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Abstract

This thesis deals with the approximate solution of Laplace’s equation in
swo-dimentional regions with circular holes and in three-dimentional re-
=ons with slender cavities with circular cross sections.

The propsed method, Special Boundary Integral Equations Method (SBIEM),
smsroduces approximate solutions to the Laplace’s equation by developing
special boundary integral equations based on the representation formula of

& C%(Q) function using its values on the boundary of the region {2 which
gerived from Green’s identities.

The solution on the boundary of each circular hole is represented by a finite
sum of circular harmonics with unknown coefficients.

The hole geometry is directly exploited in a new set of integral equations
with special kernal functions which independently ” pick out” these coeffi-
cents.

Each new integral equation contains only one coefficient relating to the par-
ticular hole and the resulting system of equations is solvable.

The accuracy of the obtainable approximate solution depends on the num-
ber of circular harmonics used in the representation series of the solution
on the boundary of the hole.

We consider in this thesis two level of approximations. The first one is
called the zeroth order level and the second is called the first order level.

Examples are given to demonstrate the proposed method (SBIEM).

Further, in this thesis, complete general numerical methods are propsed to
solve Laplece’s equation, namely the collocation and the Galerkin methods.
These methods belong to the general frame work of projection methods.
An important characterisation of these methods is that they are applicable
regardless of the geometry of the domain of the Laplce’s equation.

A comparison between the results obtained by these methods and these ob-
tained by the special boundary inegral equations method are given in this
thesis.
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Introduction

One of the most important partial differential equations in applied mathe-
matics is Laplace’s equation.

It is the simplest example of elliptic partial differential equations of second
order whose solutions are called harmonic functions and are important in
many fields of sciences, notably the field of electromagnetism, astronomy,
and fluid dynamics, because they can be used to accurately describe the
behavior of electric, gravitational and fluid potential. The basic theory of
elliptic equations presented in Gilbarg and Trudinger[11].

Many important problems require the solution of this equation, such as
the problem of incomressible irrotational flow[1], flow of inviscid comressi-
ble fluid around circular cylinders[15], electrostatic field around gratings of
charged wires[16].

Further the solution of boundary values problems of partial differential equa-
tions is an important field of application of integral equations, see Atkin-
son|[6], Kress[4], Kanwal[17].

Depending on the nonlinerarity of the differential equation and the geometry
of the domain of the problem analytical solutions are not always available
the best alternative is to find approximate solution. Many numerical meth-
ods were developed based on finite differences, finite elements and boundary
integrals methods, see Kress[5], and LeVequel8],[6],[10].

The technique ,,special boundary integral equations method” (SBIEM) was
proposed by Barone and Caulk for potential problems in regions with cir-
cular holes and regions with slender cavities, see [2,3] .

The same technique was applied to three dimenional regions with spherical
cavities [9]. In [9] Rania derived SBIEM where the potential or its outward
normal derivative is not constant.

In this thesis we reanalyze the work of Barone and Caulk [2,3]. We approach
the problem by formulating special boundary integral equations which take
explicit a count of the hole geometry and the corresponding characteristic



of the solution.

First we approximate the field on the boundary of each hole by a trigono-
metric polynomial of finite degree (finite series of circular harmonics).

The unknown coefficients are calculated as follows:

corresponding to each hole we choose a special kernal function which inde-
pendently pick out respective coefficient at that hole. Taken together, the
equations at any one hole express the coefficients on the boundary of the
hole in terms of integrals over the outer boundary and the other holes in the
domain. Since each equation corresponds to one coefficient at its associated
hole the system is well-conditioned and hence it is solvable.

Further we consider Laplace’s equation in the frame of projection methods,
collocation and Galerkin , see [4,5,6] and [10]. These methods are comletely
general numerical methods that used with general domains. We apply these
methods to the representation formula of the solution of the Laplace’s equa-
tion. In both cases we used {1,sin6,cos®, ..., sinnd,cosnf} as a basis.

The thesis is organized as follows:

In Chapter One we present the scheme of special boundary integral equa-
tions method (SBIEM). We introduce the domain of the Laplec’s equation,
namely two-dimensional regions with circular holes. We construct the ba-
sic boundary integral equations on the boundary of each circular hole. We
assume that the field represented by a finite series of circular harmonics.
We introduce special kernal functions and use the geometry of the holes to
determine the unknown coefficients. We treat Dirichlet’s problem when the
potential is constant on the boundary of the circular holes. Here we take
care about two cases, when the normal field is considered to be constant
then we obtained the zeroth order solution and when it is represented by a
trigonometric polynomial of order one then we get the first order solution.

In Chapter Two we present and analyze the SBIEM scheme if the domain
is three-dimentional region with slender cavities. Here we suppose that the
cross-sections of the slender cavities are circular and the fields are axis of
symmetry, hence we reduce the surface integrals (appear in the formulated
integral equations) to line integrals along the space curves passing through



he centre of each slender cavity. As an application we present the coaxial
0Tl case.

n Chapter Three we present the projection methods collocation and Galerkin.
We apply these methods on the integral representation formula of the Laplac’s
>quation.

“urther we apply these methods as well as SBIEM to a problem whose solu-
ion is know and carried out a comparison between the results of SBIEM and
-ollocation and Galerkin methods. We conclude the thesis by an outlook.



'-fChapter 1

‘Special Boundary Integral Equations for Approximate Solution
of Laplace’s Equation in Two-Dimensional Regions with Circular
Holes

1.1 Formulation

- Suppose that R is the interior of a two-dimentional connected bounded
region (with external boundary denoted by OR) containing N circular holes
centred at £%, a = 1,2..., N points. Let aq denotes the radius of hole a. On
each circular boundary 9C*® either a potential function( harmonic in R and
 <atisfies irregular condion) or its normal derivative is prescribed. Want to
determine the potential at any point in R.

This means want ¢ that satisfies A¢ = 0 in R and on o0C,, either ¢ or -g—::i
s prescribed.

Define the function

.
=—-——1 — |
o(x,y) = —5= logix—¥| (111)

and let ¢ be a harmonic function in R which satisfies regular boundary
conditions on R and 8C®. Then by using Green’s second identity in the
usual way, we can write

A¢(¥)+L3(¢%—9%§)ds+§:[

a=1 9

Sl S TP
" (45 99 )d 8#=0 {1.1.%)

where ¢® and g% are the values of ¢ and its outward normal derivative on
the hole a. The constant A is given by

)
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, y € {OR,0C*} (1.1:3)
. y € {R,0R,0C"}

In applying boundary integral equations method, see[18] to regions with
holes, the boundary of each hole must divided into a fairly large number of
finite segments to gain an adequate representation of the local field
wariation. We avoid this situation by developing special boundary integral
equations which take advantage of circular geometry of the hole. We first
represent ¢ and ¢® by a finite sum of circular harmonics on dC* as follows

¢* = 65 + K| (¢%,sinnf> + ¢5, cos nd®)
e =qf+ Z;{:] (g% sinnf* + g3, cos nf*)

X

O o= =

(1.1.4)

where ¢%, ¢%,., 95,95, 0=1,2...,.N, A=1,2 , are constants and 6% is the polar
angle centred at £ measured relative to the positive T-axis.

We evaluate the second integral in (1.1.2).
First we take the case when y ¢ 9C°. Let x € 9C* then

X —y = (aq cos 0% — 14089, 8in 0% — 14 sin ¢%)

and
|x — y|* = (a2 + 72 — 2a,7, cos(¢* — 6%))
Thus i
g(x,y) = ir log (a2 + r2 — 2a4r, cos(Y* — %))
T

where ¢ = 0%(y), Ta = |y — £°|
Now

dg

o Vg.n (x—y)n

T omlx-yP
Since the vector (aq cos 8%, a,sin %) is normal vector to the 9C* with
norm equal ao. Then a unit normal vector to 8C* is n = (cos 6%, sin 6%).

Hence

% =Vgn = -—_1—2 X (aq cO8 0% — 14 COSY®, aq SINH% — 74 SIN 1*).(cos 6%, sin 6%)
on 27 |x -yl
1 (ag — Tacos(yp® —6%))
27 (a2 + 12 — 2aq7q cos(yh™ — 6))
1 ((ba - COSW’“ — 90))
27rq (1 4 b2 — 2b, cos(¥® — 6%))
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where b, =

Therefore

and

cb&

dg
dn s

dg dg
4  sinnf® + ¢5, cosnf®) | ==ds = / d
/| (% 568 % )) as=a3 [ 3

n=1

K 2
(;btlxn G : : a ( & COS({bD‘ - )) o
+Z_—/G iR (1+be—Qbﬂ,cos('(/f"—t‘?"))m9

27 fal Ct
n Qa (b — cos(v® — :
E o 0% de
i /0 s (1+b§—2bacos(¢ﬁ— 5%

ok / 2r+d®  p, —cosf® _ .
il L f> @\ g
Z b oegs 1+ b3 — 2bscos g sinala” +47)

amhyr b, — cos 6
2n o fe a4 9
y Z ba /D+wo: 1+ b2 — 2b, cos 6 i L

« 27 . g« : g

2T - a
& Z “2np, /U e ?)% = ;ziacos = (cos nf%cosnyp® — sin nf® sin np*)d 0%

K 27
bo — o g
S 2o (42 sinng® + 68, cos ) / 0s6° _  sntd b
0

oy 1+ b2 — 2b, cos 0

* g ’%(@”?n cos nb® — ¢y, sin nyh®) /:ﬂ 14 ZE : (;-ziii)s g sinngd 6
i b_:( Tn SINNY + @, cos nwﬂ)w

e g

@ _ng(bi - 1)

n=1 . bﬂ(bg{ . 1)
K o

= Z E"(q‘)‘fn sin ny® + @5, cosny?) (1.1.5)
n=1



Conclusion and outlook

In this thesis we apply SBIEM to Dirichlet problems where the potential
is taken to be constant. The agreement between the numerical solution
and the exact one was very high, comparing to the results of the projection
methods. This partially because of the simple geometry used, and the as-
sumption that the potential on the circular holes is constant.

The case of nonconstant potential is an interesting one. On the other hand
Neumann problems with constant and nonconstant fluxes are very impor-
tant.

Another important aspect is to give a rigorous mathmatical proofs to show
that the obtained linear algebric systems are well-conditioned.

These aspects can be considered as a basis for a further work in the frame
of SBIEM schemes.
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