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Abstract 

 

Fractional Calculus has found numerous applications across various scientific fields. 

In this thesis, we review key definitions of fractional derivatives and explore their 

applications. Specifically, we focus on three fractional derivative definitions and apply 

then to Newton-Raphson's method for solving equations. We implement these methods in 

python to compute polynomial roots and compare their performance in terms of iteration 

speed and accuracy. Our analysis highlights which definition yields faster convergence and 

better results. 

In this thesis, we enhance the Newton-Raphson method by replacing the ordinary 

derivative with the proposed fractional derivatives and apply this modified approach to 

solve various equations numerically and compare the results with the original Newton-

Raphson method.  

Furthermore we conduct a comprehensive performance analysis to compare the numerical 

efficiency and accuracy of the modified methods.  
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Chapter One 

 Introduction 

Fractional calculus is a science with many applications in a wide variety of fields of 

engineering and sciences such as engineering conservation of mass and electrochemical 

analysis. In these areas, various analytical and numerical methods including their 

applications to new problems have been proposed in recent years. 

Fractional derivatives are used Newton-Raphson's method to for solving equations. We 

will now study the definitions of derivatives and integrals and study their results. 

The outline of the thesis is as follows: 

In Chapter 2, a historical overview of the scientists who interpreted fractional derivatives 

in general is presented, a study of the basic functions used in fractional calculus, such as 

the gamma and beta functions, and an analysis of each of the three definitions of fractional 

derivatives in terms of properties, proofs, and examples. 

In Chapter 3, we presented a number of the most important applications in which fractional 

calculus was used in various sciences such as engineering, biology and applied 

mathematics. 

In Chapter 4 of this thesis,  

First: General review of the Newton-Raphson method. 

Second: A general study of the fractional Newton-Raphson method and the application of 

some examples of some definitions of fractional derivatives, including (Riemann-

Liouvill’s, deformable derivative, Classical derivatives), and we will apply these examples 

in chapter five. 

In the chapter 5, we will apply these examples to a Python program to extract results for 

each of the three definitions of fractional derivatives using Fractional Newton-Raphson 

Method.  

Finally, in chapter 6, the results extracted from the Python program will be discussed, 

through which the three definitions will be discussed, compared, and the fastest definition 

will be determined. 
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1.1 Problem of Studying  

This study attempts to answer the following question:  

1- Can we apply some definitions of fractional derivatives to Newton-Raphson's method? 

2- Is it possible to compare them? 

 

1.2 Objectives of Studying  

Study objectives define learning outcomes and help clarify, organize, and prioritize study. 

What are the objectives of this thesis? 

First: To learn about fractional calculus and its different definitions. 

Second: To identify the applications of fractional calculus in various types of sciences. 

Third: Identify the Fractional Newton-Raphson method. 

Fourth: A study of the use of some definitions of fractional derivatives in Fractional 

Newton-Raphson method. 

Fifth: To extend some equations that have complex roots, finding the fractional derivatives 

for each of the three definitions of fractional calculus, applying the solutions to the Python 

program, to analyze the performance of a modified Fractional Newton method using 

existing numerical methods. 

 

1.3 The importance of Studying 

Fractional calculus becomes used in many applications and scientific and industrial fields. 

Therefore, it is necessary to study this science in order to be able to use its many 

applications in areas that serve human life and its development. 

This study sheds light on the use of some of the definitions of fractional derivatives to 

calculate equations with complex roots using Fractional Newton-Raphson method 

(FNRM). 
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Chapter Two 

Fractional Calculus 

2.1 Introduction 

The Fractional Calculus is a branch of mathematical analysis, which deals with the 

applications of derivatives and integrals. Its first appearance was in a letter written to 

Guillaume de L’Hospital by Gottfried Wilhelm Leibniz in 1695. Thanks to the  notation 
  

   
 ( )    , L’Hospital could asked in a letter to Leibniz about the interpretation of 

taking         in a derivative, since at that moment Leibniz could not give a physical or 

geometrical interpretation to this question, he simply answered L’Hospital in a letter, “... 

this is an apparent paradox of which, one day, useful consequences will be drawn" , The 

name fractional calculus comes from a historical question, because in this branch of 

mathematical analysis, derivatives and integrals of a certain order    with       or  . [1] 

There are many types of fractional integral and differential operators that are proposed by 

Riemann Liouville, Weyl, Riesz, Caputo and other scientists. Fractional Calculus has wide 

applications in applied mathematics and other sciences such as differential equations, 

physics, engineering, economics and many other sciences. [22] 

 

2.2 Historical Notes of Fractional Calculus  

The first mention of fractional calculus apparently by S. E Lacroix around 1819. He started 

by stating the common     derivative of the power function      in term of the Gamma 

function. [7] 

 ( )  
 (   )

 (     )
                             

He then let   be any real number to arrive at the first definition of the fractional derivative 

of a power function. After this period, a list of mathematicians who have provided 

important contributions up to the middle of the      century included Fourier, N H Abel, J. 

Liouville, Riemann, Grunwald, Riesz, W. Feller and others. [7] 

Among the most common definitions of fractional derivatives are the fractional derivative 

of Riemann-Liouville (R-L) and the fractional derivative of Caputo. [7] 
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2.3 Special Functions  

In this section we present the special functions gamma and beta that we use to define an 

important kind of fractional derivatives and fractional integrals. 

 

2.3.1 Gamma Function   

Definition 2.3.1.1[7] The gamma function, denoted by  ( ), is an extension of the 

factorial function to real and complex numbers. Specifically, if   *       +       

 ( )   ( )  (   )  

More generally, for any positive real number  , Γ( ) is defined as  

 ( )  ∫        
 

 
                  

Example 2.3.1.1[8] Find  ( )      .
 

 
/    

Solution: 

First we will find  ( ) by using the definition 

 ( )     
   

∫        
 

 

   

          
   

∫     
 

 

   

                                         
   

(              )    

Therefore,  ( )    

Now we will find  .
 

 
/ by using the definition 

 (
 

 
)  ∫  

 
 
       

 

 

  

By using the substitution                                       

              Also,         we have 

 (
 

 
)   ∫       

 
   

 

 

  

 (
 

 
)   ∫    

 
  

 

 

          ( ) 
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Also,  

 (
 

 
)   ∫    

 
  

 

 

        ( ) 

Therefore,  

[ (
 

 
)]
 

  ∫    
 
  

 

 

  ∫    
 
  

 

 

  

[ (
 

 
)]
 

  ∫ ∫    
 
   

 
    

 

 

 
 

 

    

[ (
 

 
)]
 

  ∫ ∫   ( 
    )    

 

 

 
 

 

 

Now, let        ( )       ( ), then 

        (    ( )      ( ))  

So,          and  

           

Then                     
 

 
                          , so we have 

[ (
 

 
)]
 

  ∫ ∫    
 
      

 

 

 
   

 

 

Using the substitution     , then                     
  

 
 

[ (
 

 
)]
 

  ∫ ∫    
  

 
  

 

 

 
   

 

 

[ (
 

 
)]
 

  ∫ *
   

  
+
 

 

    
   

 

 

[ (
 

 
)]
 

  ∫ (
      

  
)     

   

 

 

[ (
 

 
)]
 

  ∫     
   

 

  , - 

 
  

  .
 

 
  /    

Therefore,  .
 

 
/  √    
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Properties of Gamma Function: [7] 

For any positive real number   

1.  (   )    ( )                   

2.  (   )                              

 

2.3.2 Beta Function  

Definition 2.3.2.1[7] The Beta function is a unique function and is also called the first kind 

of Euler’s integrals. The beta function is defined in the domains of real numbers. The 

notation to represent it is “ ”. The beta function is denoted by  (   )  where the 

parameters   and   should be real numbers.  

More generally, for any positive real number         

 (   )  ∫     (   )      
 

 

                

 

Example 2.3.2.1: Find  (   )     .
 

 
 
 

 
/   

Solution: 

 (   )  ∫     (   )      
 

 

 

    ∫  (   )    
 

 
 

 ∫  (       )  
 

 

  

 ∫ (        )   
 

 

 

  
 

 
 
 

 
 
 

 
 
 

  
  

 

 

Using the identity  

 (   )  
 ( ) ( )

 (   )
 

  



14 
 

Then,   

 (
 

 
 
 

 
)  

 (
 
 ) (

 
 )

 (
 
  

 
 )

 

 

 
  (

 
 ) (

 
 )

 ( )
 

 
 

 
√ √  

 
 

 
 

 

Example 2.3.2.2: Show that  (   )   (   )  

Solution:  

By definition of Beta Function 

 (   )  ∫     (   )      
 

 

 

By using the substitution                                      

                                    

 ∫     (   )      
 

 

 

    (   ) 

 

 

Properties of Beta Function: [7] 

For any positive real numbers   and  , we have 

1)  (   )   ∫
    

(   )   
  

 

 
  

2)  (   )   ∫ (        )(        )   
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2.4 Special Definitions in Fractional Calculus  

There are several types of definitions of fractional derivatives. In this section, we will 

study special definitions that will be applied in the Newton-Raphson method. 

2.4.1 Riemann-Liouville Definitions in Fractional Calculus 

2.4.1 Introduction   

The early attempt by Liouville was later improved by the scientist Holmgren, who in 1865 

made important contributions to the study of fractional calculus. But it was Riemann who 

reconstructed it to fit Abel's integral equation, making it vastly more useful. Today there 

are many variations of types of infinite sums, but the Riemann-Liouville operator is still 

the most commonly used when performing fractional integration. [12]  

 

2.4.1.1  Fractional Derivative for Riemann Liouville 

There are many different definitions of fractional derivatives; the most popular ones are 

Riemann-Liouville and Caputo derivatives. 

 

 Definition 2.4.1.1[12] Riemann-Liouville derivative:                                                        

For any continuous function   defined on    and for any  ,     , we define the               

   Riemann-Liouville Derivative by  

   
  ( )  

 

 (   )

  

   
∫ (   )      ( )          
 

 

 

 

Definition 2.4.1.2[2] Caputo derivative:   

For any continuous function   defined on    and for any  ,         , where   is a 

positive integer, the   Caputo Derivative is defined by  

  
  ( )  

 

 (   )
∫ (   )      

  

   
 ( )         

 

 

  

 

Theorem 2.4.1.1 Let   continuous function   defined on    and for any                            

   (   ) (     ), and       (   -, then the relation between     Riemann-

Liouville and Caputo Derivative is given by  

  
      ( )     

      ( )  
       

 (       )
 ( ) 

For the proof see reference [13].  
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Example 2.4.1.1[8]: Power Function   

Suppose we want to find the   Riemann-Liouville Derivative for the power function 

 ( )             

Solution:  

 

   
  ( )  

 

 (   )

  

   
∫ (   )      ( )             
 

 

 

   
 (  )  

 

 (   )

  

   
∫ (   )                
 

 

 

Set                             we get 

   
 (  )  

 

 (   )

  

   
∫ ( (   ))

     
 (  )           

 

 

 

 
 

 (   )

  

   
      ∫   (   )             

 

 

 

 
 

 (   )

  

   
       (       ) 

 
 

 (   )

  

   
      

 (   ) (   )

 (       )
 

 
 (   )

 (       )
 
  

   
       

 
 (   )

 (       )
 
 (       )

 (     )
     

Therefore, 

   
    

 (   )

 (     )
     

 

 

Example 2.4.1.2[8]:  Constant Function   

Find the    fractional derivative of any constant function K.  
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Solution: 

a) For Riemann-Liouville derivative:  

   
  ( )  

 

 (   )

  

   
∫ (   )      ( )             
 

 

 

   
   

 

 (   )

  

   
∫ (   )               
 

 

 

 
 

 (   )

  

   
  *
(   )   

   
+
 

 

 

 
 

 (   )
 
  

   
 
    

   
 

 
   

(   ) (   )
 [
  

   
    ] 

 
   

 (     )

(   ) 

(     ) 
       

 
   

 (     )

 (     )

 (   )
    

   
   

    

 (   )
 

b) For Caputo derivative: 

  
  ( )  

 

 (   )
∫ (   )      

  

   
 ( )               

 

 

 

  
   

 

 (   )
∫ (   )      

  

   
       

 

 

 

 
 

 (   )
∫ (   )            
 

 

   

Properties Riemann-Liouville derivative: [8] 

 )    
            ∑

(  ) 

 (       )

 
      

 )    
    (  )  

 

 
(  )     ,   (      )(   )   (  )

    (     )(    )-  

Where the Mittag-Leffler function is 

    ( )  ∑
  

 (    )
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2.4.1.3  Fractional Integral for Riemann-Liouville 

In this section, we discuss the topic of fractional integration, focussing specifically on the 

Riemann-Liouville fractional integral, its definition, and its properties. 

  

Definition 2.4.1.3[8] (Riemann-Liouville Operator). Let   be a continuous function on    

and     . The fractional integral of order   to the function   is defined by: 

   
  ( )  

 

 ( )
∫ (   )    ( )     
 

 

 

 

Example 2.4.1.3[8]:  Power Function   

 Find the   fractional Integral for the power function  ( )        .                        

Solution:  

By definition of Riemann-Liouville   fractional integral we have 

   
    

 

 ( )
∫ (   )           
 

 

 

Letting                                 we get 

   
    

 

 ( )
∫ (    )   (  )       
 

 

 

 
 

 ( )
∫     (   )          
 

 

 

 
    

 ( )
∫ (   )          
 

 

 

 
    

 ( )
  (     ) 

 
     ( ) (   )

 ( ) (     )
 

   
    

 (   )

 (     )
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Example 2.4.1.4[8]:  Constant Function  

Find the    fractional Integral of any constant function k.   

Solution:  

By definition of Riemann-Liouville   fractional integral we have 

   
   

 

 ( )
∫ (   )           
 

 

 

 
 

 ( )
∫ (   )         
 

 

 

Using the substitution                             , we obtain  

   
   

 

 ( )
∫ (    )          
 

 

 

 
   

 ( )
∫ (   )        
 

 

 

 
   

 ( )
 (   )  

 
   

 ( )

 ( ) ( )

 (   )
 

   
   

 

 (   )
   

 

 

Properties for Riemann-Liouville Integral: [8] 

1)    
     

   

  
 

2)    
      ∑

(  )            

 (      )
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2.4.2  Deformable Derivative Definitions in Fractional Calculus 

A simple difference between some mathematical concepts may sometimes shed light on 

some hidden facts, for example continuity and differentiation are two specific concepts but 

are defined differently. Generalizing any mathematical concept is a great source of 

motivation, because it simplifies many complex facts and extends its application to a 

broader class of problems. There are many generalizations of the concept of the derivative 

to the fractional derivative since L'Hospital first asked this question to Leibniz in his 

treatise. 

In 1695 about a meaningful interpretation of   
     

     
 . Different types of fractional 

derivatives have been studied so far, as most of the fractional derivatives have integral 

form, there are a few that attract the attention of mathematicians as they become famous in 

the world of fractional calculus such as Riemann-Liouville derivatives, Caputo, Hadamard 

and others to get a good idea For fractional calculus. 

R. Khalil presented a term-based definition of the derivative of a fraction in 2014, and 

hereby he defined a new fractional derivative referred to as deformable derivative, and also 

extends it to broad functions. [9] 

 

Definition 2.4.2.1[9]  Let  ( ) be real valued function defined on interval (   ). For a 

given number          we define deformable derivative by the following limit: 

   
   

(    ) (    )   ( )

 
              

If this limit exists, we denote it by    
  ( )   

Remark 2.4.2.1 

For      ,   
  ( )   ( )  which is the usual convention and if                                               

         ( )        ( )  Therefore it can be deemed as a new fractional derivative with 

respect to parameter    Throughout the thesis until unless specified we assume that                  

           

 

Theorem 2.4.2.1[9] A differentiable function   at a point      (   ) is always                       

             differentiable at that point for any  . Moreover in this case we have  

  
  ( )    ( )     ( )                 

Proof: 

By applying definition 2.4.2.1 of     Deformable derivative to get  
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  ( )      

   
 
(    ) (    )   ( )

 
 

                               
   

 (
 (    )   ( )

 
   (    )) 

        ( )         
   

 (    ) 

     
  ( )    ( )     ( ) 

Both the terms exist as  , being differentiable at    is continuous as well. Hence the 

theorem follows. 

 

Theorem 2.4.2.2[9]  Let   be   Deformable differentiable at a point   for some  . Then 

it is continuous there.  

Proof: 

For continuity, it suffices to prove the following 

   
   
( (    )   ( ))    

The left hand side can also be written a  

   
   
( (    )   ( ))     

   
 
(    ) (    )   ( )     (    )

 
  

                                                          ( 
   

 
(    ) (    )  ( )

 
       (    ) ) 

                                                      
  ( )            (    )                                          

This completes theorem. 

 

Corollary 2.4.2.1[9] An   Deformable differentiable function   defined in (   ) is 

differentiable as well.  

Proof: 

For the existence of derivative by applying definition to get 

  ( )  
 

 
   
   

 
 (    )   ( )

 
 

  ( )  
 

 
   
   

 
(    ) (    )   ( )     (    )

 
 

  ( )  
 

 
(   
   

 
(    ) (    )   ( )

 
      

   
 (    )) 
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  ( )   
 

 
(   

  ( )    ( ))  

 we summarise all these by saying that the two concepts              differentiability 

and differentiability of a function defined in (   ) are equivalent in the sense that one 

implies other.  

 

2.4.2.3 Basic Properties of Deformable Derivative 

Apart from discussing some fundamental properties of deformable derivative like linearity 

and commutativity the section deals with fundamental theorems: Rolle’s, Mean-Value and 

Taylor’s theorems. The geometric illustration of        for some elementary functions   is 

also given.  

 

Theorem 2.4.2.3[9] The operator   
  possesses the following properties for a 

differentiable function   and  : 

 )           :   
 (     )     

       
   

 )              :   
     

  ( )    
     

  ( ) 

 )                          ,   
 ( )    , where       

 )   
 (   )  (  

  )         

Proof: 

 )  By applying definition 2.4.2.1 of    Deformable derivative to get 

  
       

   

(    ) (    )   ( )

 
     

  
 (     )      

   

(    )(     )(    )  (     )( )

 
 

    
   

 (    )  (    )  (    )  (    )    ( )    ( )

 
  

     
   

(    ) (    )

 
     

   

(    ) (    )

 
 

    
      

   

 

 )  By applying Theorem 2.4.2.1 to get 
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  (   

   )    (        )     (        ) 

                                                                            
   

                                                          (         )        
   

                                                         (         )        
   

                                                     (        )     (        ) 

                                                     
  (  

   ) 

 

 ) By applying definition 2.4.2.1 of    Deformable derivative to get 

 

  
       

   

(    ) (    )   ( )

 
     

  
      

   

(    )( )   

 
 

  
      

   

       

 
    
   

   

 
 

   
   

      

 

 ) By applying Theorem 2.4.2.1 to get 

  
 (   )   (   )( )    (   )( ) 

  
 (   )    ( )   ( )   ( ( )   ( )   ( )  ( )) 

   ( )   ( )    ( )   ( )    ( )   ( ) 

   ( )   ( )    ( )  ( )    ( )   ( ) 

  (   )( )    ( )  ( )    ( )   ( ) 

Hence,  

  
 (   )  (  

  )         

 

Example 2.4.2.1[9]:  Power Function   

 Find the    Deformable derivative for the power function  ( )          .                         
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Solution: 

By applying definition 2.4.2.1 of    Deformable derivative to get 

  
       

   

(    ) (    )   ( )

 
     

  
 (  )     

   

(    )(    )    

 
 

  
 (  )     

   

(    )∑ ( 
 
)    (  ) 

 

   
   

 
 

     
   

(    )(           ( 
 
)    (  )    ( 

 
)      )    

 
 

    
   
((    )(      )      ) 

  
              

 

2.4.2.4  Some Useful Theorems on Deformable Derivative 

In this section we extend Rolle′s and Taylor’s theorems to deformable derivative with 

respect to  .  

 

Theorem 2.4.2.4[9]  (Rolle’s theorem on deformable derivative): 

Let    ,   -      be a function satisfying:  

(i)   is continuous on ,   - 

(ii)   is  -differentiable in (   ) 

(iii)  ( )     ( ). 

Then, there exists a point     (   ) such that     ( )    ( ) 

Proof:  

  is   differentiable on (   ), then f is differentiable on (   ), by Rolle’s theorem 

    (   ), such that   ( )   . Hence   
   ( )    ( )     ( )    ( )  
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Theorem 2.4.2.5[9] Taylor’s theorem  

Suppose   is n-times   differentiable such that all   derivatives are continuous on      

,       -. Then 

 (   )  ∑
  

    
(  

  ( )   
 (   )     

  
  
  (    ))  

  

    
  
  (    )

   

   

 

where   
          , (k-times),      .  

Proof:  

Consider a function   defined by: 

 ( )  ∑
(     ) 

    

   

   

  
  ( )  

 

    
(     )                  ( ) 

Where   is a constant to be chosen   such that  (     )    ( )  This yields 

 ( )  ∑
(     ) 

    

   

   

  
  ( )  

 

    
(     )  

 ( )  ∑
( ) 

    

   

   

  
  ( )  

 

    
( )  

  
 

    
    (   )  ∑

  

    

   

   

  
  ( )           ( ) 

Now by hypothesis,   is   differentiable in(       ).  

By equation (1),  

 ( )  ∑
(     ) 

    

   

   

  
  ( )  

 

    
(     )  

 ( )  
(     ) 

    
  
  ( )  

(     ) 

    
  
  ( )    

(     )   

(   )     
    
  ( )

 
(     )   

(   )     
    
  ( )  

 

    
(     )  

Using part (d) of theorem 2.4.2.3 the    deformable derivative     is given by 

   ( )    (
(     ) 

    
  
  ( ))    (

(     ) 

    
  
  ( ))   

   (
(     )   

(   )     
)    (

 

    
(     ) ) 
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  ( )   

(     )

    
  
  ( )  

  

    
   

  ( )  
(     ) 

    
  
  ( )  

  (     )

    
   

  ( )           

      
(     )   

(   )     
    
  ( )  

 (   )(     )   

(   )      
     

  
(     )   

(   )     
  
  ( )               

         
 (   )(     )   

(   )     
     

  ( )  
 

    
, (     )    (     )   - 

Therefore, 

     ( )  
(     )   

    (   ) 
  
  ( )  

 

    
( (     )    (     )   )  ( ) 

Hence   satisfies all the conditions of Rolle’s Theorem. So there is some     (0, 1) such 

that 

   (    )    (    ) 

Using equations (1), (2) and (3), we have 

  
 

    
    (   )  ∑

  

    

   

   

  
  ( ) 

   (   )  ∑
  

    

   

   

  
  ( )    

 

    
   

  

 (    )  ∑
(    ) 

    

   

   

  
  (    )  

 

    
(    )  

  (    )  ∑ 
(    ) 

    

   

   

  
  (    )  

 

    
 (    )  

  (    )  ∑
( ) 

    
 (   ) 

   

   

  
  (    )  

 

    
   (   )  

   (    )  
(    )   

    (   ) 
  
  (    )  

 

    
( (    )    (    )   ))  

Then,  

(    )   

    (   ) 
  
  (    )  

 

    
( (    )    (    )   )) = 

∑
( ) 

    
 (   ) 

   

   

  
  (    )  

 

    
   (   )  
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(    )   

    (   ) 
  
  (    )  

 

    
    (   )   

 

    
       (   )    

                          =   ∑
  

    
 (   )    

     
  (    )  

 

    
   (   )  

If      
  

 
, and is substituted  

 

    
   into the equation (2) 

(    )   

    (   ) 
  
  (    )  ∑

  

    
 (   ) 

   

   

  
  (    )

 
  

 
(   )   * (   ) ∑

  

    

   

   

  
  ( )+ 

(    )   

    (   ) 
  
  (    )  ∑

  

    
 (   ) 

   

   

  
  (    )

  
  

 
(   )     (   ) 

  

 
(   )   ∑

  

    

   

   

  
  ( ) 

  

 
(   )     (   )   

(    )   

    (   ) 
  
  (    )  

                     ∑
  

    
 (   ) 

   

   

  
  (    )   

  

 
(   )   ∑

  

    

   

   

  
  ( ) 

Multiply by 
 

  
(   )   , we get 

 (   )  
  

    
  
  (    )  ∑

  

    
  

  
(   )     

   

   

  
  (    )  ∑

  

    

   

   

  
  ( )   

Therefore,  

 (   )  ∑
  

    

   

   

(  
  ( )   

 (   )     

  
  
  (    ))  

  

   
  
  (    ) 

This completes proof of the theorem. 

 

Proposition for Deformable Derivatives: [9] 

By using Theorem 1.4.2.1[ ], we can derive the following            

1)   
 (  )     

2)   
 (    ( ))       ( )  

 

 
      

3)   
 (    ( ))       ( )       ( ) 
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2.4.2.2    Fractional Integral 

The fractional integral, as an inverse operator of the fractional derivative, plays an equally 

important role as the fractional derivative in the field of fractional calculus. The section 

defines the fractional integral as an inverse operator of the deformable derivative. We'll 

also learn some basic properties of this type of fractional integration. All functions covered 

in this section are assumed to be continuous. 

  

Definition 2.4.2.2[9] Let   be a continuous function defined on ,   -. We define                   

   fractional Integral of  , denoted by   
     by the integral 

  
  ( )  

 

 
 
  
 
 ∫  

 
 
  ( )  

 

 

                 

  (   -.  

 

Theorem 2.4.2.6[9]  The operator   
  a possesses the following properties:                             

( )              
 (     )     

      
   

( )                 
    

     
    

                                         

Proof:  

( ) By applying definition 2.4.2.2 of    Deformable Integral to get 

  
 (     )  

 

 
  

 
 
 ∫  

 
 
 (     )  

 

 

 

 
 

 
  

 
 
 (∫  

 
 
 

 

 

      ∫  
 
 
 

 

 

     ) 

   
 

 
  

 
 
 ∫  

 
 
        

 

 
  

 
 
 

 

 

∫  
 
 
 

 

 

     

     
        

   

(b) By applying definition 2.4.2.2 of    Deformable Integral to get 

  
    

   ( )    
  (

 

  
 
 
  
  
 
∫    

  
  
 
 ( ) 

 

 

  ) 

  
    

   ( )  
 

  
  

  
 
 ∫  

  
  
 
 

 

 

(
 

  
 
 
  
  
 
∫  

  
  
 
 ( )  

 

 

)   
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∫  ∫  

(
  
  
 
  
  
) 
 
  
  
 
 ( )    

 

 

  
 

 

     

 
 

    
 
 
  
  
 
∫  ∫  

(
  
  
 
  
  
) 
 
  
  
 
 ( )    

 

 

  
 

 

      

 
 

    
 
 
  
  
 
∫  

  
  
 
 ( ) ( ∫  

(
  
  
 
  
  
) 
  

 

 

)    
 

 

 

 
 

    
 
 
  
  
 
∫  

  
  
 
 ( )

 

 

[
 

  
  
 
  
  

 
(
  
  
 
  
  
) 
]

 

 

   

 
 

    
 
 
  
  
 
∫  

  
  
 
 ( )

 

 

*
    

         
( 

(
  
  
 
  
  
) 
  

(
  
  
 
  
  
) 
)+ 

 
 

         
 
 
  
  
 
*∫  

  
  
 
 ( )

 

 

( 
  
  
 
   

 
  
  
 
)   ∫  

  
  
 
 ( )( 

  
  
 
   

 
  
  
 
)

 

 

  + 

 
 

         
( 

 
  
  
 
∫  

  
  
 
 ( )    

 
  
  
 
∫  

  
  
 
 ( )

 

 

   
 

 

) 

 
 

         
(    

       
  ) ( )  

Interchanging the role of    and   , we have  

  
    

   ( )  
 

         
(   

      
  ) ( )   

 
 

         
(   

      
  ) ( )   

   
    

   ( ) 

This completes the proof. 

 

 

Example 2.4.2.2[9]:  Constant Function 

Find the    fractional Integral of any constant function  ( )   .  
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Solution:  

By applying definition 2.4.2.2 of    Deformable Integral to get 

    
    

 

 
 
  
 
 ∫  

 
 
    

 

 

 

 
 

 
 
  
 
      ∫  

 
 
   

 

 

 

 
 

 
 
  
 
 *
 
 
 
   

 
 
 

 
 

 + 

  
 

 
[    

  
 
  
 
 
 ] 

  
   

 

 
(   

 
 
(   )) 

 

 

 Proposition Deformable Integration: [9] 

1)   
    (    

(    )

 ) 

2)   
     ( )  

 

     
(     ( )       ( )   

 

 
(   )(     ( )       ( ))) 
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2.4.2.3 Applications to Fractional Differential Equations 

We solve some simple linear fractional differential equations using deformable derivative 

as    operator. In first example we discuss method of solving homogeneous linear, while 

in second non-homogeneous linear fractional differential equations.  

Example 2.4.2.3[9]:  Solve the fractional differential equation:  

  
  ( )   ( ) ( )    

where  ( ) is continuous. 

 

Solution:  

Using Theorem 1.4.2.1[a], then the equation gets transformed to  

  
  ( )         

        ( )    

   
(   ( ))

 
    

The first order homogeneous liner differential equation is one of the forms                     

      ( )      ( )  ∫  ( )   , and then the solution is      ( ) , so 

 ( )  ∫
(   ( ))

 
   

 
 

 
(∫      ∫ ( )  ) 

 
   ∫ ( )   

 
 

So,       ( ), then 

 

    
 (   ∫ ( )  )  
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Example 2.4.2.4[9]:  Solve the fractional differential equation 

  
   ,  

    ( )-    

 

Solution:  

 

Using Theorem 2.4.2.1 

  
    ( )      ( )       ( ) 

  
   ,  

    ( )-     
   (    ( )       ( )) 

                              (    ( )       ( ))      (    ( )       ( )) 

=  
 

 
    

 

 
   

 

 
    

 

    
(         )

    
   

    
    

    

            

The characteristic equation is 

   
(         )

    
  

    
    

   

          

(   )    

     

The general solution is  
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2.4.3 Classical Derivative Definitions in Fractional Calculus 

The derivative of order has been an interesting research topic for centuries. The idea was 

driven by a question, “What does it mean by 
 
 
  

     
 , asked by L’Hospital in 1695 in his 

letters to Leibniz. Mathematicians have tried to answer this question for centuries from 

many points of view. Different types of fractional derivatives were introduced: Riemann-

Liouville, Caputo, and many others. Most fractional derivatives are defined via fractional 

integrals. 

Some of the inconsistencies of the existing fractional derivatives For example the constant 

fractional differentiation of Riemann is not zero. 

To overcome most of these and other difficulties, Khalil et al, they came up with an 

interesting idea that extends the definition of the familiar limit, and called it classical 

derivative. [20] 

 

Definition 2.4.3.1[20] For a function    ,   )       the classical   fractional 

derivative of   ( ) at         where     (   ) is defined by 

   
  ( )     

   

 (    
  
)   ( )

 
 

If   is classical     differentiable for some   in the interval (   )       then at       

the fractional derivative is defined as follows    ( )          
  ( ).  

 

Theorem 2.4.3.1[20]  If a function   ,   )     , is classical   differentiable function 

at     , where     (   -, then   is continuous at     

Proof:  

As the function   is   differentiable function at      , the definition states 

   
  ( )     

   

 (    
  
)   ( )

 
 

We can look into 

 (    
  
)   ( )  

 (    
  
)   ( )

 
  

Taking the       as      then  

   
   

. (    
  
)   ( )/     

  ( )  ( ) 

It is known that    ∑
  

  

 
    

Hence 
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  (       

(    ) 

  
  ) 

We assume         
  

  
        , it’s clear that              then  

   
   

 (   )   ( )    

Or  

         (   )   ( ) 

Hence   is continuous at  .  

 

2.4.3.2  Basic Properties of Classical Derivative  

Theorem 2.4.3.2[20] Let   (   -      and     be classical    differentiable 

function then,  

1)    
 (     )( )      

 ( ( ))      
 ( ( ))               

2)    
 (  )( )   ( )   

 ( ( ))   ( )   
 ( ( )) 

3)    
 .

 

 
/ ( )  

 ( )   
 ( )( )  ( )   

 ( )( )

( ( )) 
 

4)    
 (   )( )  (

 ( ( ( ))

  
    

 ( ( )))   for   differentiable at  ( )  

5)      is differentiable then    
  ( )      

  

  
 

Proof:  

1) By applying definition 2.4.3.1 of    Classical derivative to get 

   
  ( )     

   

 (    
  
)   ( )

 
 

   
 (     )( )     

   

(     )(    
  
)  (     )( )

 
 

    
   

(  )(    
  
)  (  )(    

  
)  (  )( )  (  )( )

 
 

    
   

(  )(    
  
)  (  )( )

 
    
   

(  )(    
  
)  (  )( )

 
 

     
 ( ( ))      

 ( ( )) 

2) By applying definition of    Classical derivative to get 

   
 (  )( )     

   

(  )(    
  
)  (  )( )

 
 

 



35 
 

we need to add and subtract the value  ( )( )(    
  
) 

    
   

( )(    
  
)( )(    

  
)   ( )( )(    

  
)   ( )( )(    

  
)   ( ) ( )

 
 

    
   

( )(    
  
)( )(    

  
)   ( )( )(    

  
)

 
    
   

 ( )( )(    
  
)   ( ) ( )

 
 

 (   
  ( ))    

   
 (    

  
)   ( )(   

  ( )) 

But        (  
    )   (        

    )   ( ) 

= (   
  ( )) ( )   ( )(   

  ( )) 

 

3) By applying definition of    Classical derivative to get 

   
 (

 

 
) ( )     

   

(
 
 ) (  

    )  (
 
 )( )

 
 

    
   

 (    
  
) ( )   (    

  
) ( )

 (    
  ) ( )

 
 

Then it’s treated similarly the product case but using  ( ) ( ) 

    
   

 (    
  
) ( )   ( ) ( )   ( ) ( )   (    

  
) ( )

 
    
   

 

 (    
  ) ( )

 

 
 ( )   

  ( )   ( )   
  ( )

( ( )) 
 

 

4) By applying definition of    Classical derivative to get 

   
 (   )( )     

   

(   )(    
  
)  (   )( )

 
 

    
   

 . (    
  
)/   ( ( ))

 
 

 

    
   

 . (    
  
)/   ( ( ))

 (    
  
)   ( )

   
   

 (    
  
)   ( )

 
 

 

But    
   
 (    

  
)   ( )           (  

    )   ( )    

Hence, we could say  (    
  
)   ( )                    



36 
 

    
   

 ( ( )   )   ( ( ))

 
    
 ( ( )) 

   ( ( ))   
 ( ( )) 

 

5) By applying definition 2.4.3.1 of    Classical derivative to get 

   
  ( )     

   

 (    
  
)   ( )

 
 

For exponential Taylor expansion  

    
  
  (       

(    )

  
  ) 

Substituting in the definition we get  

   
  ( )     

   

 (        
( ) 

   
      )  ( )

 
 

We assume        .  
 

  
     /, it’s clear that     as    , and                        

  
 

    (  
 

  
     )

, to get  

   
  ( )     

   
(

 (   )   ( )
 

    .  
 
   

    /
) 

    
   

 (   )   ( )

 
    
   

    .  
 

  
     / 

 

Hence  

 

   
  ( )      

  ( )
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Example 2.4.3.1[20]:  Constant Function  

Find the    Classical derivative for the constant function  .  

Solution:  

 Using Theorem 2.4.3.2 (5), then  

   
  ( )      

  ( )

  
 

   
       

 

  
  

   
        ( ) 

   
     

 

 

Example 2.4.3.2[20]:  Power Function  

Find the     Classical derivative for the Power function  ( )          .                             

Solution:   

Using Theorem 2.4.3.2 (5), then  

   
  ( )      

  ( )
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2.4.3.3 Some Useful Theorems on Classical Derivative 

In this section we extend Rolle′s and Taylor’s theorems to Classical derivative with respect 

to      

Theorem 2.4.3.3[20]  (Rolle’s Theorem on Classical derivative): 

Let       and    ,   -      be a given function which satisfies the following: 

(i)   is continuous on ,   -                                                                                                       
(ii)   is classical    differentiable on (   ) for some     (   )                                                       
(iii)  ( )    ( )  Then, there exists     (   ) such that     

  ( )     

Proof:  

Since   is continuous on ,   - and  ( )     ( ), there exists     (   ), that is a point 

of local extrema. So, we have 

   
  (  )     

    

 (    
  
)   ( )

 
 

= 

   
  (  )     

    

 (    
  
)   ( )

 
 

However,    
  (  ) and    

  (  ) have opposite signs. Hence by contradiction      

   
  ( )   . 

 

Theorem 2.4.3.4 [20] Taylor Theorem   

For a differentiable function  ( ) which expands about zero point such as                       

   
  ( )  ∑

  ( )

  

 
     , the index rule does not apply     ( ( ))      ( ( )). 

Proof: 

For R.H.S  

    ( ( ))  ∑
  ( )

  
      

 

   
 

 ∑
  ( )

  
  (  (   ))

 

   
 

 

For L.H.S 

  ( ( ))  ∑
  ( )

  
[    ]
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 ∑
  ( )

  
  (  ( ))

 

   
 

  .  (  )/    (∑
  ( )

  
  (  ( ))

 

   
) 

 ∑
  ( )

  
   ( (  ( ))) 

 

   
 

 ∑
  ( )

  
 [(   ) (   ) ( )]

 

   
 

 R.H.S 

 

Proposition for Classical Derivatives: [20] 

By using Theorem 2.4.3.2 (5), we can derive the following            

1)    
              

2)    
    (  )           (  ) 

3)    
   ( )      (

 

 
) 

 

2.4.3.2    Fractional Integral 

Definition 2.4.3.2[20] For a function  ,   )      ,       and        then the                      

    Classical integral    
  ( ) is defined by 

   
  ( )  ∫

 ( )

    
  

 

 

 

provided the Riemann improper integral exists.  

 

Theorem 2.4.3.5[20]  Let   ,   )      be continuous function such that    
  ( ) exists, 

and     (   )  then  

   
    

  ( )   ( ) 

Proof:  

As   is continuous,    
  ( ) is differentiable. 

Using Theorem 2.4.3.2 ( )  then 
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 (   

  ( ))      
 (   

  ( ))

  
 

     
 

  
(∫

 ( )

    
      

 

 

) 

     
 ( )

    
  ( ) 

 

Example 2.4.3.3[20]:  Let’s consider the    Classical integral of  ( )     .                                 

Solution:  

Use the Definition 2.4.3.2, then  

   
 ( )  ∫

 

    
  

 

 

 

  ∫        
 

 

 

  
  

  
  

We can see that the half integral of  ( )      is   
   ( )         

 

Example 2.4.3.3[20]:  Let’s consider the    Classical integral of  ( )      .                        

Solution:  

Use the Definition 2.4.3.2, then 

   
 (  )  ∫ (

  

    
)   

 

 

 

 ∫       
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2.4.3.4 Applications to Fractional Differential Equations 

The definition simplifies the fractional differential equations by reducing them into 

ordinary differential equations using the fact that,  

   
  ( )      

  

  
 

Example 2.4.3.4[21]:  Let’s consider the fractional differential equations 

           

Solution:  

The fractional differential equation above converts by Theorem 2.4.3.2 (5) to 

            

Rearranging the equation to get the general first order linear differential equation form 

               

The integrating factor   ∫ 
          

   
 

The Integral  

∫       
   
   

Can be solved using the substitution  
 

                , also 
 

 
  

 

          

         , we have 

∫    (   )   ∫         

Which can be easily solved using tabular integration to get  

∫                     
 

 
     

 

 
      

Hence the solution to  

 
 
              

    

  (   
 
  

 

 
 
 
  

 

 
)       
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Chapter Three 

Applications of Fractional Calculus 

Fractional Derivative models are used for accurate modeling of those systems that require 

accurate modeling of damping. In these areas, various analytical and numerical methods 

have been proposed. In this section their applications to new problems that have emerged 

in recent years will be studied. 

3.1 Fractional conservation of mass  

Scientists Whitcraft and Meerschaert (2008) described that partial conservation of the mass 

equation is needed in order to model fluid flow when the control volume is not large 

enough compared to the heterogeneity scale. However, if the flow within the control 

volume is nonlinear, we use partial conservation of the differential, integral, and fractional 

equations. [22]   

3.2 Electrochemical analysis  

When studying the redox behavior of a substrate in solution, a voltage is applied to the 

electrode surface to force electron transfer between the electrode and the substrate. The 

resulting electron transfer is measured as a current. The current depends on the 

concentration of the substrate on the electrode surface. When the substrate is consumed, 

the fresh substrate diffuses to the electrode as described by Fick's laws of diffusion. Taking 

the Laplace transform of Fick's second law yields a second-order ordinary differential 

equation 

  

   
 (   )    (   ) 

Whose solution  (   ) contains a dependence of half the power on    taking the derivative 

of  (   ) and then the inverse Laplace transform produces the following relationship: 

 

  
 (   )  

 
 
 

  
 
 

 (   ) 

This relates the substrate concentration on the electrode surface to the current. This 

relationship is applied in electrochemical kinetics to explain mechanical behavior. [17] 
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3.3 Time-space Fractional diffusion equation models  

Anomalous diffusion processes in complex media are well described using partial order 

diffusion equation models. Fractional Calculus is applied in modeling anomalous diffusion. 

   

   
    (  )    

   Mechanical Stiffness,   : vector of discrete fractional derivatives 

Whereas the simple extension of the fractional derivative is the variable order fractional 

derivative, where   and   are changed to  (   ) and  (   ). Its applications are 

implemented in modeling anomalous propagation. [14] 

 

3.4 Proportional Integral Derivative (PID) controllers  

Generalizing proportional integral derivative (PID) controllers to use fractional orders can 

increase their degree of freedom. The new equation relating the control variable  ( ) in 

terms of a measured error value  ( ) can be written as 

 ( )     ( )      
   ( )      

 
   

 ( )  Error value,         : fractional order stiffness 

Where         are positive fractional orders and                all non-negative denote 

the coefficients for the proportional, integral, and derivative terms, respectively                          

(sometimes denoted           ). [18] 

 

3.5 Acoustic wave equations for complex media  

The propagation of sound waves in complex media, such as those found in biological 

tissues, usually obeys the power-frequency law. This type of phenomenon can be described 

using a causal wave equation involving fractional time derivatives: 

    
 

  
 

   

   
   

 
  

   
    

  
 

  
 

     

     
   

Fractional differential equations were given a physical meaning by extracting them from 

physical principles and interpreting the fractional arrangement in terms of acoustic media 

by the two scientists Bandy and Holm, as they deduced Lomnitz's law in the world of 

earthquakes and Nutting's law in rheology using fractional calculus. [11] 

 

  

https://en.wikipedia.org/wiki/PID_controller
https://en.wikipedia.org/wiki/Proportional_control
https://en.wikipedia.org/wiki/Integral
https://en.wikipedia.org/wiki/Derivative
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3.6 Variable-order fractional Schrödinger equation  

The variable-order fractional Schrödinger equation has been exploited so that we can study 

fractional quantum phenomena: 

  
   ( )(   )

   ( )
 (    )

 ( )
  (   )   (   ) (   ) 

Where   
  

   
 are the Laplace operator and the operator (    )

 ( )

 
 
is the variable-order 

fractional quantum Riesz derivative. [5] 

 

 

 

 

 

3.7 Groundwater flow problem  

In 2013-2014 Atangana et al. Some groundwater flow problems were analysed using 

fractional calculus, where Darcy's law was generalized to look at water flow as a function 

of an incorrect derivative.  

The concept of the partial order derivative and the law of conservation of mass are then 

used to derive a new equation for groundwater flow. 

This generalized law and the law of conservation of mass are then used to derive a new 

equation for groundwater flow. [4] 

 

  

https://en.wikipedia.org/wiki/Laplace_operator
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Chapter Four 

 Fractional Newton-Raphson Method 

We know that the Newton-Raphson's method (N-R) is useful for finding the roots of a 

  degree polynomials, with      . In this chapter this method will be used with some 

definitions of fractional derivatives, namely Riemann-Liouville, Deformable derivative and 

Classical derivative. First we will consider the usual Newton-Raphson method. 

 

4.1 Newton-Raphson Method   

4.1.1 Introduction 

The Newton-Raphson method, or Newton's method, is a method for solving equations 

numerically. It is based on the simple idea of linear approximation. For the one-

dimensional case, the N-R method is one of the most widely used methods for finding the 

roots     

The N-R method is expressed in terms of an iteration function           follows 

      (  )     
 (  )

  (  )
                 

The derivative of   at    cannot be equal to zero since division by zero will not be 

possible. [6] 

 

4.1.2 Historical  

The Newton-Raphson method is named after Isaac Newton; the man who discovered the 

method in 1736, and Joseph Raphson, the man who described the method back in 1690. 

Both mathematicians utilized calculus in this method in order to find the roots of an 

equation. [6]  
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4.1.3 The Newton-Raphson Iteration 

Let       ,   -  *  + be a sequence of approximate roots for  , such that: 

          (   )     ,       and                ,    , where   is the exact root for  ( )      

Using Taylor expansion for  , around   , we get 

 ( )   (  )  (    ) 
 (  )  

(    )
 

  
   (  )    

Substitute      

    ( )   (  )  (    ) 
 (  )  (           ) 

So, 

   (  )  (    ) 
 (  ) 

Solving for   gives 

     
 (  )

  (  )
         

Hence starting from an initial approximation   , Newton Raphson method generates the 

sequence  

        
 (  )

  (  )
 ,                 

 

 

4.1.4 A Geometric Interpretation of the Newton-Raphson Iteration 

In Figure 4.1.4 below, the curve      ( ) meets the   axis      . Let    be the current 

estimate of  . The tangent line to      ( ) at the point (    (  )) has equation 

   (  )  (    )  (  ) 

Let    be the   intercept of the tangent line. Then 

 

      
 (  )

  (  )
 



47 
 

 

Figure 4.1.4: Illustration of the Newton-Raphson Method 

 

The N-R method is based on creating a sequence *  + by means of the intersection of the 

tangent line of the function   ( ) at the    point with the   axis; if the initial condition    

is close enough to the root    then the sequence *  + should be convergent to the root     

In the case of polynomials if we have a root    with a certain multiplicity  , with      
i.e 

 ( )  (    )
  ( )        (  )     

N-R method converges linearly. [6] 

 

 

4.1.5 The Convergence theorem of Newton Method  

Newton’s method can be written as a functional iteration that converges to a fixed point.  

Theorem 4.1.5.1[10] Let   be a function that is twice continuously differentiable and 

suppose there exists a   such that  ( )    and   ( )   . Then there exists a   such that 

for any    (        ) , the sequence 

    (    )       
 (    )

  (    )
 

Converges to  .  
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Proof: 

Note that  

  ( )    
  ( )  ( )   ( )   ( )

,  ( )- 
 

 

 

 
 ( )   ( )

,  ( )- 
 

 

Therefore,   ( )    because we assume  ( )    and   ( )   . Further we know    is 

continuous because we assumed   was twice continuously differentiable.  

Therefore, given    , there exists     such that for all   (       ), we have 
   ( )     For any     (       ) we can also write  

  ( )   ( )     ( )              

In the interval of     we have that   is a shrinking map. Therefore, there exist a unique 

fixed point   such that  ( )   . This value   is a root of  .  

 

 

Steps of Newton-Raphson algorithm: 

Step 1: Choose appropriate initial guess     ,   - 

Step 2: Set        

Step 3: Calculate,       
 (  )

  (  )
 

Step 4: Set           and continue in the iterative processes, 

        
 (  )

  (  )
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Example 4.1.5.1: Use Newton-Raphson algorithm to find the approximate root of the 

following equation  ( )      , with        . 

Solution:  

Since,  

  ( )        

The Newton-Raphson method formula is given by  

        
  
    
      

 

                          
   

       
    

      
 

    
   

 

      
   

Iterating this formula from initial guess        yields 

    
   

 

   
   

 
 (   ) 

 (   )   
 

       
     

    
                    

We continue, iteratively is satisfied: 

 

Table 4.1.5.2: Iteration with Newton-Raphson Method 

               

    
  

                                                     

                                                     

                                                   

                                                  

                                         

 

The convergence of Newton's method to     , is very fast and this is clear from the 

second column. The last column indicates that the convergence is of second order in 

agreement with the theoretical result, since      is a simple zero. 
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4.1.6 Application of the Newton-Raphson Method  

 

4.1.6.1 Solving transcendental equations 

Many transcendental equations can be solved using Newton's method. So, if Newton's 

method is applied to a transcendental equation, and it is observed that it converges to a 

solution to the equation, this means that the solution is a computable number as it is 

exactly represented by the pair consisting of an initial approximation and an algorithm 

number to increase the accuracy of any approximate number. [23] 

 

 

 

4.1.6.2 Energy flow 

The Newton-Raphson method is a vital tool for analyzing energy flow, but it is sometimes 

inefficient for this use due to constantly evolving energy generation strategies and errors in 

the model on which it is used. But if it is inefficient, there are other tools that can be used, 

such as the Gauss-Seidel method, but in general the Newton-Raphson method is the 

standard due to its relative lack of complexity compared to the latter. [23] 

 

 

 

4.1.6.3 Newton-Raphson Method in practice 

The application of the NR method in practice is diverse. Applications are practical Makes 

it easier for students to visualize various applications. Wang et al. In 2002 it was used The 

NR method was used to estimate logistic model parameters with a real bladder cancer 

dataset, set up at the Fred Hutchinson Cancer Research Center in 1990. In 2012 the NR 

method was used to estimate logistic model parameters using data from the 2004 cable 

television survey in Taiwan. [23] 
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4.2 Fractional Newton-Raphson Method 

4.2.1 Introduction  

The N-R method is useful for finding the roots of a polynomial of degree  , with    , 

however it is limited to only being able to find real roots of the polynomial if a real initial 

condition is taken, to solve this problem and to develop a method that is able to find both 

the real and complex roots of a polynomial is made use of the method of N-R with the 

implementation of the fractional derivative. 

The Fractional Newton-Raphson (F N-R) method can be defined for       ( )  where 

  ( ) is the set of polynomials of degree    , as follows 

      (    )     
 (  )

   (  )
             

where        [6] 

 

4.2.2 The Convergence theorem of the Fractional Newton-Raphson Method  

Proposition 4.2.2.1[19] Let         be a function with a zero    . Then, any 

sequence *  +   
  generated by the iteration function of the F N–R method, such that 

    , fulfills the following condition:   

         
| ( )(   )|

  
      

  

Where  

  {
               ( )   

               ( )   
 

Proof: 

Considering the iteration function of the fractional Newton Raphson method 

 (   )    (  ( ))
  
 ( )   

And calculating its first and second derivative 

 ( )(   )    (  ( ))
  
 ( )( )   ( ) 0(  ( ))

  
   

 ( )1  

 ( )(   )   ( ) 0(  ( ))
  
  
   ( )   (  ( ))

  
(   

 ( ))
 
1

  (  ( ))
  
 ( )( )    

 ( )  (  ( ))
  
 ( )( ) 

Then, assuming that   ( )        (   )  * +, the fact that   is a zero of    we 

obtain that 
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 (   )    

   
   

| ( )(   )|  ,
|  (  ( ))

  
 ( )( )|        

                                                
 

   
   

  ( )(   )   ,
| (  ( ))

  
  ( )    

 ( )  (  ( ))
  
 ( )( )|        

|(  ( ))
  
 ( )( )|                                                                

 

So the F N–R method has an order of convergence at least linear, with       

 

4.2.3 Fractional Newton Raphson method with respect to some Fractional Derivative 

Definitions 

In this section, you will learn how to find the   fractional derivative equations (   ) of 

polynomials for each of the three definitions. Note that these equations will be applied to 

the Python program for the three laws in order to compare them and find the best law. 

 

Example 4.2.3.1: Consider the function  

 ( )                 and      . 

 Find: 

 )    
  ( )  

 )   
  ( )  

 )    
  ( )  

Solution:  

 )  

We know that the   fractional derivative with Riemann-Liouville is  

   
    

 (   )

 (     )
     

So,  

   
      

 ( )

 (       )
        

 
  

 (   )
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 ( )

 (       )
        

 
  

 (   )
      

 
 

        
                   

So, 

   
                                

 

 )  

We know that the    fractional derivative with Deformable derivative is 

  
  ( )    ( )     ( )                

So,  

  
   (    )     (    )     (     ) 

                      

 

So,  

  
                           

 

 )  

We know that the    fractional derivative with Classical derivative is 

   
  ( )        ( ) 

So,  

   
   (    )        (     ) 

     (   )       

So, 
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Example 4.2.3.2: Consider the function 

 ( )                                                         

                     . 

Find: 

 )    
  ( )  

 )   
  ( )  

 )    
  ( )  

Solution: 

 )  

We know that the   fractional derivative with Riemann-Liouville is 

   
      

 ( )

 (       )
     

   

 (   )
     

   

       
     

   
                   

   
      

 ( )

 (       )
     

   

 (   )
     

   

       
     

   
                 

   
      

 ( )

 (       )
     

  

 (   )
     

  

       
     

   
                    

   
      

 ( )

 (       )
     

 

 (   )
     

 

       
     

   
                  

   
      

 ( )

 (       )
     

 

 (   )
     

 

      
     

                     

   
     

 ( )

 (       )
     

 

 (   )
     

 

        
     

                   

   
     

 ( )

 (       )
      

 

 (   )
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So,  

   
  ( )        (        )         (      )          (         )    

     (       )          (         )         (        )    

       (       )         

So, 

   
                                                                 

                          

 

 )  

We know that the   fractional derivative with Deformable derivative is 

  
  ( )    ( )     ( )                

So,  

  
    ( )     (                                                  )

    (                                         )     

                                                            

                                       

 

So,  

 

  
                                                            

 

 )  

We know that the fractional derivative with Classical derivative is 

   
  ( )        ( ) 

So,  

   
    ( )      (                                         ) 

 

So,  
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4.2.4 Advantages of the Fractional Newton Raphson method  

One of the main advantages of the fractional Newton Raphson method is that the initial 

condition is constant, changing the alpha order to obtain the complex root (real part and 

Imaginary part) of a polynomial. [6] 

 

Ince the order   of the derivative is varied, different values of   can throw the same root, 

but with a different number of iteration, then to optimize the method, it is possible to 

implement a filter in which once we have obtained the roots, only those whose orders of 

the derivatives have generated a smaller number of iterations are extracted. [6] 

 

The method does not guarantee that all roots of the polynomial are found by leaving an 

initial condition fixed and by varying the orders alpha of the derivative, as in the classical 

N-R method, finding the roots will depend on giving an appropriate initial condition, as a 

consequence, one more advantage that the F N-R method possesses because it has the 

advantage of working in the complex space, is that the initial condition has the freedom to 

be both real and complex, as in the classical N-R method. [6] 
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Chapter Five 

 Implementing the Fractional Newton-Raphson Method in Python  

5.1 Introduction  

Python is a programming language widely used in networking applications, software 

development, data literacy, and machine learning. It is effective and easy to learn. It 

was created by Guido van Rossum, and first released on February 20, 1991. While you 

may know the python as a large snake, the name of the Python programming language 

comes from an old BBC television comedy sketch series called Monty Python's Flying 

Circus. [1] 

In this chapter, we replace the usual derivative in Newton-Raphson method with the 

fractional derivatives Riemann Liouville, Deformable and Classical fractional derivatives.  

We implement the modified version using python.  
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5.2 Applying difference Fractional derivatives in modified version 

 

Example 5.2: Consider the function 

 ( )                                                                   

          . 

 

a)  For Newton-Raphson Method 

 

      For    , the results are stated in the following table 

 

 Table 5.2[a]: Results of the equation for Newton-Raphson Method 

       
       ( )   ( )   
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b)  Riemann-Liouville 

 

For      , the results are stated in the following table 

 

          Table 5.2[b]: Results of the equation for Riemann-Liouville 

    ( )   ( )            
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For         the results are stated in the following table 

 

           Table 5.2[b]: Results of the equation for Riemann-Liouville 

 

 

    ( )   ( )            

            0.0                       

            0.0                       

            0.0                      

            0.0                      

            0.0                       

            0.0                       

            0.0                        

            0.0                        

            0.0                        

            0.0                        

            0.0                         

            0.0                         

            0.0                         

            0.0                          

            0.0                         

            0.0                         

            0.0              1.0 
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For         the results are stated in the following table 

 

      Table 5.2[b]: Results of the equation for Riemann-Liouville 

    ( )   ( )            
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 c)  For Deformable Derivative  

      For         the results are stated in the following table 

    Table 5.2[c]: Results of the equation for Deformable Derivative 

    ( )   ( )            

                                        

                                        

                                        

                                        

                                        

                                        

                                        

                                        

                                  

                                  

 

 

 d)  For Classical Derivative  

For         the results are stated in the following table 

    Table 5.2[d]: Results of the equation for Classical Derivative 

             ( )   ( )   
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Chapter Six 

Results and Recommendations 

Through our study of fractional calculus, we see has many important applications in 

various types of science. 

We also noted that The Newton-Raphson (N-R) method is useful to find the roots of a 

polynomial of degree    However, this method is limited since it diverges for the case in 

which polynomials only have complex roots if a real initial condition is taken, For this 

reason, some definitions of fractional derivatives were used to express equations that have 

complex roots, we used three definitions of fractional derivatives: 

(Riemann-Liouvill’s, Deformable derivative, Classical derivatives) 

The idea in this message is which of the three definitions gives us better results and faster 

Iteration than applying Newton-Raphson method.  

 

After we analyzed the fractional derivatives and studied their results, as in chapter five, 

what did we notice? 

Example page 56 when we chose a specific alpha value, and applied it Riemann-Liouville 

Fractional derivative, so that the result we obtained the complex roots the last column 

indicates that the modified version convergence linearly, and Iteration was faster compared 

to the other two definitions. 
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7. Conclusions 

 

 The fractional Newton-Raphson method is very effective at finding roots of polynomials 

since it does not present the problems of divergence as the classical N-R method for a 

polynomial with only complex roots, however the really interesting thing is that this 

method opens up the possibility of creating new fractional iterative methods by combining 

the F N-R method with the existing iterative methods.  

In this work another application of fractional calculus is presented and opens the 

possibility of extending iterative methods that allow us to find roots of more general 

functions of polynomials.  

We end the paper with some important questions that can be implemented in future 

research 

1) Can we get a definition of fractional derivatives that is better than the Riemann 

definition? 

2) If we use this definition(          ), will it be better than Riemann? 

3) Is there any similarity between the classical fractional derivative and deformable 

derivative? 
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افسهن الكسريةطريقة نيهتن ر   

 اعداد : محمد عماد حمه

 اشراف الدكتهر إبراهيم الغروز
 

 

 الملخص 

 لقد وجد حداب التفاضل والتكامل الكدري تطبيقات عديدة في مختلف المجالات العلمية.

في ىذه الرسالة، ندتعرض التعريفات الرئيدية للمذتقات الكدرية وندتكذف تطبيقاتيا. نركز تحديدًا 
رافدون لحل المعادلات. نُطبّق  -ريفات للمذتقات الكدرية، ونطبقيا على طريقة نيوتنعلى ثلاثة تع

ىذه الطرق في بايثون لحداب جذور كثيرات الحدود، ونقارن أدائيا من حيث سرعة التكرار ودقتو. 
.يُدلّط تحليلنا الضوء على التعريف الذي يُعطي تقاربًا أسرع ونتائج أفضل  

رافدون عن طريق استبدال المذتق العادي بالمذتقات -بتعزيز طريقة نيوتن في ىذه الأطروحة، قمنا
ج مع طريقة الكدرية المقترحة وتطبيق ىذا النيج المعدل لحل المعادلات المختلفة عدديًا ومقارنة النتائ

.رافدون الأصلية-نيوتن  

ل.معدقة الطرق العلاوة على ذلك، نقوم بإجراء تحليل شامل للأداء لمقارنة الكفاءة العددية ود   


