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ABSTRACT

[n this thesis , we study some properties of pairwise connected
and pairwise semi-connectedness in bitopological spaces , proffering

some properties of semi-open sets in topological space .

Also , we study the totally disconnectedness and the semi-

components in bitopological spaces .

Finally , we study connectedness and semi-connectedness

between sets in bitopological spaces .

In most of these , we make generalization of similar concepts in
topological spaces , and have generalization for results in topological

spaces .
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Introduction

The triple (X,T,T2),where X is a set and T; ,i =1,2 are arbitrary
topologies on X, is called a bitopological space. In 1963, Kelly [5]
introduced the notion of bitopological spaces. Several authors have
studied this notion and other related concepts .e .g Weston, and Kim ,

Pervin [13] .

Pervin [13] defined connectedness and studied its properties for
bitopological spaces. J.Swart [4] defined total disconnectedness in
bitopological spaces. And Fora and Hdeib defined pairwise

connectedness and semi pairwise connectedness for bitopolbgical spaces.

This thesis consists of 4 chapters. The first chapter deals with
pairwise connectedness -and some types of continuous functions
between bitopological spaces and their effects on some types of
connected spaces.

The properties of semi-open sets, the definition of pairwise
semi-connected and semi-continuous function and some related resuls in
bitopological spaces are studied in the second chapter .

The third chapter concerns with the study of the totally disconnected
Bitopological spaces and the components in bitopological spaces.
The study of pairwise connectedness between sets and

pairwise semi-connectedness between sets and some relations between
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them in bitopological spaces are covered in the fourth chapter.

We use p- and s- to denote pairwise and semi, respectively. e.g.
p- connected and s-connected stand for pairwise connected and semi
connected, respectively.
By saying that the bitopological space (X,T;,T2) has a certain
topological property, we mean that both (X,T;) and (X,T:) have this
property. By saying that a function f: (X,T,T2) = (Y,T*,,T*,) satisfies
a property that is used for functions between topological spaces, we
mean that both f: (X,T,) — (Y,T*,) and f: (X,T2) — (Y,T*,) satisfy
this property. Ts, To ,Tr, and Tp will denote the standerd topology,

the left ray topology, the right ray topology, and the descrete topology,

respectively.

[$¥]




Chapter .1

Pairwise Connected Spaces

1.1 Pairwise Separation .

1.1.1 Definition : [13]

A bitopological space (X,T,T2) is called p-connected if and only
if X cannot be expressed as the union of two nonempty disjoint sets A
and B such that(ANcli(B)) U (cl2(A) NB) = @, where c¢l;(B) and cl2(A)
denote the closures of B and A with respect to T; and T3, respectively.

When X can be expressed as the union of such A and B, we write
X = A|B and call it p-disconnection of X, or paireise separation, and
denoted by p-separation. (This is called a separation of X according to

William [13]).

1.1.2 Definition :

A bitopological space (X,T,T2) which is not p-connected is called

p-disconnected .



1.1.3 Theorem : [13]

For any bitopological space (X,Ty, T2), the foliowing conditions are

equivalent :
1-(X,T,,T2) is p-connected .

2- X cannot be expressed as the union of two nonempty disjoint sets A

and B such that A is T, openand Bis T: open.
3- X contains no nonempty proper subset which is both T; open
and T; closed .

Proof:

1=2) Suppose X = AUB , where A and B are nonempty T open and
T, open, respectively , such that A1 B=@ . A is T, open, then B is T
closed and this implies that cl; (B) = B. Then A} cl; (B) = @. And
since B is T, open , then A is T; closed and so clz(A) = A, then

cl2(A) N B =@. So[A N cl4(B)] U [cl2 (A) N B] = @. Then X is not

p-connected which contradicts the assumption .

2 =1) Suppose that X is not p-connected . Then X = A|B is
a p-disconnection of X, for some nonempty subsets A and B of
X. Then [A N cl;(B)] = @ and [cl2(A) N B] = @. Now since
[A N cli(B)]= @ and B =X\A, then [AN cl,(X\A)] = @.
But cl;(X\A) =X \ int;(A), so [A N (X \ int; (A))] = @. So

int; (A)c A, and so A = int;(A) .i.e. A is T, open set. Similarly,

4



we show that B is a T, open set. Therefore X =AU B, and A is
Ty open and B is T; open and both of them are nonempty sets.

This contradicts our assumption. Hence X is p-connected.

2=3) Suppose that there exists a nonempty proper subset A
of X which is both Tjopen and T, -closed. Then X=AU (X\A),
where A is T; open and X\A is T, open, which contradicts our

assumption of X, as A and X\A are nonempty disjoint subsets

ot X .

3 = 2 )Suppose X =A U B, Ais T;open and B is T; open and A, B
are nonempty disjoint sets. Since B = X\A then A is Tz closed. This

contradicts the assumption. This completes the proof of the theorem.

The following corollary results from the equivalence of 1 and 3 in

the previous theorem .

1.1.4 Corollary :[1]

The space (X,T;,T2) is p-connected if and only if X and @ are the
only subsets of the space X which are both open in T; and closed in Tj;

[ i,3=12 and1 % j).



l.1.3 Remark : [13]

For any topology T, (X,T,T) is p-connected if and only if (X,T) is
connected.
Proof:

<) Suppose that (X,T,T) is p-disconnected. Then there exist two

nonempty disjoint open sets in T, A and B such that X=AU B. So (X,T)

is disconnected which contradicts the assumption.

=) Suppose (X,T) is disconnected. Then there exist two nonempty
disjoint open sets A and B such that X= AU B. Then A and B are closed
sets, so A= cl(A) and B = cl(B).

Hence A N cl(B) = @ =cl(A) N B. —

1.1.6 Note : [13]

If the topological spaces (X,T1), (X,T:) are both connected, then
(X,T1,T2) may fail to be p-connected. Also, E. Berven [13] showed that
if (X,T1,T2) is p- connected, then (X,T;)and (X,T:2) need not be

connected.

The following examples show these and all other possibilities.

1.1.7 Example

Let X ={1,2,3,4,5}, T1={X, 9,{2},{3},{2,3}} and

Tg—_'{X, %) ’ {13314!5}}‘




It is clear that (X,T,) and (X,T2) are connected. But (X,T;,T2) is not p-

connected. Because there exist two nonempty disjoint sets A ={2} which

is open in T, and B ={1,3,4,5} which is open in T2, and X = AUB,

1.1.8 Example :

Let X={1!2’3’4!5}’ Tl ={X7g?{2"3},{4)5}’{1,2’3},{2’3’4) 5}} and

T: ={X, ©0,{2,3,4},{1,5}}. It is clear that (X,T,)and (X,T:) are not
connected, and that (X,T,T:) is p-connected as the complement of every

nonempty proper T; open subset of X is not T, open.

1.1.9 Example

Let X={1,2,3,4,5}.Then
T={X, 9,{1,2,3},{4,5},{5},{5,3,2,1} is not connected, and

T2={X, 0 ,{4},{{1,2,3,5},{2},{2,4}} is not connected and (X,Ty,T,) is

not p-connected, as X has the p-disconnection {1,2,3,5}|{4}.

1.1.10 Example

Let X={1,2,3,4,5}.Then T,={X, 9 ,{1,2,3},{2},{1},{1,2}}
is connected, T, ={X, @ ,{4},{4,3},{3}}is connected, and

(X,T1,T2) is p-connected, as the complement of every T, open

set is not T, open.




1.1.11 Example :

Let X = {1,2,3,4,5}. Then T = {X, O 44.3.2},{1,5}} is not
connected, T»= {X, @,{2},{1,2},{2,5},{1,2,5}} is connected, and
(X,T1,T2) is p-connected, as the complement of every Ti0pen set is not

T» open.

1.1.12 Example :

Let X = {1,2,3,4,5}. Then T1 = {X, @ ,{4,3,2},{1,5}} is not
connected, T>= {X, @,{1,5},{5},{1}} is connected, and (X,T;,T2) is not

p-connected, as X has the p-disconnection {2,3,4}1{1,5}.

1.1.13 Definition : [13]

A set E of a bitopological space (X,T1,T2) will be called p-

connected if the space (E,Tig,Tzg) is p-connected .

1.1.14 Theorem : [13]

If C is a p-connected subset of a bitopological space (X,T1,T2)
which has a p-separation X =A|B , then either C isasubsetof AorCisa

subset of B.
Proof:

X=AUB, where A and B are nonempty disjoint sets such that A is Ty
open and B is T; open.

C =CNX =CN@UB)=(CNAU(CNB).
8




SinceC N A S A,thencli(C N A) S cl(A). Similarly
ci(CN B)Sck(B).

Since X=A|B , then [A N ¢l {B)] U [ch{A) N B] =@ . But
[(C 1 A) Mecl (CA B YU {2 (CN A) N (C N B)] is subset of
[(AMch(B)] U [cl2(A) M BT ,s0
[(C N A)N (ch(CN BJUI[cL(CN AN (C N BI=0.
But clie (C N B) € cl; (CNB) , and cle (CN A) < clz (CN A),
sol(CNA) Nehe(C NB)IU [clae (CNA)YN(CNB)=0.

Suppose that C(1A and C (T B are nonempty , then (C,Tic,T2c) is
not p-connected , i.e. C is not a p-connected subset of (X,T,T2) , which

contradicts the hypothesis .

" SoCNA=@orCNB=0.1i.eC € AorC CB.

1115 [Neote :

If (X,T;,T2) is a bitopological space , A © X and E € A, then the
" subspaces that E inherits from T;a and T24 are the same subspaces E

inherits for T; and T, . Hence we have :

1.1.16 Remark :

If (X,T;,T2) is a bitopological space ,and E € A < X, thehEisa
p- connected subset of (A,T1a,T24) if and only if E is a p-connected

subset of (X,T,T2).




1.1.17 Corollary : [13]

If every two points of a set E are contained in some p-
connected subset of E, then E is a p-connected set .
Proof :

Suppose that E is not a p-connected set .Then E = A|B is a p-
disconnection of E for some subsets A and B of E.Let a€ A and
b€ B . From the hypothesis , we know that a and b must be
contained in some p-connected subset C contained in E. By (Thl.1.14)

C is a subset of A or C is a subset of B.

Since A and B are disjoint then this is a contradiction, because a
belongsto Aand b belongs to B, and a,b belong to C. Hence E

must be p- connected.

1.1.18 Corollary : [13]

The union of any family of p-connected sets-having a nonempty

intersection is a p-connected set.

Proof':

LetE={Ci:i € Q} be a family of a nonempty intersect p-
connected sets. If E= U C; is not p-connected , it must have a p-
separation E = A|B . By hypothesis, we may choose a point x belongs
to (C; . The point x must belong to either A or B. Suppose x

belong to A.

10




Since x belongs to C; for eachi € Q ;then C; NA =20,
Vie Q. Since Ci is p-connected and is a subset of E = A|B, then
Ci must be either a subset of A or a subset of B, ¥V { € Q . Since
CiNA+#Qand ANB=0, then C; < A, for each i€ Q, which
impliesthat E=U C; ©A.So ECA,andsoB =@, which is

contradiction . Hence E is p-connected .

1.1.19 Corollary : [13]

If Cis a p-connected setand C € E < [cli(C) N ¢l2 (C) ], then E
is p-connected .
Proof:

Suppose E is not p-connected , then E=A|B is a p-disconnection ,
for some subsets A and B of E .Since C is a p-connected subset of E
and E =A|B is a p-disconnection , then C is a subset of A or C is a

subset of B. W.L.0O.G. let C be a subset of A . Then cli (C) <cl; (A);

i=1,2.

~Since C CE S [cl; (C) N¢cl2(C)] and E=AUB , then
C < AUB < [cI4(C) Ncl; (C)], so BE [cl, (C) N clz (C)] which
implies that B N cI;(C) # @ and B N cl2(C) #0,as B # @ . But
cli(C) is subset of cl;(A) i =1,2, s0 B Ncli(A) # @,i =1, 2 which is

a contradiction because E =A|B is a p-disconnection . Hence E is p-

connected.

11




1.2 Continuous functions in bitopological spaces

1.2.1 Definition : [13]

Let (X,T1,T2) and (Y,T"1,T 2) be bitopological spaces. A function
£:(X,T1,T2) = (Y,T1,T"2) is called continuous if and only if

£u (T & (N1 1) snd 4 (X, Tg) = (Y,T';) are continuous.

1.2.2 Definition : [13]

Let (X,T;,T2) and (Y,T"1,T 2 ) be bitopological spaces. A function
f:(X,T1,T2) — (Y,T7,T2) is called h-continuos if and only if
f:(X,T1) = (Y,T")) is continuous or f: (X, T2) — (¥.Tz) 18

continuous.

1.2.3 Definition : [13]
‘Let (X,T1,T2) and (Y,T"1,T 2) be bitopological spaces.
A function f:(X,T1,T2) = (Y,T'1,T 2) is called p-continuos

if and only if , for every U € (T"1U Tz), the inverse image of U

belongs to T{UT> .




1.2.4 Definition

A bitopological space (X,T,T;) is called h-disconnected if and only

if there exists a proper nonempty subset U of X such that U belongs

to (T,U T,) and (X\U) belongs to (T;U T,).

1.2.5 Definition :

A bitopological space (X,T,T2) is called h-connected if and only if

the space is not h-disconnected .

The following Theorem follows directly from the definitions .

1.2.6 Theorem :

In a bitopological space (X,T,Tz2), every continuous

function is p- continuous, and h-continuous .

The following examples show that the converse of this theorem is
not necessarily true , and that h-continuity and p-continuity are

independent.

1.2.7 Example :

Let f be the function from the bitopological space (R,T.,Tr) into
itself , defined by f(x) = -x . Clearly f is p-continuous. (- ,0) € Te,

13
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but £ (-0 ,0)=(0, ) € TL.Sof: (R,TL) — (R,Ty) is not
continuous , and so f: (R,Tt,Tr) = (R,Tr,Tg) is not continuous. Also
(0,®)€Tp ,butf* (0, @) =(-,0) £Ty. So f:(R,Tr) - (R,Tgr)

is not continuous. Hence (R, T, Tr) = (R,T1,TR) is not h-continuous.

1.2.8 Example :

Let f : (R,Tp,TL) —» (R, Tp, Tr) be defined by f(x) = -x. Then
f:(R,Tp) — (R, Tp) is continuous, but f:(R ,Ty) - (R, T L) is not
continuous . So f is h-continuous , but not continuous . Also , Tt © Tp,

so f is p-continuous.

1.2.9 Example :

Let f : (R,TL,TR) — (R, Tp, Tp) be defined by f(x)=|x|. Then fis

neither p-continuous nor h-continuous.

1.2.10 _Example -

Let £ :(R,Tr.Te) ~» (R, Tr, Tp) be defined by f(x)= x. Then f is h-

continuous but not p-continuous.

The following lemma follows directly from the definition .

1.2.11 Lemma :

Every p-disconnected bitopological space is h- disconnected.
14



The following example shows that the converse of the previous lemma is

not necessarily true.

1,2.12 Example :
Let X={1,2.3.4,5}, Ti={X, © ,{4,3,2).{1,5}} and

T:={X, 9 ,{2},{1,2},{2,5}, {1,2,5}}. Then the bitopological space

(X,T4,T2) is h-disconnected but not p-disconnected .

1.2.13 Theorem

Every h-connected bitopological space is p-connected.

Proof:

The proof follows directly from lemma 1.2.11 .

The converse of the last Theorem is not necessarily true as can be

seen from the example 1.2.12 .

1.2.14 Theorem : [13]

The continuos image of a p-connected bitopological space is p-

connected.
Proof :

Let f be a continuos mapping from (X,T;,T2) onto
(Y,T‘I,T'z) . Suppose (Y,T‘;,T'z) is not p-connected . Then

15



Y = A|B is a p- separation of Y, for some nonempty subsets A and B of
Y . By continuity of f, f*'(A) € Ty, £'(B) € Ty, and f(A), £ "{(B))
are nonempty disjoint subsets of X, and f "'(A) U f}(B) = X . Thus
£ '(A) f'(B) is a p-separation of X . i. e. X is not p-connected , and

this contradicts the assumption.

Hence (Y,T";,T ;) is p-connected.

1.2.15 Theorem : [1]

A bitopological space (X,T;,Tz) is p-connected if and only if every
continuous mapping of (X,Ty,T:) into (D,Ty,TRr) is constant; where

D ={0,1}, T.={D,9,{ 0} },and Tr= {D, @, {1} }.

Proof:

=) Let f :(X,T1,T2) = (D,T,Tr) be a continuous function.

Want to show that f is constant . Suppose that f is nonconstant.

It’s clear that X = £°'(0) U £7'(1), £ %(0) N £'(1) =@, £°10) € Ty,

f'(1) € T,, and £1(0) and £ (1) are nonempty proper subsets of X.
‘Then X = £ ;‘(Oj | £1(1) is a p-disconnection of X. But X is p-

connected , so this is a contradiction. Therefore the function f is

constant.

<) Suppose that X is not p-connected , then X = A| B is p-
disconnection for some nonempty subsets A and B of X. We can define
a continuos function f: (X,Ty,T2) = (D,Tr,Tr) such that f(A) = {0}and
f(B) ={1}. Then £ '(0) € T, and f (1) € T, . So fis a nonconstant |

16




continuous function from (X,T1,T:) into (D,T,Tr) , which contradicts

the assumption . So (X,Ty,T2) is p-connected.

1.2.16 Theorem : [13]

The h-connectedness property is preserved under p-continuous

function.
Proof :

Let (X,T.,T2) be any h-connected bitopological space , and let
f:(X,T1,T2) = (Y, T'1,T 2) be a p-continuous function. Suppose that
(Y, T'1,T"2) is h-disconnected. Then their exists a nonempty proper
subset U € (T1U T7;) such that (Y\U) € (T,UT",) . By p-continuity,
£'(U) € (T\UTz) and £'(Y\U) € (T\UTy) . Also £(U) NFY(Y\U) =0
and f(U) U £Y(Y\U) = X.

Hence (X,T,,T;) is h—disconnected , and this is a contradiction with

the hypothesis. So (Y,T'1,T 2) is h-connected.

The following theorem follows from the fact that every continuous

function is p-continuous and the previous theorem.

1.2.17 Theorem :

h-connectedness is preserved under continuous functions.

17




1.2.18 Theorem

A bitopological space (X,T;,T) is h-connected if and only
if it is connected and p-connected.
Proof:

=)Suppose that X is disconnected or p-disconnected . In either
case there exist U€ (T;UT;) and V € (T1U T;) such that U and V are
nonempty sets , UNV =0, and UU Vv =X. So k% Ty, Ta) is B

disconnected , which contradicts the hypothesis .

<) Suppose that (X,T1,T2) is h-disconnected . Then there

exists a nonempty proper set A such that A and X\A belong to

(T, UT;_) . Now there are two cases :
1) If A and X\A € Ti forsome i =1,2, then (X,T;) is disconnected
and this contradicts the hypothesis that (X,T|,T;) is connected.
2If A € Tiand X\A € Tj ;i =], then (X,T0,Ty) is p-
disconnected and this contradicts the hypothesis that (X,T1,T2) is

pP-connected.

1.2.19 Theorem -

Iffri (A)=9@,i =1,2 for some nonempty proper subset A of
a bitopological space (X,T1,T2) , then (X,T,,T,) is not p-
connected .

18



Proof:

fri(A) = fr,(A) = @ . But fri(A) = cl; (A) \ int; (A) , therefore
cli(A)\int; (A) =9 . So cli(A) = A=int; (A), and so A , X\A are T,
open .

Similarly , A and X\A are T, open. Since A € T, and X\A € T2,

then X is not p-connected.

1.2.20 Theorem

Let (X ,T|,T2) be a p-connected bitopological space , A be a
nonempty proper subset of X, and A € (T;NT; ), then
fri (A) = 9 ; i =1.2.

Proof :

Since Ae (T1NT:), then A € T,and A€ Ty . But (X,T,,Ty) is p-
connected , so X\A ¢ T; ; 1=1,2 i.e. A is not closed in Ti which
implies that A = ¢l (A);i=1,2.Since A € T;and A e T2 then
int; (A)=A,i = 1,2.

So fri(A) = cl; (A) \int; (A) = chi(A)VA = @;i=1,2.

|

(&

.21 Remark

The following example shows that the converse of the a bove

theorem is not necessarily true .
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Let X={1,2,3,4} , A={1,2} , T\ ={X, @ ,{1,2},{4}{1,2,4}}, and
T, ={X, 9 ,{1,2},{3},{1,2,3}} . Since int; (A) =A and cli(A) ={1,2,3},
therefore fri(A) = cl;(A) - A= {3} # @ . Also, since int2(A) =A and
cl2(A) ={1,2,4} , therefore fr(A) = cl2(A) - A ={4} = @,

Hence fr; (A) # @ ; i=1,2. But X is not p-connected ; as

X = {4}1{1,2,3} is a p-disconnection of (X ,T,,T,) .

20




Chapter 2

Pairwise Semi-Connected Spaces

2.1 Semi-open and semi-closed sets .

2.1.1 Definition : [12]

Let (X,T) be a topological space . A subset A of X is said to be

smei- open if and only if there exists an open set U such that

UCA Cecl(U). -

2.1.2 Definition : [12]

Let (X,T) be a topological space . A subset A of X is said to be

semi-closed if and only if A is the complement of a semi-open set.

2.1.3 Definition ;: [12]

Let (X,T) be a topological space , and let A be a subset of X. The
intersection of all semi-closed sets which contain A is called the semi

closure of A, and denoted by scl(A) .



2.1.4 Theorem :[13]
If A is a subset of a topological space (X ,T) , then A is semi-open if
and only if A < cl(int(A)) .

Proof :

=)Suppose that A is semi-open. Then B& A < cl(B) for some open
set B . Since B is open set and contained in A , then B< int (A) and thus

cl(B) < cl (int(A)) . Hence Accl(B) < cl(int(A)) .

<) Let Ac cl(int(A)) .Then for B = int A, we have Bc Accl (B).

2.1.5 Theorem :

If A is a subset of a topological space (X,T), then A is semi-closed

if and only if there exists a closed set W such that int (W)S A C W.

Proof:

=) Suppose that A is semi-closed . Then X\A is semi-open , so
B < X\Ac cl(B), for some open set B .
Therefore X\cl(B) € Ac X\B . Since X\cl (B) is open set and is
contained in X\B , then X\cl(B) < int(X\B) .
Want to show that int(X\B) € X\cI(B) . Let x € int(X\B) . Then there
exists an open set E such that x €e Eand ENB =0 . So x € cl(B), and

so x € X\cl(B) . Hence int(X\B) =X\cl(B) . Hence if we let W= X\B,

then int(W) € A € W, where W is a closed set .
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<)Suppose int(W) € A C W for some closed set W . Want to show A
is semi-closed set. X\W © X\A © X\int(W) .
Since X\int(W) = cl(X\W) , then X\A is semi-open . Hince A is sem-

closed .

2.1.6 Lemma : [11]

If A is a subset of a topological space , then A is semi-closed if and
only if int(cl(A)) < A .
Proof :

<) Letcl(A) =B, then A € B and so int(B) € A < B.

=) Since A is semi-closed, then int(W) CA c W , for some closed
set W. cl(A) € cl(W) = W. So int(cl(A)) < int (W) . So int(cl(A)) < A

as int(W) < A

2.1.7 Lemma :

If {Ai:i € Q}is a collection of semi-closed subsets in a topological

space (X,T) , and A =M A; , then A is a semi-closed set . |

Let i€ Q, then A; is semi-closed set ,so there is a closed set W;
such that int(W;) € A; € W; . So (int(W;)) © NA; C- nw; .
Let W= NW;, then W is a closed subset of X . Also , W C W; ,Vie Q,

so int(W) < int(W;), Vi € Q. So int(W) < N(int(W;)). Hence



int(W) € A © W ,and W is a closed subset of X . So A is a semi-

closed set .

2.1.8 Theorem : [8]

scl (A) = A if and only if A is semi-closed.

Proof :

=) A is an intersection of semi-closed sets , so by the previous

lemma , A is a semi-closed set.

<) By the definition of scl (A) , A < scl (A). But A is semi-
" closed set containing A , so by the definition of scl (A) we have

scl (A) © A . Hencescl(A)=A.

2.2 Pairwise Semi-separation .

2.2.1 Definition: [2]

Two non-empty subsets A and B of (X,T;,T2) are said to be pairwise

semi-separated if and only if ANscly(B) = @ =scl2 (A)NB.

2.2.2 Definition : [2]
Two nonempty subsets A and B are said to form a pairwise semi-

separation of X , if X=AU B and A and B are pairwise semi-separated.

7
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2.2.3 Theorem :[2]
If A and B are pairwise semi separated subsets of (X,T,,T,)

and Ay © A , B; © B then A; and B, are pairwise semi separated.

Proof:
Since A and B are pairwise semi-separated , then we have
A Nscly(B) = @ =B Nscla(A) . But Ay Nscli(B1) € A Nscli(B)

and Bl nSC[z (Al) c Bﬂ SClz(A) . SO Al ﬂSCll(Bl) =@ and BlnSClg(Al).

So A, and B, are pairwise semi- separated.

2.2.4 Theorem :

If A and B are subsets of (X,T1,T2) suchthat ANB =0, A is T;-

semi open and B is T,-semi open, then A and B are pairwise semi

separated .

Proot:
We have A 1 scli(B) € A N scl; (X\A) =A N (X\A) =0 .

And B 1 scl2(A) € B N scly(X\B)=B N (X\B) =@ .Thus A and B are

pairwise semi separated .

2.2.5 Remark :

A subset A of (X,T;,T2) is Ti-semi-open if and only if X\A is T;-
semi-closed , i= 1,2 . So the following theorem follows directly from

theorem 4 .
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2.2.6 Theorem :

If A and B are nonempty subset of (X,T;,T2) such that A NB =0
where A is Tz-semi-closed and B is T,-semi closed then A and B are

pairwise semi-separated .

2.2.7 Theorem : ([2]

If A and B are pairwise semi-separated subsets of (X,T;,Tz) such
that AUB is T,-semi-closed as well as T2-semi-closed, then A is T;-semi

-closed and B is T;-semi-closed .

Proof :

As A and B are pairwise semi-separated, we get
A Mscli (B) = @ =B N scla(A). Also as AU B is T»-semi-closed ,
so scl2(A) C scl,(AUB)=AUB.
Now sclz(A) = scly(A) N sclz2(A) € (AUB) N scly(A)
= (A N sclz(A)) U (B Nsclz(A) ) =A,

as Bscl2(A) = @ and A C scly(A) . Thus A is Ty-semi-closed, by

(Th2'.1.8) . Similarly we show that B is T,-semi-closed .

2.2.8 Theorem : [12]

If A and Y are subsets of a topological space (X,T) such that

A CY <X and A is T.semi- open, then A is Ty semi-open.




Proof :

Since A is T.semi-open, then there exists B € T such that
B CACCIB). ThenB ¢ Tyand BC Ac ci(B)NY = cly(B), which

implies that A is Ty.semi-open.

2.2.9 Theorem : [1]

If A and Y are subsets of a topological space (X,T) such that A € Y

and Y is open , then A is Ty.semi- open if and only if Ais T semi-open.

Proof :
=) Suppose that A is Ty.semi-open . Then there exists B € Ty
~ such that B < A C cly(B). Since B € Tyand Ye T ,then B € T

and B € A c cly(B) < cl(B), which implies that A is T-semi-open .

<)The converse follows from Theorem § .

2.2.10 Lemma : (8]

Let (X,T) be a topological space , let A be an open subset of X , and

let B be a semi-open subset of X . Then A N Bisa semi-open subset in

(ArTA) .

Proof:

B is a semi-open subset of X, so there exist U€ T such that




US BC cl(U). Letx € (ANB)\(UN A) . Suppose that x ¢ cla(UNA) .
Then there exist W € Tasuchthatx € W and W N(UNA)=0. So
WU = @ and this implies that x& cl(U), and so x ¢ B. So

X € (ANB) and this is acontradiction , so A(\B < cla (UNA).

Hence (UNA) < (ANB) < cla(UNB), and (UNA)E T, . So (ANB) is a

semi-open set in (A,Ta) .

2.2.11 Lemma : [1]

Let Y be a subset of the topological space (X,T), and let A bea Ty

semi-open subset of Y .Then A=MNY for some T semi-open set M.
Proof :
Since A is Ty semi-open then there exist U € Ty such that
U S A Ccly(U). But Ue Ty, so U=B NY,for some T-open set B,
So AU Bc ¢|y (U) U BS cl(B) . Since B< AU B<cI(B), then AU B

is semi-open in (X,T). Let M=A U B sthenM N Y =4,

2.2.12 Lemma :

Let A be a subset of the topological space (X,T), and let M be a i 7%

semi- closed subset of A.Then M =A N F for some T semi-closed set F .

Proof :

Follows from the previous lemma and the fact if AM=U N A ;

then M = (X\U) N A.
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2.2.13 Note :

The converse of the last two lemmas are not necessarily true , as the

following examples show .

2.2.14 Example:

Let X ={1,2,3,4} ,T={X, 0 {1},{3,4},{1,3,4}},F=(3,4}, and
A={2,3). ThenF N A ={3} . Now , the set of all closed sets in
(X,T) ={X, 0 12:3,4},41.23.{23) . Ta = {A, ©,{3}}, and the set of
closed sets in (A, Ta) = {A, @,-{2}} - Let M ={2,3.4} . Then M is closed
set in (X,T) and int(M) = {3,4} . So int(M) € FCS M. And so pdt 3G
semi-closed set in (X,T) . But the only T, closed set containing {3} is A,
and inta(A) = A € {3} . So {3} is not Ta -semi-closed set . i . e FNA is

not Ta -semi-closed set in A

2.2.15 Example :
In the last example , {1,2} is T-semi-open , but {1,2} N A={2} is

not Ta-semi-open .

2.2.16 Theorem : [1]

If A and Y are subsets of a topological space (X,T) such that A < Y

and Y is open , then scly(A) = YN scl(A).
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Proof :

Since scly(A) is Ty semi-closed , then by (lem.2.2.12) there exists a
T semi-closed B such that scly(A) =B NY. Since A < B, we have
T-scl(A)< B and hence Y NT-scl(A) € Y NB = scly(A) .

Let x € scly(A). Then x€ Y . To show that x€ scl(A)) . Let W be
any semi-open set in (X,T) containing x, as Y is open in (X,T) . Then by
(Lem.2.2.10) W N Y is a semi-open subset in (Y,Ty) containing x . But
X€ scly(A), so (WNY )NA = 0 . Hence WN A = @ . So xe¢ scl(A)) .

And so x € scl(A) NY.

Hence scly(A) Cscl(A) NY. Then scly(A) =scl(A)) NY.

2.2.17 Theorem : (2]

[f A and B are pairwise semi-separated in a bitopological space
(X, T1,T: ) and if AUB is both Tiopen and T; open, then A is Ty-semi-

open and B is T2-semi-open .

~ Proof:

Let T*; = TIIAQ B .and T*;=T2/AUB. As A and B are semij-
seﬁarated A Nscly(B) =@ =B N scl2(A) . And so by (Th.2.2.16),
A M scley(B) =@ =B scls2(A) , so we have scls1(B) € B, and
sclez(A) © A,

So by (Th.2.1.8), A is T*;-semi-closed and B is T*, .semi-closed which
again imply by (Re.2.1.2) that A is T*, -semj open and B is T*,-semi

open. Now, as AUB €T, and A s T*, -semi open , then A is T;-
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semi open by (Th.2.2.9) . Similarly B is T2-semi open .

2.2.18 Remark : [2]

If A and B are pairwise semi-separated and if AUB is both Ty-semi-
open and Tz-semi-open , then A is not necessarily T;-semi-open and B is

not necessarily T,-semi-open .This is shown by the following example .

2.2.19 Example :

Let us consider the bitopological space (X,T;,T;), where

X={a,b,c,d}.
T1={X, 9,{a},{b,c},{a,b,c}} and T={X, © »{d},{b,c},{b,c,d}}.

It is easy to see that

C(TH={X, @ ,{b,c,d},{a,d},{d}},

C(T2)={X, @, {a,b,c},{a,d}, {a}},

S.0(T1)={X, 0,{a},{b,c},{a,b,c},{a,d},{b,c,d}},

5.0(T2)={X, @ ,{d},{S,c},{b,c,d},{a,d},{a,b,c}},

S.C(TO)={X, @ ,{b,c,d},{a,d},{d},{b,c},{a}},

S.C(T2)={X, @ ,{a,b,c},{a,d},{a},{b,c},{d}}.Let A ={d} and B={a} .
Then A and B are pairwise semi-separated . Although

AU B={a,d} is both Ti.semi-open and T2-semi-open . But A is not T;-

semi-open and B is not T2-semi-open .
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2.2.20 Definition: [9]

A bitoplogical space (X,Ty,T,) is called pairwise semi-connected if
and only if X can not be expressed as the union of two nonempty

pairwise semi-separated sets .

2.2. 21 Theorem : [9]

A bitopological space (X,T1,T2) is pairwise semi-connected if and
only if X can not be expressed as the union of nonempty disjoint sets one

of which is T;-semi-open and the other is T2-semi-open.
Proof';

= ) Suppose that X = AU B, where A is T;-semi-open and B is T, -
semi-open . Since A is Ti-semi-open , then B is Ti-semi-closed and so
A (scli(B) = @ . And since B is T2-semi-open , then A is T;-semi-closed
and B scla(A) = @ . This implies that (X,T;,T,) is not pairwise semi- |
connected and this is a contradiction . Hence X cannot be expressed as
the union of two non empty disjoint sets one .qf which is T;- semi-open
and the other is T2-semi-open .

<) Suppose that (X,T1,T2) is not pairwise semi-connected .
Then X = AUB, for some pairwise semi-separated sets A and B .
Since A N scl;(B) =@ and AUB = X , then B = scl;(B), and so B is
T semi-closed and so A is Ti-semi-open . Similarly we see that B is T»-

semi-open and this is a contradiction with the assumption.
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2.2.22 Remark :

Every pairwise semi-connected space is pairwise connected, as every
Tiopen set is T; semi-open; i = 1,2 . But the converse is not

necessarily true as shown by the following example.

Let us consider the bitopological space (X,T;,T2) , where X={a,b,c},

Ti ={X, 0, {a},{a,b}}, and T,={X , @,{b},{a,b}}. It is easy to see that
C(T)={X, @ ,{b,c},{c}}.

C(T2) ={X, 9,{a,c},{c}}.

$.0(Ty) ={X, 9 ,{a},{a,b},{a,c}}

S$.0(T2) ={X, @ ,{b},{b,a},{b,c}}.

S.C.(Ty) = {X, @ ,{b,c},{c},{b}},and

S.C.(T2) = {X, @ ,{a,c},{c},{a}}.

Clearly X is p-connected . But X ={a} U {b,c}is a pairwise semi-

separation of X , and so (X,T;,T2) is not pairwise semi-connected .

2.2.24 Remark :

Pairwise semi-connectedness for a bitopological space is not
equivalent to the semi connectedness of the two topologies , as shown by

the following Example .
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Consider the bitopological space (X,T,;,T2), where X={a,b},
T1={X, 9,{a}}, and T2 = {X, @, {b}}. Both (X,T:) and (X,T;) are semi
connected , but (X,T,T2) is not pairwise semi-connected as

X= {a} U {b} is a pairwise semi-separation of X.

2.3 T,T, pairwise semi-connected sets

2.3.1 Definition: [9]

A subset A of (X,T,,T;) is said to be T Tz-pairwise semi-connected
if and only if A can not be expressed as the union of two pairwise-semi

separated sets in (X,T,T2).

2.3.2 Theorem : [9]

Let Abea T-sz-pairwise semi-connected . If ACCU D where C and
D are pairwise semi-separated sets in (X,T;,T2), then either AC C or
AC D.
Proof:

Suppose A N C # @and AN D # @ .Since Al C< C, then

scl2(A N C) < scly(C) . Similarly scl;(A N D) < scl; (D) .

e
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Since C Nscly(D) =@ and D N sclz (C) =@ , and since ANy
and scl; (A N D) € scl; (D), then (ANC)Nscli(AND) = @, and
similarly , (AND)Nscl2(ANC) = @. This implies that A is not T;T,.
pairwise semi-connected , and this is a contradiction with the

assumption . Hence AID=QorANC=0,andso A <C or ASD.

23.3 Theorem: (2]

The union E of any family {C; :i € Q} of T T, -pairwise semi-
connected sets in (X,T,T;) having a non-empty intersection is T;Tz -

pairwise semi-connected .

Proof :

Let E= {C;:i € Q} be a family of a nonempty intersect T;Ts.
pairwise semi-connected sets . If E= U C; is not T1T2-pairwise semi-
connected , it must have a pairwise semi-separation E = A[B in X . By *
hypothesis we may choose a point x belongs to \C; . The point x
must belong to either A or B . Suppose x belong to A . Since x
belong to C; for eachi € Q , then (NCi) NA = @ . Since C; is T,T»
-pairwise semi-connected and is a subset of E = A|B in X , then C;

must be either a subset of A or a subset of B for eachi € Q .
Since C; N A =Q@and ANB=0,then C; € A;Vi € Q , which

impliesthat E=U C; € A.So ECA.SoB =0, whichisa

contradiction. Hence E is TT;.pairwise semi-connected .
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2.3.4 Theorem :

-

If Ais a T,T;-pairwise semij connected subset of (X,T1,T2), and if

ACE C [scli(A) Nscla(A)] , then E is T1T2-pairwise semi-connected .
Proof:
If E is not T1T.pairwise semi-connected , we can write E=GUH "

where G # @ ,H # @, and GMscly(H) = @ and H Nsclz (G) . By

(Th.3.2.2), either A € GorA c H .We suppose that AC G. Then

H © E ;asE=H UG
< scla(A) sasE < (scly(A) N scl2(A))
< scly(G) 188 AC G

So H < scly(G) . But H N scl2(G) =0 ,soH=0 .

Which is a contradiction with the fact that H = ¢ . Hence E must be

semi connected.

2.3.57 Corollary :

IfE isa T1T2-pairwise semi connected subset of (X,Ty,T;), then

scli(E) Nscly(E) is T1T2.pairwise semi connected .

2.3.6  Theorem : [2]

The union of two T1Tz.pairwise semi connected subsets A and B of a
bitopological space (X,T1,T2) which are not pairwise semi-separated in X
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is T T;. pairwise semi connected.
Proof :

If AUB is not TiT2.pairwise semi-connected , then we can write
AUB=GUH;whereG#0,H=0,G Nscly(H) = @ and
H MNscl2(G) = @. By (Th.2.3.2) , (A€ G or ACH ) and
(BE€ GorBC H).

Let A< G. Then, as H is not empty, B © H, and so
AN scli(B) © G N scly(H) =@, and B Nscly(A) € H Nsclz(G) = @. So
A and B are pairwise semi-separated in X . The contradiction optained

proves the theorem .

2.3.7 Theorem : [2]

Let (X,T1,T2) be a bitopological space such that for any A CX,
clz(cli(A)) = cli(A) and clyi(clz(A)) = clz(A) . Then X is pairwise semi-
connected if and only if there are no two non-empty disjoint sets one of

which is Ty-semi open and the other is T;-semi open.

Proof:

':) First we suppose that (X,T,Tz) is pairwise semi connected.
Suppose that there exist two non-empty disjoint sets U and V where U is
Ti-semi open and V is T;-semi open . By definition 2.1.1 we have two
non-empty disjoint sets C and D such that C < U < c¢[,(C) and

D ©V < cly(D) and where C € T;and D € T,.

Now X =cl;(C) U (X\cli( C))
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2.4 Pairwise semi-connected sets

2.4,1 Theorem : [9]

If a subset A of (X,T;,T2) is T1T,.pairwise semi-connected , then
(A,T1a,T24) is pairwise semi-connected.
Proof: =

In fact if U|V is a pairwise semi- separation of A in (A,T1a,T24) ,
then it is also a pairwise semi separation of A in X, since

scli(B) A € sclia(B) for every subset B of A

2.4.2 Remark :

The converse of theorem | need not be true as can be seen from the

following example.

2:%.3 Examyle :
Let X ={a,b,c,d} ,T\ ={X, @ ,{a,b},{c},{a,b,c}} and
T: ={X, @ ,{b,d}, {a,c,d} ,{d}}.
Let A= {a,b,c} .Then T,a ={A, @,{a,b},{c}} and
T2a={A, @ ,{a,c},{b}}. Clearly (A,T14,T24) is a pairwise semi -
connected space , but A is not T,T; pairwise semi-connected in X

”

39




because the sets {a,b} and {c} are pairwise semi-separated in X and

A={a,b} U {c}.

2.4.4 Definition : (1]

A subset A of a topological space X is said to be preopen if

A < int(cl(A)).

2.4.5 Remark :

[t is clear that €Very open set is a preopen set .

2.4.6 Definition :

A subset A ofa bitopological space (X,T,,
i &

T2) is said to be preopen if
il’ltl(CI:(A)) and A C intz(clz(A)).

2.4.7 Definition :

A subset Y of (X,T1,T2) is said to be pairwise s-connected if and

only if (Y,Tiv,Tay) is pairwise semi-connected.

2.48 Lemma :

LetA € B ceXina topological space (X,T).IfB = int (cl(A)),

then A is dense in (B,Ts)
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Proof:

Let U be a nonempty open set in (B,Tg), then there exists x € U and
U is open set in (X,T)as B € T . Also »X € B, s0 x € ¢cl(A) and so

UNA = @, Hence A is dense in (B,Tp).

2.49 Lemma -

Let Y be a dense subset of 2 topological space (X,T). Let M be a

semi-open subSet of X , then M N Y is a semi-open subset in (Y,Ty).
Proof :

Since M is semi-open subset of X ysoUcCc Mc cl(U) , for some
open subset UofX.So YNU < YNM and YNU € Ty . Now , let
X €YMNM . To show that x e cly(YNU) . Letx e W e Ty . Then
W =VNYforsomeVeT. x e M < cl(U), sox € cl(U). But
X€ VeT,soUNV # @ .ButY is dense in X and UNV is a
nonempty open set in (X,T) , so (U VY ¥ # @ . Henes (VvNY) N
(UNY) # 2. ie. wN (uny) = g. |
Hence x e cly(UNY). So UNY < YNM < cly(UNY), and so YNM

is semi-open in (Y,Ty) .

2.4.10 Theorem :

Let Ybea preopen subset of a topological space (X,T), and let B be

a semi-open subset of X , then YNB is semi-open in Y.
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Proof:

Follows directly from last two lemmas .

2.4.11 Lemma: [10]

Let Y be preopen subset of a topological space (X,T), and let B be a

semi-closed subset of X , then YNB is semi-closed in Y.

Proof :

-

Since Y < int(clY) and X\B is semi-open, then by the last lemma,
YN (X\B) is semi-openin Y. So A € [YN (X\B) ]< cly(A) . Since
Y\(YNB) =YN (X\B) then A< Y\(YNB) < cly(A) . So YNB semi-

closed .

24,12 Theorem: [1]

If A and Y are subsets of a topological space (X,T) such that A € Y

and Y is preopen, then scly(A) = YN scl(A).
Proof :

Since scly(A) is Ty semi-closed , then by (lem.2.2.12) there exists a
T semi-closed B such that scly(A) =B ) Y. Since A € B, we have
T-scl(A)< B and hence Y NT-scl(A) € Y NB = scly(A). Since Y is
preopen set and T-scl(A) is T-semi closed then by (lem.2.4.11)
YN T-scl(A) is Ty semi-cloed . Since A < Y NT- scl(A), then

scly(A) © YN(T-scl(A)) .



2.4.13 Theorem : [9]

If Y is a preopen subset of (X,T,Tz), then Y is T T, -pairwise

semi- connected if and only if (Y,T1v,T2y) is pairwise semi-connected.

Proof :
=) Direct by (Th.2.4.1) .

<)Suppose that Y is not T;T,.pairwise semi-connected , then
Y=UUV,UN (scli(V)) =@ = (scl»(U)) NV . Since U € Y and Y is
preopen then, by (Th.2.4.12) sclay (U) =Y Nscls (U) and
scliy (V) = Y Nscly (V) . So sclay (U) € scla (U) and
scliy (V) © scly (V) . Thus U N seliy (V) =@ = sclhy (U) NV.So U
and V are pairwise semi separation of (Y,Tyy,T2y) and this is a

contradiction .

2.4.14 Lemma :

Let A be a preopen subset of (X,T,T,) .Then A is T;Tz-pairwise
semi-connected if and only if A is pairwise s-connected.
Proof :

=) Direct by (Th.2.4.13) and (Def. 2.4.7) , so A is pairwise semi-

connected.

<) Since A is pairwise s-connected then by (Def.2.4.7),
(A,T1a,T2a) is pairwise semi-connected , and also by (Th.2.4.13) A is

T1T,-pairwise semi- connected .



2.4.15 Theorem : [11]

If A is a pairwise s-connected preopen set in (X,T;,T2), and if

AC CUD, where C and D are pairwise semi-separated sets in X , then

ACCorCC D,
Proof:

The proof is direct by using (Th.2.4.13) and (Th.2.3.2).

-~

2.4.16 Definition : [11]

A funiction f: X —Y is said to be irresolute if £'(A) is semi-

open for every semi-open subset A of Y.

2.4.17 Definition : [9]

A funiction f: X — Y is said to be semi continuous if f!(A) is

semi- open for every open subset A of Y.

2.4.18 Theorem : [9]

Let f: (X,T1,T2) = (Y, T*;,T*2) be a semi-continuous mapping

from X onto Y . Then (Y,T*,,T*,) is pairwise connected if (X,T;,T2) is

pairwis semi-connected .

Proof:

Suppose that Y is not pairwise connected , then Y= A|B is



pairwise separation of Y for some subset A and B of Y. Aand B are

non-empty subset of Y such that Y= A UB where A€ T*, and B € T .
By pairwise semi-continuity of f, f(A) is Ti-semi-open and f'(B) is
Tz-semi-open . Also X = f!(A) U f'(B) ,f'(A) = @, f(B) = 0 ,and
f'(A) N £Y(B) = ©. Thus X is not pairwise semi-connected , which is a

contradiction .

-

2.4.19 Lemma: [8]

Let (X,T) and (Y,T*) be topological spaces . If f: (X, T) - (Y, T®
is continuous and open , then f! (cl(A)) =cl(f' (A)), for gvery subset
AofY.

Proof :

Let A be any subset of (Y,T), then A © cl(A) and
f'(A) < f(cl(A)) . So cl(f(A)) € cl(f(cl(A))) = f'(cl(A)) , by the
continuity of f. Hence cl(f!(A)) © fi(cl(A)) .

Letx € f(cl(A)), and let U be arbitrary open set in X containing
X . Then f(x) € cl(A), and f(U) € T*, as fis open function . Now ,
f(x)€ f(U)e T* and f(x) € cl(A), so f(U) NA = © , and so
UNFf'A) = 0.S0x € cl(f'(A)) . Hence fl(cl(A)) < cl (F(A)).

This completes the proof of the lemma.
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2.4.20 Theorem:

If f:(X,T) - (Y,T*) is continuous and open where X and Y are

topological spaces , then f is irresolute .
Proof :

Let A is a semi-open subset of Y, then there is an opensetBinY
such that B © A C cl(B). By the above lemma ,
£ (cl(B)) =cl(f'(B)) . Also, £' (B) € ' (A) < £ (cI(B)) = c(f' (B)).
And since f is cotinuous , f'(B) is open . Thus f! (A) is a semi-open

-

subset of X.

2.4.21 Example :

A continuous, irresolute function need not be open . Let
X ={a,b,c} ,and consider the topologies T ={ X, @,{a},{a,b},{a,c}} and

T ={X.0 ,{a),{a,b}}.

Consider the function f:(X,T) — (X,T*) defined by f(x) = x for all

XE . X,

C(T1)={X, @ ,{b,c},{c},{b}}.
S.0(T1 )= {X, 9,{a},{a,b},{a,c}}.
S.C(T1)={X, @ ,{b,c},{c},{b}}.
C(T*)={X, @ ,{b,c},{c}}.
S.0(T*)= {X, @,{a},{a,b},{a,c}}.

[t is clear that f is continuos and irresolute function , but the function f

is not open , as f ({a,c}) is not open in (X,T*).
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2.4.22 Theorem : [9]

If fis open, semi continuous and onto mapping from (X,T) to

(Y,T*), then f is irresolute .
Proof :

Let B be an arbitrary semi-open set in Y, then there exist an open set
Vin Y such that V € BC cl(V). Since f is semi-continuous and V is
open, f'(V) is semi-open . Thus we obtain that f'(V) is semi-open and
FY(V) < fY(B)< £(cl(V)) S cl(f'(V)) as fis open, so that f'(B) is a

semi-open set in X .

2.4.25 Theorem : [9]

The irresolute image of a pairwise semi-connected bitopological

space is pairwise semi-connected.
Proof:

Let f:(X,T,T2) = (Y,T*;,T*2) be an irresolute from the pairwise
semi-connected bitopological space (X,T;,Tz) onto the bitopological
space (Y, T*;,T*,) . Suppose that Y is not pairwise semi-connected .
Then Y= A|B is pairwise semi separation of Y for some subsets A and B

of Y. Then A and B are non- empty disjoint subsets of Y such that Y=
AU B, where A is T*, semi-open and B is T*; semi-open . But f is

irresolute, so f'(A) is T;-semi-open and £ !(B) is T»-semi-open . Also
X=f'(A)UfYB), f'(A) #0, f'(B) = 0, and f'(A) N £'(B) = 2.

Thus (X,T,T2) is not pairwise semi-connected , which is a contradiction.
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The following theorem follows directly from theorem (2.4.22) and

theorem (2.4,23) .

2.4.24 Theorem : [9]

If fisanopen, semi continuous and onto mapping from (X,T,,T,)
o (¥, T%,T*) ., mnd If (X, T, T is pairwise semi connected , then

(Y, T*,,T*,) is also pairwise semi connected .

-—

2.4.25 Corollary :

Let f: (X,T) - (Y,T*) be an open, and an irresolute function, then

flA: (A,Ta) = (f(A),T*xa)) is irresolute , if A is an open set in X .

Proof :

V =U Nf(A) for some T* semi-open subset U of Y . fis an irresolute 5
so f(U) is T semi-open subset of X. Now A € T and £Y(U) is T semi-

open subset of X , so by (Lem. 2.2.10) , AN £1(U) is semi-open in

(A,Ta). But (flA) (V) = AN F'(Vy=aN fl(Uﬂf(A))‘

= AN FUNFYRA)) =ANFIU) , as
AC f(f(A)). Hence (flA)"'(V) is semi-open set in (A,TA) . This shows

that £ :(A,Ta) = (f(A),T*xa)) is an irresolute .

2.4.26 _Theorem : [9]

Let (X,T1,T2) and (Y,T*,,T*,) be two bitopological spaces .
48



If f: (X,T1,T2) - (Y,T*,T*2) is open, irresolute surjection, and if A
is an open, T,T, pairwise semi-connected subset of (X,T,T2) , then f(A)

is T, T, pairwise semi-connected subset of (Y,T*,,T*,).
Proof :

Since A is T T, pairwise semi-connected subset of (X,T,,T2), then
(A,T1a,T24) is pairwise semi-connected by (Th.2.4.1). Now since A is
open then flA :(A,T1a,T2a) = (f(A),T*1a4,T*24) is a irresolute
surjection and so by (Th.2.4.23) , (f(A),T*1a,T*24) is a pairwise semi-
connected space . Since fis open, f(A) is open in (Y,T*,,T*,) and so by

(Th.2.4.13), f(A) is T, T2 pairwise semi-connected in (Y,T*,,T*,).
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Chapter 3

Totally disconnectedness in bitopological spaces

3.1 Pairwise separation axioms .

3.1.1 Definition: [4]

A bitopological space (X,T1,T:) is called pairwise totally
disconnected space if for every two distinct points x and y in X,
there exists a p-disconnection X=A|B for X, with x belongs

to A and y belongs to B.

3.1.2 Definition : [4]

A bitopological space (X,T;,T,) is called pairwise weakly
totally disconnected if for each two distinct points x and y in X,
there exists a p-disconnection X=A|B for X such thatx € A and

Yy € Bory € Aand x € B.

3.1.3 Definition : [4]

A bitopological space(X,T;,T2) is called pairwise Hausdorff space

if and only if for every two distinct points x and y in X there are T,

-
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neighbourhood U of x and T, neighbourhood V of y such that

UNv=9g.

3.1.4 Definition : [4]

A space (X,T1,T2 ) is said to be pairwise weakley Hausdorff, if for
each two distinct points x and y in X, at least one has a T,
neighbourhood U and the other has a T» neighbouhood V satisfying
U NnNv= 0.

-—

The following results follow directly from the above definitions.

3.1.5 Theorem: [4]

Every pairwise totally disconnected bitopological space is pairwise

Hausdorff space.

3.1.6 Theorem: [4]

Every pairwise weakly totally disconnected bitopological space is

pairwise weakly Hausdorff space.

3.1.7 Theorem: [4]

If (X,T,T2) is pairwise weakly totally disconnected or pairwise
totally disconnected space containing more than one point then the

space is p-disconnected .
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3.1.8 Corollary : [4]

Every pairwise totally disconnected space is pairwise weakly totally

disconnected .

The following example shows that the converse of the above

corollary is not necessarily true.

3.1.9 Example: [4]

Consider the bitopological space (Q,Qr,Qr) . Let x and z be
any two distinct points in Q , and suppose x > z . Then there
exists an irrational number y such that x> y > z,

Thus Q= QN (-,y)|QN (y, «) is a p-disconnection of Q which
separates z and x , as Q [1 (- ,y) is open in Qr topology which
contains z and does not contain x, and Q ) (v, o« ) is open in
Qr topology which contains x and does not contain z . But any
nonempty open set in Qr topology that contains x must

contain z. Hence the bitopological space (Q,Qr,Qr) is clearly

pairwise weakly totally disconnected and not pairwise totally

disconnected .
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.2 Pairwise semi separation axioms .

L¥'S]

2.1 _Definition: [9]

A bitopological space (X,T;,Tz) is called pairwise totally semi
disconnected , if for each two distinct points x and y in X , there exists
a pairwise semi-separation X=A |B such that x belongsto A and y
belongs to B.

-

32,2 Definition : [9]

A space (X,T;,T,) is called pairwise weakly totally semi-
disconnected if for each two distinct points x and y of X, there
exists a pairwise semi- separation X=A| B such that either x belongs to

A and y belongs to B or y belongsto A and x belongs to B.

Dak:o . Fact
Every pairwise separated sets in a bitopological space (X,T;,T2) is

pairwise semi separated ; as scl(A) < cl(A) for every subset A of X.

3.2.4 Theorem : [9]

Every pairwise weakly totally disconnected bitopological space is
pairwise weakly totally semi-disconnected .
Proof:

This is obvious from the fact that any pairwise separated sets in a
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bitopological space are pairwise semi-separated .

325 Remark :

The converse of the last theorem need not to be true , as can be seen

in the following example .

3.2.6 Example:

Let X={a,b,c}, T1={X, 0 ,{a}}, and Ta={X, 9 {¢},{b.c}}.
C(Ty )={X , @ ,{b.e}}.
S.O(Ty )= {X, 9,{a},{a,b},{a,c}]}.
S.C(T1)={X, 9 ,{b,c},{c},{b}}.
C(T2)={X, @ ,{a,b},{a}}.
S.0(T2)= {X, 9,{c},{b,c},{a,c}}.
S.C(T: )={X, @ ,{a},{b},{a,b}}.
Since for each x # y of X, there exists a pairwise semi-separation
X=A|B such that A contains x or y and B contains the other , then
(X,T1,T2) is pairwise weakly t'otaily semi-disconnected . But not pairwise
weakly totally disconnected , because for b and ¢ , there exists no
pairwise separation X = A|B such that A contains b or ¢ , and B contains

the other.

327 Corollary : [4]

Every pairwise totally disconnected space is pairwise totally semi-

disconnected .
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Proof:

This is obvious , and can be seen from the fact that every open set is

semi-open .

3.2.8 Definition : [9]

A space (X,T;,T2) is said to be pairwise weakly semi-Hausdorff if
for every pair of distinct points of X , at least one belongs to a T-semi-
open set U and the other belongs to a T, semi-open set V satisfying
U N V =0.Hthe roles of the points are interchangable , then (X,T;,T2)

is called a pairwise semi Hausdorff.

3.2.9 Theorem : [13]

Every pairwise (weakly) totally semi-disconnected bitopological
space (X,T;,T,) is pairwise (weakly) semi Hausdorff.
Proof:

Since X is pairwise totally semi disconnected , then for eachx # y
in X there exists a pairwise semi separation X =A|B such that x € A and
y € B. So, A is T, semi-open , B is T, semi-open,x € A,y € B, and
AN B =0 . Hence (X,T;,T2) is pairwise semi Hausdorff . Similar

argument works for pairwise weakly totally semi- disconnectedness.

3.2.10 Theorem : [9]

The preopen, pairwise semi connected subsets of a pairwise

weakly totally semi-disconnected space are its point .
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Proof:

Let (X,Ty,T2) be a pairwise weakly totally semi-disconnected
bitopological space , and let Y be a preopen subset of X which contains
more than one point . Let x ,y € Y with x # y, and let A|B bea
pairwise semi separation of X such that (x € Aandy € B), or
(x€Bandy € A) . ThenY=(YNA)U(YNB),(YNA) =0,
(YNB)#0and (YN A)N (Y NB)=0 . ButY is preopen, so
(Y N A) and (Y NB) are pairwise semi-separated in A . Thus Y is not
pairwise semi-connected , which contradicts the assumption . This

proves the theorem .

3.3 The Components in Bitopological Spaces

3.3.1 Definition 2[13]
Let (X,T;,T2) be a bitopological space , and x € X . The
component of x , denoted by C .(x) , is defined to be the union

of all pairwise connected subsets of X containing x.

3.3.2 Remark:

If (X,T,T2) is a bitopological space , then x € C.(x) for

e
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each x € X ; as {x} is a pairwise connected subset of X containing x .

3.3.3 Theorem: [13]

The components of a weakly totally disconnected bitobological
space are its points .

Proof:

Let (X,T,,T2) be a weakly totally disconnected bitopological space,
and let Y be a component of X which contains more than one point . Let
x and y be two elements of Y with x # y, and let X=A|B be p-
disconnection of X with (x €Aandy € B) ,or(x € Bandy € A) . This
implies that Y = (YN A)|(YNB) is a p-disconnection of Y , and so Y is
pairwise disconnected .This is a contradiction , because Y is
a component and so it is pairwise connected . So Y does not contain
more than one point . But Y is component , so it contains at least one

point. Hence Y contains exactly one point .

3.3.4 Theorem :[13]

In a bitopological space (X,T;,T»):
(i) Each component C.(x) is a maximal pairwise connected set in X.
(ii) The set of all distinct components of X form a partition of X .
(iii) Each component C.(x) is the maximum pairwise connected

set in X containing X .
Proof (i):

Since C.(x) is the union of pairwise connected sets in X which has

a nonempty intersection , so it is pairwise connected. If A is a pairwise
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connected set such that A @ C.(x), then A is a pairwise connected set

containing x, and so A < C.(x) . Hence A = C.(x) .

Prootl (ii):

Let x and y be any two distinct points of X , and let C.(x) , C.(y) be

their pairwise components, respectivly . If C.(x) N C.(y) # @ , then by

(Th.1.1.19) C.(x) UC. (y) is a pairwise connected set containing each of

C.(x) and C.(y) . But C. (x) and C.(y) are maximal pairwise connected

sets in X, s0 C.(¥) = C.(x) U C.(y) and C.(y) = C.(x) U C.(y) .

Hence C.(x) = C.(y) . So distinct pairwise components in X are disjoint.
Also ¥V x €X, x € C.(x) . So the union of all distinct pairwise

components of X equals X. So the set of all distinct pairwise components

of X forms a partition of X .

Proof (iii) :

C.(x) is a pairwise connected set in X containing x . Let A be any
pairwise connected set in X containing x , then C.(x) is the union of a
family of sets including A . Hence A < 'C.(x) . 30 L.(x) is the

maximum pairwise connected set in X containing x .

3.3.5 Lemma :
In any bitopological space (X,T1,T2) and for each x, y € X, we have
C.(x) = C.(y) if and only if x and y belong to a pairwise connected subset

of X.
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Proof ;
=) Clear , as both x and y belong to C.(x) which is a pairwise

connected subset of X .

<)Suppose that x €A and y €A ,where A is a pairwise connected
subset of X . Then C.(x) U A is a pairwise connected subset of X
containing both x and y . Then by the previous theorem,
C.(x) U Ac C.(y) ; as C.(x) U A is a pairwise connected subset of X
containing y . So C.(x) © C. (y) . Similarly , we show that

C.(y) €C.(x) . Hence C.(x) = C.(y) .

2.3.0 Theorem : [13]

Any component C of a bitopological space( X,T,.T,) satisfies the

equation C = cl;(C) N clz(C).

Proof :
C < cli(C) Nclz(C) . By (Corl.1.20), cli(C) Neclz(C) is pairwise
connected . But it contains C, So by the maximality of C,

C =cl,(C) N clx(C) .

The following corollary follows directly from the maximality of

each component .

59




3.3 Corollarv :

The pairwise connected bitopological space (X,T1,T2) has exactly

one component , namely X .

3.4 Semi-components in bitopological spaces .

-

3.4.1 Definition : [9]

Let (X,T,,T2) be a bitopological space and x € X .The semi-
component of x , denoted by S.C .(x) is defined to be the union of all

T1T: -pairwise semi-connected subsets of X containing x .

3.4.2 Theorem: [9]

In a bitopological space (X,Ty,T2) :
(i)Each semi-component S.C.(x) is a maximal T,T; -pairwise
semi- connected set in X .
(ii)The set of all distinct semi-components of X froms a partition of X .
(iii)Each S.C. (x) satisfies the equation
S.C.(x) = scl; (8.C(x)) N sclz (S.C.(x)) .
(iv)Each semi-component S.C.(x) is the maximum T;T» -pairwise

semi-connected set in X containing x .
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Proof {1):

Since S.C.(x) is a union of T T - pairwise semi-connected sets in X
which has a nonempty intersection set so it is T,T; -pairwise semi-
connected set in X . If A is a T{T; -pairwise semi-connected set such that
A =2 §.C.(x), then A is T T; pairwise semi-connected set containing x,

and so A © S.C.(x) . Hence A = S.C.(x) .

Proof (ii):

Let x and y_be any two distinct points of X, and let S.C(x), S.C.(y)
be their semi-components . If S.C.(x) N S.C.(y) # O then by (Th.2.3.3)
S.C.(x) U S.C. (y) is a T T, -pairwise semi-connected set containing
each of S.C.(x) and S.C.(y) . But S.C. (x) andS.C.(x) are maximal T T,
-pairwes semi-connected sets in X , so S.C.(x) = S.C.(x) U S.C.(y) and
3.C.(y) = 8.C.{x) U 8.C.y) - Hence 5.C.(x) = S.C.(y) .

So distinct semi component in X are disjoint .

Also V x € X, x € S.C.(x) . So the union of all distinct semi

components of X equals X. So the set of all cl'istinct semi-components of

X forms a partition of X .

Proof (iii):
Let x be any point in X, and let S.C.(x) be its semi-component .

Then scl; (S.C.(x)) N scla(S.C.(x)) is T\ T2 -pairwise semi-connected set

containing S.C(x) , by (Th.2.3.5) . But, by (i), S.C.(x) is a maximal T;T2
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-pairwise semi connected set in X , so

S.C.(x)) = scl1(S.C.(x)) N scla (S.C.(x)) .

Proof (iv) :

S.C.(x) is a T T, -pairwise semi-connected set in X containing x .Let
A be any T T; - pairwise semi connected set in X containing x , then
S.C.(x) is the union of a family of sets including A .

Hence ACS.C.(X) . S0 5.C.(x) is the maximum T1T; -pairwise semi-

connected set ip X containing x .

The following corollary follows directly from the last theorem .

3.4.3 Corollary :

The pairwise semi-connected bitopological space (X,T;,T2) has

exactly one semi-component , namely X .

3.4.4 Remarek :

In a bitopological space a pairwise semi-component need not be a
pairwise component , and a pairwise component is not necessarily a

pairwise semi-component , as can be seen from the following example .

3.4.5 Example:

Let X= {a,b,c}, T ={X, @ ,{c},{b,c}}, and T2 {X, @, {b}}. Then X

is a pairwise component becguse (X,T1,T2) is pairwise connected , but X -
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is not semi- component since (X,T,,T2) is not pairwise semi-connected .
Also {a,c } © X is a semi-componant , as {a,c} is pairwise semi-
connected . But X is not pairwise semi-connected . So {a,c}is a maximal
pairwise semi connected set in X . So {a,c} is a semi-component. But
{a,c} is not a maximal pairwise connected in X , as X is a pairwise

connected set . So {a,c} is not a component .

3.4.6 Theorem : [9]

A semi-continuous image of a pairwise semi-connected bitopological
space is pairwi;e connected .

Proof:

Let & [N T(,Ts) == (Y, T*,T*;) be a semi-continuous mapping from
the pairwise semi-connected bitopological space (X,T;,T2) onto the
bitopological space (Y,T*;,T*,) . Suppose that Y is not pairwise
connected , then Y = A|B is pairwise disconnection of Y, for some
nonempty subset A and B on . Then Y =AUB , where A € T*,,

B € T*2 and ANB = @ . By semi-continuity of f, £'(A) is T;-semi-open
and f'(B) is T,-semi-open . Also X - f'(A) U £'(B), f'(A) = @ "
f'(B) # @, and £(A) N £(B) = @. Thus X is not pairwise semi-
connected , which contradicts the assumption . Hence (Y I".T%) is

pairwise connected .

3.4.7 Theorem :[9]

Let £: (X,T1,T2) = (Y,T*,,T*,) be irresolute and open surjection.

s
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Then the image of an open semi-component of X lies in a semi-
component of Y .
Proof :

Let S.C.(x) be the semi-componant of x in X .Then it is T:T; -
pairwise semi- connected set , and by (Th.2.4.26) , f(S.C.(x)) is T;T: -
pairwise semi- connected set in Y , and f(x) € f(S.C.(x) . Therefore

(5.C.(x)) & 8.C.(fx).



Chapter 4

Pairwise set semi-connected spaces

-

4.1 Pairwise connected between sets .

4.1.1 Definition : [7]

An ij-coset in any bitopological space (X,T;,T;) is a Ti-closed and

Ti-opensetin X ;i,j=1,2,andi 2 § .

4.1.2 Definition

A bitopological space (X,T,Tz) is said to be ij-disconnected
between A and B (where A and B are non-empty subsets of X ), if and
only if there is an ij-coset F such that AC FS X\B;i,j=1,2,

and i # j

4.1.3 Definition :[7]

A bitopological space (X,T1,T2) is said to be ij-connected between

~
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A and B, (where A and B are non-empty subsets of X ), if and only if it

is not ij-disconnected between A and B.

4.1.4 Definition : [7]

A bitopological space (X,T1,T2) is said to be pairwise-connected
between A and B, (where A and B are non-empty subsets of X ), if and

only if X is 12-connected as well as 21- connected between A and B.

The following remarks follow directly from the definitions, as

a subset F is ij-coset if and only if X\F is ji-coset, i, j=1,2 , and i#j.

4.1.5 Remark

A bitopological space (X,T,T,) is 12-connected between A and B if.

and only if it is 21-connected between B and A .

4.1.6 Remark -

" A bitopological space (X,T1,T2) is pairwise connected between A
and B if and only if it is pairwise connected between B and A, for any

nonempty subsets A and B of X.

4.1.7 Rmark : [7]

If X is ij-connected between A and B » ACC,and BC D, then X

is ij-connected between C and D.
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4.1.8 Lemma : [7]

Let (X,T(,T2) be a bitopological space , and let A and B be two
subsets of X . Then if a subspace M of X, containing the sets A and B ;
is ij-connected between A and B , then so is the whole space ;i,j=1,2,

and i # j
Proof:

Suppose that (X,T1,T2) is not ij connected between A and B, then There
is an ij-coset F in X such that A € F < X\B . Then F N M is an ij-

coset in M with A € (FNM) € ( M\ B) . And this contradicts the

assumption .

4.1.9 Lemma : [9]

If a bitopological space (X,T1,T2) is an ij-connected between two
subsets A and B of M , where M is a subset of X , which is ij-coset in X,
then (M, Tm,T2m) is ij-connected between A and B s1.7=12 .,
and i # j |

Proof:

Suppose that (M,Tim,T2m) is not ij-connected between A and B .
Then there exists an ij-coset F in (M,T1m,T2nm) such that A < FC M\B.
But M is an ij-coset also , 80 F is an ij-coset in (%, T1,T2) , A€ FCX\B.
Hence (X,T,T,) is no.t ij-connected between A and B , which
contradicts the assumption . So (M,Tim,T2m) is ij-connected between A

and B .



From the last two lemmas , we have the following :

4.1.10 Theorem : [7]

If M is an ij-coset of a bitopological space (X,T,T2), and A ,B are
nonempty subsets of M , then (M,Tim,T2m) is ij-.Onnected between A
and B if and only if (X,T;,T2) is ij-connected between A and B,

1,]512 ,andi = §.

4.2 Pairwise semi-connctedness between sets

4.2.1 Definition : [10]
A subset F of a bitopological space (X,T1,T,) is called (i, j)-s-coset
if and only if F is both T;i-semi closed in X and Tj-semi open in X for

somei,j=1,2,and i #j.

4.2.2 Definition : [10]

A bitopological space (X,T1,T2) is said to be (i,j)-s-connected
between it's nonempty subsets A and B if and only if there exists no

(i,j)-s-coset F suchthat A€ Fand FN B=@ fori,j=1,2,and i # .
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4.2.3 Definition : [14]

A bitopological space (X,Ty,T,) is said to be pairwise s-connected
between it’s nonempty subsets A and B if it is (1,2)-s-connected as well

as (2,1)- s-connected between A and B .

4.2.4 Theorem

If (X,T1,T2) is (1,2) s-connected between A and B then the space
(X,T1,Tz) is (2,1) s-connected between B and A .

Proof: -

Suppose that (X,T,T2) is not (2,1) s-connected between B and A .
Then there exists a (2,1) s-coset F such that B € F and ANF=0. So
X\F is (1,2)-s-coset, AC X\Fand B N (X\F) =@ . So (X,T,T;) is not
( 1,2)-s-connected , which contradicts the assumption. So (X,T,T,) is

(2,1)-s-connected between B and A .

The following theorem follows directly from the last theorem .

4.2.5 Theorem

If (X,T,T,) is pairwise s-connected between A and B, then it is

pairwise s- connected between B and A .

4.2.6 Theorem : [10]

If (X,T1,Tz) is pairwise S-connected between its subsets A and B,

then it is pairwise connected between A and B :
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Proof:

Suppose that the space is not ij-connected for some ; i ,j=1,2,
and i # j. Then there exists an ij-coset F such that AC F and
BN F =0 . Since every closed set is semj closed and every open set is
semi open , then F is (i,j)-s-coset , so the space X is not ( i,j )-s-
connected between A and B .
So X is not pairwise s-connected between A and B, which contradicts
our assumption . Hence (X,T,T,) 1s pairwise connected betweep A and
B |

-

4.2.7 Remark

The converse of the above theorem need not be true, as can be seen

from the following example .

4.2.8 Example
Let X={a,b,c}, T,={X, @,'{a}}, and T,={X, @,{b}}.

CATi )= {X, @,{b,c}}.

$.0.(T1) ={X, 9,{a},{a,b},{a,c}}.

$.C(T1) = {X, ,{b,c},{c},{b}}.

C.(Tz2)=({X, 9,{a,c}}.

S.0.(T2) ={X, @,{b},{a,b},{b,c}}.

S.C.(T2) ={X, @,{a.;c}),{c}.{a}).

The set of 12-cosets = {X, @} , the set of 21-cosets = {X, 9},

the set of (1,2)-s-cosets = (X, @, {b,c} ,{b}} , and the set of (2,1)-s-
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cosets = {X, O (a8} .{a}}. Since np ij-coset F such that {a} © F and
FN{b} =0 ; where Lj=l,2,and i+ j, then the bitopological space
is pairwise connected between {a} and {b}. But it is not pairwise s-
connected between {a} and {b}. For {a,c} is a (2,1)-s-coset containing
{a} and disjoint from{b} and so X is not (2,1)- s-connected between

{a} and {b} .

4.2.9 Definition . [B]

In a topological space (X,T), a set A is said to be smei-clopen if

and only if A is semi- open and semi closed .

4.2.10 Definition : [6]

A topological space (X,T) is said to be s-connected between A and B
if and only if there exists no semi clopen subset F of X such that A F

and F NB =@ .

4.2.11 Note :

The following examples show that if (X,T1,T2) is pairwise s-
connected between its non-empty subsets A and B, then it is not
necessarily that (X,T) or (X,T2) must be s-connected between A and B .
Likewise , (X,T1) and (X,T2) can be both S-connected between A and B

and still (X,T1,T2) may fail to be pairwise s-connected between Aand B .

4.2.12 Example

Let X ={a,b,c} , T, = {X,9,{a},{b},{a,b}}, and
71



T2={X, @ ,{a,c}}. Then :
C(Ti) = {X, @,{b,c},{a,c},{c}}.

8.0.(T) )y=ix, 9,{a},{b},{a,b},{a,c},{b,c}}.

8.C.(Ty) = (X, 9,{b,c},{a,c},{c},{b},{a}}.

C.(T2)={X, @,(b)}}.

$.0.(T2)=({X, 0,{a,c}}.

$.C.(T2) ={X, @,{b}}.

Semi clopen sets in T, are X, 0,{a},{b},{a,c}, and {b,c}.

Then clearly , (X,T1,T,) is pairwise s-connected between {a} and {c},
but (X,T1) is not s-connected between {a} and{c}, because there exists a

Ti-semi clopen set {a} such that {a} {a}but {c} N {a}=0.

4.2.13 Example

Let X = {a,b,c}, T, = {X,0,{a}} and T, = {X, 0 ,{b,c}}. Then
clearly, (X,T,) and (X ,T2) are both s-connected between {b} and {a}.
But (X,T(,T,) is not pairwise s-connected between {b} and{a} , as it is

not (1,2)-s-connected between {b} and {a} .

4.2.14 Theorem

If (X,T1,T,) is pairwise s-connected between A and B y A © A, and
B © By, then it is also pairwise s-connected between A; and B,.

Proof:

Clear, as €very set contains A, , and does not intersect B, , contains

A and does not intersect B .



The following theorem follows directly.

4.2.15 Theorem : [6]

If (X,T1,T2) is pairwise s-connected between A and B then it is

pairwise s-connected between cli(A) and cly(B) ;i,j=1,2,i = s

4.2.16 Remark

The converse of the above theorem is not necessarily true, as can

be seen from the following example .

4.2.17 Example

Let X = {a,b,c}, T, = {X, 90,{a}} and T, = {X, 9,{b}}. Then:

C(T1) = {X, 9,{b,c}},

C(T2) = {X, 9,{a,c}},

S.0.(T:) = {X, 9,{a},{a,b},{a,c}},

5:0.(T2) = {X, @,{b},{a,b},{b,c}},

5.CAT, )= {X, 9,{b,c},{c},{b}}, and

S.C.(Tz2) = {X, ©,{a.c};{e}.[a}},

ch {a} =X | cl; {a} ={a,e} , ol {hb} ={b,c}, and cl; {b} =X .

Clearly (X,T;,T:) is not pairwise s-connected between {a}and {b}
as {a} is a (2,1)-s-coset . Since there exists no (i,j)-s-coset F such
that{a,c} © Fand {b,c}) N F=0 »as {a,c} N {b,c} # O ,hence
(X,T1,T2) is pairwise s-connécted between {a,c} and {b,c}. It is also
clear that (X,T,,T,) is pairwise connected between cli{a} and clz{b} , as

chi{a} Ncl{b}= 0.

-
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4.2.18 Theorem : [6]
A space (X,T;,T;) is (1,2)-s-connected between A and B if and only

if it is (1,2)-s-connected between scl; A and scl; (B).

Proof:

=) Direct ,as A < scli(A) and B C scl(B) .

<) Suppose that X is not (1,2) -s- connected between A and B,
then there is a (1,2)-s- coset F such that A < Fand F NB=0.F
is Ty semi closed containing A so scl;(A) < F . Also scl2(B) NF=0 .
Since F is T; semi open, so X\F is T, semi-closed containing B, so
scly (B) © X\F. Clearly , scl;A and scl, B are nonempty subsets of X .
' Since F is (1,2)-s-coset , scl;(A)< F, and FN scl2(B) = @, then X is not
(1,2) s-connected between scl;(A) and sclz2(B), which is a contradiction.

Hence the space X is (1,2)- s-connected between scli(A) and scl(B) .

4.2.19 Theorem : [10]

Let A and B be two nonempty subsets of (X,T1,T2) such that _
A N B # @ . Then (X,T1,T2) is pairwise s-connected between A and B .
Proof:

Follows directly from the definition .

4.2.20 Remark

The converse of the above theorem is not necessarily true , as can be

seen from the following example .

~
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4.2.21 Example

Let X = {a,b,c} ,Ti={X, 9, { a}, {b},{a,b}}, T2= {X, O, {a,c}}.
Then Clearly (X,T,,T;) is pairwise s-connected between {a} and {c} But

{a}N{c} =0.

4.2.22 Theorem : [10]

A bitopological space (X,T1,T2) is pairwise semi connected if and
only if X contains no nonempty proper subset which is (1,2)-s-coset or
(2,1)-s-coset .

Proof:

=) Suppose that (X,T;,T2) is pairwise semi-connected , and
sﬁppose that X has a nonempty proper subset F which is (1,2)-s-coset.
Then F is nonempty semi closed in T, , and X\F is nonempty semi-closed

in Tz . So F N sclz (X\F) = @ = scl; (F) N (X\F) . And since

X = (X\F) UF, then X is not pairwise semi connected . And this
contradicts the assumption . So X has no nonempty proper subset which
is (1,2)-s-coset . Similarly , we see that X has no nonempty proper

subset which is (2,1)-s-coset .

<) If (X,T,,T2) is not pairwise semi-connected , then X =AUB ,
for some nonempty disjoint subsets A and B of X , where A is Tisemi-
open, and B is T; semi open . So X\B = A is T2 semi-closed . So X has a

nonempty proper subset which is (2,1)-s-coset .Similarly we show that
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X has a nonempty proper subset which is (1,2)-s-coset . And this

contradicts the assumption .

4.2.23 Theotem : [10]

A bitopological space (X,T,T2) is pairwise semi-connected if and
only if it is pairwise s-connected between every pair of its nonempty

subsets .

Proof:

=) Since (X,T,,T,) is pairwise semi-connected , then by the last
theorem , X contains no nonempty proper subset which is (1,2)-s-coset or
(2,1)-s-coset . So X is pairwise s- connected between every pair of its

" nonempty subsets .

<) Since (X,T,,T2) is pairwise s-connected between every pair of it
is nonempty proper subsets , so there is no nonempty proper subset
which is (1,2)-s-coset or (2,1)-s-coset . Then, also by the last theorem ,

the space (X,Ty,T2) is pairwise s-connected .

4.2.24 Theorem : [10]

If a bitopological space (X,T;,T,) is not (1,2)-s-connected between
its subsets A and B, then B and A are pairwise semi separated in X.
Proof:

Suppose that (X,T,,T2) is not (1,2)-s-connected between A and B .

Then there exists (I,2)-s-cos/et F such that AC F and BNF =@ . Want to -
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show that A sclz(B) = @ and B[ scl 1(A) =@ . F is Tz.semi-open, and
FNB = @. So X\F is T;-semi-closed and B © X\F, so scl2(B) < X\F .
And so scl; (B) © X\A,as AC F.Hence A Nsclz (B)=0.

Also , F is Ty-semi-closed set ,and A < F, so sclj(A) © F. But
BNF =0, so BNscli(A) = @. So B and A are pairwise semi-separated

sets in X .

4.2.25 Theorem : [6]

If a bitopological space (X,T,T2) is neither 12-connected between

A and B, nor (1,2)-s connected between A and B, then it is not (1,2)-s-

connected between A and (B, UB,).

Proof:

Since the space is not 12-connected between A and B;, then there
exists a 12-coset F; such that A F;and F; | B; = @.
Also , since X is not (1,2)-s-connected between A and B, there exists
a (1,2)-s- coset F such that A € F; and F» ﬂ_Bz= @. Define F= F, NF2.
Since any intersection of T, -semi closed sets is T, -semi closed , so F is
T, semi closed . Also , F is T, -semi open as it is the intersectionofa T,

-semi open set Fy and an open set T, -open set F2 . Hence F is a (1,2)-s-
coset such that AC F and (B,UB2 ) N F =0 . Thus X is not(1,2)-s

connected between A and (B; U B, ) s

4.2.26 Remark :

[f the space (X,Ty,T.) is not (1,2)-s-connected neither between A and
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By, nor between A and B, , then it is not necessarily that X is not (1,2)-

§- connected between A and (B, UBz) . We show this by the following

example .

4.2.27 Example

Let X={a,b,c} ,T:={X, @, {a},{b}, {a,b},{a,c} }, and
T:={X, 9, {a}, {b}, {a, b} } . Then :

C(Ti) = {X, 9,{b,c},{a,c},{c},{b}},

C(T2) = {X, 0,{b,c},{a,c},{c}},

$.0.(T1) = {X, @,{a},{b},{a,b},{a,c}},

S.0.(T2) = {X, 9,{a},{b},{a,b},{a,c},{b,c}},

$.C.(T1) = {X, @,{b,c},{a,c},{c},{b}}, and

S5.C.(T2) = {X, 9,{b,c},{a,c}.{c},{b},{a}}.

The space (X,T1,Tz) is clearly , not (1,2)-s-connected neither between
{c} and {a} nor between {c} and {b}. But it is (1,2)-s-connected

between {c} and {a, b}.
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4.3 Subspaces of pairwise semi-connected spaces between sets .

4.35.1 Lemma 3 [11]

Let Y be an open subset of a topological space (X,T) . If A is semi

closed in X then YN A is semi closed in Y .

Proof :

Since A is semi-closed in X , so X\A is semi-open in X . By

is semi-closed in (Y, Ty) . But Y\(YN (X\A)) = YNA, so YNA is semi-

closed in (Y,Ty).

4.3.2 Lemma : [11]

Let Y be a closed subset of a topological space (X,T) and B be semi

closed, in (X,T), then Y U B is semi closed in X .

Proof:

X\(YUB) = (X\Y) N (X\B) . But X\Y is open and X\B is semi-open

semi closed .

4.3.3 Lemiaa :
Let A be semi-open in the topological space X and suppose that
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AC B< cl(A) . Then B is semi-open .
Proof :

Since A is semi-open then there exists an open set V such that
V. C ACcl(V).Butcl(A) € cl(V) and thus B < cl(V).

Hence V € B € ¢l(V) and B is semi-open .

4.3.4 Lemma : [11]

Let Y be a semi-open subset of a topological space (X,T), then
a subset A of Y is semi-open subset of (X,T) if and only if A is semi-
open in (Y,Ty) .

Proof :
=) Direct by (Th. 2.2.8)

<) Since A is semi-open inY, then U © AC cly(U) ,for some
U€Ty.So U=V NY,forsome VET .So VN Y S AC cly(VNY)
Scl(VNY) . Since V NY is semi-open in (X,T) , then by the above

lemma, A is semi-open in (X,T) .

4.3.5 Definition

A subset Y of (X,T;,T) is said to be pairwise s-connected between

tWo non-empty subsets A and B of Y if the space (Y,T1y,T2y) is pairwise

—s- connected between A and B .
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4.3.6 Theorem

If a preopen subspace Y of a bitopological space (X,T;,T,) is

pairwise s-connected between A and B of Y, then so is X.

Proof:

Suppose that (X,T1,T;) is not pairwise —s- connected between A and
B, then there exists a (1,2)-s- coset or a (2,1)-s-coset F such that A CF

and FNB =0 .

Then by (Lem.2.4.10) and (Lem.2.4.11) ,YNF is a (1,2)-s-coset or
(2,1)-s-coset in (Y,T1y,T2y) . But A € FNY and

(FNY) NB=YN (FNB) = @ . Hence Y is not pairwise —s-connected
between A and B which is a contradiction . So , (X,T{,T2) i-s pairwise s-

connected between A and B .

§.3.7 Theotem : [6]

A (1,2)-s-coset Y in a bitopological space (X,T;,T2) is (1,2)-s-
connected between its subsets A and B if (X,T1,T2) is (1,2)-s-connected

between A and B .
Proof:
Suppose that Y is not (1,2)-s-connected between A and B. Then

there is a (1,2)-s-coset F in (Y,T1v,T2y) such that A€ Fand FNB = 0.
Since Y is (1,2)-s-coset in (X,T1,T2) , therefore F is (1,2)-s-coset in

(X,T,,T2) .But A € Fand FNB =@ also, hence (X,T,T2) is not (1,2)-
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s-connected between A and B which contradicts the assumption. So Y is

(1,2)-s-connected between A and B

43.8 Theorem : [10]

Let (X,T1,T2) be a bitopological space .If X is not (1,2)-s-connected
between A and B, then no preopen subset Y of X can be (1,2)-s-

connected between AY and BNY.

Proof:

-—

Let Y be a preopen subset of (X,T,,T2) . IFANY = @ or BNY=0,
then by the definition , Y is not (1,2)-s-connected between A and B . Let
ANY # @ and BNY= @ . Since X is not (1,2)-s-connected between A
and B, then there exists a (1,2)-s-coset F such that A < F and FNB = 0.
Thus ANNY € FNY and (FNY) N (BNY) =0 . By (Lem.2.4.10) and by
(Lem.2.4.11), FNY is (1,2)-s-coset in (Y,T1y,T2y) . Hence Y is not (1,2)-

s-connected between A(Y and BNY.
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