations. And also we obtain information about extreme point of the

family S .

4.1 Extreme Points of Several Classes

Definition 4.1.1

If UV then U is called an extremal subset of ¥ provided that whenever
u=tx+ ( Lt ) y

where uelU ,x, yeV ,and O<t<1 then xand yboth belongto U .

We shall use the notation EU to denote the set of extreme points of U

Theorem 4.1.1  “ Krein — MiI’man Theorem “
Let M be a compact convex set in a locally convex topological vector space X .

Then M is the closed convex hull of its extreme points. In symbols M =H (E(M)).

Proof : [ see Dunfared and Schwarz | .
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Theorem 4 .1.2
Let 4 be alocally convex linear topological space and let #be a compact subset
ofA.

1) If 4 is non empty then E( ¥ ) is non empty (4.1)..
2) HE(F)= H(F) 4.2).

Proof: see [ 22 |

Theorem 4 .1.3
Let Fbe a compact subset of 1 and let J be a complex valued continuous functional
on 4, then

max{ReJ(f): f € F}=max {ReJ (f): f eHF }=max{ReJ(f)= f € EHF}.
Proof:
Since HF is compact the second maximum exists . As F is compact the first
maximum exists .
Suppose M =max{ReJ (f): feH ¥ }and G={f:feH ¥ and ReJ(f)=M jthen
G is non empty .We claim that that is an extremal subset of H (F) . Namely,
suppose that heG and h=1¢f +(1—t)g where f,ge H F and 0<f <1then

M =ReJ (h)=1ReJ(f)+(1-1)ReJ(g)
<tM +(1-1)M
=M
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and so we must have Re.J(f)=Re.J(g)=M Finally ,we note thatG is compact, this

follow from the continuouity of J and the fact that HG is locally uniformally

bounded .

Because G is non empty compact subset of 4, (4.1) implies thatG has an extreme
point f,. AsG is an extremal subset of HG, f, is an extreme point of HG . Note
that (4.2) implies that £, € F . Since f;, belongs to all of the sets G , HF,F and

EHF it is clear that the third maximum in the statement of the theorem exist and all

three maximum are equal .

Lemma 4.1.1

The set of extreme points of A consists of the point masses .
Proof :

Suppose =8 5, the point mass of x, and p:tv+(1 = )A , Where

v ,AeA ,0<t<].And since Ais convex then

1= (§) =1(v )+ 1-1) (2{))
<t-1+(1-1)1
=t+1-1=1

so u=A=v, then yisan extreme point of A.
Now suppose z is an extreme point of A ,and g is not a point mass.
Claim , 3 a measurable set A, ACdA, sothat 0<u(A )<1

LetB=0A\A sothat 0<u(B)<l.Let v, Abe measures and defined by

_u(ENA) _u(ENB)
Ll L
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For each Borel set £ contained in 0A then v,A eAand u=tv+(1-1)A where

t=u(A) then g is not an extreme point of A, a contradiction , SO 4 is a point mass

Theorem 4.1.4
A function f is analytic inA and satisfies Re f(z)>0 (]zl < 1) if and only if there

exists a non — decreasing function z on [0, 27]such that

it
fz)= f e“ e d p(t)+ib
e~z
and bisa real number . Moreover , if x is normalized [ p(t) = % ;.t(t“ )+ — p(t“ ))
then g is unique .

Proof : see | 22 |

Theorem4.1.5
peg if and only if there is a probability measure 2 on dA such that

(Z): [ 1+xz

| Ill_xzd,u(x) | z]<1 (4.3)
Xi=

the correspondence between g and the set of probability measure { Y7 }on OA given
by equatioh (4.3) is one —to —one .

Proof :

Let pe g . Since Rep(z)z 0 (]z[ < 1) , then by theorem 4 .1.4 there is a non —

decreasing function g on [ 0,27 ] such that

‘[e +zd(l'

0
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we may assume u is a probability measure on dA such that u ( oA ) =1

1+xz

it

i.e f(z):f du(x) wherex =e

1-xz

to show that there is a one - to — one correspondence between the set x and the set

/

write /(z)= [ ;: ulx) and so f(z):Tei:+zdp(t)

2 € —z

Hence , the map is one —to one .

Theorem 4.1.6 :

The set of extreme points of g consists of the functions

ple)=1

where | x|=1 (4.4
l-xz

Proof :

= )Iff(z)=1+plz+--- isin g, then

P,|<2and we will see that ] P, ] =2if
and only if it has the form (4.4). let p(z)has the form ( 4.4 ), we want to show
p(z) extreme point of p .

Suppose to the contrary that p(z)is notin £ (). Then we have two functions,

f(z)and g(z),in p such that

p(z)=1f(z)+(1-1)g(z)

=t(1 +a,z+---)+(l—t)(1+b!z+-~)

so that |P|=2<t|a,|+(1-1)|b,|, O<t<1 (45)
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Since | a, =2 and

<2and | b, |s 2, this is possible if and only if |an |:

bl’l

Arga,=Arghb,. But then both f (z)and g(z)have the form ( 4.4) and, in fact,
f(z)=g(z). Hence p(z)is an extreme point of .
& ) Now, if f (z)does not have the form (4.4 ) and
f(z)=1+p z+p, 2%+ then |p|<2.
We will show that in this case [ (z) is an interior point of the line joining two
functions g(z) and h(z)in g . This will prove that f (z) is not an extreme point .
First , we select ¢ sothat ¢ p, =|p,| .Then |¢|=1 .If p, =0 , then we canset c =1.

We next construct the auxiliary function

Flzle)= f(z)(l—cz)(z—??) +_E_ B

CZ
z -4
=_p15+1+|c|2+[—p25+pl+|czlpl—2f:]z+... (4.6)
=—p,c+2+[-p,c+2p, —2]z+... (4.7)

We observe that the constant term 2 — p, ¢ =2 — | pll >0, because | p,| <2,

Now suppose that f ( z) is regular on 6 E. Then for z = ¢”

ReF(e"g . )= Re [f(ew )(2—6‘6“’ —Ee'“’)+Ee"9 —ce’:g]

=Re [2—ce‘s - Ee"'g]Re f(e"")z 0.
Since F(z,c) is regular in E , this inequality holds throughout E . If f(z) has
singularities on 0 E , we apply the work just completed to f(r z) and let
r—>1" Henceif f(z)isin p,then ReF(z,c)>0 in E Further, each step

from equation (4.6) and on is valid if we replace ¢ by —c . We define g(z) and

h(z) by
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)_F(z,c) gl A= f;(:r|;6|) a3

Clearly g(0)=h(0)=1, so that both g(z) and A(z) arein p . A brief computation

shows that

76)=2Rl g 212y 9

Where 0< (2 * ] y2 D 4<1 .Thus ,from (4.9) it appears as though f(z) is not in

extreme point in p .There is one minor detail to check . It is possible that g(z) and
h(z) are the same function , and if so the argument fails . Assume that g(z)=h(z).

Then a moderately long computation will give

-

f(z)= 410

1 —lpl|cz +cz’

And if |p,| =2 cos 8, then [cos <1 and

iA Jﬂ
f&):i{l+e.z+l+e$ J 111

Iz 12

Again , f(z) is not an extreme point in p .
Theorem 4.1.7:

feTifand only if there is a probability measure on X = ﬂxj= 1,Im x> 0} so that

f(z)= )¢u() (4.12).

| Jl'l (l xz)(1+xz

The correspondence from the set of probability measures on X to T defined through

equation (4.12) is one — to — one mapping onto 7'.
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Proof :

T is characterized by the representation
=) (2]<1)

where pegp,since pegp theorem ( 4.4) implies that

p(z)= [ 22av(x)

Ix]:!l_xz

where v is a probability measure on 0A .
Suppose X:{x:;eA } and u(A)=v(A)+ v(K),
where A is any measurable subset of X .

If pis alsoreal then pG)z p\z}, we find that

()2 [p()+7(7)]

_le:ll—xz l—x

|2l = %2 2fal=%x2

1 l+xz-xz—-z +1+xz—xz-2*

2_|I|=] (l—xz)(l—;z)

2

= 1-
The function -l
(1 - xz)(l -X X

_1 J' 1+xzdv(x)+ J_( =1 ;)dv(x)}

( j 1+xzdv(x)+ J 1+Ezdv(x)]

dv(x) }

} belong to g, for each x ﬂxl = l) it follows that if u

is a probability measure on X then p(z) is belong to g, .

Let p is a probability measure on X then
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z
1-z

let f(z)= = - p(z) yields equation (4.12) .

The one — to — one correspondence between I and the set of probability measure on
X follows from the uniqueness of measure v by using theorem (4.1.5) and the fact

of the measure on JA are is one — to- one correspondence with measures on

X through the relation (A )=v(A)+ V(X)

The technique given in proof of Theorem 4.1.6 may be used to prove the following

result based on 4.1.5 and the fact that the extreme probability measures on

{x d=1,%m x> 0} are the point masses.

Theorem 4.1.8

The set of extreme points of 7" consists of the functions

where | x|=1 and Imx>0.

Theorem 4.1.9

If F e 4, then each function of the form f (z)=F (xz)where | x|=1belongs to
EHs(F).

Proof:

Assume F is not constant, the power series of F begins

F(z)=4y+A,z"+--- n=l, A,#0
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If fes(F) then
f=Fo¢
where ¢ is analyticin A, and ¢(0)=0,
|#(z)[<1 |z]<1
and ¢eB,, suppose that

@

f)=Sa ad  b()-

@
n

C.k ¥4

k=0 k=]

S =Fo¢
=F(¢(2))
A A (S 5
=A4,+ An(i c,,z"]
=d, + A, (c,z+czz" +ete 2" +y' TR

n_32n

n_ n g
a,+az++a.z =A,+A.¢ z+-+A.c,z

a, =4,

al :a2 =a3 =ese= a”_l :0
T n

an_AnCI

Let J be the continuous linear functional on 4 defined byJ (h)=b, , he A and

|6(2)[=| X caz" |2 [en] | 27
n=1 n=1
=|¢ || z|+| e, || 2 [+ e, |- 27 |+
Because |c,| <1 and equality holds if and only if ¢(z)=xz , |[x|=I.
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max {ReJ(f)ifES(F)}:

An

because

J (f )=coefficient of a,

Moreover the only function ins( /) for which ReJ(f) =| A4, | have the form
f(z)=F(xz) for suitable x with |x|=1 by the theorem (4.1.6) the solution set
continuous a member E H s(F), this proves that there is a complex number x, such
that | x,|=1 and f,(z)=F (x,z)eEH s(F).

Now want to show that if f(z) =F(xz) and |x| =1 then feE H s(F). Suppose

that f=tg+(1-t)h, g ,heHs(F)and 0<t<1 then

Since f, € EHs(F) and g[ ﬁ’-z] and h( L JeHs (F)they must be equal.
- x

Thereforeg = h thus feEHs(F).
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Theorem 4.1.10

Hs(K) Consists of the functions represented by

16)=[ 7 dule)

Where u  varies over the probability measures on R = 0A x 0A.
Proof:

Which follows from the Krein Milman theorem and the weak _star compactness

probability measures.

Theorem 4.1.11

Hs(S ¥ )Consists of the functions represented by
Xz
z)= | ———dulx,
16)= [ )

Where u varies over the probability measures on 6A x 0A .

Proof:

Which follows from the Krein Milman theorem and the weak _star compactness
probability measures.

Theorem4.1.12

Hs(CL)Consists of the functions represented by

wz — L] (x+y)z*
f(z)= ;[ (12_ yz)z du(x,y,w).

Where u varies over the probability measures on 0A x A x 0A .
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Proof:

Which follows from the Krein Milman theorem and the weak _star compactness

probability measures.

Theorem 4.1.13

EHS" consists of the Koebe functions f (z)= —where | x|=1.

e
(1— Xz )
Proof :

The extreme points of G are the Koebe functions according to theorem ( 3.2.1)

where G = —1— Since the Koebe functions belong to S* we conclude that

(1-z)
G — HS" and thus HS® = G moreover, as EG = EHS" the set of keobe functions is

the same as EHS".

Theorem 4.1.14

EH K consists of the functions f(z)= <

wherelxlzl.
1—xz

Proof :
Since a map the set E H K is in one-to-one correspondence with £ H S *. The

conclusion of this theorem, follows from the equivalent assertions for S~ given in
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theorem ( 4.1.13) . In particular, we note that if g(z ): - where

(l—xz)

¥4

g(z)=zf(z) then f(z)= belongs to EHK

1-xz

Theorem 4.1.15

EHCL consists of the functions defined by

I 2
f(z)=szl(x-Jr—y)z)i where [x|=1,|y|=1and x=y. (4.13)
—yz
Proof :

1

(1-z)

and suppose that f € EG .Consider the set of all probability measures onR which

To show this let G denote the set of functions having the representation G =

correspond to f .
This is a compact set and thus has an extreme point of g, thus f e EG implies that
4 is an extreme probability measure on R = dAx dA . Therefore uis a point mass

and thus

z—%(x +y)z?

f(z)= (i3

for suitable (x,y )in R.

We now show that if

_z=5(x + 3, )7’
f(Z)_ (l—yoz)z

-5

with  |x,|=|p,|=1 and x,2y,

then fe EHCL .

1t suffices to show that if
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"

(1-y2) = (1-yz)

z»-lz(xu-'-yn)zz IZ_%(X'*'.V)Z

dp(x,y) --4.14

where 4 is a probability measure onR , then uisa point mass at (xo, Yo )
Equation (4.14) is equivalent to

Xz

” -
(1-y,2) J‘(1 yz )3

xy) (4.15)

If we multiply (4.15) by(1-y,z ]’ we may write

1-x,z =j (1-xz )dp(x,y)+ I (l—yoz ]3(1—xz)dy(x,y) (4.16)

3 1—-yz
where I'= {(x y):y=y, } if we letz —>;; radially, because of the Lebesgue
dominated convergence theorem, we find that the second integral in equation (4.16)

has the limit zero.

Therefore

1=x, 5, = (1-x¥5 Jdu(w )= [ du(x,y)-yo [xdu(x.y).

[ xdu(xy)

r

Ifb =I du(x,y) then 0<b<1 and as
Iy

sj du( x,y Jwe conclude
i3
that l l—xOJTo—b ‘sb.Since | 1—x0;;—b Iz‘ xo;o_ l—(l-b )=b we must have
xo};=1 or b =1 since x,# y, ,xo_ﬂ?tl and so b =1 . Thus x, :j xd,u(x,y) and
T

consequently g is unit point mass at {255 7):

To verify this last assertion, note that if

5




Then pe g and

P'(0)= I 2xdu(x,y,)=2x,.

]

]

Since | P'(0)|=2 we conclude that p(z)= . The one-to-one property

1-%.2
implies that 4( x, y, ) is unit point mass at {x, } and so x(x,y ) is unit mass at
(%0, 0).

It remains by to verify that if | x| = | y| =1 and x = y the functions defined by

(4.13), namely f (z):lL where | x| =1, are not members of EHC .Since such
=Rz

functions belong to " and do not belong to EHS", according to theorem (4.9), they
cannot belong to EHCLas HS® c HCL .

Note

EHC is not closed, in contrast to the fact that £H3J is closed when Jis any one of
the families g,7,S” or K.

Corollary4.1.1

HS, =HS, =T

Proof:

The function described in theorem 4 .1 .8 belong to

S" and so ET c S, ,then HET < HS} It follows from (4.2) and since
S € 8 c T that

TelireliS, ol S, cT Thetrfore

N
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T=HS,=HS,

Theorem 4.1.16

EHS(K)={f:f(Z)= = !xl=|y|=1}

1-p*°

Proof:

Since zand -z arein s(K) it is clear thatOg EHs(K). If f e EHs(K) then from

4

for some x where |x|= 1.Fora

theorem (4.1.10), we conclude that f (z):1

given x with |x|=1, suppose

since

z LN A

=——t4—

1-xz x X1=xz

1
1-xz

it is clear that f(z)= —-l+lh(z) where h <K and i (z)=
x X

and so

The set {4 }consists of functions subordinate to w =
—i

EH(h):{h:h(z): : |yl=l}.

1-yz’
As EHs(K )c EHK (x) for each x (| x|=1 )it follows that f belongs to

EHK(x)and SO
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for some y (; y|=1 ) Consequently

f(z)— y;z _uz

_l—yz_l—vz

where |u|:|v|=1and )

feE={g:g(z)=lf;z,|xl=1y|=1} .

We claim that ECEHs(K) . As E cs(K) it suffices to show that each function in

E uniquely maximizes a real — valued, continuous linear functional over £. Let

J(g)=a g'(0)+ﬁg—"§0—) whenever ge A and where |a|=| B|=1 .As
F(2)=—E=xz+xyz*+
we see that
ReJ(f)=Re(ax+§-2ny
Sl ax+pxy |
<Jal+| -2
o ) . 1 a
Equality requires that x=— and y=—.
a B

By varying a and # we obtain all possible pairs (x,y) with |x|=| y|=1 such that
ReJ(f)=2.Hence EH s(K)=E and the statement a bout H s(K) follows from

the Krein- Milman theorem and the weak-star compactness of the probability

measures.
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Theorem 4.1.17
EHS(S')-:{f:f(z)z(—liij)z, lx|=‘y[:1}.

Proof :

It is clear that Og EH s(S"). If fe EH s(S").then by theorem (4.1.9),

for some x(|x|=1) .Fora given x with |x|=1, let

f(z)=< e

M(x)={f:f<g,g(2)=(—l—_iz—)z} :

It is clear that

(1-; ; zﬁ“t; ) “}

which shows the linear map Zl_( g-1 ) is one-to-one correspondence between the
%

2
family M (x) and the class of functions 3 subordinate to (2 )=( i J .

1-z
Therefore, HM (x)-—(HS 1) andEHM (x)— (HS‘ 1) . By using theorem

(3.2.1) with ¢ =1 and a=2yields

EHJ—{h h(z) [“yz] |y|= 1}

Since EHs(S' )c EHM (x) we conclude that
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feE={g:g(Z)=ﬁ, Ix\=|y|=1}.

We claim that Ec EH s (S ) .As Ecs (S ) it suffices to show that each function in

E uniquely maximizes a real-valued functional over £ . Let
. "0
sg)-ag(©)+a( £12)

whenever ge Aand where |a|=|#|=1 . As

f(z)z--_—(1 — E =xz+2xyz’ +---

we conclude that

ReJ(f)zRe[ ax+§4xy}

S| ax+2fxy |:| a+2fy |
<|a|+2| B|=3

The equality requires that x -l and y =—;— . By varying a and S with all possible
a

pairs (x,y) with | x|=| y|=1 such that ReJ(f )=3. Hence EHs(S')zE.
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Theorm 4.1.18

EHs(CL):{f f(z)=w Z—(%l(“x;;,z)zz |

x|=|y|: |w| = 1,x¢y}.
Proof:

Clearly, og EHs(CL) . Assume that feEHs(CL) and

z-1(x+y)z*
(1-yz)

f(z)<

for some x,y where x=y and |x|=|y|=1.Foragiven x and y with x y, and

| x|=| »|=1, suppose

The identity

- )|

Shows that the linear map f =( E—(—-l-——)) (g—1) is a one-to-one correspondence
: y—x

between the family K(x,y ) and the class of functions 3 subordinate to

2
F(z)z[l—_—-ﬁ—) . Since ¢ge f, ifand only if w=yge B,, T is the same as the set

2
4 ’ L=
of functions subordinate to [ o } where u =2 (u #l, u|= 1) . By theorem
Y

1-z

with ¢ =—u and o= 2 we conclude that
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EHSz{h :h(z):[ llﬁ‘“’z ] , |v|=1}.
—VvZ

Since EHs(C)cEHK(x,y ) we find that

L [(1=(eY ] of =@ )Eer)e
f(z)zz(y_x)“ 1-vz ]_l:iz;[ (1-vz) ]

Hence

res={ 17w Iy 1oyl

We now prove that Ec EH s(CL). 1t is sufficient to prove that if

z—-%(xo+yo)22_j'wz—%(xﬂ-y)z2

= dul(x,y, 4.17
[ A (e B S

W,

Where g is a probability measure on #, and x, # y,,then g is unit point mass at
(xo,¥,>w, ) . Equation (4.1) is equivalent to

z—xoz zZ—=XZ
AR [V Ls MR O RN, 4.18
wO (1—y02)3 '!w(l_yz)g :u(xyw) ( )

By setting z =0 in equation ( 4.18 ) we have

w, =de,u(x,y,w) : (4.19)

Let A be any measurable subset of A and define a measure A ondA by
A(A)= u(6Ax0AxA) . Then A is a probability measure on dA and we may write

equation (4.19) as

wo = [ wdA(w). (4.20)

oA
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It now follows that A is point mass at w, and equation ( 4.18 ) becomes

=%,z l-xz
—ty e AE) 3 . 421
(lu_yoz )3 aﬂyaﬂx{wol (}_yz )3 #( y w(,l) ( )

Since 4 is a probability measure on A x dAx {w, } The technique used above can

be a pplied to prove that if

f du(x,y)

l”yo R

For a positive integer » then u is point mass at (xo, ¥ )

4.2 Extreme Point of S

The describing of EHS and ES are open and difficult . We have shown that the
Keobe functions belong to EHS and so to ES , since EHS — ES . 1t is known that
there are other functions belonging to EHS .

Also, several necessary conditions for a function to belong to ES have been

obtained

Theorem 4.2.1

If feES and T=C\ f(A) then I" is an unbounded continuous curve having a
strictly increasing modulus.

Proof : see [22].
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Corollary 4.2.1

z-1(x+y)z?

(1-z)

Suppose that 1 (z)= and x=e” (0<@<27).1f [6]<% then

feES

Proof :

Since C\ f(A) consists of a ray having the tip —%—i—cot(%) , @#0 and passing
through — é . It is a geometrically evident that if I cot(% ) |> 1 then the ray will not

have a strictly increasing modulus. Therefore, if ] 6 |<§then C\f (A) does not

satisfy the conclusion of theorem 4.2.1 and thus f¢ ES .

Corollary 4.2.2

SeHCL.

Proof : |

If § ¢ HCL then HSc HCL and this implies EHC L c EH S which is impossible as

each function described there belongs to EHC L ( when ¢#0 ).

Theorem 4.2.2

If a function f €S omits two values of equal modulus, then f has the form
f=tfi+(1-t)f, O<t<1

where f, # f,and f, and f, are in S which omit open set .
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Proof :
Let D be the range of f.If f omits @ and S, a# f then some branch of the
function

y(w)={(w-a)(w-p)}*
is analytic and single — valued in D . We claim that the two functions wiw(w) are
univalent and have disjoint ranges. To prove the univalence, suppose

W i‘//(wl ):wz +y(w,),

or

y(w )-y(w,)=x(w, -w, )
Squaring both sides, we have
2y (w)y(w,)= (w,-a Jow, = B)+(w, -a J(w, =B )-(w, -w, e
Squaring again, we obtain after some labor
(a=p) (w -w,) =0,
Which is impossible unless w, = w, . Thus both of the functions wt w(w) are
univalent in D . A similar argument shows they have disjoint ranges. Indeed, if
w4y (s~ (w2,
essentially the same calculation shows that w, = w,, which implies
w(w, )=y (w,)=0. This is clearly impossible.
In particular, we have shown that the functions w1y (w )are univalent and omit

open sets. Both properties are preserved under the normalizations
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wry (w)-y(0)

w—y (w)+y(0)
1+y'(0) '

1-y'(0)

¥ (W):

v (w ):
These functions ¥, and y, are analytic and univalent in D, omit open sets, and
satisfy v ,(0)=0 and y/(0)=0, j =1,2 . Therefore, the compositions f, =y, o f

and f, =y, o f are distinct functions in S which omit open sets. Furthermore, since

[1+y"(0)Jw(w)+[1-w1(0) ] w.(w)=2w,

the function f can be expressed by

()=t £,(2)+(1-1) £.(2),

where tz?lz-[l +'(0)].

It remains to show that 0<7<1 under the additional assumption that | a |=| ﬂ] i

Equivalently, it is to be shown that —1< l/l'(O)< lif a=re” and f=re’, where

0<f@—-¢@<27 . But an easy calculation gives

w'(0)=—(a+ B )/2y(0)=+tcosH(0-9p),

which proves —1<y’(0)<1.
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