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Abstract 

Many of the concepts of mathematics can be generalized. In this thesis we introduce the 
generalized classical Lebesgue spaces, these generalized spaces are called Variable 
Exponent Lebesgue Spaces, denoted by L௣ሺ.ሻ.  Other generalized spaces of Lebesgue spaces 
are called Weighted Variable Exponent Lebesgue Spaces, denoted by   Lఠ

௣ሺ.ሻ. 

A noneffective weights in Variable Lebesgue Spaces for any weight function (positive 
locally integrable) is the subject of this thesis. Here the definition will depend on exponent 
function ݌ሺ. ሻ,  and weight function ߱ሺ. ሻ. This definition used for equivalent of two 
Banach spaces without calculating their norms. The result we have obtained through a 
theorem that gives us the conditions of weight function to be noneffective.  We proved that 

the weight function is noneffective (i.e.  Lఠ
௣ሺ.ሻ ൌ L௣ሺ.ሻ ) if and only if ߱ሺݔሻ

భ
೛ሺೣሻ  is constant  

almost everywhere in the set where  ݌ሺ. ሻ ൏ ∞, and ߱ሺݔሻ is constant  almost everywhere in 
the set where ݌ሺ. ሻ ൌ ∞ . This theorem is used as another definition of noneffective 
weights in Variable Lebesgue Spaces. 
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  الأوزان غير المؤثرة في فضاءات لبج ذو القوة المتغيرة

  

  ولاء محمد عبد الرحمن جوابرة:  إعداد

  

  جميل جمال. د :إشراف 

  

  :ملخص

  

في هذه الرسالة نقدم فضاء لبج المعمم، ويسمى هذا . العديد من مفاهيم الرياضيات يمكن تعميمها
.  بفضاء لبج ذو القوة المتغيرة ويرمز له بالرمزالفضاء المعمم  L௣ሺ·ሻجلفضاء لب آخرم يوهناك تعم 

Lఠ . فضاء لبج الموزون ذو القوة المتغيرة ويرمز له بالرمز  يسمى
௣ሺ·ሻ هو  موضوع هذه الأطروحة

هذا .لاي اقتران وزن موجب قابل للتكامل محليا  L௣ሺ·ሻ الأوزان غير المؤثرة  في فضاء لبج
غير  الأوزان تعريف يتطلب  ሺ·ሻ ߱ . وزنال قترانوا ሺ·ሻ݌ يسالأ قترانالاعتمد على ي  الموضوع

Lఠ لبج المعممة  أن يكون  فضاءاتالمؤثرة في 
௣ሺ.ሻو L௣ሺ.ሻالأطروحةلقد حصلنا في هذه  . متكافئين 

أثبتنا أن اقتران الوزن هو غير  حيث, نتيجة تعطينا شروط اقتران الوزن ليكون غير مؤثرعلى 

L௣ሺ.ሻ=  Lఠ أن  أي( مؤثر 
௣ሺ.ሻ   (كان الاقتران   إذا وفقط إذا   ߱ሺݔሻ

భ
೛ሺೣሻ  ثابت في كل مكان تقريبا

.ሺ݌ حيث  ما في مجموعة ሻ<∞و ،ω (.)  ما ثابت في كل مكان تقريبا في مجموعة اقتران هو 
.  ثحي .ሺ݌ ሻ = ∞  ي المؤثرة ف آخر للأوزان غيريتم استخدام هذه النظرية بمثابة تعريف. L௣ሺ.ሻ 
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Introduction    

The concept of equivalent of two Banach spaces depends on their norms . In this thesis we 
focus our eyes on equivalent of  two specific Banach spaces  Lఠ

௣ሺ.ሻܽ݊݀  L௣ሺ.ሻ without finding 
their norms but by knowing if the weight function ߱ሺ. ሻ power of ଵ

௣ሺ௫ሻ
  is constant  almost 

everywhere in the set where ݌ሺ. ሻ  is finite measurable function or if weight function ߱ሺ. ሻ 
is constant  almost everywhere in the set where ݌ሺ. ሻ is infinity measurable function .  If  
this equivalent  holds then  we call the weight  function ߱ሺ. ሻ  is noneffective in Variable 
Lebesgue Spaces . 

In chapter one , we described the basic ideas of  Lebesgue measure ߤ and the Lebesgue 
integral .After we have given  measure  space ,measurable space, measurable functions , 
and Lebesgue integral concepts ,we moved in sect. 1.5 to convergence  in measure and 
gave  important theorems like Fatou's Lemma , Monotone Convergence Theorem, and 
Lebesgue Convergence  Theorem .All these theorems  talk about how  the integral of  
sequence of real –valued functions can be convergent. 

In chapter two , we displayed some  basic function spaces .For the investigation of 
(weighted)(variable ) Lebesgue  spaces  it is  enough to stay in the framework of  Banach  
spaces  which we  reviewed in sect. 2.1 .In  sect. 2.2 a space  defined  called  
(semi)modular  spaces  which then induces a norm and so is   normed space .  We  defined  
the  appropriate   to  Φ-function  for variable  exponent  spaces  in sect. 2.3 and studies  its 
properties. Sect 2.4 deals with modular space which corresponding Φ-function called 
Musielak–Orlicz space.    

In chapter three , we defined (weighted) variable exponent Lebesgue spaces ( Lఠ
௣ሺ.ሻ ) L௣ሺ.ሻ 

which generalize the classical Lebesgue spaces L௣, where the constant exponent ݌ is 
replaced by a function ݌ሺ. ሻ .They fall within the scope of Musielak-Orlicz spaces hence 
the general theory implies their basic properties .We are in a position to apply the results of 
general Musielak–Orlicz spaces to our case in sect 3.1 .Finally , we have collected all what 
we learn in previous chapters and in sect 3.1 to realize the main theorem that contains the 
conditions of weight function to be noneffective  in sect 3.2.   
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Chapter One 

Measure and Lebesgue Integration 

 
In the history ,people where engaged in the problem of measuring length ,areas and 
volumes .In mathematical formulation the task was, for given set ܣ how to determine its 
size("measure") µሺܣሻ  .It was required that the length of interval on Թ or the volume of  a 
cube  in Թ௡ showed  to  agree with well-known formulae .It was also that this measure 
showed to be nonnegative and additive for  disjoint  collection of sets . 
 
Through this chapter, we describe the basic ideas of Lebesgue measure µ and the Lebesgue 
integral; also we give some of their main properties. The full details and proofs can be 
found inሾ2ሿ. 
 

Section 1.1 ࣌-ࢇ࢘࢈ࢋࢍ࢒ࢇ 

Definition 1.1.1 ሺ࣌-ࢇ࢘࢈ࢋࢍ࢒ࢇ) 

A  ܽݎܾ݈݁݃ܽ-ߪ  on a set ܺ is a collection F   of subset of ܺ such that 

 ׎ (1)  F א
(2) If A א F   then ܣ௖ א F 
݅׊ (3) א Գ, Ifܣ௜ ڂ F   then א ∞௜ܣ

௜ୀଵ            F א
 

We will give  some examples of ߪ െ  . ݏܽݎܾ݈݁݃ܽ
Example 1.1.1: Let ܺ be a nonempty set .Then the collection {׎, ܺ} and                       
P (X)=ሼܧ: ܧ ك ܺሽ are trivial  examples of ݂݋  ܽݎܾ݈݁݃ܽ-ߪ ܺ. 
 
Example 1.1.2: Let ܺ be any uncountable set and  let  S=ሼܣ ك  countable  ሽ  ݏ݅ ௖ܣݎ݋ ܣ |ܺ
then S is  ܽݎܾ݈݁݃ܽ-ߪ of subset of ܺ. 
 
From De Morgan's laws we have ځ ∞௜ܣ

௜ୀଵ ௜ܣ F  whenever א ݅׊   F א א Գ. also F   is  closed 
under finite union and intersection. 
 
Section 1.2  Measure Space                                                                                                   
 
Definition 1.2.1:(Measurable Space)  
A non-empty set ܺ  together with  σ- algebra  F defined over it is called  measurable space, 
denoted by (ܺ, F  ). 
 
Definition 1.2.2:(Measure) 
A  measure  of a measurable space (ܺ, F ) is a set function  µ :  F → [0,∞]  such that 

(1) µ(׎)=0 
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(2)  (countable additively)  µሺڂ A୧∞
୧ୀଵ ሻ ൌ ∑ µሺܣ௜ሻ∞

௜ୀଵ  for  pairwise disjoint sets ܣ௜ ݅݊ F 

Note that  for any sequence ሼܧ௜ሽଵ∞ of measurable  sets we have  

µሺڂ E୧∞
୧ୀଵ ሻ ൑ ∑ µሺܧ௜ሻ∞

௜ୀଵ  

Definition 1.2.3:(Measure Space ) 
 A measurable space (ܺ, F  ) together with a measure µ  is called a measure space, denoted 
by (ܺ, F , µ). 
There  are  some properties of measure space .We will give them as in following   theorem.  
 
Theorem 1.2.1[2]: Given  measure space (ܺ, F, µ).Then we have 
  

(1)  µሺڂ ௜௡ܣ
௜ୀଵ ሻ ൌ ∑ µሺܣ௜ሻ௡

௜ୀଵ  for pairwise  disjoint sets ܣ௜ ݅݊ F 
(2) If ܣ,  ܤ  ܣ  F   and א ك       .then µ (A) ≤ μ (B)  ܤ 
(3) If A=ڂ ∞௜ܣ

௜ୀଵ ௜ܣ  , ௜ܣ F   and א ؿ ∞௜ାଵ then lim௜՜ܣ μሺܣ௜ሻ ൌ μሺܣሻ. 
(4) If A=ځ ∞௜ܣ

௜ୀଵ , ௜ܣ ௜ାଵܣ F and א ؿ ଵሻ ൏ܣ௜. if µሺܣ ∞   
then lim௜՜∞ µሺܣ௜ሻ ൌ µሺܣሻ . 

 
Proof: (1)  By induction , want to show the equation is true  for n=2 . Let ܣ௜  are  pairwise 
disjoint sets ݅݊ F. 
                   µሺڂ ௜ଶܣ

௜ୀଵ ሻ ൌ μሺܣଵ ׫ ଶሻܣ ൌ  μሺܣଵሻ ൅  μሺܣଶሻ ൌ ∑ μሺܣ௜ሻଶ
௜ୀଵ   

Assume  the equation is true  for n=k then  
                                              µ൫ڂ ௜௞ܣ

௜ୀଵ ൯ ൌ ∑ μሺܣ௜ሻ௞
௜ୀଵ  

 
for disjoint sets ܣ௜ .Want to proof  that the equation is true  for n= k+1 then  

µ൫ڂ ௜௞ାଵܣ
௜ୀଵ ൯ ൌ µ ቀܣ௞ାଵ ׫ ൫ڂ ௜௞ܣ

௜ୀଵ ൯ቁ ൌ µሺܣ௞ାଵሻ ൅ µ൫ڂ ௜௞ܣ
௜ୀଵ ൯    

                                                             = µሺܣ௞ାଵሻ ൅ ∑ ௜௞ܣ
௜ୀଵ   

                                                             ൌ ∑ µሺܣ௜ሻ௞ାଵ
௜ୀଵ  

 
(2) Since ܣ ك ܤ  then  ܤ ൌ ሺܤ െ ሻܣ ׫ ܤand since ሺ ܣ െ ሻܣ ת ܣ ൌ  Therefore by (1) we .׎
have  µሺܤሻ ൌ µሺܤ െ ሻܣ ൅ µሺܣሻ .Since ܣ,  ܤ ܤF   then ሺ א െ ሻܣ   F   and so א

µሺܤ െ ሻܣ ൒ 0 

Hence µሺܤሻ ൒ µሺܣሻ . 
 
 (3)Let ܤଵ ൌ ௡ܤ ଵ andܣ ൌ ௡ܣ െ ௡ିଵ for n=2,3,… then for all i൒ܣ 1 we have ܤ௜ is pairwise 
disjoint  measurable set and  ܣ௡ ൌ ڂ ௜௡ܤ

௜ୀଵ  Therefore µሺܣ௡ሻ ൌ µሺڂ ௜௡ܤ
௜ୀଵ ሻ ൌ ∑ µሺܤ௜ሻ௡

௜ୀଵ .                     
Let ܣ ൌ ڂ ∞௜ܤ

௜ୀଵ  so that  
µሺܣሻ ൌ µሺڂ ∞௜ܤ

௜ୀଵ ሻ ൌ ∑ µሺܤ௜ሻ∞
௜ୀଵ ൌ lim௡՜∞∑ µሺܤ௜ሻ ൌ lim µሺܣ௡ሻ

௡՜∞

௡
௜ୀଵ   

 (4) Let  A=ځ ∞௜ܣ
௜ୀଵ  and let  ܨ௜ ൌ ܣ௜ െ ௜ାଵ.Then for all i൒ܣ 1 we have ܨ௜ is pairwise  

disjoint  measurable set  and ܣଵ െ ܣ ൌ ڂ ∞௜ܨ
௜ୀଵ  . Now since ܣ ؿ ௜ାଵܣ ଵ andܣ ؿ  ௜ thenܣ

ଵܣ ൌ ሺܣଵ െ ሻܣ ׫ ௜ܣ and ܣ ൌ ሺܣ௜ െ ௜ାଵሻܣ ׫ ଵሻܣ௜ାଵ. Hence µሺܣ ൌ µሺܣଵ െ ሻܣ ൅ µሺܣሻ and 
µሺܣ௜ሻ ൌ µሺܣ௜ െ ௜ାଵሻܣ ൅ µሺܣ௜ାଵሻ. Also since  

µሺܣ௜ሻ ൏ µሺܣଵሻ ൏ ∞ 
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Thus µሺܣଵ െ ሻܣ ൌ µሺܣଵሻ െ µሺܣሻ and  µሺܣ௜ െ ௜ାଵሻܣ ൌ  µሺܣ௜ሻ െ µሺܣ௜ାଵሻ . Therefore  
               μሺܣଵሻ െ μሺܣሻ ൌ µሺܣଵ െ ሻܣ ൌ  ∑ μሺܨ௜ሻஶ

௜ୀଵ   
                                                                   

                                                                    ൌ ∑ μሺܣ௜ െ ௜ାଵሻஶܣ
௜ୀଵ   

                                                                    
                                                                    ൌ   lim

௡՜ஶ
∑ μሺܣ௜ െ ௜ାଵሻ௡ܣ
௜ୀଵ   

                                                              
                                                                    ൌ lim

௡՜ஶ
൫μሺܣଵሻ െ μሺܣ௡ሻ൯  

                                                          
                                                            =µሺܣଵሻ െ lim

௡՜∞
µሺܣ௡ሻ 

Since µሺܣଵሻ ൏ ∞ .We have  µሺܣሻ ൌ lim
௡՜∞

µሺܣ௡ሻ. 
 
Example 1.2.1:Let (ܺ, F ) be a measurable space then the simplest measure is zero 
measure which define by µ(A)=0 , ׊ A א F . 
 
Example 1.2.2: Let X be uncountable set, ሺܺ, F ሻ be a measurable space  then  
  

µሺܣሻ ൌ ൜  ݈ܾ݁ܽݐ݊݋ܿ݊ݑ ݏ݅ ܣ ݂݅  ∞݈ܾ݁ܽݐ݊ݑ݋ܿ ݏ݅ ܣ ݂݅    0

 
then  µ  is measure on (X, F  ). 
 
Example 1.2.3: Let P (Թ) be the set  all subset of Թ  and  (Թ, P (Թ) ) be a measurable 
space  and define  
 

                                     µሺܧሻ ൌ ൜
 ݁ݐ݂݊݅݊݅ ݏ݅ ܧ ݂݅      ∞
|ܧ|  ݂݅             ݊ ൌ ݊                    

then  µ is measure on  P (Թ ). 
 
We  try now to   construct a measure on X  and on special cases  when  X= Թ and when  
X=  Թ ௡ , which is called the Lebesgue measure. 
 
Definition1.2.4:(Outer  Measure)                                                                                                                 
Let F   be a   σ- algebra of a set ܺ and  µ :F  → [0,∞] be a measure on  F.   For E ك ܺ we 
define  

                              µכሺܧሻ =݂݅݊  ቊ∑ µሺܧ௜ሻ∞
௜ୀଵ ቤ

  
௜ܧ א ,  ܨ E ؿ ڂ ∞௜ܧ

௜ୀଵ
 

ቋ 

 
Then the set function µכ is called the outer measure of E. 
      
If   ܺ = Թ ,we will deal with open interval  ܫ௡ א F   instead  of ܧ௜ such that E ؿ ڂ ∞௡ܫ

௡ୀଵ  
then µሺܫ௡ሻ ൌ ݈ሺܫ௡ሻ where ݈ሺܫ௡ሻ be the length of interval ܫ௡ therefore the outer measure  of  
E  will be defined as  
 

                                 μכሺܧሻ ൌ݂݅݊  ቊ∑ ݈ሺܫ௡ሻஶ
௡ୀଵ ቤ

  
௡ܫ א , ܨ E ؿ ڂ ௡ஶܫ

௡ୀଵ
 

ቋ 
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In the same way as for Թ, we introduce the outer measure  on X=  Թ ௡. Recall that by an 
interval in  Թ ௡ we understand an arbitrary Cartesian Product of     n-dimensional intervals 
in Թ . Any interval  ܫ of  Թ ௡ is of the form  
∏=ܫ         ሺܽ௜, ܾ௜ሻ ௡׷

௜ୀଵ =ሼݔ ൌ ሺݔଵ, ,ଶݔ …… , ௡ሻݔ א  Թ ௡|ݔ௜ א ሺܽ௜, ܾ௜ሻ 1׊ ൑ ݅ ൑ ݊ሽ 
  
We define its volume as  Vol ܫ=∏ ሺܾ௜ െ ܽ௜ሻ ௡

௜ୀଵ  which is a  finite non-negative number . 
 
Given  an arbitrary set E ؿ  Թ ௡. Then we define the outer measure of E as  

                             μכሺܧሻ =݂݅݊  ቊ∑ Volሺܫ௡ሻ∞
௡ୀଵ ቤ

  
௡ܫ א , ܨ E ؿ ڂ ∞௡ܫ

௡ୀଵ
 

ቋ 

Example 1.2.4 : Let E be a countable subset of Թ  then the outer measure  μכሺܧሻ  of E is  
equal to zero . 
 
Definition1.2.5 (Measurable Set) 
A subset ܧ ك ܺ is called (Lebesgue )measurable set if for every ܣ ك ܺ, 
              
                                            μכሺܣሻ = μכሺܧځܣሻ+ μכሺܧځܣ௖ሻ 
 
Remark 1.2.1:  If (ܺ, F, µ) is measure space then any set in σ-algebra  F  is measurable 
set .  
 
Example 1.2.5 :Any subset E ؿ Թ of outer measure μכሺܧሻ ൌ 0 is measurable set . 
 
Example 1.2.6: Any open (closed )interval of  Թ  is measurable set . 
 
Example 1.2.7: Any Cartesian Product of intervals (a ,b)ൈ(c, d) (which is an interval in Թଶ 
) is measurable set. 
 
Definition1.2.6: (Lebesgue Measure) 
If E is measurable set then we define the Lebesgue measure of E to be the outer measure of 
E that is μሺܧሻ ൌ μכሺܧሻ. 
 
Example 1.2.8 : The examples1.2.1, 1.2.2  of measure is also Lebesgue measure. 
 
Note that all properties of  arbitrary measure that we took about it  is also satisfied for 
Lebesgue measure . 
 
Example 1.2.9: Let ܫ be an arbitrary interval in Թ then the Lebesgue measure of ܫ is the 
length of  ܫ . 
 
Example 1.2.10 : Any Cartesian Product of intervals (a,b)ൈ(c,d) has Lebesgue measure  
(b-a)(d-c). 
 
Definition1.2.7: (Finite And ࣌-۴ܑ܍ܚܝܛ܉܍ۻ ܍ܜܑܖ ) 
Let (X, F, µ) be measure space . A measure µ is called finite if µ(ܺ) ൏ ∞ and is called  ߪ-
ϐinite  if there exist a sequence ሼܺ௡ሽ of measurable sets in F   such that  
                
ڂ = ܺ                                 ܺ௡∞

௡ୀଵ           and       µ(ܺ௡) ൏ ∞ 
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Example 1.2.11 : The Lebesgue measure on ሾ0,1ሿ is finite and the Lebesgue  measure on 
Թ is ߪ-ϐinite measure. 
 
Definition1.2.8: (Complete Measure Space ) 
A measure space (ܺ, F, µ) is said to be complete if the  σ-algebra F  contains all subset of 
sets of measure zero . 
 
Example 1.2.12: Lebesgue measure space (Թ, P (Թ), µ)  is complete measure space. 
 
Definition1.2.9: (Absolutely Continuous Measure ) 
A measure ߛ is called absolutely continuous with respect to  the measure  µ  if ߛ(A)=0 
whenever µ(A)=0 for each set A. In this case we write ا µ . 
 
Section 1.3 Measurable Function                                                        
 
Definition1.3.1 (Measurable Function ) 
Let  ݂:D՜ ሾെ∞,∞ሿ where D is measurable set then ݂ is said to be (Lebesgue) measurable 
function  on D if  it satisfies one of the following statements; 
 

(1) For each real number ߙ the set ሼݔ: ݂ሺݔሻ ൐  ሽ is measurable setߙ 
(2) For each real number ߙ the set ሼݔ: ݂ሺݔሻ ൒  ሽ is measurable setߙ 
(3) For each real number ߙ the set ሼݔ: ݂ሺݔሻ ൏  ሽ is measurable setߙ 
(4) For each real number ߙ the set ሼݔ: ݂ሺݔሻ ൑   ሽ is measurable setߙ 

 
These statements imply  
    
  For each extended real number ߙ the set ሼݔ: ݂ሺݔሻ ൌ  . ሽ is measurable setߙ 
 
Theorem 1.3.1[2]: Let c be a constant ,݂ and ݃ are two measurable real valued functions 
define on the same domain .Then the functions  

(1) ݂ ൅ ܿ 
(2)  ݂ܿ 
(3) ݂ ൅ ݃   
(4) ݃ െ ݂ 
(5) ݂݃  

are also measurable functions. 
 
Proof:  (1) Let  ߙ be any real number .Then the set  
 

ሼݔ: ݂ሺݔሻ ൅ ܿ ൏ ሽߙ  ൌ ሼݔ: ݂ሺݔሻ ൏ ߙ  െ ܿሽ 
 
is measurable set since ݂ is measurable function . So that ݂ ൅ ܿ is measurable function. 
 
 (2)  Let  ߙ   be any real number .If  c=0 its obvious. Assume  ܿ ൐ 0 then the set 
 

ሼݔ: ݂ሺݔሻܿ ൏ ሽߙ  ൌ ቄݔ: ݂ሺݔሻ ൏
ߙ
ܿ ቅ 

 
is measurable set since ݂ is measurable function . So that ݂ܿ is measurable function. 
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 (3) Let ߙ   be any real number .If ݂ሺݔሻ ൅ ݃ሺݔሻ  ൏  then  ߙ 
   ݂ሺݔሻ ൏ ߙ െ ݃ሺݔሻ and  there exist  a rational number  ݎ such  that 

 ݂ሺݔሻ ൏ ݎ ൏ ߙ െ ݃ሺݔሻ 
Hence  
       ሼݔ: ݂ሺݔሻ ൅ ݃ሺݔሻ ൏ ሽߙ  ൌ ڂ ሺሼݔ: ݂ሺݔሻ ൏ ሽݎ  ת ሼݔ: ݃ሺݔሻ ൏ ߙ െ ሽሻ௥ݎ    
 
Since  ݂ and ݃ are two measurable functions and the intersection and union of measurable 
sets is measurable set then ሼݔ: ݂ሺݔሻ ൅ ݃ሺݔሻ ൏ ݂  ሽ is measurable set and soߙ  ൅ ݃ is 
measurable function. 
 

(4)   Since  െ݃ ൌ ሺെ1ሻ ݃ is measurable function when ݃ is measurable function and 
since by (3) ݂ ൅ ݃ is measurable function then  ݂ െ ݃ is measurable function. 

     
       (5)  If  ߙ ൒ 0 .Then the set   

 
ሼݔ: ݂ଶሺݔሻ  ൐ ሽߙ ൌ ൛ݔ: ݂ሺݔሻ  ൐ ൟߙ√ ׫ ൛ݔ: ݂ሺݔሻ ൏ െ √ߙൟ 

 
is measurable set since  ݂ is measurable function . And if  ߙ ൏ 0 then the set  

 
ሼݔ: ݂ଶሺݔሻ  ൐ ሽߙ ൌ  ܦ

 
is measurable set ,where ܦ is the domain of  ݂ . So that ݂ଶ is measurable function. Now 
since ሺ݂ ൅ ݃ሻଶ ൌ ݂ଶ ൅ 2݂݃ ൅ ݃ଶ so that 
 

݂݃ ൌ
1
2
ሾሺ݂ ൅ ݃ሻଶ െ ݂ଶ െ ݃ଶሿ 

is measurable function . 
 
Example1.3.1 : Let A be any set ,we define the characteristic function of the set A to be  

߯஺ሺݔሻ ൌ ൜1     ݂݅ ݔ א ݔ ݂݅     0ܣ ב  ܣ

                            
Then ߯஺ is measurable function if and only if A is measurable set . 
 
Definition1.3.2 : (Simple Function) 
Let ܧ be measurable set .A function  ߮: ܧ ՜ Թ is called simple function if there exist  
௜ߙ א Թ and ܧ௜ are measurable subset of ܧ for all  1൑ ݅ ൑ ݊ such that  

߮ ൌ෍ߙ௜߯ா೔ 

௡

௜ୀଵ

 

where  ܧ௜ =ሼݔ א ሻݔሺ߮ |ܧ ൌ  .௜ሽߙ
This representation for ߮ is called the canonical representation ,and it is characterized  by 
the fact that the ܧ௜ are disjoint and ߙ௜ are distinct and nonzero . 
 
Remark 1.3. 1: The sum ,the product, and difference of two simple  functions  are  simple. 
 
Example 1.3.2 : The characteristic function of the set of rational number Է 
 

                   ߯Էሺݔሻ =൜
ݔ ݂݅     1 א Է
ݔ  ݂݅    0 ב Է             ,    is simple function . 
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Section 1.4 Lebesgue Integral 
 
Definition1.4.1 : Let (ܺ, F, µ) be a measure space and ߮:ܺ ՜ ሾ0,∞ሻ is a simple function . 
We define the integral of   φ by  
                           

න߮ሺݔሻ݀ݔ ൌ  ෍ߙ௜ ߤሺܧ௜ሻ
௡

௜ୀଵ

 

When ߮ has the canonical  representation , 

߮ ൌ෍ߙ௜߯ா೔

௡

௜ୀଵ

 

 
Definition 1.4.2 : (Lebesgue  Integral ) 
Let f : ܺ ՜ ሾ0,∞ሿ be nonnegative measurable function  on a measure space  (ܺ, F, µ)  .We 
define the Lebesgue integral of  ݂ over a measurable set E by  
                       

න ݂݀μ ൌ න߮ ݀μ݌ݑݏ
 

ா

 

ா
 

For all simple function ߮ ൑ ݂ 
 
Definition1.4.3 :( Almost Everywhere) 
A property is said to hold almost everywhere  (write  ܽ. ݁ሻ ,if the set of points where  it 
fails  to hold is a set of measure zero  
 
 Example1.4.1 : We say that ݂ ൌ ݃ ܽ. ݁ if ݂ ܽ݊݀ ݃ have the same domain and 
µሼݔ|݂ሺݔሻ ് ݃ሺݔሻሽ ൌ 0 
 
Theorem1.4.1[2]: Let  (X, F, µ) be measure space. If  ݂ and ݃ are nonnegative measurable 
functions  on (X, F, µ)  and ܧ be measurable set then  
 

׬ (1 ܿ ݂ ൌ ܿ ׬ ݂ ா
 
ா     , ܿ ൐ 0 

 
׬ (2 ݂ ൅ ݃ ൒ ׬ ݂ ா ൅ 

ா ׬ ݃ ா  
 

3) If  µ(ܧ) = 0  then ׬ ݂ ா ൌ 0 
 

4ሻ If ׬ ݂ ா ൌ 0  then f = 0  ܽ. ݁ on ܧ 
 
Proof : 
(1)  Let ߮ be a simple function and ܧ௜ = ሼݔ| ߮ሺݔሻ ൌ                     ௜ሽ then for c > 0  we haveߙ
c ߮ = ܿ ∑ ௜߯ா೔ߙ

௡
௜ୀଵ  =∑ ሺܿߙ௜ሻ௡

௜ୀଵ  ߯ா೔is also simple function thus 
 

නܿ
 

 
߮ ൌ෍ሺܿߙ௜ሻ ߤሺܧ௜ሻ

௡

௜ୀଵ

 ൌ ܿ෍ߙ௜ ߤሺܧ௜ሻ
௡

௜ୀଵ

ൌ ܿ න߮
 

 
 

It follows that , 
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නܿ
 

ா
݂ ൌ sup

ఝஸ௙
නܿ
 

ா
߮ ൌ sup

ఝஸ௙
ܿ න߮

 

ா
ൌ ܿ sup

ఝஸ௙
න߮
 

ா
ൌ ܿන݂

 

ா
 

  
(2) Let ߮ଵ, ߮ଶ be two simple functions such that ߮ଵ ൑ ݂and ߮ଶ ൑ ݃.Let                       
௜ܣ   ൌ ሼݔ|߮ଵሺݔሻ ൌ ܽ௜ሽ, ܤ௜ ൌ ሼݔ|߮ଶሺݔሻ ൌ ܾ௜ሽ , ܣ଴ ൌ ሼݔ|߮ଵሺݔሻ ൌ 0ሽ and  
଴ܤ ൌ ሼݔ|߮ଶሺݔሻ ൌ 0ሽ , then  µ(ܣ଴) ൏ ∞ and  µ(ܤ଴) ൏ ∞. Set ܧ௞ ൌ ௜ܣ ת  ௞ is finiteܧ  ௝ thenܤ
disjoint measurable sets ,and we may write 
 

߮ଵ ൌ ෍ܽ௞߯ாೖ   
௡

௞ୀଵ

 

   and                 

߮ଶ ൌ ෍ܾ௞߯ாೖ

௡

௞ୀଵ

 

 
And so , 

 ߮ଵ ൅ ߮ଶ ൌ ෍ܽ௞߯ாೖ൅
௡

௞ୀଵ

෍ܾ௞߯ாೖ

௡

௞ୀଵ

ൌ ෍ሺܽ௞ ൅ ܾ௞ሻ
௡

௞ୀଵ

߯ாೖ 

 
is a simple function  such that ߮ଵ ൅ ߮ଶ ൑ ݂ ൅ ݃  whence 
  

                    නሺ߮ଵ ൅ ߮ଶሻ ൌ  ෍ሺܽ௞ ൅ ܾ௞ሻߤሺܧ௞ሻ
௡

௞ୀଵ

 

                        

  ൌ ෍ܽ௞ ߤሺܧ௞ሻ ൅෍ܾ௞ ߤሺܧ௞ሻ
௡

௜ୀଵ

௡

௞ୀଵ

 

                           

                                               ൌ න߮ଵ ൅ න߮ଶ 

 
So that 

න߮ଵ
 

ா
൅ න߮ଶ

 

ா
ൌ  නሺ߮ଵ

 

ா
൅ ߮ଶሻ ൑ නሺ݂ ൅

 

ா
 ݃ሻ   

Taking supremum for both sides  as  ߮ଵ ൅ ߮ଶ ൑ ݂ ൅ ݃ then we have , 
                              
      

sup
ఝభஸ௙

න߮ଵ
 

ா
൅ sup

ఝమஸ௚
න߮ଶ
 

ா
൑ ݌ݑݏ

ሺఝభା ఝమሻ ஸሺ௙ା௚ሻ
නሺ݂ ൅
 

ா
 ݃ሻ 

Therefore  
                          

න ݂ ൅න ݃ ൑  නሺ݂ ൅
 

ா
 ݃ሻ                ሺ1ሻ

 

ா
 

 

ா
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(3)Let 

߮  ൌ  ෍ߙ௜߯ா೔

௡

௜ୀଵ

 

be a simple function. Since  µ(ܧ) = 0  then µ(ܧ௜ ת    Now.  0 = (ܧ

 ߮߯ா  ൌ ෍ߙ௜߯ா೔תா

௡

௜ୀଵ

 

Then 

න߮
 

ா
ൌ න   ߮߯ா  ൌ  ෍ߙ௜ ߤሺܧ௜ ת ሻܧ ൌ

௡

௜ୀଵ

෍ߙ௜ 0 ൌ 0
௡

௜ୀଵ

 

it follows that 

 න݂
 

ா
ൌ sup

ఝஸ௙
න߮
 

ா
ൌ sup

ఝஸ௙
0 ൌ0 

    
(4)  Let  ݂ be nonnegative measurable function and ׬ ݂ ൌ 0 

ா  . Let  ܤ ൌ ሼݔ א ሻݔሺ݂|ܧ ൐ 0ሽ 
and ܤ௡ ൌ ሼݔ א ሻݔሃ݂ሺܧ ൒ 1/݊ሽ so that ܤ ൌ ڂ ௡ஶܤ

௡ୀଵ  and  ܤ௡ ؿ ௡ܤ ௡ାଵ . Sinceܤ ؿ   then , ܧ
 

0 ൌ න ݂ ൌ න ݂ ൒
 

஻೙

 

ா
න

1
݊ ൌ  

1
݊

 

஻೙
න 1 ൌ

1
݊ ௡ሻܤሺߤ ൒ 0

 

஻೙
 

 
 Therefore  µሺܤ௡ሻ ൌ 0  and by Theorem 1.2.1 (3) we have  
 

µሺܤሻ ൌ lim
௡՜∞

µ ሺܤ௡ሻ ൌ 0 
 
Whence  µሼݔ א ሻݔሺ݂| ܧ ് 0ሽ ൌ µሺܤሻ ൌ 0     thus, we conclude that  ݂ ൌ 0 ܽ. ݁  on  . 
 
Section 1.5 Convergence  in Measure 
 
Definition 1.5.1 : (Convergence Almost Everywhere)  
Let ሺܺ, F ,µሻ be a measure space and let ሼ ௡݂ሽ be a sequence of measurable  functions. We 
say that ௡݂ converge to measurable  function ݂ almost everywhere if  
µሼݔ| ௡݂ሺݔሻ ե ݂ሺݔሻሽ ൌ 0 . In this case we write ௡݂ ՜ ݂ ܽ. ݁ 
 
Definition 1.5.2 : (Converge in Measure)   
Let ሺܺ, F ,µሻ be measure space and let  ሼ ௡݂ሽ be a sequence of measurable  functions. We 
say that ௡݂ converge in measure to measurable  function ݂ if for every ߝ ൐ 0 we have  
 

lim
௡՜∞

:ݔሼߤ | ௡݂ሺݔሻ െ ݂ሺݔሻ| ൒ ሽߝ ൌ 0 
  
That is , for every ߝ ൐ 0 and  every  ߝ ′ ൐ 0 there exist integer ܰ such that  for all n ൒ ܰ  
we have  ߤሼݔ: | ௡݂ሺݔሻ െ ݂ሺݔሻ| ൒ ሽߝ ൏ ߝ ′. In this case we write ௡݂ ఓ

՜  ݂ 
 
Example 1.5.1: Let ௡݂: ሾ0,∞ሻ ՜ Թ define by  
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௡݂ሺݔሻ ൌ ቐ

ݔ݊
݊ ൅ 1  ݔ ݂݅    ב Գ 
ݔ  ݂݅            ݊ א Գ 

 

 
Define ݂: ሾ0,∞ሻ ՜ Թ by ݂ሺݔሻ ൌ                      ,then with respect to Lebesgue measure µ  ݔ
  ௡݂ ՜ ݂ ܽ. ݁ ሾ0,∞ሻ. 
 
Theorem 1.5.1[6] :Let ሺܺ, F ,µሻ be measure space .If    ௡݂ ఓ

՜  ݂  then there exist a 

subsequence ൛ ௡݂ೖൟ such that    ௡݂ೖ ՜ ݂ ܽ. ݁ on ܺ . 
 
Proof: Since    ௡݂ ఓ

՜  ݂ then there exist an increasing sequence of integer  ሼ݊௞ሽ  such that for 

all ݊ ൒ ݊௞ we have  ߤሼݔ: | ௡݂ሺݔሻ െ ݂ሺݔሻ| ൒ 2ି௞ሽ ൏ 2ି௞   .  Now let , 
௞ܧ ൌ ൛ݔ: | ௡݂ೖሺݔሻ െ ݂ሺݔሻ| ൒ 2ି௞ൟ ܽ݊݀  ܣ ൌ ځ ڂ ∞௞ܧ

௞ୀ௜
∞
௜ୀଵ  Thus 

௖ܣ ൌ ڂ ځ ௞௖ܧ ൌ∞
௞ୀ௜

∞
௜ୀଵ ڂ ځ ൛ݔ: | ௡݂ೖሺݔሻ െ ݂ሺݔሻ| ൏ 2ି௞ൟ∞

௞ୀ௜
∞
௜ୀଵ  supposeݔ א  ௖ want to showܣ 

that ௡݂ೖሺݔሻ ՜ ݂ሺݔሻ ݔ ׊ א ሻܣሺߤ ௖  andܣ ൌ 0 . Since ݔ ݅ ௖ then there is someܣ  א ൒ 1 such 
that ݔ א ځ ൛ݔ: | ௡݂ೖሺݔሻ െ ݂ሺݔሻ| ൏ 2ି௞ൟ∞

௞ୀ௜   so for ݇ ൒ ݅ large enough we  have 2ି௞ ൏  .ߝ
Whence  for ݇ ൒ ܭ, ܭ א Գ we get  | ௡݂ೖሺݔሻ െ ݂ሺݔሻ| ൏ 2ି௞ ൏ ሻݔthus ௡݂ೖሺ ߝ ՜ ݂ሺݔሻ                   
ݔ ׊ א ݅ ௖ .Moreover,for eachܣ ൒ 1 we  have 
 µሺܣሻ ൌ µሺځ ڂ ∞௞ܧ

௞ୀ௜
∞
௜ୀଵ ሻ  ൑ ڂሺߤ ∞௞ܧ

௞ୀ௜ ሻ  ൑ ∑ ௞ሻܧሺߤ ൑ ∑ 2ି௞∞
௞ୀ௜

∞
௞ୀ௜ ൌ 2ଵି௜  

so that 0 ൑ ሻܣሺߤ ൑ 2ଵି௜ ݅׊ ൒ 1 thus ߤሺܣሻ ൌ 0 .We conclude that  ௡݂ೖ ՜ ݂ ܽ. ݁  on ܺ. 
  
 Definition1.5.3 : (Cauchy in Measure) 
 A sequence of measurable functions ሼ ௡݂ሽ is called Cauchy in measure if       
  For every ߝ ൐ 0 we  have 
 

lim
௠,௡՜∞

:ݔሼߤ | ௡݂ሺݔሻ െ ௠݂ሺݔሻ| ൒ ሽߝ ൌ 0 
 
That is,  for every ߝ ൐ 0 and  every  ߝ ′ ൐ 0 there exist integer ܰ such that  for all                       
n, ݉  ൒ ܰ  we have  ߤሼݔ: | ௡݂ሺݔሻ െ ௠݂ሺݔሻ| ൒ ሽߝ ൏ ߝ ′. 
  
Example 1.5.2: Show that every sequence ሼ ௡݂ሽ which converge  in measure , is Cauchy in 
measure . 
 
Solution : Let ߝ ൐ 0 and ߝ ′ ൐ 0 be given , since ሼ ௡݂ሽ  converge  in measure  then there is 
measurable function ݂ and an integer ܰ such that for all  n ൒ ܰ  we have             
µ ቄݔ: | ௡݂ሺݔሻ െ ݂ሺݔሻ| ൒ ఌ

ଶ
ቅ ൏ ఌ′

ଶ
, then for all ݊,݉ ൒ ܰ we have 

ቄݔ: | ௡݂ሺݔሻ െ ݂ሺݔሻ| ൏ ఌ
ଶ
ቅ ת  ቄݔ: |݂ሺݔሻ െ ௠݂ሺݔሻ| ൏

ఌ
ଶ
ቅ  is subset of ሼݔ: | ௡݂ሺݔሻ െ ௠݂ሺݔሻ| ൏  . ሽߝ

Thus by taking complement,  
 
              ሼݔ: | ௡݂ሺݔሻ െ ௠݂ሺݔሻ| ൒ ሽߝ ك ቄݔ: | ௡݂ሺݔሻ െ ݂ሺݔሻ| ൒ ఌ

ଶ
ቅ ׫  ቄݔ: |݂ሺݔሻ െ ௠݂ሺݔሻ| ൒

ఌ
ଶ
ቅ   

      
  so for   ݊, ݉ ൒ ܰ  we have   µሼݔ: | ௡݂ሺݔሻ െ ௠݂ሺݔሻ| ൒  ሽߝ
                                          ൑ ߤ ቄݔ: | ௡݂ሺݔሻ െ ݂ሺݔሻ| ൒ ఌ

ଶ
ቅ ൅ ߤ ቄݔ: |݂ሺݔሻ െ ௠݂ሺݔሻ| ൒

ఌ
ଶ
ቅ 

                                                ൑ ఌ′

ଶ
൅ ఌ′

ଶ
ൌ ߝ ′  
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so that ሼ ௡݂ሽ is Cauchy in measure. 
 
Theorem1.5.2[2]: (Fatou's Lemma ) 
If  ሼ ௡݂ሽ is a sequence of nonnegative measurable functions and   ௡݂ ՜ ݂ ܽ. ݁ on a set ܧ, then 

න݂
 

ா
 ൑ ݈݅݉න ௡݂

 

ா
 

                     
Proof: Without loss of generality we may assume ௡݂ ՜ ݂ everywhere , since integral over  
sets of measure zero are zero  .Let ݄ be a bounded measurable function which vanishes 
outside a set  ܧ′,  µሺܧ′ሻ ൏ ∞ and  ݄ ൑ ݂.Define 
 a function ݄௡ by setting , 

           ݄௡ሺݔሻ ൌ ݉݅݊ሼ݄ሺݔሻ, ௡݂ሺݔሻሽ 
 
Then ݄௡ is bounded by bound for ݄ and  vanishes outside ܧ′ so that 
 ݄௡ሺݔሻ ՜ ݄ሺݔሻ  ݔ׊ א   Thus by Bounded Convergence Theorem ,we have.′ܧ
                   

    න ݄ ൌ න ݄ ൌ limන ݄௡  ൑
 

ா′
݈݅݉න ௡݂ ൌ

 

ா′
݈݅݉න ௡݂

 

ா
 

 

ா′

 

ா
 

 
Taking the supremum over ݄, we get  
                                             

                                                      න ݂
 

ா
ൌ sup

௛ஸ௙
න ݄ ൑ ݈݅݉න ௡݂

 

ா

 

ா
 

 
Theorem 1.5.3 [2]:(Monotone Convergence Theorem ) 
Let ሼ ௡݂ሽ be an increasing sequence of nonnegative measurable functions, and let  
௡݂ ՜ ݂ ܽ. ݁  .Then  

න݂
 

 
ൌ ݈݅݉න ௡݂

 

 
 

Proof : If  ሼ ௡݂ሽ is a sequence of nonnegative measurable functions and   ௡݂ ՜ ݂ ܽ. ݁ then by 
Fatou's Lemma(Theorem1.5.2 ) we have 
  

       න ݂
 

 
 ൑ ݈݅݉න ௡݂

 

 
 

But ሼ ௡݂ሽ is an increasing sequence  then for each ݊ we have ௡݂ ൑ ݂ , and so                     
׬ ௡݂ ൑ ׬ ݂  
 
  .Taking  ݈݅݉ for both side  we get 

݈݅݉න ௡݂ ൑ න݂
 

 

 

 
 

Whence 

 ݈݅݉න ௡݂ ൑ ݈݅݉න ௡݂

 

 

 

 
 

On other hand we know  that 
                   

 ݈݅݉න ௡݂

 

 
൑ ݈݅݉න ௡݂

 

 
 

Therefore  
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 ݈݅݉න ௡݂ ൌ
 

 
݈݅݉න ௡݂

 

 
ൌ න݂

 

 
ൌ ݈݅݉න ௡݂

 

 
 

Hence 
                                                         

  න ݂
 

 
ൌ ݈݅݉න ௡݂

 

 
 

We see in Theorem 1.4.1 that ׬ ݂ ൅ ݃ ൒ ׬ ݂ ா ൅ 
ா ׬ ݃ ா  .Now by using Monotone 

Convergence Theorem  we will see in following theorem that  both sides are realized . 
 
Theorem 1.5.4 [7]: Let  (ܺ, F, µ) be measure space. If  ݂ and ݃ are nonnegative  
measurable functions  on (ܺ, F, µ) then    

 

                                          න ݂ ൅ ݃ ൌ න݂
 

 
൅

 

 
න݃
 

 
 

 
Proof: Let ܧ ؿ ܺ , ሼ ௡݂, ݊ א Գሽ and ሼ݃௡, ݊ א Գሽ be increasing sequence of nonnegative 
simple functions such that  ௡݂ ՜ ݂ a .e on ܧ  and ݃௡ ՜ ݃  a .e ܧ  as ݊ ՜ ∞ .Then   ௡݂ ൅ ݃௡ 
is increasing  sequence of nonnegative simple function such that                       
  ௡݂ ൅ ݃௡ ՜ ݂ ൅ ݃  ܽ. ݁  on  ܧ as ݊ ՜ ∞    
because  

|  ௡݂ ൅ ݃௡ െ ሺ݂ ൅ ݃ሻ| ൌ |  ௡݂ െ ݂ ൅ ݃௡ െ ݃| ൑ |  ௡݂ െ ݂| ൅ |݃௡ െ ݃| ՜ 0 
as  ݊ ՜ ∞  . By Monotone Convergence Theorem we have 
 

lim
௡՜∞

න ௡݂

 

  
ൌ  න݂

 

 
 

 
And  

lim
௡՜∞

න݃௡
 

  
ൌ  න݃

 

 
 

 Hence  

                               න ሺ݂ ൅ ݃ሻ݀ߤ ൌ lim
௡՜∞

න  ሺ ௡݂ ൅ ݃௡ሻ݀ߤ 
 

 

 

 
 

 

  ൌ lim
௡՜∞

ቆන   ௡݂݀ߤ ൅ න݃௡  ߤ݀
 

 
ቇ 

 

            ൌ lim
௡՜∞

ቆන   ௡݂݀ߤ
 

 
ቇ ൅ lim

௡՜∞
൬න݃௡  ൰ߤ݀

                                         

                                                         ൌ න݂
 

 
ߤ݀ ൅ න݃݀ߤ

 

 
 

So that 

න ݂ ൅ ݃ ൌ න݂
 

 
൅

 

 
න݃
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Theorem1.5.5 [2] :(Lebesgue Convergence  Theorem ) 
Let ݃ be integrable over ܧ and let ሼ ௡݂ሽ be a sequence of measurable functions such that 
| ௡݂| ൑ ݃ on ܧ and ௡݂ ՜ ݂ ܽ.   then ܧ ݊݋ ݁

න ݂
 

ா 
ൌ ݈݅݉න ௡݂

 

ா 
 

 
Proof : Since | ௡݂| ൑ ݃ then ݃ െ ௡݂ ൒ 0  and  lim௡՜∞ሺ ݃ െ ௡݂ሻ ൌ ݃ െ ݂ ܽ.  then by ܧ ݊݋ ݁
Fatou's  Lemma (Theorem 1.5.2 ) we have  

  න ሺ݃ െ ݂
 

ா
ሻ  ൑ ݈݅݉නሺ݃ െ ௡݂ሻ

 

ா
 

Since ݂ ൑ |݂| ൌ   lim௡՜∞| ௡݂| ൑ lim௡՜∞ ݃ ൌ݃  ,and ݃ is integrable  then ݂ is integrable so 
that  

න ݃ െන ݂ ൌ නሺ݃ െ ݂
 

ா
ሻ

 

ா 
൑ ݈݅݉නሺ݃ െ ௡݂ሻ

 

ா
ൌ න݃ െ

 

ா

 

ா 
݈݅݉න ௡݂

 

ா
 

Hence 
 

݈݅݉න ௡݂ ൑ න ݂
 

ா 

 

ா 
 

 
Similarly, considering ݃ ൅ ௡݂ ,we get  
 

݈݅݉න ௡݂ ൒ න ݂
 

ா 
 

 

ா 
 

Thus we conclude    

න ݂
 

ா 
ൌ ݈݅݉න ௡݂

 

ா 
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Chapter Two 

Basic Function Spaces  

  
In present Chapter we study many important spaces that help us to achieve  our goal. In 
this thesis  we study modular spaces an  Musielak–Orlicz  spaces which provide the 
framework for different function spaces, including (weighted) Lebesgue spaces , Orlicz 
spaces  and variable exponent Lebesgue spaces. We will study also the relationships 
between these spaces .We  shall review normed space which include  definition  these 
spaces. Many of the results in this chapter will be used in next chapter. In this chapter we 
will consider  Ω  ؿ  Թ୬ and µ is Lebesgue measure.  
 
There is no big difference in the definition of real valued and complex valued spaces. To 
avoid a double definition we let ॶ be either Թ or ԧ. We will denote the set of all 
measurable functions from Ω ݋ݐ Թ by L଴ሺΩሻ . 
 
Section 2.1 Normed Space 
 
Before we give the definition of normed space we give four definitions that we will  use in 
several sections later. 
 
Definition 2.1.1 :(  Lebesgue Space ࢖ۺ) 
Let ሺΩ, F, µሻ be Lebesgue measure space and 1 ൑ ݌ ൏ ∞.Then we define Lebesgue Space 
 L௣ሺΩ,µሻ by  

L௣ሺΩ, μሻ ൌ ቊ݂ א L଴ሺΩሻ ቤන |݂ሺݔሻ|௣݀µ ൏ ∞
 

ஐ
ቋ 

 
To simplify , we write L௣ሺΩሻ, or L௣ when the measure space has been specified . When 
݌ ൌ 1 the space LଵሺΩሻ consists of all integrable functions on Ω. 
 
Definition 2.1.2:( Lebesgue Space ࢖ ,࢖ۺ ൌ ∞) 
LetሺΩ, F,  µሻ  be Lebesgue measure space .Then we  define L∞ሺΩ,µሻ by 
 

L∞ሺΩ, μሻ ൌ ሼ݂ א L଴ሺΩሻ | ݂ ݅݊݋ ݀݁݀݊ݑ݋ܾ ݕ݈݈ܽ݅ݐ݊݁ݏݏ݁ ݏ  Ω ሽ 
 
We mean ݂ is essentially bounded on  Ω, If there exist 0 ൏ ܯ ൏ ∞ such that  
                                                           

|݂ሺݔሻ| ൑ .ܽ    ܯ   Ω ݊݋ ݁
 
As in case 1 ൑ ݌ ൏ ∞.We write L∞ሺΩሻ or L∞ 
 
Definition 2.1.3:( locally integrable)                                                                                                              
Let  Ω be open set in Թ୬ and  ݂ሺݔሻ : Ω ՜ ԧ is a Lebesgue measurable function.   If  the 
Lebesgue integral 

න|݂ሺݔሻ| ݀ݔ ൏ ∞
 

௄
 

for all compact subset   ܭ in Ω ,then f is locally integrable. The set of all such  
 functions is denoted by  L௟௢௖ଵ ሺΩሻ  .                                                                    
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Example 2.1.1 : The function ݂ሺݔሻ=1 is locally integrable  but not integrable on Թ . 

Definition 2.1.4: (Weight  Function)                                                                                                             
A function ߱ሺݔሻ : Ω ՜ ሺ0,∞ሻ  such that ߱ሺݔሻ א L௟௢௖ଵ ሺΩሻ  called weight  function . 

Definition 2.1.5:Weighted  Lebesgue Space( ࣓ۺ
࢖ ሺΩሻ )                                                                                   

Let ሺΩ, F,  µሻ be Lebesgue measure space, ߱ is weight function  and1 ൑ ݌ ൏ ∞ .Then we 
define weighted Lebesgue Space   Lఠ

௣ ሺΩ,µሻ by 

 Lఠ
௣ ሺΩ, μሻ ൌ ቊ݂ א L଴ሺΩሻቤන |݂ሺݔሻ|௣߱ሺݔሻ݀µ ൏ ∞

 

ஐ
ቋ 

To simplify , we write  Lఠ
௣ ሺΩሻ, or  Lఠ

௣  when the measure space has been specified. 

Definition 2.1.6: (Norm) 
Let ܺ be a vector space . A norm on ܺ over a filed ॶ is a function ԡ. ԡ: ܺ  ՜ ሾ0,∞ሻ such 
that for every  ݔ, ݕ א ܺ and ߙ א ॶ we have 
 
   N1ሻ  ԡݔԡ ؤ 0     

   N2ሻ ԡݔԡ ൌ ݔ  ݂݂݅  0 ൌ 0  

   N3ሻ ԡݔߙԡ ൌ  ԡݔԡ|ߙ|

   N4ሻ ԡݔ ൅ ԡݕ أ ԡݔԡ ൅ ԡݕԡ       (triangle inequality) 

Definition 2.1.7: (Normed Space) 
A normed space is a pair (ܺ, ԡ. ԡ) where ܺ is vector space and ԡ. ԡ is a norm  defined  on ܺ. 
 
Definition 2.1.8:(Complete Space ) 
The normed space ܺ is said to be complete if  every Cauchy sequence  in ܺ converges inܺ. 
 
Definition 2.1.9: (Banach Space)  
A  Banach space is a complete normed space . 
 
We will give now  some examples of Banach space ,in the next section we present other 
main normed spaces  .For all examples we want to show that ԡ. ԡ  satisfied all properties 
N1 to N4 of norm .  
 
Example 2.1.2: Euclidian space  Թ௡ is a Banach space with norm defined by                                               

                                ԡݔԡ =ሺ ∑ ሺݔ௜ሻଶ௡
௜ୀଵ ሻ

భ
మ      , where  ݔ ൌ ሺݔଵ, ଶݔ … , ௡ሻݔ א Թ௡  

Example 2.1.3: The Lebesgue Space L௣ሺ Ωሻ where 1 ൑ ݌ ൏ ∞, is normed space with 
norm defined by 

   ԡ݂ԡ௣ ൌ ቆන |݂ሺݔሻ|௣݀ݔ
 

 ஐ
ቇ

ଵ
௣
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Solution: Let ݂, ݃ א L௣ሺ Ωሻ, ߙ א ॶ. So that 

N1ሻ  Since  |݂ሺݔሻ| ൒ 0 ܽ݊݀ 1 ൑ ݌ ൏ ∞,then|݂ሺݔሻ|௣ ൒ 0 thus  by definition of integral.  
Since again 1 ൑ ݌ ൏ ∞,then  

ԡ݂ԡ௣ ൌ ቆන |݂ሺݔሻ|௣݀ݔ
 

 ஐ
ቇ

ଵ
௣
൒ 0  

  N2ሻ ԡ݂ԡ௣ ൌ 0  ݂݂݅  ቆන |݂ሺݔሻ|௣݀ݔ
 

 ஐ
ቇ

ଵ
௣
ൌ 0  ݂݂݅න |݂ሺݔሻ|௣݀ݔ

 

 ஐ
ൌ 0 

  ݂݂݅ |݂ሺݔሻ|௣ ൌ 0   ܽ. |ሻݔΩ   ݂݂݅  |݂ሺ ݊݋ ݁ ൌ 0   ܽ. ݂ ݂݂݅  Ω  ݊݋ ݁ ൌ 0 since   ݂ א L௣ሺ Ωሻ . 

 N3ሻ ԡ݂ߙԡ௣ ൌ ቆන ݔሻ|௣݀ݔሺ݂ߙ|
 

ஐ
ቇ 
ଵ
௣ ൌ ቆන ݔሻ|௣݀ݔ௣|݂ሺ|ߙ|

 

ஐ
ቇ 
ଵ
௣                 

                                                               ൌ ሺ|ߙ|௣ሻ 
ଵ
௣ ቆන |݂ሺݔሻ|௣݀ݔ

 

ஐ
ቇ

ଵ
௣
 

 Since   ߙ א ॶ . So that ԡ݂ߙԡ௣  ൌ  ԡ݂ԡ௣|ߙ|

N4ሻ ԡ݂ ൅ ݃ԡ௣ ൑ ԡ݂ԡ௣ ൅ ԡ݃ԡ௣  by Minkowski  inequality . 

Example 2.1.4: The weighted Lebesgue Space  Lఠ
௣ ሺΩሻ  where 1 ൑ ݌ ൏ ∞, is normed space 

with norm defined by 

 ԡ݂ԡ௣,ఠ ൌ ቆන |݂ሺݔሻ|௣߱ሺݔሻ݀ݔ
 

ஐ
ቇ

ଵ
௣
 

Solution: Let ݂, ݃ א  Lఠ
௣ ሺΩሻ, ߙ א ॶ. So that, 

  N1ሻ Since |݂ሺݔሻ| ൒ 0 , ߱ሺݔሻ ൐ 0, ܽ݊݀ 1 ൑ ݌ ൏ ∞,then |݂ሺݔሻ|௣߱ሺݔሻ ൒ 0 .Thus 
׬ |݂ሺݔሻ|௣߱ሺݔሻ݀ݔ ൒ 0  
ஐ  by definition of integral .Since again 1 ൑ ݌ ൏ ∞ then    

ԡ݂ԡ௣,ఠ ൌ ቆන |݂ሺݔሻ|௣߱ሺݔሻ݀ݔ
 

ஐ
ቇ

ଵ
௣
൒ 0 

  N2ሻ ԡ݂ԡ௣,ఠ ൌ 0  ݂݂݅ ൫׬ |݂ሺݔሻ|௣߱ሺݔሻ݀ݔ 
ஐ ൯

భ
೛ ൌ 0  ݂݂݅ ׬ |݂ሺݔሻ|௣߱ሺݔሻ݀ݔ 

ஐ ൌ 0  

  ݂݂݅ |݂ሺݔሻ|௣ ൌ 0 ܽ. ሻݔΩ  because ߱ሺ ݊݋ ݁ ൐ 0.  ݂݂݅  |݂ሺݔሻ| ൌ 0   ܽ.   Ω ݊݋ ݁

 ݂݂݅  ݂ ൌ 0 since ݂ א  Lఠ
௣ ሺΩሻ. 

N3ሻ ԡ݂ߙԡ௣,ఠ ൌ ቆන ݔሻ݀ݔሻ|௣߱ሺݔሺ݂ߙ|
 

ஐ
ቇ 
ଵ
௣ 
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                           ൌ ൫׬  ݔሻ݀ݔሻ|௣߱ሺݔ௣|݂ሺ|ߙ|
ஐ ൯ 

భ
೛ 

                           ൌ ሺ|ߙ|௣ሻ 
భ
೛൫׬ |݂ሺݔሻ|௣߱ሺݔሻ݀ݔ 

ஐ ൯
భ
೛ since   ߙ א ॶ 

                           ൌ      ԡ݂ԡ௣,ఠ|ߙ|

   N4ሻ ԡ݂ ൅ ݃ԡ௣,ఠ ൑ ԡ݂ԡ௣,ఠ ൅ ԡ݃ԡ௣,ఠ  by Minkowski  inequality .  

Example 2.1.5: The Lebesgue Space L௣ሺΩሻ where ݌ ൌ ∞ ൫L∞ሺΩሻ൯, is normed space with 
norm defined by 

ԡ݂ԡ∞ ൌ  ݏݏ݁ sup
ஐ
|݂ሺݔሻ| 

Where ݁ݏݏ  supஐ|݂ሺݔሻ| ൌ ݂݅݊ ሼܯ: |݂ሺݔሻ| ൑ .ܽ    ܯ ݁ on Ωሽ 

    Before we prove that L∞ሺΩሻ is normed space we will give lemma that we use in the 
prove. 

Lemma 2.1.1[2]: If  ݂ א L∞ሺΩሻ  then |݂ሺݔሻ| ൑ ԡ݂ԡ∞   ܽ. ݁  on Ω . 

Proof:   Let  ݂ א L∞ሺΩሻ then  there exist ܯ ൐ 0 such that  

|݂ሺݔሻ| ൑ .ܽ    ܯ ݁ on Ω 

But  ԡ݂ԡ∞ ൌ ݂݅݊ ሼܯ: |݂ሺݔሻ| ൑ .ܽ    ܯ ݁ on Ωሽ Therefore 

|݂ሺݔሻ| ൑ ԡ݂ԡ∞   ܽ. ݁  on Ω . 

Now we are ready to prove that  L∞ሺΩሻ is normed space. Let ݂, ݃ א L∞ሺΩሻ, 

ߙ א ॶ. So that 

N1ሻ Since ԡ݂ԡ∞ ൌ ݂݅݊ ሼܯ: |݂ሺݔሻ| ൑ .ܽ    ܯ ݁ሽ and 0 ൏ ܯ ൏ ∞ then 

 ԡ݂ԡ∞ ൒ 0 

N2ሻ  ԡ݂ԡ∞ ൌ 0 ݂݂݅ ԡ݂ԡ∞ ൌ ݂݅݊ ሼܯ: |݂ሺݔሻ| ൑ .ܽ    ܯ ݁ሽ ൌ 0 

   ݂݂݅ µሺሼݔ א Ω: |݂ሺݔሻ| ൐ ԡ݂ԡ∞ ൌ 0ሽሻ ൌ 0    ݂݂݅  

µሺሼݔ א Ω: |݂ሺݔሻ| ൐ 0ሽሻ ൌ 0   ݂݂݅    ݂ሺݔሻ  ൌ 0   a. e  on Ω  ݂݂݅  ݂ ൌ 0   since ݂ א L∞ሺΩሻ. 

N3ሻ  The equality is obvious for ߙ ൌ 0. Assume ߙ ് 0 then  

|ሻݔሺ݂ߙ |  ൐ |ሻݔሺ݂| ݂݂݅ ܯ ൐ ܵ  where  ܵ ൌ ெ
|ఈ|
൐ 0 .Whence  

                     ԡ݂ߙԡஶ ൌ  ݂݅݊ሼܯ: |ሻݔሺ݂ߙ| ൑ .ܽ    ܯ ݁ሽ 

                                  ൌ ݂݅݊ሼܯ: µሺሼݔ א Ω: |ሻݔሺ݂ߙ| ൐ ሽሻܯ ൌ 0ሽ 
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                                  ൌ  ݂݅݊  ቄܯ: µ ቀቄݔ א Ω: |݂ሺݔሻ| ൐ ெ
|ఈ|
ቅቁ ൌ 0ቅ 

                                  ൌ ݂݅݊ሼ|ߙ|ܵ: ݔሺሼߤ א Ω: |݂ሺݔሻ| ൐ ܵሽሻ ൌ 0ሽ 
 
                                  ൌ :ሼ݂ܵ݊݅ |ߙ| ݔሺሼߤ א Ω: |݂ሺݔሻ| ൐ ܵሽሻ ൌ 0ሽ 
 
                                  ൌ :ሼܵ ݂݊݅ |ߙ| |݂ሺݔሻ| ൑ ܵ    ܽ. ݁ሽ 

                             
            
 

     ൌ   ԡ݂ԡஶ|ߙ|
 

N4ሻ  Let ݂, ݃  א L∞ሺΩሻ then by lemma 2.1.1 we have  |݂ሺݔሻ| ൑ ԡ݂ԡ∞ 
  ܽ. ,Ω ݊݋  ݁ and  |݃ሺݔሻ| ൑ ԡ݃ԡ∞   ܽ.  Ω . Now ݊݋  ݁
 

|݂ሺݔሻ ൅ ݃ሺݔሻ| ൑ |݂ሺݔሻ| ൅ |݃ሺݔሻ| ൑ ԡ݂ԡ∞ ൅ ԡ݃ԡ∞  
 
ܽ. ݁   on Ω . Hence 
 

ԡ݂ ൅ ݃ԡ∞ ൌ  ݏݏ݁ sup
ஐ
|݂ሺݔሻ ൅ ݃ሺݔሻ| ൑ ԡ݂ԡ∞ ൅ ԡ݃ԡ∞ 

 
Definition 2.1.10: (Converge in Norm) 
A sequence ሼݔ௡ሽ in a normed space  ܺ converges in norm(or strongly) to ݔ in ܺ  if  

           lim
௡՜∞

ԡݔ௡ െ ԡݔ ൌ 0 
In this  case we write ݔ௡ ՜  ݔ
 
Definition 2.1.11: (Cauchy in Norm)  
A sequence ሼݔ௠ሽ in a normed space ܺ  is Cauchy if for  every ߝ ൐ 0  there is  an integer ܰ 
such that for all ݉, ݊ ൒ ܰ we  have 
                                                                                                                    

ԡݔ௠ െ ௡ԡݔ ൏  ߝ
                                                                                                                                         
Example2.1.6. Let X be the set of all continuous real valued function on  ሾ0,1ሿ with norm 
defined  

                                                                    ԡݔԡ ൌ න ݐ݀|ሻݐሺݔ|
ଵ
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Then  x୫ሺtሻ is Cauchy sequence . 

Solution : Let ߝ ൐ 0  take k ൐ ଵ
ε
, then ׊ m, n ൒ k  we have  

ԡݔ௠ െ ௡ԡݔ ൌ න |x୫ሺtሻ െ x୬ሺtሻ|
ଵ

଴
 ݐ݀ 

which  is the area of the triangle in fig :1   
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ԡݔ௠ െ ௡ԡݔ ൌ
ଵ
ଶ ൬
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݉ െ

1
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1
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1
݇  ൏          ߝ

Therefore  x୫ሺtሻ is Cauchy sequence. 

 

Fig :1 

 

 

 

 

 

 

 

 

Section 2.2    Modular Function  

It is better to start with the function called modular which then induces a norm that for  
investigation of (weighted)( variable) Lebesgue spaces .In some cases the modular has 
certain advantages compared to the norm, for example in the case of Lebesgue spaces  the 
modular ׬ |݂ሺݔሻ|௣݀ݔ 

ஐ   compared to the  norm 

ቆන |݂ሺݔሻ|௣݀ݔ
 

ஐ
ቇ

ଵ
௣
 

Definition 2.2.1 : (Convex Function)                                                                                                            
A function ߬defined on  open interval ܫ ൌ ሺܽ, ܾሻ is said to be convex  if for each ݔ, ݕ א
,ߙ ݄ܿܽ݁ ݀݊ܽ ܫ ߚ ൒ 0, ߙ ൅ ߚ ൌ 1 we have 

߬ሺݔߙ ൅ ሻݕߚ ൑ ሻݔሺ߬ߙ ൅  ሻݕሺ߬ߚ

Note that If ܫ is any interval, open, closed, or half-open, we say that ߬ is convex on  ܫ if ߬ is 
continuity needed on ܫ and convex in the interior. 

Lemma 2.2.1[2]: If ߬ is a function defined on an open interval ሺܽ, ܾሻ which have a second 
derivative at each point of ሺܽ, ܾሻ .Then ߬ is convex  on ሺܽ, ܾሻ if and only if ߬ ′′ሺݔሻ ൒ 0 for 
each ݔ א ሺܽ, ܾሻ 
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Proof : Let ߬ ′′ሺݔሻ is exist ݔ ׊ א ሺܽ, ܾሻ .If ߬ is convex  on ሺܽ, ܾሻ , then its left and  right - 
hand derivatives are exist and are monotone increasing  on  (a, b) so that ߬ ′ሺݔሻ is monotone  
increasing on ሺܽ, ܾሻ. Hence ߬ ′′ሺݔሻ ൒ ݔ ׊  0 א ሺܽ, ܾሻ.  Conversely, If ߬ ′′ሺݔሻ ൒ 0                  
ݔ ׊ א ሺܽ, ܾሻ then ߬ ′ሺݔሻ is exist and also  monotone increasing on ሺܽ, ܾሻ. Since  ߬ ′ሺݔሻ is 
exist then ߬ ሺݔሻ is  continuous onሺܽ, ܾሻ .Hence ߬ is convex  on ሺܽ, ܾሻ. 

Example 2.2.1 : Show that the function ߮ሺݐሻ ൌ ௣ is convex  on ሾ0,∞ሻ for 1ݐ ൑ ݌ ൏ ∞ . 

Solution : Let ߮ሺݐሻ ൌ  We want  only to show .݌ ௣  then ߮ is continuous on  ሾ0,∞ሻ for allݐ
that   ߮′′ሺݐሻ ൒ 0  on ሺ0,∞ሻ. For ݌ ൌ 1, ߮ሺݐሻ ൌ ሻݐso that ߮′′ሺ ݐ ൌ 0. And for 1 ൏ ݌ ൏ ∞ 
we have ߮′′ሺݐሻ ൌ ݌ሺ݌ െ 1ሻݐ௣ିଶ ൐ 0  since ݐ א ሺ0,∞ሻ.Therefore  ߮′′ሺݐሻ ൒ 0  for each point 
in ሺ0,∞ሻ .Thus by lemma 2.2.1 we conclude that ߮ሺݐሻ ൌ  ߮ ௣ is convex  on  ሺ0,∞ሻ and soݐ
convex  on ሾ0,∞ሻ for 1 ൑ ݌ ൏ ∞. 

Definition 2.2.2 :( Semimodular Function)                                                                                                   
Let ܺ be an arbitrary vector space.  A function ߩ: X ՜ ሾ0,∞ሿ  is called a semimodular if for 
arbitrary  ݔ,   ,in X  ݕ

 S1) ߩሺ0ሻ ൌ 0 

 S2ሻ ߩሺݔߣሻ ൌ ߣ ሻ  for everyݔሺߩ  א ॶ with |ߣ|  ൌ  1 

 S3ሻ ߩ is convex 

  S4ሻ ߩ ሺݔߣሻ ൌ  0 for all ߣ  ൐  0 implies ݔ  ൌ 0. 

A semimodular ߩ is called  

Right continuous, if for every  ݔ  א  ܺ , we have  limఒ՜ଵశ ሻݔߣሺߩ ൌ  .ሻݔሺߩ 

Left continuous , if for every  ݔ  א  ܺ, we have limఒ՜ଵష ሻݔߣሺߩ  ൌ  .ሻݔሺߩ 

Continuous , if it is both right and left continuous. 

Definition  2.2.3:( Modular Function)                                                                                                           
Let ܺ be an arbitrary vector space.  A function ߩ: X ՜ ሾ0,∞ሿ  is called a  modular if for 
arbitrary  ݔ,   ,in X ݕ

 M1) ߩሺݔሻ ൌ 0 if and only if  ݔ ൌ 0 

 M2ሻ ߩሺݔߣሻ ൌ ߣ ሻ  for everyݔሺߩ  א ॶ  with |ߣ|  ൌ  1 

 M3ሻ ߩ is convex 

Remark 2.2.1. Note that our semimodular (modular) are always convex, because we will 
deal with convex modular in our thesis ,in contrast to some other sources. 

Now we give examples of modular functions : 
 
Example 2.2.2 :If  1 ൑ ݌ ൏ ∞. then  
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௣ሺ݂ሻߩ ൌ න |݂ሺݔሻ|௣݀ݔ
 

ஐ
 

is a modular function on L଴ሺΩሻ . 
Solution :  Let ݂ be a measurable function on Ω ,So that 

M1) ߩ௣ሺ݂ሻ ൌ 0 ݂݂݅  ׬ |݂ሺݔሻ|௣݀ݔ 
Ω ൌ 0 ݂݂݅  |݂ሺݔሻ|௣ ൌ 0  ܽ. ݁  ݂݂݅  |݂ሺݔሻ| ൌ 0  ܽ. ݁  since  

 1 ൑ ݌ ൏ ∞. ݂݂݅  ݂ሺݔሻ ൌ 0 ܽ. ݁   ݂݂݅ ݂ ൌ 0  since ݂ א L଴ሺΩሻ. 

M2) L݁ߣ ݐ א ॶ with |ߣ| ൌ  1. Then  

ሻ݂ߣ௣ሺߩ  ൌ න ݔሻ|௣݀ݔሺ݂ߣ| ൌ
 

ஐ
න ݔሻ|௣݀ݔ௣|݂ሺ|ߣ|
 

ஐ
 

Now since |ߣ| ൌ  1 and 1 ൑ ݌ ൏ ∞ then |ߣ|௣ ൌ 1 whence 

ሻ݂ߣ௣ሺߩ ൌ න |݂ሺݔሻ|௣݀ݔ
 

ஐ
ൌ  ௣ሺ݂ሻߩ

M3ሻ  Let ݃ be a measurable function on Ω ,ߙ, ߚ ൒ 0, ߙ ൅ ߚ ൌ 1 .Then   

݂ߙ௣ሺߩ     ൅ ሻ݃ߚ    ൌ  න |ሺ݂ߙ ൅ ݔሻ|௣݀ݔሻሺ݃ߚ
 

ஐ
 

                                 ൌ න |ሺ݂ߙሻሺݔሻ ൅ ሺ݃ߚሻሺݔሻ|௣݀ݔ
 

ஐ
 

                                 ൌ න ሻݔሺ݂ߙ| ൅ ݔሻ|௣݀ݔሺ݃ߚ
 

ஐ
 

Now since ߮ሺݐሻ ൌ ௣ is convex  on ሾ0,∞ሻ for 1ݐ ൑ ݌ ൏ ∞ then if we let  ݐ ൌ   |݂ሺݔሻ| we 
have ߮ሺ|݂ሺݔሻ|ሻ ൌ |݂ሺݔሻ|௣ is convex on ሾ0,∞ሻ for   1 ൑ ݌ ൏ ∞, therefore  

                         ߮ሺ|݂ߙሺݔሻ ൅ ሻ|ሻݔሺ݃ߚ ൑ ሻ|ሻݔሺ|݂ሺ߮ ߙ ൅   ሻ|ሻݔሺ|݃ሺ߮ ߚ

Imply that,   |݂ߙሺݔሻ ൅ ሻ|௣ݔሺ݃ߚ ൑ ሻ|௣ݔሺ݂|ߙ ൅  ,ሻ|௣ Soݔሺ݃|ߚ

න ሻݔሺ݂ߙ| ൅ ݔሻ|௣݀ݔሺ݃ߚ ൑ නሺߙ|݂ሺݔሻ|௣ ൅ ݔሻ|௣ሻ݀ݔሺ݃|ߚ
 

ஐ

 

ஐ
 

                                           ൌ නߙ|݂ሺݔሻ|௣݀ݔ
 

ஐ
൅ නߚ|݃ሺݔሻ|௣݀ݔ

 

ஐ
 

                                           ൌ නߙ |݂ሺݔሻ|௣݀ݔ
 

ஐ
൅ නߚ |݃ሺݔሻ|௣݀ݔ

 

ஐ
 

                                      ൌ ௣ሺ݂ሻߩߙ ൅  ௣ሺ݃ሻߩߚ

Hence,  ߩ௣ሺ݂ߙ ൅ ሻ݃ߚ ൑ ௣ሺ݂ሻߩߙ  ൅ ,ߙ ௣ሺ݃ሻ   forߩߚ ߚ ൒ 0, ߙ ൅ ߚ ൌ 1 it follows that ߩ௣ is 
convex and we conclude that ߩ௣ሺ݂ሻ ൌ ׬ |݂ሺݔሻ|௣݀ݔ 

ஐ  is a modular function on L଴ሺΩሻ . 
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Example 2.2.3 : If  1 ൑ ݌ ൏ ∞, and ߱ሺݔሻ is weight function .Then 
                              

ఠሺ݂ሻߩ   ൌ න |݂ሺݔሻ|௣߱ሺݔሻ݀ݔ
 

ஐ
 

Is a modular function on L଴ሺΩሻ . 
Solution :  Let ݂ be a measurable function on Ω ,So that 

 M1ሻ ߩఠሺ݂ሻ ൌ 0݂݂݅ ׬ |݂ሺݔሻ|௣߱ሺݔሻ݀ݔ 
ஐ ൌ 0݂݂݅  |݂ሺݔሻ|௣߱ሺݔሻ ൌ 0  ܽ. ݁ on Ω  

 ݂݂݅  |݂ሺݔሻ|௣ ൌ 0    ܽ. ሻݔΩ  since ߱ሺ ݊݋ ݁ ൐ 0  ݂݂݅  |݂ሺݔሻ| ൌ 0  ܽ. ݁ since1 ൑ ݌ ൏ ∞  . 
  ݂݂݅  ݂ሺݔሻ ൌ 0   ܽ. ݁  ݂݂݅  ݂ ൌ 0 since ݂ א L଴ሺΩሻ.                                                                                                       

M2ሻ L݁ߣ ݐ א ॶ with |ߣ| ൌ  1. Then 

ሻ݂ߣఠሺߩ  ൌ න ݔሻ݀ݔሻ|௣߱ሺݔሺ݂ߣ| ൌ
 

ஐ
න ݔሻ݀ݔሻ|௣߱ሺݔ௣|݂ሺ|ߣ|
 

ஐ
 

 now since |ߣ| ൌ  1 and 1 ൑ ݌ ൏ ∞ then |ߣ|௣ ൌ 1 whence 

ሻ݂ߣఠሺߩ ൌ න |݂ሺݔሻ|௣߱ሺݔሻ݀ݔ
 

ஐ
ൌ  ఠሺ݂ሻߩ

M3ሻ  Let ݃ be a measurable function on Ω ,ߙ, ߚ ൒ 0, ߙ ൅ ߚ ൌ 1 .Then   

݂ߙఠሺߩ     ൅ ሻ݃ߚ    ൌ  න |ሺ݂ߙ ൅ ݔሻ݀ݔሻ|௣߱ሺݔሻሺ݃ߚ
 

ஐ
 

                                 ൌ න |ሺ݂ߙሻሺݔሻ ൅ ሺ݃ߚሻሺݔሻ|௣߱ሺݔሻ݀ݔ
 

ஐ
 

                                 ൌ න ሻݔሺ݂ߙ| ൅ ݔሻ݀ݔሻ|௣߱ሺݔሺ݃ߚ
 

ஐ
 

As we say in example 2.2.1 ,that ߮ሺ|݂ሺݔሻ|ሻ ൌ |݂ሺݔሻ|௣ is convex  on ሾ0,∞ሻ for 1 ൑ ݌ ൏ ∞ 
therefore  

ሻݔሺ݂ߙ|   ൅ ሻݔሻ|௣߱ሺݔሺ݃ߚ ൑ ሺߙ|݂ሺݔሻ|௣ ൅  ,ሻ Soݔሻ|௣ሻ߱ሺݔሺ݃|ߚ

න ሻݔሺ݂ߙ| ൅ ݔሻ݀ݔሻ|௣߱ሺݔሺ݃ߚ ൑ න ሺߙ|݂ሺݔሻ|௣ ൅ ݔሻ݀ݔሻ|௣ሻ߱ሺݔሺ݃|ߚ
 

ஐ

 

ஐ
 

                                                      ൌ න ሺߙ|݂ሺݔሻ|௣߱ሺݔሻ ൅ ݔሻሻ݀ݔሻ|௣߱ሺݔሺ݃|ߚ
 

ஐ
 

                                                     ൌ නߙ|݂ሺݔሻ|௣߱ሺݔሻ݀ݔ
 

ஐ
൅ නߚ|݃ሺݔሻ|௣߱ሺݔሻ݀ݔ

 

ஐ
 

                                                     ൌ නߙ |݂ሺݔሻ|௣߱ሺݔሻ݀ݔ
 

ஐ
൅ නߚ |݃ሺݔሻ|௣߱ሺݔሻ݀ݔ

 

ஐ
 

                                                     ൌ ఠሺ݂ሻߩߙ ൅  ఠሺ݃ሻߩߚ
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Hence  ߩఠሺ݂ߙ ൅ ሻ݃ߚ ൑ ఠሺ݂ሻߩߙ  ൅ ,ߙ ఠሺ݃ሻ forߩߚ ߚ ൒ 0, ߙ ൅ ߚ ൌ 1, it follows that   ߩఠ 
is convex .We conclude that ߩఠሺ݂ሻ ൌ ׬ |݂ሺݔሻ|௣߱ሺݔሻ݀ݔ 

ஐ   is a modular function on L଴ሺΩሻ. 

Example  2.2.4 :Let ܺ ൌ L∞ሺΩሻ . ܺ is normed space with norm defined by 

ԡ݂ԡ∞ ൌ  ݏݏ݁ sup
ஐ
|݂ሺݔሻ| 

Then ߩ∞ሺ݂ሻ ൌ  ԡ݂ԡ∞ is modular function on L଴ሺΩሻ . 

Solution : Let ݂ be a measurable function on Ω ,So that 

 M1) ߩ∞ሺ݂ሻ ൌ 0 ݂݂݅ ԡ݂ԡ∞ ൌ 0  ݂݂݅ ݂ ൌ 0  as in example 2.1.4  

M2)  Let ߣ א ॶ with |ߣ| ൌ  1.Then  ߩ∞ሺ݂ߣሻ ൌ  ԡ݂ߣԡ∞ ൌ |ߣ| ԡ݂ԡ∞ .Now since|ߣ| ൌ 1 thus 
ሻ݂ߣሺ∞ߩ ൌ ԡ݂ԡ∞ ൌ  . ሺ݂ሻ∞ߩ

M3ሻ  Let ݃ be a measurable function on Ω ,ߙ, ߚ ൒ 0, ߙ ൅ ߚ ൌ 1 .Then by example 2.1.4  
we have,                  

݂ߙሺ∞ߩ   ൅ ሻ݃ߚ ൌ ԡ݂ߙ ൅ ∞ԡ݃ߚ ൑ ԡ݂ߙԡ∞ ൅ ԡ݃ߚԡ∞ since ݂ߙ, ݃ߚ א L∞ሺΩሻ.But  

,ߙ    ߚ ൒ 0   thus   ԡ݂ߙԡ∞ ൅ ԡ݃ߚԡ∞ ൌ ∞ԡ݂ԡ|ߙ| ൅  ∞ԡ݃ԡ|ߚ|

                                                          ൌ ∞ԡ݂ԡߙ ൅ ∞ԡ݃ԡߚ ൌ ሺ݂ሻ∞ߩߙ ൅  ሺ݃ሻ∞ߩߚ

then ߩ∞ሺ݂ߙ ൅ ሻ݃ߚ ൑ ሺ݂ሻ∞ߩߙ ൅   is convex .Then we conclude that ∞ߩ ሺ݃ሻ and so∞ߩߚ
ሺ݂ሻ∞ߩ ൌ   ԡ݂ԡ∞ is modular function on L଴ሺΩሻ. 

We will give other two modular functions  in chapter three . 

Let ߩ be  a semimodular(modular) function on ܺ.Then by convexity , non-negativity of ߩ 
and 0 = (0)ߩ we have  ߩ ሺݔߣሻ is non-decreasing on [0,∞) for every ݔ  א  ܺ.  Also, 
 
ሻ ൑ݔ |ߣ|ሺߩ ሻ ൌݔߣሺ ߩ                    ൑ 1 |ߣ| ሻ          for allݔሺߩ |ߣ|
                                                                                                                                ሺ2.2.4ሻ 
 ൒ 1 |ߣ| ሻ           for allݔሺߩ |ߣ| ሻ ൒ݔ |ሺ|λߩ ሻ ൌݔߣሺ ߩ                  
 
Definition 2.2.5 (Modular Space )                                                                                                                  
If  ߩ be a semimodular or modular  on ܺ , then                

                                            ܺఘ  ൌ ሼݔ א ሻݔߣሺߩ  :ܺ ൏ ߣ ݁݉݋ݏ ݎ݋݂ ∞ ൐ 0 ሽ  

Is called semimodular space  or modular space  ,respectively. 

Definition 2.2.6: The semimodular( modular) space  can be equipped with a norm called 
the Luxemburg  norm, defined by, 

ԡݔԡఘ ൌ ݂݅݊ ቄߣ ൐ ߩ  :0 ቀ
ݔ
ቁߣ ൑ 1ቅ 
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In the next theorem ,we  shall prove  that every semimodular (modular) space  is normed 
under Luxemburg  norm. 

Theorem 2.2.1[4]: Let ߩ be  a semimodular( modular) on ܺ .Then  ܺఘ is normed space 
with the Luxemburg  norm , 

ԡݔԡఘ ൌ ݂݅݊ ቄߣ ൐ ߩ  :0 ቀ
ݔ
ቁߣ ൑ 1ቅ 

Proof: First we will show that  ܺఘ is vector space . Let ݔ, ݕ א  ܺఘ and ߙ א ॶ\ሼ0ሽ then we 
want to show 0 א  ܺఘ , ݔ ൅ ݕ א  ܺఘ, and ݔߙ א  ܺఘ.  0 א  ܺఘ ߩ ݁ܿ݊݅ݏሺ݋ߣሻ ൌ ሻ݋ሺߩ ൌ 0 for 
some ߣ ൐ 0 . Since ݔ א  ܺఘ and  by (2.2.4) we have  ߩሺݔߙߣሻ= ߩሺ|ݔ|ߙߣሻ ൌ ሻݔ′ߣሺߩ ൏ ∞  for 
some ߣ′ ൌ |ߙߣ| ൐ 0 so that ݔߙ א  ܺఘ.By convexity of  ߩ we estimate  

0 ൑ ݔሺߣ൫ߩ ൅ ሻ൯ݕ ൌ ߩ ቆ
1
ߣ22

ሺݔ ൅ ሻቇݕ ൌ ߩ ቆ൬
1
൰ݔߣ22 ൅ ൬

1
 ൰ቇݕߣ22

                         ൑  
1
2 ߩ

ሺ2ݔߣሻ ൅
1
ߩ2

ሺ2ݕߣሻ  

                                                              ൏ ∞൅∞ ൌ ∞                                                                          

For some ߣ ൐ 0 since ݔ, ݕ א  ܺఘ.Hence ݔ ൅ ݕ א  ܺఘ and   ܺఘ is vector space. Now we say 
properties of norm .  

 N1ሻ The set ቄߣ ൐ ߩ  :0 ቀ௫
ఒ
ቁ ൑ 1ቅ is nonempty for all ݔ א  ܺఘthus 0 ൑ ԡݔԡఘ ൏ ∞                                        

for all א  ܺఘ .                                                                                                                                                     

N2) Let ݔ ൌ 0 then ߩ ቀ௫
ఒ
ቁ ൌ ߩ ቀ଴

ఒ
ቁ ൌ 0  ൑ 1 for all ߣ ൐ 0 .Hence                        

݂݅݊ ቄߣ ൐ ߩ  :0 ቀ௫
ఒ
ቁ ൑ 1ቅ ൌ 0 thus ԡݔԡఘ ൌ 0. Conversely ,if ԡݔԡఘ ൌ 0 then ߩሺݔߙሻ ൑ 1 for 

all ߙ ൐ 0 .Therefore  by (2.2.4)  , (ݔߣ)ߩ ൑ ቀఒ ߩߚ
ఉ
ቁݔ ൑ ሺ1ሻߚ ൌ ߣ for all ߚ ൐ 0 and 

0 ൏ ߚ ൑ 1 .This implies ݔߣ)ߩሻ ൌ 0 for all ߣ ൐ 0 ,thus ݔ ൌ 0 .We conclude that            
ԡݔԡఘ ൌ ݔ ݂݂݅ 0 ൌ 0 . 

N3) Let  ߙ א ॶ and ݏ ൌ ఒ
|ఈ|
 ൐ 0 then 

 ԡݔߙԡఘ ൌ inf ቄߣ ൐ ߩ  :0 ቀఈ௫
ఒ
ቁ ൑ 1ቅ 

               ൌ inf ቄߣ ൐ ߩ  :0 ቀቚఈ
ఒ
ቚ ቁݔ ൑ 1ቅ        by (2.2.4) 

               ൌ inf ቄߣ ൐ ߩ  :0 ቀ|ఈ|
ఒ
ቁݔ ൑ 1ቅ         

               ൌ inf ቄߙ|ݏ| ൐ ߩ  :0 ቀଵ
௦
ቁݔ ൑ 1ቅ 
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               ൌ inf|ߙ| ቄݏ ൐ ߩ  :0 ቀ௫
௦
ቁ ൑ 1ቅ ൌ  ԡఘݔԡ|ߙ|

N4) Let ݔ, ݕ א  ܺఘ and ߣ′ ൌ ԡݔԡఘ ൏ ′′ߣ ݀݊ܽ ݑ ൌ ԡݕԡఘ ൏ ݑ Therefore . ݒ ൌ ԡݔԡఘ ൅ ܽ  and     
ԡఘݕԡ= ݒ ൅ ܾ  where ܽ ൐ 0  , ܾ ൐ 0  .Then  

ߩ ቀ௫
௨
ቁ ൑ ఒ′

௨
ߩ  ቀ௫

ఒ′
ቁ ൑ ఒ′

௨
൑ 1 , in the same way ߩ ቀ௬

௩
ቁ ൑ 1. By convexity of ߩ we have, 

ߩ ൬
ݔ ൅ ݕ
ݑ ൅ ൰ݒ ൌ ߩ ൬

ݑ ݔ
ሺݑ ൅ ݑሻݒ ൅

ݒݕ
ሺݑ ൅  ൰ݒሻݒ

                                                     

                                    ൑
 ݑ

ሺݑ ൅ ሻݒ ߩ ቀ
ݔ
ቁݑ ൅

ݒ
ሺݑ ൅ ሻݒ ߩ  ቀ

ݕ
ቁݒ ൑ 1 

Thus  ԡݔ ൅ ԡఘݕ ൌ inf ቄݑ ൅ ݒ ൐ 0 ׷ ߩ ቀ௫ା௬
௨ା௩

ቁ ൑ 1ቅ ൑ ݑ ൅  ݒ but   ݑ ൌ ԡݔԡఘ ൅ ܽ  and                     
ԡఘݕൌԡ ݒ  ൅ ܾ    then ݑ ൅ ԡఘ൅ܽݔൌԡ ݒ ൅ ԡݕԡఘ ൅ ܾ . Since  ܽ ൐ 0  , ܾ ൐ 0  arbitrary we 
obtain  ԡݔ ൅ ԡఘݕ ൑ ԡݔԡఘ ൅ ԡݕԡఘ for all ݔ, ݕ א  ܺఘ. 

Example 2.2.5: The Lebesgue Space L௣ሺΩሻ where 1 ൑ ݌ ൏ ∞, is normed space with 
Luxemburg  norm  defined by 

ԡ݂ԡఘ೛ ൌ ݂݅݊ ൜ߣ ൐ ௣ߩ  :0 ൬
݂
൰ߣ ൑ 1ൠ 

With modular  function  ߩ௣ሺ݂ሻ ൌ ׬ |݂ሺݔሻ|௣݀ݔ 
ஐ  on L଴ሺΩሻ . 

Solution : In example 2.2.2 we prove that  ߩ௣ሺ݂ሻ ൌ ׬ |݂ሺݔሻ|௣݀ݔ 
ஐ  is modular function on 

L଴ሺΩሻ and in theorem 2.2.1 we proved that every modular space is normed space with 

Luxemburg  norm  ,then L௣ሺΩሻ is normed space with  ԡ݂ԡఘ೛ ൌ ݂݅݊ ቄߣ ൐ ௣ߩ  :0 ቀ
௙
ఒ
ቁ ൑ 1ቅ. 

Example 2.2.6: The weighted Lebesgue Space  Lఠ
௣ ሺΩሻ  where 1 ൑ ݌ ൏ ∞, is normed space 

with Luxemburg  norm  defined by 

ԡ݂ԡఘഘ ൌ ݂݅݊ ൜ߣ ൐ ఠߩ  :0 ൬
݂
൰ߣ ൑ 1ൠ 

With modular  function  ߩఠሺ݂ሻ ൌ ׬ |݂ሺݔሻ|௣߱ሺݔሻ݀ݔ 
ஐ  on L଴ሺΩሻ . 

Solution : In example 2.2.3 we proved that  ߩఠሺ݂ሻ ൌ ׬ |݂ሺݔሻ|௣߱ሺݔሻ݀ݔ 
ஐ  is modular 

function on L଴ሺΩሻ and in theorem 2.2.1 we proved that every modular space is normed 
space with Luxemburg norm ,then  Lఠ

௣ ሺΩሻ  is normed space  with 

                                                  ԡ݂ԡఘഘ ൌ ݂݅݊ ቄߣ ൐ ఠߩ  :0 ቀ
௙
ఒ
ቁ ൑ 1ቅ 
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Example 2.2.7:  ൫L∞ሺΩሻ൯, is normed space with norm defined by 

ԡ݂ԡఘ∞ ൌ ݂݅݊ ൜ߣ ൐ ∞ߩ  :0 ൬
݂
൰ߣ ൑ 1ൠ 

 With modular  function  ߩ∞ሺ݂ሻ ൌ ԡ݂ԡ∞on L଴ሺΩሻ . 

Solution : In example 2.2.4 we proved that  ߩ∞ሺ݂ሻ ൌ ԡ݂ԡ∞ is modular function on L଴ሺΩሻ 
and in theorem 2.2.1 we proved that every modular space is normed space with Luxemburg  

norm  then L∞ሺΩሻ is normed space with ԡ݂ԡఘ∞ ൌ ݂݅݊ ቄߣ ൐ ∞ߩ  :0 ቀ
௙
ఒ
ቁ ൑ 1ቅ                                                  

 The question! Doesԡ݂ԡఘ೛ ൌ ԡ݂ԡ௣, ԡ݂ԡఘഘ ൌ ԡ݂ԡ௣,ఠ,and ԡ݂ԡఘ∞ ൌ ԡ݂ԡ∞where  
ԡ݂ԡ௣ , ԡ݂ԡ௣,ఠ ,andԡ݂ԡ∞ as we defined them in example 2.2.2, example 2.2.3, and example 
2.2.4? The  answer is  yes .We  will prove our claim . Start with  

  ԡ݂ԡఘ೛ ൌ ݂݅݊ ቄߣ ൐ ௣ߩ  :0 ቀ
௙
ఒ
ቁ ൑ 1ቅ ,we will try to prove  ԡ݂ԡ௣ ൌ ൐ ߣ  for all ߣ݂݊݅ 0 such 

that ߩ௣ ቀ
௙
ఒ
ቁ ൑ 1 

௣ߩ ൬
݂
൰ߣ ൑ 1 ݂݂݅ න ฬ

݂
ߣ
ሺݔሻฬ

௣

ݔ݀ ൑ 1 
 

ஐ
 

 ݂݂݅ න
|݂ሺݔሻ|
௣ߣ

௣

ݔ݀ ൑ 1 ݂݂݅
1
௣ߣ න

|݂ሺݔሻ|௣݀ݔ ൑ 1 ݂݂݅ 
 

ஐ
 

 

ஐ
                

           න |݂ሺݔሻ|௣݀ݔ ൑ ݂݂݅   ௣ߣ ቆන |݂ሺݔሻ|௣݀ݔ 
 

ஐ
ቇ

ଵ
௣
൑ ሺߣ௣ሻ

ଵ
௣ ൌ ߣ

 

ஐ
   

 Hence ԡ݂ԡ௣  ൑ ௣ߩ such that ߣ for all ߣ ቀ
௙
ఒ
ቁ ൑ 1 . It follows that  ԡ݂ԡఘ೛ ൌ ԡ݂ԡ௣. In the 

same  way we can show that ԡ݂ԡఘഘ ൌ ԡ݂ԡ௣,ఠ and ԡ݂ԡఘ∞ ൌ ԡ݂ԡ∞  . 

Theorem 2.2.2[4]: Let ߩ be a semimodular(modular) on ܺ. Then 

(a) ԡݔԡఘ  ൑ ሻݔሺߩ ݀݊ܽ 1 ൑ 1 are equivalent .  

(b) If ߩ is continuous , then  ԡݔԡఘ  ൏ 1 and ߩሺݔሻ ൏ 1  are equivalent.  

(c) If ߩ is continuous , then ԡݔԡఘ  ൌ ሻݔሺߩ ݀݊ܽ 1 ൌ 1 are equivalent . 

Proof: (a) If ߩሺݔሻ ൑ 1 then ԡݔԡఘ  ൑ 1  by definition of ԡ. ԡఘ  . On the other hand if 

ԡݔԡఘ  ൑ 1 Indeed, let  ԡݔԡఘ  ൑ ݑ ൑ 1 then ߩ ቀ௫
௨
ቁ ൑ 1 thus 

ሻݔሺߩ ൌ ߩ ቀݑ
ݔ
ቁݑ ൑ ߩ ݑ ቀ

ݔ
ቁݑ ൑ 1 

 (b) Let  ߩ  be continuous .If  ԡݔԡఘ  ൏ 1 then there exist ߣ ൏ 1 with    ߩ ቀ௫
ఒ
ቁ ൑ 1 . It follows 

that  by(2.2.4 ) ߩሺݔሻ ൌ ߩ ቀߣ ௫
ఒ
ቁ ൑ ߩߣ ቀ௫

ఒ
ቁ ൑ ߣ ൏ 1.On other hand let ߩሺݔሻ ൏ 1 and since ߩ 
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is continuous then ߩ is Right- continuous so that there exist ߛ ൐ 1 such that                   
ሻݔߛሺߩ ൌ ሻݔሺߩ ൏ 1 ൑ 1 hence by (a) we have        ԡݔߛԡఘ  ൑ 1 thus ԡݔԡఘ  ൑

ଵ
ఊ
൏ 1. 

         (c) The  equivalence of  ԡݔԡఘ  ൌ ሻݔሺߩ ݀݊ܽ 1 ൌ 1 follows immediately from (a)and(b) 
. 

Corollary 2.2.1[4]: Let ߩ be a semimodular(modular) on ܺ. 

ሺ1ሻ If  ԡݔԡఘ  ൑ 1,then ߩሺݔሻ ൑  ԡݔԡఘ  
ሺ2ሻ If  ԡݔԡఘ  ൐ 1, then ߩሺݔሻ ൐  ԡݔԡఘ  

Proof: (1) The claim is obvious for ݔ ൌ 0. Assume  0 ൏ ԡݔԡఘ  ൑ 1 then by (a) in Theorem 

2.2.2 and since  ฯ ௫
  ԡ௫ԡഐ

ฯ
ఘ 
ൌ 1 ൑ 1 we have ߩ ൬ ௫

  ԡ௫ԡഐ
൰ ൑ 1 ,it follows that by (2.2.4)  

ଵ
  ԡ௫ԡഐ

ሻݔሺߩ ൌ ଵ
  ԡ௫ԡഐ

ߩ ൬  ԡݔԡఘ
௫

  ԡ௫ԡഐ
൰ ൑   ԡ௫ԡഐ

  ԡ௫ԡഐ
ߩ ൬ ௫

  ԡ௫ԡഐ
൰ ൑ 1  .Hence 

ሻݔሺߩ  ൑  ԡݔԡఘ  

  (2) If  ԡݔԡఘ  ൐ 1 ,then for 1 ൏ ߣ ൏ ԡݔԡఘ  we get 1 ൏ ߩ ቀ௫
ఒ
ቁ  . Since    

ߣ    ൏ ԡݔԡఘ  then ԡݔԡఘ  ൌ ߣ ൅ ܽ where  ܽ ൐ 0 .By (2.2.4),   

    1 ൏ ߩ ቀ௫
ఒ
ቁ ൑ ଵ

ఒ
ߣ ሻ thusݔሺߩ  ൑ ሻ  and since  ܽ ൐ݔሺߩ 0 was arbitrary then    ߩሺݔሻ ൐ ԡݔԡఘ . 

Lemma2.2.2[4]: Let ߩ be a semimodular(modular) on ܺ and ሼݔ௞ሽ be a sequence in ఘܺ 
.Then ሼݔ௞ሽ is converges to 0 in norm as ݇ ՜ ∞ if and only if  ߩሺݔߣ௞ሻ converges to 0 for all 
ߣ  ൐ ݇ ݏܽ 0 ՜ ∞. 

Proof: Assume ሼݔ௞ሽ is converges to 0 in norm as ݇ ՜ ∞ then ԡݔ௞ԡఘ  ՜ 0 so that  for 
ߣ ൐ 0  we have ԡݔߣܭ௞ԡఘ  ൏ ܭ ݈݈ܽ ݎ݋݂ 1 ൐ 1 and large  ݇.Thus by (b)in theorem 2.2.2 we 

have ߩሺݔߣܭ௞ሻ ൏ ܭ ݈݈ܽ ݎ݋݂ 1 ൐ 1 and large  ݇ .Hence by (2.2.4) ߩሺݔߣ௞ሻ ൑
ଵ
௄
௞ሻݔߣܭሺߩ ൑

ଵ
௄

 
therefore ߩሺݔߣ௞ሻ ՜ ݇ ݏܽ 0 ՜ ∞. Conversely , let  ߩሺݔߣ௞ሻ ՜ 0  for all  ߣ ൐ ݇ ݏܽ 0 ՜ ∞, 
then ߩሺݔߣ௞ሻ ൑ 1 for large  k so that by (b)in theorem 2.2.2 we have ԡݔߣ௞ԡఘ  ൑ 1. Hence     

ԡݔ௞ԡఘ  ൑
ଵ
ఒ
  for large  k .Since ߣ ൐ 0 was arbitrary ,we  getԡݔ௞ԡఘ  ՜ ݇ ݏܽ 0 ՜ ∞ and then 

ሼݔ௞ሽ is converges to 0 in norm as ݇ ՜ ∞. 

From our modular space ఘܺ,which was induced by the norm, we can define another type of 
convergence by means of the semimodular as the following definition . 

Definition 2.2.7 : (Converge in Modular)                                                                                                      
Let ߩ be a semimodular(modular) on ܺ and  ݔ௞ , א ݔ ఘܺ.Then we say that ݔ௞ is modular 
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convergent (ߩ െ convergent ) to ݔ if there exist  ߣ ൐ 0 such that ߩ൫ߣሺݔ௞ െ ሻ൯ݔ ՜     ݏܽ 0

݇ ՜ ∞  . In this case we write  ݔ௞
ఘ
՜ݔ. 

We say that from Lemma2.2.2 that  modular convergence is weaker than norm 
convergence. In fact, we have lim௞՜∞ ௞ݔሺߣ൫ߩ െ ሻ൯ݔ ൌ 0  for all ߣ ൐ 0   in norm  
convergence  ,while  .For the modular  convergence  lim௞՜∞ ௞ݔሺߣ൫ߩ െ ሻ൯ݔ ൌ 0 
for some  ߣ ൐ 0 . From this point we can ask our self for what conditions that modular 
convergence and norm convergence are coincide ? This is what the following lemma  
answers it. 

Lemma 2.2.3[4]: Let ఘܺ be a semimodular (modular) space and ݔ௞ א ఘܺ.  Then modular 
convergence and norm convergence are equivalent if and only if ߩሺݔ௞ሻ ՜ 0 implies 
ሺ2ݔ௞ሻ ՜ 0 . 

Proof: Let modular convergence and norm convergence are equivalent and let ߩሺݔ௞ሻ ՜ 0 
with ݔ௞ א ఘܺ then want to show that  ߩሺ2ݔ௞ሻ ՜ 0 .By Lemma 2.2.2 we have ԡݔ௞ԡఘ  ՜ 0 
also by the second direction of same lemma we have ߩሺݔߣ௞ሻ ՜ 0  for all  ߣ ൐ 0, in 
particular take ߣ ൌ 2 so we have ߩሺ2ݔ௞ሻ ՜ 0 . Conversely ,let ݔ௞ א ఘܺwith ߩሺݔ௞ሻ ՜ 0. 

To show that modular convergence and norm convergence are equivalent we have to show  
that ߩሺݔߣ௞ሻ ՜ 0  for all  ߣ ൐ 0. For fixed ߣ ൐ 0 choose ݉ א ܰ such that 2௠ ൒  Since .ߣ
௞ሻݔሺߩ ՜ 0 implies  ߩሺ2ݔ௞ሻ ՜ 0 ,then  by repeated application of  our assumption we get 
lim௞՜∞ ௞ሻݔሺ2௠ߩ ൌ 0 . Now  by (2.2.4)and 2௠ ൒ ௞ሻݔߣሺߩ we have, ߣ ൑

ఒ
ଶ೘
 ௞ሻ itݔሺ2௠ߩ

follows that  0 ൑ lim௞՜∞ ௞ሻݔߣሺߩ ൑
ఒ
ଶ೘
lim௞՜∞ ௞ሻݔሺ2௠ߩ ൌ 0 .Thus lim௞՜∞ ௞ሻݔߣሺߩ ൌ 0 

and so ߩሺݔߣ௞ሻ ՜ 0  for all  ߣ ൐ 0.We conclude that modular convergence and norm 
convergence are equivalent. 

Definition 2.2.8: (Monotone  Complete )                                                                                                      
Let  ఘܺ be a modular space .A ݉݊݋ ߩ ݎ݈ܽݑ݀݋  ఘܺ is said to be monotone complete if 
                0 ൑ ௞ݔ  ՛௞אஃ  and  sup௞אஃ ௞ሻݔሺߩ ൏ ∞   imply  ڂ  ௞ݔ א ఘܺ

 
௞אஃ   

 In the following theorem , we find the necessary conditions that  modular functions are 
equivalent . 

Theorem 2.2.3[3]: Let ఘܺ be a modular space  with two modular functions  
,ߝ ଵ is monotone complete .Then there existߩ ଶ whereߩ ଵܽ݊݀ߩ ߝ ′, ݇, , ܭ ߛ ൐ 0 such that  

(a)  ߩଶሺ݇ݔሻ ൏ ሻݔଵሺߩ ݄ݐ݅ݓ ݔ ݈݈ܽ ݎ݋݂                ߛ ൏ ߝ ′ 
(b)  ߩଶሺ݇ݔሻ ൏ ߝ ݄ݐ݅ݓ ݔ ݈݈ܽ ݎ݋݂    ሻݔଵሺߩܭ ൑ ሻݔଵሺߩ ൏ ߝ ′   

Proof:    (a) by contradiction, assume  ߛ can't be found ,then there exist a sequence 
0 ൑ ௞ݔ  א ఘܺሺ݇ ൌ 1,2,… ሻ such that ߩଵሺݔ௞ሻ ൑

ଵ
ଶೖ
 and  
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ଶߩ ቀ

ଵ
௞
௞ቁݔ ൒ ݇. Let ݕ௡ ൌ ڂ ௞௡ݔ

௞ୀଵ     (n=1,2,…) thus 0 ൑ ௡ݕ ൑ ௡ାଵ therefore 0ݕ ൑ ௡ݕ  ՛௡ୀଵ∞   

and                                                        

௡ሻݕଵሺߩ                           ൌ ڂଵሺߩ ௞௡ݔ
௞ୀଵ ሻ ൑ ∑ ௞ሻݔଵሺߩ ൑ ∑ ଵ

ଶೖ
൑ 1௡

௞ୀଵ
௡
௞ୀଵ   

so that  sup௞ୀଵ,ଶ,… ௡ሻݕଵሺߩ ൑ 1 ൏ ∞.  
Since ߩଵ is monotone complete by assumption, there exist ݕ଴ א ఘܺ such that ݕ଴ ൌ ڂ ∞௡ݕ

௡ୀଵ . 
On other hand since ߩଶ in non-decreasing then for n൒ ݇ we have                        

ଶߩ  ቀ
ଵ
௞
଴ቁݕ ൒ ଶߩ  ቀ

ଵ
௞
௡ቁݕ ൒ ݊ ൒ ݇ ൒ 1 which contradiction to that  ߩଶ is modular function.  

(b)For any ݔ replace  ߝ by ఌ
ଶ
 with ఌ

ଶ
൑ ሻݔଵሺߩ ൏ ߝ ′, then by (a) we have  ߩଶሺ݇ݔሻ ൏  Now. ߛ

since ఌ
ଶ
൑ ሻ , then  1ݔଵሺߩ ൑ ଶ

ఌ
                       we have ߛ     ሻ multiply both side byݔଵሺߩ

ሻݔଶሺ݇ߩ  ൏ ߛ ൑ ߛ ଶ
ఌ
ܭ   ሻ  .Chooseݔଵሺߩ ൌ ߛ ଶ

ఌ
  and we conclude that  ߩଶሺ݇ݔሻ ൏  ሻ  forݔଵሺߩܭ

all ݔ with ߝ ൑ ሻݔଵሺߩ ൏ ߝ ′. 

   
Section 2.3       ઴- function                                                                                                     

In this section we start with function that used  in modular function definition also will use   
in L௣ሺ.ሻor Lఠ

௣ሺ.ሻ definitions  which are modular  spaces  whether  ݌(.) is constant  as in 
section 2.1  or ݌(.) is function as will see in sections 3.1, 3.2.This function is real –valued 
function, if we  take integral of this function we will get the modular that exist in modular 
space definition . The function is called Φ- function. 

The modular space which define  in this way is called Orlicz spaces which will talk about 
it later .  
 
Definition 2.3.1:(઴- function ) 

 A function ߮: ሾ0,∞ሻ ՜ ሾ0,∞ሿ is called Φ- function if for arbitrary t א ሾ0,∞ሻ, 

  F1ሻ ߮ is convex  

  F2ሻ  ߮ሺ0ሻ ൌ 0 

  F3ሻ lim  ௧՜଴శ ߮ሺݐሻ ൌ 0     

  F4ሻlim
 ௧՜∞

߮ሺݐሻ ൌ ∞  

A  Φ- function is called  positive  if  ߮ሺݐሻ ൐ 0 for all ݐ ൐ 0.  

 In fact, there is a relationship  between  Φ- functions and semimodular (modular) on Թ. 
We will say that in the following lemma . 
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Lemma 2.3.1[4]: Let  ߮: ሾ0,∞ሻ ՜ ሾ0,∞ሿ and let  ߩ be a function such that  ߩሺݐሻ ൌ ߮ሺ|ݐ|ሻ 
for all ݐ א Թ. Then ߮ is Φ- function if and only if ߩ semimodular on Թ with ఘܺ ൌ Թ. 
Moreover , ߮ is positive Φ- function if and only if  ߩ modular on Թ with ఘܺ ൌ Թ. 

Proof: Suppose  ߮ is Φ- function. Since  lim  ௧՜଴శ ߮ሺݐሻ ൌ 0 ,we have  ఘܺ ൌ Թ.  Now we 
will check the properties of semimodular :                                         

S1) Since  ߮ሺ0ሻ ൌ 0 then ߩሺ0ሻ ൌ ߮ሺ|0|ሻ ൌ 0                                                                                                 
S2) Let ߣ א ॶ with |ߣ| ൌ 1 ,then 
ሻݐߣሺߩ ൌ ߮ሺ|ݐߣ|ሻ ൌ ߮ሺ|ݐ||ߣ|ሻ ൌ ߮ሺ|ݐ|ሻ ൌ |ߣ| ሻ sinceݐሺߩ ൌ  1 .Henc݁  ߩሺݐߣሻ ൌ    ሻ forݐሺߩ 

every  with |ߣ|  ൌ  1.                                                                                  

S3) Since ߮ሺݐሻ is convex on ሾ0,∞ሻ so that ߩሺݐሻ ൌ ߮ሺ|ݐ|ሻ is convex on Թ .                        

S4) Assume that ߩሺݐߣ଴ሻ ൌ 0 for all ߣ ൐ 0 want to show that  ݐ଴ ൌ 0 , since        
lim ௧՜∞ ߮ሺݐሻ ൌ ∞  then there exist ݐଵ ൐ 0 with ߮ሺݐଵሻ ൐ 0 . Thus  there is no ߣ ൐ 0 such 
that ݐଵ ൌ ଴ݐ ଴ which implies thatݐߣ ൌ 0. We conclude that  ߩ is semimodular. Let ߮ is 
positive and ߩሺݏሻ ൌ 0 want to show ݏ ൌ 0, since ߩሺݏሻ ൌ 0 then 0= ߩሺݏሻ ൌ ߮ሺ|ݏ|ሻ but ߮ is 
positive Φ- function then   ߮ሺ|ݏ|ሻ ൌ |ݏ| ݂݂݅ 0 ൌ ݏ ݂݂݅ 0 ൌ 0  and so ߩ modular on Թ.  

Conversely, let ߩ semimodular on Թ with ఘܺ ൌ Թ. Since ఘܺ ൌ Թ then there exist ݐଶ ൐ 0 
such that ߮ሺݐଶሻ ൏ ∞ so for all 0 ൑ ݐ ൑                        ଶ and from (2.2.4) we haveݐ

0 ൑ ߮ሺݐሻ ൌ ߮ ቀ௧మ
௧మ
ቁݐ ൑ ௧

௧మ
߮ሺݐଶሻ ൑ ߮ሺݐଶሻ ൏ ∞ thus ݐ ׌ ൐ 0 such that ߮ሺݐሻ ൌ 0 .Hence 

lim  ௧՜଴శ ߮ሺݐሻ ൌ 0 . Since 1് 0 and ߮ሺ0ሻ ൌ 0 then there exist ߣ ൐ 0 such that  ߩሺߣ. 1ሻ ് 0 
.In particular there exist ݐଷ ൐ 0 with ߮ሺݐଷሻ ൐ 0 and so  we get ߮ሺ݇ݐଷሻ ൒ ݇߮ሺݐଷሻ ൐ 0  
for all ݇ א Գ.Since  ݇ was arbitrary ,we have lim ௧՜∞߮ሺݐሻ ൌ ∞.Since  ߩሺ0ሻ ൌ 0 then  

 ߮ሺ0ሻ ൌ ߮ሺ|0|ሻ ൌ ሺ0ሻߩ ൌ 0 .And finally since  ߩ  is convex then ߮ is convex   We proved 
that  ߮ is Φ- function. 

Assume that  ߩ is modular then want to show that  ߮ is positive  Φ- function .Since  ߩ is 
modular  then if  ߮ሺݐሻ ൌ ߮ሺ|ݐ|ሻ ൌ 0 this imply  ݐ ൌ 0 .Hence for ݐ ൐ 0  we have               
߮ሺݐሻ ൐ 0.  So that  ߮ is positive Φ- function . 

Examples of  Φ- functions :   

Example 2.3.1:Let  1 ൑ ݌ ൏ ∞ . Then ߮௣ሺ|݂ሺݔሻ|ሻ ൌ |݂ሺݔሻ|௣ is positive   Φ- function .   

Solution:  F1ሻ  Let |݂ሺݔሻ| ൌ then 0 ݐ ൑ ݐ ൏ ∞ so ߮ is convex as we say in example  2.2.1. 

                 F2ሻ  Let |݂ሺݔሻ| ൌ 0  then ߮ሺ0ሻ ൌ ߮௣ሺ|݂ሺݔሻ|ሻ ൌ |݂ሺݔሻ|௣ ൌ 0୮ ൌ 0 

                   F3ሻ lim
  |௙ሺ௫ሻ|՜଴శ

߮௣ሺ|݂ሺݔሻ|ሻ ൌ lim
  |௙ሺ௫ሻ|՜଴శ

|݂ሺݔሻ|௣ ൌ 0                 

                 
 

F4ሻ lim
 |௙ሺ௫ሻ|՜∞

߮௣ሺ|݂ሺݔሻ|ሻ ൌ lim
 |௙ሺ௫ሻ|՜∞

|݂ሺݔሻ|௣ ൌ ∞௣ ൌ ∞ 
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  Moreover for |݂ሺݔሻ| ൐ 0 we get ߮௣ሺ|݂ሺݔሻ|ሻ ൌ |݂ሺݔሻ|௣ ൐ 0 since 1 ൑ ݌ ൏ ∞ so that 
  ߮௣ሺ|݂ሺݔሻ|ሻ ൌ |݂ሺݔሻ|௣ is positive Φ- function. 

Example 2.3.2: Let 1 ൑ ݌ ൏ ∞ ܽ݊݀ ߱ሺݔሻ is weight function. Then                        
߮ఠሺ|݂ሺݔሻ|ሻ ൌ |݂ሺݔሻ|௣߱ሺݔሻ  is positive Φ- function  . 

Solution:   F1ሻ  Since ߮ሺ|݂ሺݔሻ|ሻ ൌ |݂ሺݔሻ|௣ is convex as in Example 2.3.1 then 

߮ఠ൫݂ߙሺݔሻ ൅ ሻ൯ ൌݔሺ݃ߚ ሻݔሺ݂ߙ| ൅  ሻݔሻ|௣߱ሺݔሺ݃ߚ

൑ ሺߙ|݂ሺݔሻ|௣ ൅  ሻݔሻ|௣ሻ߱ሺݔሺ݃|ߚ

                                          ൌ ሻݔሻ|௣߱ሺݔሺ݂|ߙ ൅   ሻݔሻ|௣߱ሺݔሺ݃|ߚ

ሻ|ሻݔఠሺ|݂ሺ߮ߙ ൅  ሻ|ሻݔఠሺ|݃ሺ߮ߚ

So ߮ఠis convex  . 

F2ሻ Let |݂ሺݔሻ| ൌ 0 then  ߮ఠሺ0ሻ ൌ ߮ఠሺ|݂ሺݔሻ|ሻ ൌ |݂ሺݔሻ|௣߱ሺݔሻ ൌ 0୮߱ሺݔሻ ൌ 0              

F3ሻ lim  |௙ሺ௫ሻ|՜଴శ ߮ఠሺ|݂ሺݔሻ|ሻ ൌ lim
  |௙ሺ௫ሻ|՜଴శ

|݂ሺݔሻ|௣߱ሺݔሻ ൌ 0                     

F4ሻ lim  |௙ሺ௫ሻ|՜ஶ ߮ఠሺ|݂ሺݔሻ|ሻ ൌ lim
  |௙ሺ௫ሻ|՜ஶ

|݂ሺݔሻ|௣߱ሺݔሻ ൌ ∞௣߱ሺݔሻ ൌ ∞   since ሺݔሻ ൐ 0 . 

Moreover for |݂ሺݔሻ| ൐ 0 we get ߮ఠሺ|݂ሺݔሻ|ሻ ൌ |݂ሺݔሻ|௣߱ሺݔሻ ൐ 0 since  1 ൑ ݌ ൏ ∞ and 
߱ሺݔሻ ൐ 0 so that ߮ఠሺ|݂ሺݔሻ|ሻ ൌ |݂ሺݔሻ|௣߱ሺݔሻ  is positive Φ- function . 

Remark 2.3.1:Let  ߮ be a Φ- function .Then by convexity of ߮ and    ߮ሺ0ሻ ൌ 0, ߮ is non-
decreasing .Moreover  the following properties  are useful: 

߮ሺݐݎሻ ൑  ሻ,                                                        (2.3.2)ݐሺ߮ݎ

߮ሺݐݏሻ ൒  ,ሻݐሺ߮ݏ

for any ݎ א ሾ0,1ሿ , ݏ א ሾ1,∞ሻ ܽ݊݀ ݐ ൒ 0. Furthermore inequality (2.3.2) implies                 

߮ሺܽሻ ൅ ߮ሺܾሻ ൑
ܽ

ܽ ൅ ܾ߮
ሺܽ ൅ ܾሻ ൅

ܾ
ܽ ൅ ܾ߮

ሺܽ ൅ ܾሻ 

                                                ൌ ߮ሺܽ ൅ ܾሻ ൑ ଵ
ଶ
߮ሺ2ܽሻ ൅ ଵ

ଶ
߮ሺ2ܾሻ                                                          

for all ܽ, ܾ ൒ 0 ܽ݊݀ ܽ ൅ ܾ ൐ 0  

Although Φ- function using in many function spaces ,these are not general for what our 
need .In the case of  variable exponent  Lebesgue space  (see CH.3) we need to generalize 
Φ- function that may depend on the space variable. 

Definition 2.3.2: (Generalized ઴- Function)                                                                                                
Let  ( Ω, F ,µሻ  be ߪ- finite ,complete measure space and µ is a Lebesgue measure. A real 
function ߮:Ω ൈ ሾ0,∞ሻ ՜ ሾ0,∞ሿ  is said to be generalized   Φ- function  on  ( Ω, F ,µሻ  if: 



33 
 

(a) ߮ሺݔ, ሻ is  Φ- function of the variable t ൒ݐ 0 for every  ݔ א Ω . 
(b) ߮ሺݔ, for all  t ൒ ݔ  ሻ is measurable function ofݐ 0 . 

If ߮ is a generalized Φ- function on  ( Ω, F ,µሻ  ,we write ߮ א ΦሺΩሻ and in this case we say 
that ߮ is a generalized Φ- function on  Ω . 

Note that every Φ- function is generalized Φ- function if we  set 

                 ߮ሺݔ, ሻݐ ؔ ߮ሺݐሻ for ݔ א Ω  and  t א ሾ0,∞ሻ . 

 In next theorem, we show that every generalized Φ- function (positive) generates a 
semimodular (modular) respectively, on L଴ሺΩሻ  

Theorem 2.3.1[4]: If ߮ א ΦሺΩሻ and ݂ א L଴ሺΩሻ ,then ߮ሺݔ, |݂ሺݔሻ|ሻ is a measurable function 
of  ݔ and  

ఝሺ݂ሻߩ ؔ  න߮ሺݔ, |݂ሺݔሻ|ሻ
 

Ω
 ݔ݀ 

is a semimodular on  L଴ሺΩሻ .If ߮ is positive ,then ߩఝ is a modular .We call ߩఝ the  
semimodular induced by ߮. 

Proof: By splitting the function into its positive and negative part it suffices to consider the 
case ݂ ൒ 0 . Let ௞݂ ՜ ݂ where ௞݂ ൒ 0 are simple functions. so   ௞݂ሺݔሻ ൌ ∑ ሻݔ௝௞߯ாೕೖሺߙ

௡
௝ୀଵ   

where  ܧ௝ ൌ ൛ݔ: ௞݂ሺݔሻ ൌ   ௝௞ൟ Thusߙ

                              ߮ሺݔ, | ௞݂ሺݔሻ|ሻ ൌ ∑ ߮ሺݔ, .௝௞ሻߙ ߯ாೕೖሺݔሻ
௡
௝ୀଵ    

is measurable function of ݔ  by definition of simple function  then                     
߮ሺݔ, | ௞݂ሺݔሻ|ሻ  ՜ ߮ሺݔ, |݂ሺݔሻ|ሻ therefore ߮ሺݔ, |݂ሺݔሻ|ሻ is a measurable function of  ݔ . 

Now will show that ߩఝሺ݂ሻ is a semimodular on  L଴ሺΩሻ. 

S1) Since ߮ሺݔ, |݂ሺݔሻ|ሻ  is Φ-function of |݂ሺݔሻ| then  ߮ሺݔ, 0ሻ ൌ 0 and so 

               

ఝሺ0ሻߩ ൌ න߮ሺݔ, ݔሻ|ሻ݀ݔሺ݋|
 

Ω
 

     ൌ න߮ሺݔ, |0|ሻ
 

Ω
 ݔ݀ 

                          ൌ න߮ሺݔ, 0ሻ
 

Ω
ݔ݀  ൌ න0

 

Ω
ݔ݀  ൌ  0 



34 
 

S2) Let ߣ א ॶ with |ߣ| ൌ  1 then  

ሻ݂ߣఝሺߩ ൌ න߮ሺݔ, ሻ|ሻݔሺ݂ߣ|
 

Ω
ݔ݀ ൌ න߮ሺݔ, ሻ|ሻݔሺ݂||ߣ|

 

Ω
 ݔ݀

But |ߣ| ൌ  1 then   

ሻ݂ߣఝሺߩ ൌ න߮ሺݔ, |݂ሺݔሻ|ሻ
 

Ω
ݔ݀ ൌ     ఝሺ݂ሻߩ

ܵ3ሻ Let ߙ, ߚ ൒ 0 and ߙ ൅ ߚ ൌ 1. Since ߮ሺݔ, |݂ሺݔሻ|ሻ  is convex  of  |݂ሺݔሻ| we have  

݂ߙఝሺߩ   ൅ ሻ݃ߚ ൌ  න߮ሺݔ, ݂ߙ| ൅ ሻ|ሻݔሺ݃ߚ
 

ஐ
 ݔ݀ 

                             ൑ න ሾߙ ߮ሺݔ, |݂ሺݔሻ|ሻ ൅ ,ݔሺ߮ ߚ |݃ሺݔሻ|ሻሿ
 

ஐ
 ݔ݀ 

                            ൌ ,ݔන߮ሺߙ |݂ሺݔሻ|ሻ݀ݔ ൅ ߚ
 

ஐ
 න߮ሺݔ, |݃ሺݔሻ|ሻ

 

Ω
  ݔ݀

                            ൌ ఝሺ݂ሻߩ ߙ ൅  ݔ݁ݒ݊݋ܿ ݏ݅ ఝߩ  ݐ݄ܽݐ ݋ݏ   ఝሺ݃ሻߩߚ

ܵ4ሻ Let  ߩ ሺ݂ߣሻ  ൌ  0 for all ߣ  ൐  0 then  

ሻ݂ߣఝሺߩ ൌ න߮ሺݔ, ሻ|ሻݔሺ݂ߣ|
 

Ω
ݔ݀ ൌ 0 

thus ߮ሺݔ, ሻ|ሻݔሺ݂ߣ| ൌ 0 ܽ. ݁ on Ω by theorem1.4.1(5) .But ߣ  ൐  0 then             
߮ሺݔ,  ሻ|ሻ 0ݔሺ݂|ߣ ൌ ܽ. ݁ on Ω and since lim௧՜∞ ߮ሺݔ, ሻݐ ൌ ∞ for all ݔ  Ωא   then 
|݂ሺݔሻ| ൌ 0 ܽ. ݁ on  Ω thus ݂ሺݔሻ ൌ 0 ܽ. ݂ Ω  implies ݊݋ ݁ ൌ 0. We conclude that ߩఝ is a 
semimodular on  L଴ሺΩሻ . 

Assume  now  that  ߮ is positive and ߩఝሺ݂ሻ ൌ 0 then 

න߮ሺݔ, |݂ሺݔሻ|ሻ
 

Ω
ݔ݀  ൌ 0 

Thus ߮ሺݔ, |݂ሺݔሻ|ሻ ൌ 0  ܽ. ݁ on Ω.Since ߮ is positive  then   

߮ሺݔ, |݂ሺݔሻ|ሻ ൐ 0 for all |݂ሺݔሻ| ൐ 0  implies |݂ሺݔሻ| ൌ 0  ܽ. ݁ on Ω and we have ݂ ൌ 0.This 
proves that ߩఝ  is a modular on  L଴ሺΩሻ .                             

Section 2.4   Orlicz Spaces 

The aim of this section is  provide to basic results about Orlicz spaces. The Orlicz spaces is 
extending  the usual  L௣ space with ݌ ൒ 1 where  ݐ௣  function  which enter in definition of 
L௣ is replaced by a more general function, Φ- function. Also this section will present the 
modular space corresponding  to ߮ א ΦሺΩሻ with ߮ positive .This modular space is called 
Musielak- Orlicz spaces . 
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Definition 2.4.1 (Orlicz Space) 
Let  ( Ω, F ,µሻ  be ߪ- finite ,complete measure space .Let ߮ be positive  Φ- function and ߩఝ 
be given  by 

ఝሺ݂ሻߩ                                           ؔ  න߮ሺ|݂ሺݔሻ|ሻ
 

Ω
 ݔ݀ 

is modular on L଴ሺΩሻ . Then the modular space 

LఝሺΩ, µሻ ൌ ሼ݂ א L଴ሺΩሻ: ሻ݂ ߣఝሺߩ ൏  ߣ ݁݉݋ݏ ݎ݋݂  ∞ ൐ 0 ሽ 

will be called Orlicz space and denoted by  LఝሺΩሻ ݎ݋ Lఝ, for short . 

Example 2.4.1: For 1 ൑ ݌ ൏ ∞ ,we saw in Example 2.2.2 that   ߩ௣ሺ݂ሻ ൌ ׬ |݂ሺݔሻ|௣݀ݔ 
ஐ  is a 

modular function on L଴ሺΩሻ and we saw in Example 2.3.1 that  ߮௣ሺ|݂ሺݔሻ|ሻ ൌ |݂ሺݔሻ|௣ is 
positive Φ- function then  
    

Lఝ೛ሺΩሻ ൌ ሼ݂ א L଴ሺΩሻ: ሻ݂ ߣ௣ሺߩ ൏  ߣ ݁݉݋ݏ ݎ݋݂  ∞ ൐ 0 ሽ 

is Orlicz space . 

Example 2.4.2:  For 1 ൑ ݌ ൏ ∞ and  weight function ߱ሺݔሻ , we saw in  
example 2.2.3 that   ߩఠሺ݂ሻ ൌ ׬ |݂ሺݔሻ|௣߱ሺݔሻ݀ݔ 

Ω  is a modular function on L଴ሺΩሻ and we 
saw in Example 2.3.2 that  ߮ఠሺ|݂ሺݔሻ|ሻ ൌ |݂ሺݔሻ|௣߱ሺݔሻ  is positive Φ- function then                                   
 

LఝഘሺΩሻ ൌ ሼ݂ א L଴ሺΩሻ: ሻ݂ ߣఠሺߩ ൏  ߣ ݁݉݋ݏ ݎ݋݂  ∞ ൐ 0 ሽ 

is Orlicz space . 

By theorem 2.2.1,  LఝሺΩሻ can be equipped  Luxemburg  norm , 

ԡ݂ԡఝ ൌ ݂݅݊ ൜ߣ ൐ ఝߩ  :0 ൬
݂
൰ߣ ൑ 1ൠ 

Definition 2.4.2: (Musielak -Orlicz Space) 
Let  ( Ω, F ,µሻ  be ߪ- finite ,complete measure space .Let ߮א כ ΦሺΩሻ , ߮כ is positive and 
 be given  by כఝߩ

ሺ݂ሻכఝߩ       ؔ  න߮כሺݔ, |݂ሺݔሻ|ሻ
 

Ω
 ݔ݀ 

is modular  on L଴ሺΩሻ . Then the modular space 

LఝכሺΩ, µሻ ൌ ሼ݂ א L଴ሺΩሻ: ሻ݂ ߣሺכఝߩ ൏  ߣ ݁݉݋ݏ ݎ݋݂  ∞ ൐ 0 ሽ 

will be called Musielak- Orlicz space and denoted by  LఝכሺΩሻ ݎ݋ Lఝכ, for short .The 
Musielak- Orlicz spaces is also called generalized  Orlicz spaces . 
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Example 2.4.3: Lఝ೛ሺΩሻ and LఝഘሺΩሻ in examples  2.4.1 and examples  2.4.2 are also 
Musielak- Orlicz spaces when define ߮כሺݔ, |݂ሺݔሻ|ሻ ؔ ߮௣ሺ|݂ሺݔሻ|ሻ  in definition Lఝ೛ሺΩሻ  
and  ߮כሺݔ, |݂ሺݔሻ|ሻ ؔ ߮ఠሺ|݂ሺݔሻ|ሻ  in definition LఝഘሺΩሻ  .  
 
 In general , every  Orlicz space LఝሺΩሻ is  Musielak- Orlicz spaces when define 
,ݔሺכ߮ |݂ሺݔሻ|ሻ ؔ ߮ሺ|݂ሺݔሻ|ሻ  . 
 
Also by theorem 2.2.1, LఝכሺΩሻ  can be equipped  Luxemburg norm ,  

ԡ݂ԡఝכ ൌ ݂݅݊ ൜ߣ ൐ כఝߩ  :0 ൬
݂
൰ߣ ൑ 1ൠ 

Theorem 2.2.1 proved  that  every semimodular (modular) space  is normed space with 
Luxemburg  norm .This is  achieved  for Musielak- Orlicz space Lఝכ.In fact 
Lఝכ=൫Lఝכ, ԡ. ԡఝכ൯  is complete. We need to  prove two lemmas then we can show that  Lఝכ  
is a Banach space. 
 
Lemma 2.4.1[4]: Let  ߮א כ ΦሺΩሻ and µሺΩሻ ൏ ∞ .Then every  ԡ. ԡఝכ- Cauchy sequence  is 
also a Cauchy sequence with respect to convergence in measure . 
 
Proof: Fixed ߝ ൐ 0 and let  ௧ܸ ൌ ሼݔ א Ω ׷ ,ݔሺכ߮  ሻݐ ൌ 0ሽ for ݐ ൐ 0.Since ߮כሺݔ,  ሻ isݐ
measurable function of ݔ then   ௧ܸ is measurable. For all ݔ א Ω ,  ߮כሺݔ,  ሻ  is  Φ- function ofݐ
the variable t then  ߮כሺݔ, ,ݔሺכ߮∞ሻ is non-decreasing with respect to t and lim ௧՜ݐ ሻݐ ൌ ∞, 
so   ௧ܸ ՝ ݐ as ׎ ՜ ∞ .Therefore Lim௧՜∞ µሺV୲ሻ ൌ µሺ׎ሻ ൌ 0 .Since ߤሺΩሻ ൏ ∞ and   ௧ܸ ك Ω 
then there exist ܭ א Գ such that   ߤሺ ௄ܸሻ ൏ ܧ Let .ߝ ؿ Ω  be a ߤ -measurable set and define 
the measure  

ሻܧ௄ሺߥ ؔ ாሻ߯ܭሺכఝߩ ൌ න߮כሺݔ, ߤሻ݀ܭ
 

ா
  

 
If ܧ is ߤ -measurable set with ߥ௄ሺܧሻ ൌ 0 then  ߮כሺݔ, ሻܭ ൌ 0  ܽ. ݁ ሾߤሿ     
ݔ  א E. Now since   ௄ܸ ൌ ሼݔ א Ω ׷ ,ݔሺכ߮  ሻܭ ൌ 0ሽ and ݔ א \ܧwe have  µሺ ܧ ௄ܸሻ ൌ 0 
.Hence ߤ|Ω\ ௏಼ ا  \௄. Because ሺΩߥ ௄ܸሻ ك Ω we get µሺΩ\ ௄ܸሻ ൑ ሺΩሻߤ  ൏ ∞ .Then there 
exist ߜ א ሺ0,1ሻ such that ߥ௄ሺܧሻ ൑ \ሺEߤ implies ߜ ௄ܸሻ ൑ ,ሺrefሾ6ሿ   ߝ Theorem 30. Bሻ . 
Suppose ሼ ௡݂ሽ is a Cauchy sequence in ԡ. ԡఝכ then there exist ݇଴ א  Գ such that far all 
݉, ݊ ൒ ݇଴ we  have ฮK εିଵδିଵሺ ௠݂ െ ௡݂ሻฮఝכ ൑ 1. For ݉, ݊ ൒ ݇଴ ,by Theorem2.2.2 and by 
(2.2.4)we have 

ε ܭ൫כఝߩ
ିଵሺ ௠݂ െ ௡݂ሻ൯ ൑ δߩఝכ ቀܭ ε

ିଵδିଵሺ ௠݂ െ ௡݂ሻቁ ൑  ߜ

Let us set  ܧ௠,௡,ε ؔ ሼݔ א Ω: | ௠݂ሺݔሻ െ ௡݂ሺݔሻ| ൒ εሽ want to show that ߤ൫ܧ௠,௡,ε൯ ൏ ߝ ′ for 
ߝ ݈݈ܽ ′ ൐ 0.Now                                                                   

௠,௡,ε൯ܧ௄൫ߥ                   ൌ  ா೘,೙,ε൯߯ܭ൫כఝߩ

    ൌ න ,ݔሺכ߮ ߤሻ݀ܭ
 

ா೘,೙,ε

 ൑ ε ܭ൫כఝߩ
ିଵሺ ௠݂ െ ௡݂ሻ൯ ൑  ߜ

 As above since  ߤ|Ω\ ௏಼ ا ௠,௡,ε൯ܧ௄൫ߥ ௄ andߥ ൑   then ߜ
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 µሺܧ௠,௡,ε\ ௄ܸሻ ൑ ሺߤ  With.  ߝ ௄ܸሻ ൏ ௠,௡,ε൯ܧ൫ߤ  we have ߝ ൏ ߝ choose, ߝ2 ′ ൌ  and since ߝ2
ߝ ൐ 0 was arbitrary .This proves that ሼ ௡݂ሽ is a Cauchy sequence in measure. 

If ԡ ௡݂ԡఝכ ՜ 0, then as above there exist ܭ א Գ such  that 

|ሺሼߤ                           ௡݂| ൒ ሽሻߝ ൑ ݊ for all ߝ2 ൒ thus  ௡݂ ܭ ఓ
՜ 0 . 

Lemma 2.4.2[4]: Let  ߮א כ ΦሺΩሻ .Then every ԡ. ԡఝכ - Cauchy sequence   ሼ  ௡݂ሽ ؿ Lఝכ has a 
subsequence which converge  almost everywhere  to a measurable function ݂. 

Proof : Recall that ߤ is ߪ- finte . Let Ω ൌ ڂ ∞௜ܣ
௜ୀଵ with  ܣ௜ pairwise  disjoint and              

௜ሻܣሺߤ ൏ ∞ for all ݅ א  Գ . Then by  Lemma 2.4.1 , ሼ ௡݂ሽ is a Cauchy  sequence with respect 
to convergence in measure on ܣଵ therefore there exist a measurable function ݂: ଵܣ ՜ ॶ 
such that  ௡݂ ఓ

՜݂ and by Theorem 1.5.1 there exist a subsequence ൛ ௡݂భൟ of ሼ ௡݂ሽ which 

converge  ܽ. ݁ to ݂.Rrepeating this argument for every  ܣ௜ and passing to the diagonal 
sequence we get a subsequence ቄ ௡݂ೕቅ and a measurable function ݂: Ω ՜ ॶ such that              

௡݂ೕ ՜ ݂   ܽ. ݁ on Ω.   
                                                                                                                                                                  
Theorem 2.4.1[4]: Let  ߮כ א ΦሺΩሻ . Then LఝכሺΩሻ is a Banach space . 
 
Proof: Let  ሼ ௡݂ሽ be  a Cauchy sequence in  Lఝכ then want to show ሼ ௡݂ሽ is convergent in 
Lఝכ.  By Lemma 2.4.2 there exist a subsequence  ቄ ௡݂ೕቅ and  a measurable function            

݂: Ω ՜ ॶ such that ௡݂ೕ ՜ ݂   ܽ. ݁ on Ω so that  ቚ ௡݂ೕሺݔሻ െ ݂ሺݔሻቚ ՜ 0 ܽ. ݁ on Ω .This implies 

כ߮ ቀݔ, ቚ ௡݂ೕሺݔሻ െ ݂ሺݔሻቚቁ ՜ 0   ܽ. Ω  .Let ൐ ݊݋ ݁ 0 and 0 ൏ ߝ ൏ 1 , since ሼ ௡݂ሽ is  a Cauchy 
sequence thus there exist ܭ ൌ ,ߣሺܭ ሻߝ א Գ such that  ԡߣ ሺ ௠݂ െ ௡݂ሻԡఝכ ൏ ߝ ൏ 1 for all 
݉, ݊ ൒ ሺ ߣሺכఝߩ   which implies ܭ ௠݂ െ ௡݂ሻሻ ൑ ε by Theorem 2.2.2. Therefore by Fatou's 
Lemma (Theorem1.5.2) 
 

ሺ ߣ൫         כఝߩ                      ௠݂ െ ݂ሻ൯ ൌ න߮כሺݔ, ሺ ߣ| ௠݂ െ ݂ሻሺݔሻ|ሻ
 

Ω
 ݔ݀ 

                            ൌ න כ߮ ൬ݔ, ฬߣ  ൬ ௠݂ െ lim
௝՜ஶ ௡݂ೕ൰ ሺݔሻฬ൰

 

Ω
 ݔ݀ 

                           ൌ න lim
௝՜ஶ

כ߮  ቀݔ, ߣ ቚ ቀ ௠݂ െ ௡݂ೕቁ ሺݔሻቚቁ
 

Ω
 ݔ݀ 

                             ൑ lim න כ߮  ቀݔ, ቚߣ ቀ ௠݂ െ ௡݂ೕ 
ቁ ሺݔሻቚቁ

 

Ω
 ݔ݀ 

                                                     ൌ lim ߩఝכሺߣ ሺ ௠݂ െ ௡݂ೕሻሻ ൑ ε   

Hence ߩఝכ൫ߣ ሺ ௠݂ െ ݂ሻ൯ ՜ ݉ ݏܽ 0 ՜ ∞ for all  ߣ ൐ 0  and by Lemma 2.2.2 we have 
ԡ  ௡݂ െ ݂ԡఝכ ՜ 0 thus ሼ ௡݂ሽ is converges in Lఝכ and since ሼ ௡݂ሽ is arbitrary then Lఝכ is 
complete  .we conclude that  LఝכሺΩሻ is a Banach space . 
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 The next lemma has the analogues of the classical Lebesgue integral convergence results . 

Lemma 2.4.3[4]: Let  ߮כ א ΦሺΩሻ and ௞݂, ݂, ݃ א L଴ሺΩሻ .Then  

(a) If ௞݂ ՜ ݂   ܽ. ݁ on Ω, ሺ݂ሻכఝߩ ݄݊݁ݐ ൑ lim  ߩఝכሺ ௞݂ሻ . 
(b) If  | ௞݂|   ՛ |݂|   ܽ. ݁  on Ω  , ሺ݂ሻכఝߩ ݄݊݁ݐ ൌ lim௞՜∞ ሺכఝߩ  ௞݂ሻ . 
(c) If ௞݂ ՜ ݂   ܽ. ݁ on Ω  ,  | ௞݂| ൑ |݃|   ܽ. ݁ on Ω  , and  ߩఝכሺ݃ߣሻ ൏ ∞   

for every ߣ ൐ 0  , then    ௞݂ ՜ ݂ in  Lఝכ . 

These properties are called Fatou's lemma (for the modular) , Monotone Convergence 
Theorem(for the modular),Lebesgue Convergence  Theorem(for the modular). 

Proof: (a)  By Fatou's lemma (Theorem1.5.2) 

ሺ݂ሻכఝߩ  ൌ න߮כሺݔ, |݂ሺݔሻ|ሻ
 

Ω
    ݔ݀ 

                       ൌ න כ߮ ቀݔ, ቚ lim௞՜ஶ ௞݂ሺݔሻቚቁ
 

Ω
 ݔ݀ 

                               ൌ න כ߮ ቀݔ, lim௞՜ஶ| ௞݂ሺݔሻ|ቁ
 

Ω
             ݔ݀ 

                  ൌ   න lim
௞՜ஶ

,ݔሺכ߮ | ௞݂ሺݔሻ|ሻ
 

Ω
 ݔ݀ 

                 ൑    limන߮כሺݔ, | ௞݂ሺݔሻ|ሻ
 

Ω
   ݔ݀ 

ൌ lim  ߩఝכሺ ௞݂ሻ 

 
ሺbሻ Let  | ௞݂|   ՛ |݂|   ܽ. ݁ .Since ߮כሺݔ,  we have ݐ ሻ is non‐decreasing ofݐ

0 ൑ ,ݔሺכ߮ | ௞݂ሺݔሻ|ሻ ՛ ,ݔሺכ߮ |݂ሺݔሻ|ሻ  ܽ . ݁ on  Ω  
 
So by Monotone Convergence Theorem we get , 

ሺ݂ሻכఝߩ      ൌ න߮כሺݔ, |݂ሺݔሻ|ሻ
 

Ω
 ݔ݀ 

 

                                        ൌ න כ߮ ቀݔ, lim௞՜ஶ| ௞݂ሺݔሻ|ቁ
 

Ω
            ݔ݀ 

                  
                                  

                 ൌ   න lim
௞՜ஶ

,ݔሺכ߮ | ௞݂ሺݔሻ|ሻ
 

Ω
 ݔ݀
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  ൌ    lim
௞՜ஶ

න߮כሺݔ, | ௞݂ሺݔሻ|ሻ
 

Ω
ݔ݀  ൌ lim

௞՜ஶ
ሺכఝߩ   ௞݂ሻ 

 
(c) Assume   ௞݂ ՜ ݂   ܽ. ݁  ,| ௞݂| ൑ |݃|   ܽ. ݁  , and ߩఝכሺ݃ߣሻ ൏ ∞  for every 
ߣ  ൐ 0 then | ௞݂ െ ݂   | ՜ 0  a.e ݊݋ Ω  , |݂| ൌ lim

௞՜∞
| ௞݂ሺݔሻ| ൑   lim௞՜∞|݃| ൌ |݃| and                    

| ௞݂ െ ݂   | ൑ 2|݃|.Since  ߩఝכሺ2݃ߣሻ ൏ ∞  then by Lebesgue Convergence  Theorem we 
have 

   lim
௞՜ஶ

|ߣሺכఝߩ    ௞݂ െ ݂|ሻ ൌ lim
௞՜ஶ

න߮כሺݔ, ሺ|ߣ ௞݂ െ ݂ሻሺݔሻ|ሻ
 

Ω
          ݔ݀ 

                          ൌ lim
௞՜ஶ

න߮כሺݔ, |ߣ ௞݂ሺݔሻ െ ݂ሺݔሻ|ሻ
 

Ω
                  ݔ݀ 

         ൌ න lim
௞՜ஶ

,ݔሺכ߮ |ߣ ௞݂ሺݔሻ െ ݂ሺݔሻ|ሻ
 

Ω
 ݔ݀ 

      ൌ න כ߮ ቀݔ, ߣ lim௞՜ஶ| ௞݂ሺݔሻ െ ݂ሺݔሻ|ቁ
 

Ω
      

                                                      ൌ න߮כሺݔ, 0ሻ ൌ 0
 

Ω
  

Since ߣ ൐ 0  was arbitrary then by  Lemma 2.2.2 we have ԡ  ௞݂ െ ݂ԡఝכ ՜ 0 which  implies 
that ௞݂ ՜ ݂ in   Lఝכ . 

Note that  if  ߮א כ ΦሺΩሻ , ߮כ is positive then  in addition to modular condition of    
modular 

ሺ݂ሻכఝߩ                ؔ  න߮כሺݔ, |݂ሺݔሻ|ሻ
 

Ω
 ݔ݀ 

is also monotone  complete modular function. 

Theorem 2.4.2[3]: Let ߮ , ߰ א ΦሺΩሻ ,߰,߮ are positive .Then  LఝሺΩሻ ك Lట(Ω) if and only 
if there exist ݇, ܭ ൐ 0 and ܿሺݔሻ א LଵሺΩሻ such that  

߰ሺݔ, ሻݐ݇ ൑ ,ݔሺ߮ܭ ሻݐ ൅ ܿሺݔሻ                     ሺכሻ 

For all ݐ ൒ 0 and ܽ. ݁ on  Ω .                                                                                                                           

Proof:  Assume ሺכሻ is satisfied and let  ݂ א LఝሺΩሻ then want to show that ݂ א LటሺΩሻ. 
Since  ݂ א LఝሺΩሻ then ݂: Ω ՜ Թ is measurable function and 

න߮ሺݔ, ሻ|ሻݔሺ݂ߣ|
 

Ω
ݔ݀  ൏ ߣ ݁݉݋ݏ ݎ݋݂  ∞ ൐ 0 

                                                                                                                                                                          
Then 

   න߮ሺݔ, ሻ|ሻݔሺ݂|ߣ
 

Ω
ݔ݀  ൏ ߣ ݁݉݋ݏ ݎ݋݂ ∞ ൐ 0   
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But  ሺכሻ is satisfied for all ݐ ൒ 0 and ܽ. ݁ on  Ω thus if we take ݇ ൌ ݐ and ߣ ൌ |݂ሺݔሻ| then 
we have  

                 ߰ሺݔ, ሻ|ሻݔሺ݂|ߣ ൑ ,ݔሺ߮ܭ |݂ሺݔሻ|ሻ ൅ ܿሺݔሻ          ܽ. ݁ on  Ω                                            

And since ߮ሺݔ, ,ݔሻ is non- decreasing of t then ߮ሺݐ |݂ሺݔሻ|ሻ ൑ ߮ሺݔ,  ሻ|ሻ forݔሺ݂|ߣ
some   ߣ ൐ 0 so that  

                 ߰ሺݔ, ሻ|ሻݔሺ݂|ߣ ൑ ,ݔሺ߮ܭ ሻ|ሻݔሺ݂|ߣ ൅ ܿሺݔሻ        ܽ. ݁ on  Ω    

Hence , 

න߰ሺݔ, ሻ|ሻݔሺ݂ߣ|
 

Ω
ݔ݀  ൑ ,ݔන߮ሺܭ  ሻ|ሻݔሺ݂|ߣ

 

Ω
ݔ݀  ൅ නܿሺݔሻ ݀ݔ

 

Ω
 

 

Now  ܿሺݔሻ א LଵሺΩሻ thus ׬ |ܿሺݔሻ| ݀ݔ 
ஐ  ൏ ∞ , moreover ׬ ߮ሺݔ,  ሻ|ሻݔሺ݂ߣ|

ஐ ݔ݀  ൏ ∞  

ߣ  ݁݉݋ݏ ݎ݋݂  ൐ 0, therefore 

න߰ሺݔ, ሻ|ሻݔሺ݂ߣ|
 

Ω
ݔ݀  ൏ ߣ ݁݉݋ݏ ݎ݋݂  ∞ ൐ 0   

Which implies that  ݂ א LటሺΩሻ. This  proves that  LఝሺΩሻ ك Lట(Ω) .                                                         

Assume LఝሺΩሻ ك Lట(Ω) ,want to show that   ߰ሺݔ, ሻݐ݇ ൑ ,ݔሺ߮ܭ ሻݐ ൅ ܿሺݔሻ  ܽ. ݁ on  Ω .Let 
0 ൑ ௜ሺ݅ߙ ൌ 1,2,… ሻ be the sequence of all positive rational numbers .For any measurable 
set  ܧ with µሺܧሻ ൏ ∞ and for ߝ, ݇, ܭ ൐ 0 in Theorem 2.2.3 (b),we put 

௜ܧ ൌ ሼݔ: ߰ሺݔ, ሻݐ௜ߙ ൐ ,ݔሺ߮ܭ ௜ሻሽߙ ת  ሺ1ሻ       ܧ

And  

௜݂ሺݔሻ ൌ   ሻ            ሺ2ሻݔ௜߯ா೔ሺߙ

respectively , consider ߤሺܧ௜ሻ ് 0 .Since ߮ሺݔ, ௜ሻߙ ൏   ௜  we can defineܧ ݊݋  ∞

௜,௡ܧ    ൌ ሼݔ: ߮ሺݔ, ௜ሻߙ ൏ ݊ሽ ת ௜,௡ܧ  ௜ .So thatܧ ՛௡ୀଵ∞ ݊ ௜  for allܧ ൒ ݊଴ where  ݊଴ is 
sufficiently large such that  ߤሺܧ௜,௡ሻ ് 0 ,then ߩఝሺ ߙ௜߯ா೔,೙ሻ ൏ ௜߯ா೔,೙ߙ  ݀݊ܽ  ߝ א L

ఝ.Since if 

otherwise we have ߩఝ൫ ߙ௜߯ா೔,೙൯ ൒  and so  from  eq. (1) ߝ

௜߯ா೔,೙൯ߙ݇ ట൫ߩ ൌ න߰൫ݔ, ݔ௜߯ா೔,೙൯݀ߙ݇ 
 

Ω
 

                    ൌ  න ߰ሺݔ, ݔ௜ሻ݀ߙ݇ 
 

ா೔,೙
 

                  ൐ ܭ  න ߮ሺݔ, ݔ௜ሻ݀ߙ
 

ா೔,೙
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   ൌ ,ݔන߮൫ܭ  ݔ௜߯ா೔,೙൯݀ߙ 
 

Ω
      

                                                            ൌ        ௜߯ா೔,೙൯ߙ ఝ൫ߩܭ

Which contradiction to Theorem2.2.3(b). Therefore 

  
௜߯ா೔,೙ߙ  ՛௡ୀଵ

∞ ௜߯ா೔,೙ሻߙ ఝሺߩ ݀݊ܽ  ൏    ߝ
We  have 
                                 ௜݂ ൌ ڂ ௜߯ா೔,೙ߙ א

∞
௡ୀଵ Lఝ ܽ݊݀  ߩఝሺ ௜݂ሻ ൏   ߝ

 
by eq. (1) and  Theorem2.2.3(b) as above . Here putting  ݕ௡ ൌ ڂ ௜݂

∞
௜ୀଵ   , hence we have  a 

sequence of step functions 0 ൑ ௡ݕ  ՛௡ୀଵ∞  and  ݕ௡ א Lఝ.Now since  ݕ௡ is step function and 
every step function is simple function then we have  ݕ௡ ൌ ∑ ௜ೝ߯ாሺೝሻߙ

௡
௥ୀଵ  for ߙ௜భ ൏ ௜మߙ … ൏

௜೙ with ሺ݅௥ߙ ൌ ݎ ൌ 1,2, …݊) and for the sequence of disjoint sets                       
ሺ௥ሻܧ ൌ ௜ೝܧൣ െ ൫ڂ ௜ೝܧ

௥ିଵ
௣ୀଵ ൯൧ ת                    ௜ . Now by eq. (1) andܧ ௜ೝ which are subset ofܧ

Theorem 2.2.3(b)  we have  for ݊ ൒ 1, 
 

௡ሻݕటሺ݇ߩ                            ൌ න߰൫ݔ, ݔሻ൯݀ݔ௡ሺݕ݇ 
 

Ω
         

                                                  

                                              ൌ න ߰ ൬ݔ, ݇෍ ௜ೝ߯ாሺೝሻߙ
௡

௥ୀଵ
ሺݔሻ൰ ݔ݀

 

Ω
 

                                  ൌ ෍ න߰൫ݔ,   ሺby Theorem 1.5.4ሻ           ݔሻ൯݀ݔ௜ೝ߯ாሺೝሻሺߙ݇
 

Ω

௡

௥ୀଵ
 

                       

                 ൌ ෍ න ߰൫ݔ,                ݔ௜ೝ൯݀ߙ݇
 

ாሺೝሻ

௡

௥ୀଵ
                            

 

                                               ൐ ෍ න ,ݔ൫ ߮ܭ               ݔ௜ೝ൯݀ߙ
 

ாሺೝሻ

௡

௥ୀଵ
 

                                  

   ൌ නܭ ߮ ൬ݔ,෍ ௜ೝߙ
௡

௥ୀଵ
൰                ݔ݀

 

ாሺೝሻ
         

                                                

    ൌ නܭ ߮ ൬ݔ,෍ ሻݔ௜ೝ߯ாሺೝሻሺߙ
௡

௥ୀଵ
൰               ݔ݀

 

 

Ω
 

     ൌ නܭ ߮൫ݔ, ݔሻ൯݀ݔ௡ሺݕ  ൌ             ௡ሻݕఝሺߩܭ 
 

 

Ω
 

Thus we have  ߩఝሺݕ௡ሻ ൏ which implies that  sup௡  ߝ ௡ሻݕఝሺߩ ൏ ߝ ൏ ∞ . Since                       
0 ൑ ௡ݕ  ՛௡ୀଵ∞  and  sup௡ ௡ሻݕఝሺߩ ൏ ∞ then ݕா ൌ ڂ ௡ݕ א Lఝ∞

௡ୀଵ  because ߩఝ is monotone 
complete ,and furthermore ߩఝሺݕாሻ ൏ ாሻݕటሺ݇ߩ then by Theorem 2.2.3 (a) we have  ߝ ൏  .ߛ
By our hypothesis Lఝ ك Lట and since  ݕா א Lఝ then ݕா א Lట.If we let                        
ܵ௡ ൌ ሼݔ: ߰ሺݔ, ሻݐ௡ߙ ൐ ,ݔሺ߮ܭ ݊  ௡ሻሽ then forߙ ൒ 1we get  
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                 ߰ሺݔ, ௡ሻߙ݇ ൑ ቐ
߰൫ݔ, ݔ ݈݈ܽ ݎ݋݂           ሻ൯ݔாሺݕ݇ א ௡ܧ

 
,ݔሺ߮ܭ ݔ ݈݈ܽ ݎ݋݂          ௡ሻߙ א ܵ௡௖ ת  ܧ

 

The sequence ሼݕாሽ in which every ݕா is depending on ܧ with measure ߤሺܧሻ ൏ ∞ therefore 
we can construct a sequence 0 ൑ ாݕ  ՛ఓሺாሻழ∞    . Since ߩఝሺݕாሻ ൏ then  supா   ߝ ாሻݕఝሺߩ ൏ ∞ 
then exist ݕ଴ ൌ ڂ ∞ாఓሺாሻழݕ  א Lఝ so that ݕ଴ א Lటand ߩటሺ݇ݕ଴ሻ ൏  by the same reason ߛ
state above  . Thus for all positive ݐ ൒ 0 we have 
                      
                   ߰ሺݔ, ሻݐ݇ ൑ ,ݔሺ߮ܭ ሻݐ ൅ ߰൫ݔ, .ܽ                 ሻ൯ݔ଴ሺݕ݇ ݁ on  Ω . 
 
Since ߩటሺ݇ݕ଴ሻ ൏ ,ݔthen ߰൫ ߛ ሻ൯ݔ଴ሺݕ݇ א  LଵሺΩሻ . The prove is done 
ሻݔt  ܿሺݑ݌ ݁ݓ  ݂݅  ൌ  ߰൫ݔ,           .   ሻ൯ݔ଴ሺݕ݇
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Chapter Three 
(Weighted )Variable Exponent Lebesgue Spaces 

 
In this chapter we define Lebesgue spaces with variable exponents, L௣ሺ.ሻ.They differ from 
classical L௣ spaces in that the exponent ݌ is not constant but a function from Ω to 
ሾ1,∞ሿ.Also we define weighted variable exponent Lebesgue Spaces Lఠ

௉ሺ.ሻሺΩሻ  and 
noneffective weights in Variable Lebesgue Spaces , L௣ሺ.ሻ. The spaces L௣ሺ.ሻ fit into the 
framework of Musielak–Orlicz spaces Lఝכ and are therefore also semimodular spaces. 
 
In Section 3.1 we study L௣ሺ.ሻ properties. We have collection of properties that satisfied 
immediately from properties of Lఝכ .In section 3.2 we  study noneffective weights  in 
Variable Lebesgue Spaces  .We have more results which are linking noneffective weights 
by constant weights almost  everywhere on any subset Ω of Թ௡. We will denote the set of 
all measurable functions from Ω ݋ݐ Թ by L଴ሺΩሻ . 
 
Section3.1 variable exponent Lebesgue spaces 
 
For the definition of the variable exponent Lebesgue spaces it is necessary to introduce the 
kind of variable exponents ݌ሺ. ሻ that we are interested in. Let us also mention that main  
results on the basic properties on L௣ሺ.ሻ in this section is satisfied immediately from section 
2.2 ,section 2.4 . 
 
Definition 3.1.1: Let Ω ؿ Թ௡ and let (Ω,F, µ) be a σ-finite, complete measure space. We  
define  P(Ω, µ) :=P(Ω) to be  the set  of  all  measurable  functions  ݌: Ω → [1, ∞]. These 
functions  א ݌ P(Ω) are called variable exponents on Ω.  We define also ,for ܧ ؿ Ω ,that 
ሻܧାሺ݌ ൌ  ݏݏ݁ supா ∞ሻand  Ωܧሺ݌ ൌ  ሼݔ א Ω ׷ ሻݔሺ݌  ൌ ∞ሽ .For brevity ,we denote                 
ା݌ ൌ :݌  ାሺΩሻ  .We define also P1(Ω) to be the set of all measurable functions݌ Ω ՜ ሾ1,∞ሻ. 

In  section 2.3 we mentioned the generalized  Φ- function .Now we  will  give   an example 
of it  and an other example in section 3.2.  

Example 3.1.1: Let א ݌ P1(Ω) and ݂ א L଴ሺΩሻ.Then  ߮௣ሺ.ሻሺݔ, |݂ሺݔሻ|ሻ ൌ   |݂ሺݔሻ|௣ሺ௫ሻ is  
positive generalized  Φ- function .                      

Solution : Since in example 2.3.1 ߮௣ሺ.ሻሺݔ, |݂ሺݔሻ|ሻ  is positive  Φ- function   of  |݂ሺݔሻ| for 
every  ݔ א Ω and since ߮௣ሺ.ሻሺݔ, |݂ሺݔሻ|ሻ is measurable function of  ݔ for all |݂ሺݔሻ| ൒ 0  by 
Theorem 2.3.1 . We conclude that  ߮௣ሺ.ሻሺݔ, |݂ሺݔሻ|ሻ ൌ |݂ሺݔሻ|௣ሺ௫ሻ is positive generalized  Φ- 
function .                      

 We will give other example of modular function which defined it in section 2.2 . 

Example 3.1.2:If  א ݌ P1(Ω)  then  

௣ሺ.ሻሺ݂ሻߩ ൌ න |݂ሺݔሻ|௣ሺ௫ሻ݀ݔ
 

Ω
 

is a modular function on L଴ሺΩሻ. 
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Solution: Since ߮௣ሺ.ሻሺݔ, |݂ሺݔሻ|ሻ ൌ |݂ሺݔሻ|௣ሺ௫ሻ א ΦሺΩሻ, ߮௣ሺ.ሻ is positive  by Example 3.1.1 
and ݂ א L଴ሺΩሻ  then by Theorem  2.3.1 
 

௣ሺ.ሻሺ݂ሻߩ    ൌ න߮௣ሺ.ሻሺݔ, |݂ሺݔሻ|ሻ݀ݔ
 

Ω
ൌ න|݂ሺݔሻ|௣ሺ௫ሻ݀ݔ

 

Ω
 

 
is a modular function on L଴ሺΩሻ .  
 
Definition 3.1.2:( Variable Exponent Lebesgue Space ࢖ۺሺ.ሻሺષሻ) 
Let Ω, F , µ) be a σ-finite, complete measure space and ݌ሺ. ሻ א P(Ω) Then we defined 
variable exponent Lebesgue Space  L௣ሺ.ሻሺΩ, μሻ by  
 

L௣ሺ.ሻሺΩ,µሻ ൌ ൛݂ א L଴ሺΩሻ  หߩ௣ሺ.ሻሺ݂ߣሻ ൏ ߣ ݁݉݋ݏ ݎ݋݂ ∞ ൐ 0ൟ 
 
With  modular function 

௣ሺ.ሻሺ݂ሻߩ ൌ න |݂ሺݔሻ|௣ሺ௫ሻ݀ݔ ൅ ԡ݂ԡ୐∞ሺΩ∞ሻ

 

Ω Ω∞⁄
 

 
To simplify , we write L௣ሺ.ሻሺΩሻ, or L௣ሺ.ሻ when the measure space has been specified . 
                                                                                                                                                                           
Note that if µሺΩ∞ሻ ൌ 0 then  ԡ݂ԡ୐∞ሺΩ∞ሻ  =0 and so                                                                                         

௣ሺ.ሻሺ݂ሻߩ ൌ න |݂ሺݔሻ|௣ሺ௫ሻ݀ݔ
 

Ω Ω∞⁄
 

And  if  µሺΩ Ωஶ⁄ ሻ ൌ 0 then by  Theorem 1.4.1(4)  we  have 
  

න |݂ሺݔሻ|௣ሺ௫ሻ݀ݔ
 

ஐ ஐಮ⁄
ൌ 0 

So  that 
 
௣ሺ.ሻሺ݂ሻߩ                                                   ൌ ԡ݂ԡ୐ಮሺஐಮሻ 
                                                                                                                                               
Since  L௣ሺ.ሻሺΩሻ is  LఝכሺΩሻ  then L௣ሺ.ሻሺΩሻ can be equipped  Luxemburg  norm ,  
 

ԡ݂ԡ௣ሺ.ሻ ൌ ݂݅݊ ൜ߣ ൐ ௣ሺ.ሻߩ  :0 ൬
݂
൰ߣ ൑ 1ൠ 

The next result  follows  from  Theorem 2.2.2 and  Corollary 2.2.1  . We will deal with 
variable  exponent  instead constant exponent in definition of modular function ߩ௣ሺ.ሻሺ݂ሻ . 

Theorem 3.1.1[4]: If  א ݌ P(Ω) and ݂ א  L௣ሺ.ሻሺΩሻ then  

 (a) ԡ݂ԡ௣ሺ.ሻ  ൑ ௣ሺ.ሻሺ݂ሻߩ ݀݊ܽ 1 ൑ 1 are equivalent .  

 (b) If ߩ௣ሺ.ሻ is continuous ,then  ԡ݂ԡ௣ሺ.ሻ  ൏ 1 and ߩ௣ሺ.ሻሺ݂ሻ ൏ 1  are equivalent.  

 (c) If ߩ௣ሺ.ሻ  is continuous, thenԡ݂ԡ௣ሺ.ሻ  ൌ 1 and ߩ௣ሺ.ሻሺ݂ሻ ൌ 1 are equivalent . 
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Proof: (a)   If ߩ௣ሺ.ሻሺ݂ሻ ൑ 1  then ԡ݂ԡ௣ሺ.ሻ ൑ 1 by definition of  ԡ. ԡ௣ሺ.ሻ .On  

 other hand if ԡ݂ԡ௣ሺ.ሻ  ൑ 1  Indeed, let  ԡ݂ԡ௣ሺ.ሻ  ൑ ݑ ൑ 1 then 

௣ሺ.ሻߩ  ቀ
௙
௨
ቁ ൑ 1 thus                                                                                 

௣ሺ.ሻሺ݂ሻߩ ൌ ௣ሺ.ሻߩ ൬ݑ
݂
൰ݑ ൑ ௣ሺ.ሻߩ ݑ ൬

݂
൰ݑ ൑ 1 

Let  ߩ௣ሺ.ሻ  is continuous .If ԡ݂ԡ௣ሺ.ሻ ൏ 1 then there exist ߣ ൏ 1 with 

௣ሺ.ሻߩ  ቀ
௙
ఒ
ቁ ൑ 1 . It follows that by (2.2.4) ߩ௣ሺ.ሻሺ݂ሻ ൌ ௣ሺ.ሻߩ ቀߣ

௙
ఒ
ቁ ൑ ௣ሺ.ሻߩߣ ቀ

௙
ఒ
ቁ ൑ ߣ ൏ 1 .On 

other hand let ߩ௣ሺ.ሻሺ݂ሻ ൏ 1 and since ߩ௣ሺ.ሻ is continuous then ߩ௣ሺ.ሻ is right- continuous so 
that there exist ߛ ൐ 1 such  that 

ሻ݂ߛ௣ሺ.ሻሺߩ ൌ ௣ሺ.ሻሺ݂ሻߩ ൏ 1 ൑ 1 

Hence by ሺaሻ we have ԡ݂ߛԡ௣ሺ.ሻ ൑ 1 thus ԡ݂ԡ௣ሺ.ሻ ൑
ଵ
ఊ
൏ 1. 

ሺcሻ The  equivalence of  ԡ݂ԡ௣ሺ.ሻ ൌ 1 and ߩ௣ሺ.ሻሺ݂ሻ ൌ 1 follows immediately from 
ሺaሻandሺbሻ . 

Corollary 3.1.1[4]: If  א ݌ P(Ω) and ݂ א L௣ሺ.ሻሺΩሻ then 

ሺ1ሻ          If ԡ݂ԡ௣ሺ.ሻ  ൑ 1, then ߩ௣ሺ.ሻሺ݂ሻ ൑ ԡ݂ԡ௣ሺ.ሻ 
ሺ2ሻ If  ԡ݂ԡ௣ሺ.ሻ  ൐ 1, then ߩ௣ሺ.ሻሺ݂ሻ ൐ ԡ݂ԡ௣ሺ.ሻ 

Proof:  (1) The claim is obvious for ݂ ൌ 0. Assume 0 ൏ ԡ݂ԡ௣ሺ.ሻ ൑ 1 then by (a) in 

Theorem 3.1.1 and since  ฯ ௙
  ԡ௙ԡ೛ሺ.ሻ

ฯ
௣ሺ.ሻ 

ൌ 1 ൑ 1  we have  

௣ሺ.ሻߩ  ൬
௙

  ԡ௙ԡ೛ሺ.ሻ
൰ ൑ 1 ,it follows that by (2.2.4) 

1
  ԡ݂ԡ௣ሺ.ሻ

௣ሺ.ሻሺ݂ሻߩ ൌ
1

  ԡ݂ԡ௣ሺ.ሻ
௣ሺ.ሻߩ ቆ  ԡ݂ԡ௣ሺ.ሻ

݂
  ԡ݂ԡ௣ሺ.ሻ

ቇ
  

 

                     ൑
  ԡ݂ԡ௣ሺ.ሻ
  ԡ݂ԡ௣ሺ.ሻ

௣ሺ.ሻߩ ቆ
݂

  ԡ݂ԡ௣ሺ.ሻ
ቇ ൑ 1 

Hence 

௣ሺ.ሻሺ݂ሻߩ  ൑  ԡ݂ԡ௣ሺ.ሻ  

  (2) If  ԡ݂ԡ௣ሺ.ሻ  ൐ 1 , then for 1 ൏ ߣ ൏ ԡ݂ԡ௣ሺ.ሻ  we get 1 ൏ ௣ሺ.ሻߩ ቀ
௙
ఒ
ቁ  . Since ߣ ൏ ԡ݂ԡ௣ሺ.ሻ  

then ԡ݂ԡ௣ሺ.ሻ  ൌ ߣ ൅ ܽ where  ܽ ൐ 0 .By (2,2,4) , 
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1 ൏ ௣ሺ.ሻߩ ൬
݂
൰ߣ ൑

1
  ௣ሺ.ሻሺ݂ሻߩ ߣ

Thus ߣ ൑ ሻ  and since  ܽ ൐ݔ௣ሺ.ሻሺߩ 0 was arbitrary then ߩ௣ሺ.ሻሺ݂ሻ ൐ ԡ݂ԡ௣ሺ.ሻ  .                                               

Let us give those properties of  L௣ሺ.ሻሺΩሻ  derived directly by applying the results of Chap. 2 
.From Theorem 2.4.1we derive 

Theorem 3.1.2[4]:  If  ݌  .PሺΩሻ then  L௣ሺ.ሻሺΩሻ is a Banach spaceא

Proof: Let ݌ ሺ݂ሻכ߮ ሺΩሻ whereכLఝ ݏ݅  PሺΩሻ. Since  L௣ሺ.ሻሺΩሻא ൌ |݂ሺݔሻ|௣ሺ.ሻ or                     
ሺ݂ሻכ߮ ൌ ԡ݂ԡ୐∞ሺஐ∞ሻ ,then by Theorem 2.4.1we have  L௣ሺ.ሻሺΩሻ is a Banach space . 

      As Lemma 2.4.3, In analogy with the properties for the integral, the next lemma will be 
called Fatou’s lemma (for the modular), monotone convergence  and dominated 
convergence, respectively. 
 
Lemma 3.1.1[4]: Let  ݌ PሺΩሻ and ௞݂א , ݂, ݃ א L଴ሺΩሻ .Then  

(a) If ௞݂ ՜ ݂   ܽ. ݁ Ω , then ߩ௣ሺ.ሻሺ݂ሻ ൑ lim ߩ௣ሺ.ሻሺ ௞݂ሻ . 
(b) If  | ௞݂|   ՛ |݂|   ܽ. ݁ Ω , then ߩ௣ሺ.ሻሺ݂ሻ ൌ lim௞՜∞ ௣ሺ.ሻሺߩ ௞݂ሻ . 
(c) If ௞݂ ՜ ݂   ܽ. ݁  on  Ω ,  | ௞݂| ൑ |݃|   ܽ. ݁ Ω , and ߩ௣ሺ.ሻሺ݃ߣሻ ൏ ∞   for every 

ߣ  ൐ 0  then    ௞݂ ՜ ݂ in  L௣ሺ.ሻ . 

Proof: By the same reason in Theorem 3.1.2 and by Lemma 2.4.3 then the proof will be 
done immediately . 

 
Section 3.2 Noneffective Weights in Variable Lebesgue Spaces 
 
We define in section 2.1 , Lఠ

௣ ሺΩሻ where 1൑ ݌ ൏ ∞ is constant  and ߱ሺݔሻ is  weighted 
function  . Also we define in section 3.1, L௣ሺ.ሻሺΩሻ where ݌  PሺΩሻ . Below we will defineא
 Lఠ
௣ሺ.ሻሺΩሻ space where ݌  . PሺΩሻ  we also see that  this space  is Banach  spaceא

 
Our aim in this section is  to study  noneffective weights in the framework  of variable 
exponent Lebesgue spaces, This means  what are the necessary and sufficient conditions 
that needed to get the variable exponent Lebesgue spaces is equal  to weighted variable 
exponent  Lebesgue space ሺi. e  L௣ሺ.ሻ ൌ Lఠ

௣ሺ.ሻሺΩሻሻ  up to the equivalence of norms.    
 
As is section 3.1 we give an other example of   generalized  Φ- function as we defined  in  
section 2.3.  
 
Example 3.2.1: Let א ݌ P1(Ω) , ߱ሺݔሻis weight function   and ݂ א L଴ሺΩሻ. Then 
߮ఠ,௣ሺ.ሻሺݔ, |݂ሺݔሻ|ሻ ൌ |݂ሺݔሻ|௣ሺ௫ሻ߱ሺݔሻ is positive generalized Φ- function.                          

Solution : Since in example 2.3.2 ߮ఠ,௣ሺ.ሻሺݔ, |݂ሺݔሻ|ሻ  is positive  Φ- function  of  |݂ሺݔሻ|  for 
every  ݔ א Ω and since ߮ఠ,௣ሺ.ሻሺݔ, |݂ሺݔሻ|ሻ is measurable function of  ݔ  for  all |݂ሺݔሻ| ൒ 0  
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by Theorem 2.3.1 . We conclude that  ߮ఠ,௣ሺ.ሻሺݔ, |݂ሺݔሻ|ሻ ൌ |݂ሺݔሻ|௣ሺ௫ሻ߱ሺݔሻ is positive 
generalized  Φ- function .                      

      We will give an other example of modular function which we defined in section 2.2 . 

Example 3.2.2: If  א ݌P1(Ω)  and  ߱ሺݔሻis weight function  then  
 

ఠ,௣ሺ.ሻሺ݂ሻߩ ൌ න |݂ሺݔሻ|௣ሺ௫ሻ߱ሺݔሻ݀ݔ
 

ஐ
 

Is a modular function on  L଴ሺΩሻ . 
                                                                                                                                                                           
Solution: Since  ߮ఠ,௣ሺ.ሻሺݔ, |݂ሺݔሻ|ሻ ൌ |݂ሺݔሻ|௣ሺ௫ሻ߱ሺݔሻ א ΦሺΩሻ, ߮௣ሺ.ሻ is postive 
by Example 3.2.1 and ݂ א L଴ሺΩሻ  then by Theorem 2.3.1 
 

ఠ,௣ሺ.ሻሺ݂ሻߩ ൌ න߮ఠ,௣ሺ.ሻሺݔ, |݂ሺݔሻ|ሻ݀ݔ
 

ஐ
ൌ න |݂ሺݔሻ|௣ሺ௫ሻ߱ሺݔሻ݀ݔ

 

ஐ
 

 
is a modular function on  L଴ሺΩሻ.  
 
Definition 3.2.1 : (weighted variable Lebesgue  space ; ࣓ۺ

                                                           ( ሺ.ሻሺΩሻ࢖

Let (Ω, F , µ) be a σ-finite, complete measure space , ݌ሺ. ሻ א P(Ω) and ߱ሺݔሻ is  weight  
function  .Then we define weighted variable exponent Lebesgue Space  Lఠ

௣ሺ.ሻሺΩ,µሻ by  

Lఠ
௣ሺ.ሻሺΩ,µሻ ൌ ൛݂ א L଴ሺΩሻ  หߩఠ,௣ሺ.ሻሺ݂ߣሻ ൏ ߣ ݁݉݋ݏ ݎ݋݂ ∞ ൐ 0ൟ 

 
With  modular function 

ఠ,௣ሺ.ሻሺ݂ሻߩ ൌ න |݂ሺݔሻ|௣ሺ௫ሻ߱ሺݔሻ݀ݔ ൅ ԡ݂߱ ԡ୐∞ሺஐ∞ሻ

 

ஐ ஐ∞⁄
 

 
To simplify , we write Lఠ

௣ሺ.ሻሺΩሻ, or Lఠ
௣ሺ.ሻ when the measure space has been specified . 

    Note that if ߤሺΩ∞ሻ ൌ 0 then  ԡ݂߱ ԡ୐∞ሺஐ∞ሻ ൌ 0 and so                                                                                 

ఠ,௣ሺ.ሻሺ݂ሻߩ ൌ න |݂ሺݔሻ|௣ሺ௫ሻ߱ሺݔሻ݀ݔ
 

ஐ ஐಮ⁄
 

 
And  if  µሺΩ Ωஶ⁄ ሻ ൌ 0 then by  Theorem 1.4.1(4)  we have  

න |݂ሺݔሻ|௣ሺ௫ሻ߱ሺݔሻ݀ݔ
 

ஐ ஐಮ⁄
ൌ 0 

so that  
ఠ,௣ሺ.ሻሺ݂ሻߩ                                                    ൌ ԡ݂߱ ԡ୐ಮሺஐಮሻ 
                                                                                                                                                                                              
Since  Lఠ

௣ሺ.ሻሺΩሻ is  LఝሺΩሻ where ߮ א ΦሺΩሻ then Lఠ
௣ሺ.ሻሺΩሻ can be equipped  Luxemburg  

norm ,  

ԡ݂ԡఠ,௣ሺ.ሻ ൌ ݂݅݊ ൜ߣ ൐ ఠ,௣ሺ.ሻߩ  :0 ൬
݂
൰ߣ ൑ 1ൠ 
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We can see that if ߱ሺݔሻ ൌ 1 then Lఠ
௣ሺ.ሻሺΩሻ ൌ L௣ሺ.ሻሺΩሻ and so in this case we say that  ߱ሺݔሻ 

is noneffective weight variable  exponent Lebesgue  space . We will  give general case of 
߱ሺݔሻ to be noneffective at the end of this section . 

                                                                                                                                                                           
We see that in Example 3.2.1 that if א ݌ P1(Ω) , ߱ሺݔሻ is weight function and                      
݂ א L଴ሺΩሻ then ߮ఠ,௣ሺ.ሻሺݔ, |݂ሺݔሻ|ሻ ൌ |݂ሺݔሻ|௣ሺ.ሻ߱ሺݔሻ is positive generalized Φ- function.We 
begin with following theorem, which is a consequence  of  results in this example and in 
Theorem 2.4.2 . 

Theorem 3.2.1[1]: Let Ω ؿ Թ௡, ݌ଵሺ. ሻ, ݌ଶሺ. ሻ א P(Ω) where ሺ݌ଵሻା ൏ ∞ , ሺ݌ଶሻା ൏ ∞ and 
߱ଵሺ. ሻ, ߱ଶሺ. ሻ are weights functions . Then 

                                                 Lఠభሺ.ሻ
௣భሺ.ሻ ሺΩሻ ؿ Lఠమሺ.ሻ

௣మሺ.ሻ ሺΩሻ 
if and only if  there   exist positive constants ܭଵ, ሻݔଶ and ܿሺܭ א LଵሺΩሻ such that 

ሻݔ௣మሺ௫ሻ߱ଶሺݐ ൑ ሻݔሻ௣భሺ௫ሻ߱ଵሺݐଶܭଵሺܭ ൅ ܿሺݔሻ     

For all ݐ ൐ 0 and ܽ. ݁ on  Ω  . 

Proof: If ݌ଵሺ. ሻ, .ଶሺ݌ ሻ   ଵሻା݌P(Ω) where ሺ א ൏ ∞ , ሺ݌ଶሻା ൏ ∞  then    

.ଵ ሺ݌  ሻ ൏ ∞   , .ଶሺ݌ ሻ  ൏ ∞  so that  ݌ଵሺ. ሻ, ݌ଶሺ. ሻא P1(Ω) thus 

߮ఠభ,௣భሺ.ሻሺݔ, |݂ሺݔሻ|ሻ ൌ |݂ሺݔሻ|௣భሺ௫ሻ߱ଵሺݔሻ 

And 
߮ఠమ,௣మሺ.ሻሺݔ, |݂ሺݔሻ|ሻ ൌ |݂ሺݔሻ|௣మሺ௫ሻ߱ଶሺݔሻ 

are positive generalized  Φ- function . Since Lఠ
௣ሺ.ሻሺΩሻ is LఝሺΩሻ where   ߮ א ΦሺΩሻ and   by  

Theorem 2.4.2 we have Lఠభሺ.ሻ
௣భሺ.ሻ ሺΩሻ ؿ Lఠమሺ.ሻ

௣మሺ.ሻ ሺΩሻ if and only if there exist ݇, ଵܭ ൐ 0  and 
ܿሺݔሻ א LଵሺΩሻ such that  

                      ߮ఠమ,௣మሺ.ሻሺݔ, ሻݐ݇ ൑ ,ݔଵ߮ఠభ,௣భሺ.ሻሺܭ ሻݐ ൅ ܿሺݔሻ      ሺ1ሻ 

For all ݐ ൌ |݂ሺݔሻ| ൐ 0 and ܽ. ݁ on  Ω . Since  t ൑ and t ൑ ݐଶܭ ,ଶܭ for ݐ݇ ݇ ൐ 0 and ߮ is  
non decreasing  we have  

߮ఠమ,௣మሺ.ሻሺݔ, ሻݐ ൑ ߮ఠమ,௣మሺ.ሻሺݔ,  ሻ         ሺ2ሻݐ݇

And 

߮ఠభ,௣భሺ.ሻሺݔ, ሻݐ ൑ ߮ఠభ,௣భሺ.ሻሺݔ,  ሻ        ሺ3ሻݐଶܭ

Thus by (1),(2),(3) we get 

߮ఠమ,௣మሺ.ሻሺݔ, ሻݐ ൑ ,ݔଵ߮ఠభ,௣భሺ.ሻሺܭ ሻݐଶܭ ൅ ܿሺݔሻ 
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But   
߮ఠమ,௣మሺ.ሻሺݔ, ሻݐ ൌ  ሻݔ௣మሺ௫ሻ߱ଶሺݐ

And 
߮ఠభ,௣భሺ.ሻሺݔ, ሻݐଶܭ ൌ ሺܭଶݐሻ௣భሺ௫ሻ߱ଵሺݔሻ 

Which imply, 

Lఠభሺ.ሻ
௣భሺ.ሻ ሺΩሻ ؿ Lఠమሺ.ሻ

௣మሺ.ሻ ሺΩሻ if and only if  there exist positive constants ܭଵ, ሻݔଶ and ܿሺܭ א LଵሺΩሻ 
such that 

ሻݔ௣మሺ௫ሻ߱ଶሺݐ ൑ ሻݔሻ௣భሺ௫ሻ߱ଵሺݐଶܭଵሺܭ ൅ ܿሺݔሻ 

For all ݐ ൐ 0 and ܽ. ݁ on  Ω . 

 In the following theorem we consider the case  ݌ା ൏ ∞ that the noneffective weights must 
hold. 

Theorem 3.2.2[1]: Let Ω ؿ Թ௡ , ݌ሺ. ሻ א P(Ω) , whereሺ ݌ାሻ ൏ ∞ and ߱ሺ. ሻ is weight  
function .Then Lఠ

௣ሺ.ሻሺΩሻ ൌ L௣ሺ.ሻሺΩሻ  if and only if  ߱ is constant  ܽ. ݁  on Ω . 

Proof : Let ߱ is constant  ܽ. ݁  on Ω .Want to show that  Lఠ
௣ሺ.ሻሺΩሻ ൌ L௣ሺ.ሻሺΩሻ.  Since ߱ is 

constant  ܽ. ݁  on Ω then ׌  a constant  ܿ  ൐ 0  such that ߱ሺݔሻ ൌ ܿ  ܽ. ݁  on Ω. Since 
ሺ ݌ାሻ ൏ ∞ then ݌ ൏ ∞ so  ݔ א Ω Ω∞⁄  . If  ݂ א Lఠ

௉ሺ.ሻሺΩሻ  and ߙ ൌ ଵ
௖
 then 

ఠ,௣ሺ.ሻሺ݂ሻߩ                    ൌ න |݂ሺݔሻ|௣ሺ௫ሻ߱ሺݔሻ݀ݔ
 

Ω Ω∞⁄
 

Therefore  

                                   ԡ݂ԡఠ,௣ሺ.ሻ ൌ ݂݅݊ ൜ߣ ൐ ఠ,௣ሺ.ሻߩ  :0 ൬
݂
൰ߣ ൑ 1ൠ 

                 ൌ ݂݅݊ ൝ߣ ൐ 0:   න ฬ
݂
ߣ
ሺݔሻฬ

௣ሺ௫ሻ

߱ሺݔሻ ݀ݔ
 

Ω Ω∞⁄
൑ 1ൡ 

         ൌ ݂݅݊ ൝ߣ ൐ 0:   න ฬ
݂
ߣ
ሺݔሻฬ

௣ሺ௫ሻ

ݔ݀  ܿ
 

Ω Ω∞⁄
൑ 1ൡ 

      ൌ
1
ܿ ݂݅݊ ൝ߣ ൐ 0:   න ฬ

݂
ߣ
ሺݔሻฬ

௣ሺ௫ሻ

ݔ݀
 

Ω Ω∞⁄
൑ 1ൡ 

ൌ ݂݊݅  ߙ ൜ߣ ൐ ௣ሺ.ሻߩ  :0 ൬
݂
ߣ
൰ ൑ 1ൠ ൌ  ԡ݂ԡ௣ሺ.ሻߙ

And so that  Lఠ
௉ሺ.ሻሺΩሻ ൌ L௣ሺ.ሻሺΩሻ  . Conversely , assume  Lఠ

௣ሺ.ሻሺΩሻ ൌ L௣ሺ.ሻሺΩሻ then 
Lఠ
௣ሺ.ሻሺΩሻ ؿ L௣ሺ.ሻሺΩሻ and L௣ሺ.ሻሺΩሻ ؿ Lఠ

௣ሺ.ሻሺΩሻ ,want to show that ߱ሺݔሻ ൌ ܿ  ܽ. ݁  on Ω  .If  
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L௣ሺ.ሻሺΩሻ ؿ Lఠ
௣ሺ.ሻሺΩሻ   then by Theorem 3.2.1 let  ݌ଵሺ. ሻ ൌ .ଶሺ݌ ሻ ൌ .ሺ݌ ሻא P(Ω)  where 

.ሺ݌ ሻ ൏ ∞ , ߱ଵሺ. ሻ ൌ 1  and   ߱ଶሺ. ሻ ൌ ߱ሺ. ሻ. Thus  L௣ሺ.ሻሺΩሻ ؿ Lఠ
௣ሺ.ሻሺΩሻ if and only if  there  

exist positive   constants ܿଶ, ଶܭ ൌ 1 and ݄ଵሺݔሻ א LଵሺΩሻ such that 

ሻݔ௣ሺ௫ሻ߱ሺݐ ൑ ܿଶݐ௣ሺ௫ሻ ൅ ݄ଵሺݔሻ        For all ݐ ൐ 0 and ܽ. ݁ on  Ω   
So that , 

௣ሺ௫ሻݐ

௣ሺ௫ሻݐ
߱ሺݔሻ ൑ ܿଶ

௣ሺ௫ሻݐ

௣ሺ௫ሻݐ
൅
݄ଵሺݔሻ
௣ሺ௫ሻݐ

        For all ݐ ൐ 0 and ܽ. ݁ on  Ω 

Hence, 

߱ሺݔሻ ൑ ܿଶ ൅
݄ଵሺݔሻ
௣ሺ௫ሻݐ

              For all ݐ ൐ 0 and ܽ. ݁ on  Ω        

From which, letting  ݐ ՜ ∞  we have ௛భሺ௫ሻ
௧೛ሺೣሻ

՜ 0  , therefore  

              ߱ሺݔሻ ൑ ܿଶ          For all ݐ ൐ 0 and ܽ. ݁ on  Ω       ሺ1ሻ          

On other hand , if  Lఠ
௣ሺ.ሻሺΩሻ ؿ L௣ሺ.ሻሺΩሻ  then also by Theorem 3.2.1                        

let ݌ଵሺ. ሻ ൌ .ଶሺ݌ ሻ ൌ .ሺ݌ ሻ   א P(Ω) where ݌ሺ. ሻ ൏ ∞ , ߱ଶሺ. ሻ ൌ 1 and  ߱ଵሺ. ሻ ൌ ߱ሺ. ሻ.Thus 
Lఠ
௣ሺ.ሻሺΩሻ ؿ L௣ሺ.ሻሺΩሻ if and only if  there  exist  positive constants ܭଵ, ଶܭ ൌ 1                       

and  ݄ଶሺݔሻ א LଵሺΩሻ such that 

௣ሺ௫ሻݐ ൑ ሻݔ௣ሺ௫ሻ߱ሺݐଵܭ ൅ ݄ଶሺݔሻ        For all ݐ ൐ 0 and ܽ. ݁ on  Ω   
So that  , 

௣ሺ௫ሻݐ

௣ሺ௫ሻݐ
൑ ଵܭ

௣ሺ௫ሻݐ

௣ሺ௫ሻݐ
 ߱ሺݔሻ ൅

݄ଶሺݔሻ
௣ሺ௫ሻݐ

      For all ݐ ൐ 0 and ܽ. ݁ on  Ω   

Hence , 

1 ൑ ሻݔଵ߱ሺܭ ൅
݄ଶሺݔሻ
௣ሺ௫ሻݐ

        For all ݐ ൐ 0 and ܽ. ݁ on  Ω    

From which, letting  ݐ ՜ ∞  we have ௛మሺ௫ሻ
௧೛ሺೣሻ

՜ 0  .Choose  ܿଵ ൌ
ଵ
௄భ

 ,therefore 

ܿଵ ൑ ߱ሺݔሻ          For all ݐ ൐ 0 and ܽ. ݁ on  Ω     ሺ2ሻ         

Thus by (1) and (2) we have  ߱ሺݔሻ is  constant   ܽ. ݁  on Ω . 

Example  3.2.3: Let  Ω ൌ ሺ1,2ሻ ؿ Թ , ݌ሺݔሻ ൌ ሻݔଶ , ߱ሺݔ  ൌ 2  a. e on   

   Ω  .Then show   that  ߱ሺݔሻ  is noneffective that means : 

Lఠ
௣ሺ.ሻ ሺ1,2ሻ ൌ L௣ሺ.ሻሺ1,2ሻ 

Solution: Since  ݌ሺ. ሻ ൌ ା݌  ଶ is bounded on  ሺ1,2ሻ thenݔ  ൏ ∞ and ߱ሺݔሻ is constant 
a. e  on Ω  .Thus by Theorem 3.2.2 we conclude  that 
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                                                              Lఠ
௣ሺ.ሻ ሺ1,2ሻ ൌ L௣ሺ.ሻሺ1,2ሻ         

Theorem 3.2.2  is a special case of the following more general result when   we consider 
the case  ݌ାሺΩ Ω∞⁄ ሻ ൏ ∞ the noneffective weights must  hold. 

Theorem 3.2.3[1]: Let Ω ؿ Թ௡ , ݌ሺ. ሻ א P(Ω)  where  ݌ାሺΩ Ω∞⁄ ሻ ൏ ∞  and ߱ሺ. ሻ is weight  
function .Then Lఠ

௣ሺ.ሻሺΩሻ ൌ L௣ሺ.ሻሺΩሻ  if and only if  ߱ is constant  ܽ. ݁  on Ω. 

Proof: If ݌ሺ. ሻ א P(Ω) , where ݌ାሺΩ Ω∞⁄ ሻ ൏ ∞ then there exist ܯ ൐ 0 such that  

|ሻݔሺ݌| ൑  ܯ ൏ ∞   ܽ. ݁ on  Ω Ω∞⁄  

but Ω Ω∞⁄ ൌ ሼݔ א Ω: ሻݔሺ݌ ൏ ∞ሽ  

Then                                                                                                                                                                  
|ሻݔሺ݌| ൑  ܯ ൏ ∞   ܽ. ݁ on Ω 

So that   ݌ାሺΩሻ ൏ ∞ thus by Theorem 3.2.2 we have Lఠ
௣ሺ.ሻሺΩሻ ൌ L௣ሺ.ሻሺΩሻ  if and only if  ߱ 

is constant  ܽ. ݁  on Ω . 

We consider now the case if  ݌ ൌ ∞ ,as in the previous case that the noneffective  weights 
must  hold .  

First we claim that if  ߱ is not constant  ܽ. ݁ on Ω then ߱ ב L∞ሺΩሻ ݎ݋   ଵ
ఠ
ב L∞ሺ߱ሻ. 

For If  ߱ ് ܿ  ܽ. ݁  on  Ω where  c is constant . Then  either µሼݔ: ߱ሺݔሻ ൐ ܿሽ ൐ 0  
or µ ቄݔ: ଵ

ఠሺ௫ሻ
൐ ܿቅ ൐ 0  .Assume  that µሼݔ: ߱ሺݔሻ ൐ ܿሽ ൐ 0  and   ߱ א L∞ሺΩሻ . If  ߱ א L∞ሺΩሻ 

then ߱ is  essentially bounded ,so there exist  0 ൏ ܯ ൏ ∞ such that  

|߱ሺݔሻ| ൑ .ܽ    ܯ ݁ on Ω  
And  

              ԡ߱ ԡ୐ಮሺஐሻ ൌ  ݏݏ݁ supஐ|߱ሺݔሻ| ൌ ݂݅݊ ሼܯ: |߱ሺݔሻ| ൑ .ܽ    ܯ ݁ሽ 

Therefore  ߱ሺݔሻ ൑  ԡ߱ ԡ୐ಮሺஐሻ   ܽ. ݁ on Ω  which is a contradiction to  µሼݔ: ߱ሺݔሻ ൐ ܿሽ ൐ 0. 
Hence if  µሼݔ: ߱ሺݔሻ ൐ ܿሽ ൐ 0  then  ߱ ב LஶሺΩሻ.Also if ߤ ቄݔ: ଵ

ఠሺ௫ሻ
൐ ܿቅ ൐ 0  and                 

ଵ
ఠ
א L∞ሺΩሻ thus there exist  0 ൏ 1ܯ ൏ ∞ such that  

                               
                                             ቚ ଵ

ఠሺ௫ሻ
ቚ ൑ .ܽ    1ܯ   Ω ݊݋ ݁

And  

ฯ
1
߱ ฯ୐ಮሺஐሻ

ൌ  ݏݏ݁ sup
ஐ
ฬ
1

߱ሺݔሻฬ ൌ ݂݅݊  ൜ܯ: ฬ
1

߱ሺݔሻฬ ൑ .ܽ    ܯ ݁ൠ 
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Therefore  ଵ
ఠ
ሺݔሻ ൑  ቛଵ

ఠ
 ቛ
୐ಮሺஐሻ

   ܽ. ݁ on Ω  which is a contradiction to                                                   

ߤ ቄݔ: ଵ
ఠሺ௫ሻ

൐ ܿቅ ൐ 0 .Thus   if ߤ ቄݔ: ଵ
ఠሺ௫ሻ

൐ ܿቅ ൐ 0 then  ଵ
ఠ
ב LஶሺΩሻ. 

Theorem 3.2.4 [1]: Let Ω ؿ Թ௡and ߱ሺ. ሻ    is weight function .Then Lఠ∞ ሺΩሻ ൌ L∞ሺΩሻ if 
and only if  ߱ is constant  ܽ. ݁  on Ω . 

Proof: Let  ߱ ൌ ܿ  ܽ. ݁  on Ω , ߙ ൌ ெ
௖

 and  ݂ א Lఠ∞ ሺΩሻ then 
 

௣ሺ.ሻሺ݂ሻ,∞ߩ                     ൌ ԡ݂߱ ԡ୐∞ሺஐ∞ሻ 
Therefore  

                                    ԡ݂ԡఠ,ஶ      ൌ ݂݅݊ ൜ߣ ൐ 0:   ቛ௙
ఒ
߱ ቛ

୐ಮሺஐಮሻ
൑ 1ൠ                                                        

               ൌ ݂݅݊ ൜ߣ ൐ 0:  
1
ߣ
ԡ݂߱ ԡ୐ಮሺஐಮሻ ൑ 1ൠ 

          ൌ ݂݅݊൛ߣ ൐ 0:  ԡ݂߱ ԡ୐ಮሺஐಮሻ ൑  ൟߣ

                                                           ൌ ԡ݂߱ ԡஶ 

                                                           ൌ  ݏݏ݁ supஐಮ|݂߱ሺݔሻ| 

     ൌ infሼܯ: |݂߱ሺݔሻ| ൑ .ܽ    ܯ ݁ሽ 

 ൌ ݂݅݊ ሼܯ: |݂ܿ| ൑ .ܽ    ܯ ݁ሽ 

ൌ ݂݅݊  ൜ܯ: |݂| ൑
ܯ
ܿ    ܽ. ݁ൠ 

                                                           ൌ ݂݅݊ ሼܿߙ: |݂| ൑ .ܽ   ߙ ݁ሽ 

                                                             ൌ ܿ ݂݅݊ ሼߙ: |݂| ൑ .ܽ   ߙ ݁ሽ ൌ ܿ ԡ݂ԡஶ 

Hence Lఠ∞ ሺΩሻ ൌ L∞ሺΩሻ .On other hand let Lఠ∞ ሺΩሻ ൌ L∞ሺΩሻ then want to show that  ߱ is 
constant  ܽ. ݁  on Ω . By contradiction , assume Lఠ∞ ሺΩሻ ൌ L∞ሺΩሻ and ߱ is not  constant  ܽ. ݁  
on Ω then either ߱ ב L∞ሺΩሻ or  ଵ

ఠ
ב L∞ሺΩሻ . If  ߱ ב L∞ሺΩሻ then set  

௡ܧ ൌ ሼݔ א Ω:߱ሺݔሻ ൐ ݊ሽ  , ݊ א Գ 

So that ߤሺܧ௡ሻ ൐ 0 for all ݊ א Գ .Now since Lఠ∞ ሺΩሻ ൌ L∞ሺΩሻ then there exist  ܿଵ, ܿଶ ൐ 0 
such that  

 ܿଵԡ݂ԡ∞ ൑ ԡ݂߱ ԡ∞ ൑  ܿଶԡ݂ԡ∞ 

Taking  the supremum in the case ԡ݂߱ ԡ∞ ൑  ܿଶԡ݂ԡ∞ with ݂ ൌ ߯ா೙ we have 
sup

 ԡ௙ԡ∞ୀଵ
ԡ݂߱ ԡ∞ ൑ sup

 ԡ௙ԡ∞ୀଵ
 ܿଶԡ݂ԡ∞  
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Thus 
ԡ߱ ԡ୐∞ሺா೙ሻ ൑ ܿଶ 

But ݂ ൌ ߯ா೙ so that  

݊ ൏ ԡ߱ ԡ୐∞ሺா೙ሻ ൑ ܿଶ 
                                                                                                                                                                           
for all ݊ א Գ which  is a contradiction to   ߱ ב L∞ሺΩሻ .In the second case  If  ଵ

ఠ
ב L∞ሺΩሻ  

then set  

௡ܧ ൌ ሼݔ א Ω:߱ሺݔሻ ൏ ݊ሽ  , ݊ א Գ 

So that µሺܧ௡ሻ ൐ 0 for all ݊ א Գ .Now since Lఠ∞ ሺΩሻ ൌ L∞ሺΩሻ then there exist ܿଵ, ܿଶ ൐ 0 
such that  

 ܿଵԡ݂ԡ∞ ൑ ԡ݂߱ ԡ∞ ൑  ܿଶԡ݂ԡ∞ 

Taking  the supremum  in the case  ܿଵԡ݂ԡ∞ ൑ ԡ݂߱ ԡ∞ with ݂ ൌ ߯ா೙ we have 
sup

 ԡ௙ԡಮୀଵ
 ܿଵԡ݂ԡஶ ൑ sup

 ԡ௙ԡಮୀଵ
ԡ݂߱ ԡஶ  

Thus 
ܿଵ ൑ ԡ߱ ԡ୐ಮሺா೙ሻ 

But ݂ ൌ ߯ா೙ so that  

ܿଵ ൑ ԡ߱ ԡ୐ಮሺா೙ሻ ൏ ݊ 

 for all ݊ א Գ which  is a contradiction to   ଵ
ఠ
ב LஶሺΩሻ .So that  ߱ is constant  ܽ. ݁  on Ω . 

Example  3.2.4: Let  Ω ൌ ሺ1,2ሻ ؿ  Թ , ݌ሺݔሻ ൌ ∞ , ߱ሺݔሻ ൌ 2  a. e  on Ω. Then show that  
߱ሺݔሻ  is noneffective weight that means : 

Lఠ∞ ሺ1,2ሻ ൌ L∞ሺ1,2ሻ 

Solution: Since ߱ሺݔሻ is  constant a. e   on Ω  . Thus  by  Theorem  3.2.4 we  conclude   that 

                                                  Lఠ∞ ሺ1,2ሻ ൌ L∞ሺ1,2ሻ 

Also this can be checked directly , 

௣ሺ.ሻሺ݂ሻ,∞ߩ                                             ൌ ԡ݂߱ ԡ୐∞ሺஐ∞ሻ 
                                                                                                                                                                           
Let  ߙ ൌ ெ

௖
   ,we  have  

                                        ԡ݂ԡఠ,∞      ൌ ݂݅݊ ൜ߣ ൐ 0:   ቛ௙
ఒ
2 ቛ

୐∞ሺஐ∞ሻ
൑ 1ൠ                                                        

                                                       ൌ ԡ2݂ ԡ∞ 
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                                                            ൌ  ݏݏ݁ sup
Ω∞

|2݂| 

     ൌ ݂݅݊ ሼܯ: |2݂| ൑ .ܽ    ܯ ݁ሽ 

   ൌ ݂݅݊  ൜ܯ: |݂| ൑
ܯ
2    ܽ. ݁ൠ 

                                                           ൌ ݂݅݊ ሼ2ߙ: |݂| ൑ .ܽ   ߙ ݁ሽ 

                                                    ൌ 2 ݂݅݊ ሼߙ: |݂| ൑ .ܽ   ߙ ݁ሽ ൌ 2 ԡ݂ԡ∞ 

Thus  Lఠ∞ ሺ1,2ሻ ൌ L∞ሺ1,2ሻ and so  ߱ሺݔሻ  is noneffective weight . 

 The following result is our main theorem that give us the conditions where noneffective 
weights have been introduced. Theorem 3.2.2 and Theorem 3.2.4 are consequences of our 
general theorem ,where in  Ω Ω∞⁄ , which possibly empty, an unbounded exponent is 
allowed . 

Theorem 3.2.5[1]: Let Ω ؿ Թ௡ , ݌ሺ. ሻ א P(Ω)  , and ߱ሺ. ሻ is weight function. Then 
Lఠ
௉ሺ.ሻሺΩሻ ൌ L௣ሺ.ሻሺΩሻ  if and only if 

                                                                                                                                                  

(1)  ߱ሺݔሻ
భ

೛ሺೣሻ  is constant  ܽ. ݁  on Ω Ω∞⁄  . 

ሺ2ሻ ߱ሺݔሻ is constant  ܽ. ݁  on Ω∞ . 

                                                                                                                                                                           
Proof : We have four cases .The two cases  µሺΩ∞ሻ ൌ 0 and µሺΩ Ω∞⁄ ሻ ൐ 0 the same result  
and the two cases µሺΩ∞ሻ ൐ 0 and µሺΩ Ω∞⁄ ሻ ൌ 0 the same result  . 

If µሺΩ Ω∞⁄ ሻ ൌ 0 then ݔ א Ω∞ so that ݌ሺ. ሻ ൌ ∞ and since ߱ሺݔሻ is weight  function thus by 
Theorem 3.2.4 we have   Lఠ∞ ሺΩሻ ൌ L∞ሺΩሻ  if and only if  ߱ሺݔሻ is constant  ܽ. ݁  on Ω∞. So 

want to show  only if ݌ሺ. ሻ  ൏ ∞ then  Lఠ
௣ሺ.ሻሺΩሻ ൌ L௣ሺ.ሻሺΩሻ  if and only if  ߱ሺݔሻ

భ
೛ሺೣሻ   is 

constant  ܽ. ݁  on  Ω Ω∞⁄   .                                                                                                                       

If  µሺΩ∞ሻ ൌ 0  and Lఠ
௣ሺ.ሻሺΩሻ ൌ L௣ሺ.ሻሺΩሻ   then ݔ א Ω Ω∞⁄  and ݌ሺ. ሻ ൏ ∞  .Since              

Lఠ
௉ሺ.ሻሺΩሻ ؿ L௣ሺ.ሻሺΩሻ  so that   Lఠ

௉ሺ.ሻሺΩ Ω∞⁄ ሻ ؿ L௉ሺ.ሻሺΩ Ω∞⁄ ሻ  and therefore by applying  
Theorem 3.2.1 ,there exist positive constants  ܭଵ ,  ଶ, andܭ

 ݄ଵ א LଵሺΩ Ω∞⁄ ሻ ,such that 

௣ሺ௫ሻݐ ൑ ሻݔሻ௣ሺ௫ሻ߱ሺݐଶܭଵሺܭ ൅ ݄ଵሺݔሻ     

For all ݐ ൐ 0 and ܽ. ݁ on Ω Ω∞⁄   . So that  

1 ൑
ሻݔଶ௣ሺ௫ሻ߱ሺܭ௣ሺ௫ሻݐ

௣ሺ௫ሻݐ
ଵܭ ൅

݄ଵሺݔሻ
௣ሺ௫ሻݐ

   For all ݐ ൐ 0 and ܽ. ݁ on  Ω Ω∞⁄     
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Thus , 

1 ൑ ሻݔଶ௣ሺ௫ሻ߱ሺܭଵܭ ൅
݄ଵሺݔሻ
௣ሺ௫ሻݐ

  For all ݐ ൐ 0 and ܽ. ݁ on  Ω Ωஶ⁄  

From which, letting  ݐ ՜ ∞  we have ௛భሺ௫ሻ
௧ುሺೣሻ

՜ 0  .Hence  1 ൑   ሻ Soݔଶ௣ሺ௫ሻ߱ሺܭଵܭ

ଶି௣ሺ௫ሻܭଵିଵܭ ൑ ߱ሺݔሻ      For all ݐ ൐ 0 and ܽ. ݁ on  Ω Ωஶ⁄    

We get the existence of constant ܭ଴ ൌ ଵܭ ൌ  ଶ .Thenܭ

଴ିሺଵା௣ܭ
ሺ௫ሻሻ ൑ ߱ሺݔሻ   For all ݐ ൐ 0 and ܽ. ݁ on  Ω Ω ஶ⁄      ሺ1ሻ 

Starting from the opposite way, that is if L௣ሺ.ሻሺΩሻ ؿ Lఠ
௉ሺ.ሻሺΩሻ  thus also by Theorem 3.2.1, 

there exist positive constants ܭଷ , ସ, and ݄ଶܭ א LଵሺΩ Ωஶ⁄ ሻ such that 

ሻݔ௣ሺ௫ሻ߱ሺݐ ൑ ሻ௣ሺ௫ሻݐସܭଷሺܭ ൅ ݄ଶሺݔሻ  For all ݐ ൐ 0 and ܽ. ݁ on  Ω Ωஶ⁄       

For all ݐ ൐ 0 and ܽ. ݁ on Ω Ωஶ⁄   . So that  

߱ሺݔሻ ൑
ସ௣ሺ௫ሻܭ௣ሺ௫ሻݐ

௣ሺ௫ሻݐ
ଷܭ ൅

݄ଶሺݔሻ
௣ሺ௫ሻݐ

   For all ݐ ൐ 0 and ܽ. ݁ on  Ω Ωஶ⁄     

Thus , 

߱ሺݔሻ ൑ ସ௣ሺ௫ሻܭଷܭ ൅
݄ଶሺݔሻ
௣ሺ௫ሻݐ

    For all ݐ ൐ 0 and ܽ. ݁ on  Ω Ωஶ⁄  

From which, letting  ݐ ՜ ∞  we have ௛మሺ௫ሻ
௧ುሺೣሻ

՜ 0  .Hence                                          

߱ሺݔሻ ൑ ݐ ସ௣ሺ௫ሻ      For allܭଷܭ ൐ 0 and ܽ. ݁ on  Ω Ωஶ⁄     

We get the existence of constant ܭହ ൌ ଷܭ ൌ  ସ .Thenܭ

߱ሺݔሻ ൑ ହܭ
ଵା௣ሺ௫ሻ   For all ݐ ൐ 0 and ܽ. ݁ on  Ω Ωஶ⁄    ሺ2ሻ  

 By (1) and (2) we have , 

߱ሺݔሻ
ଵ

௣ሺ௫ሻାଵis constant  ܽ. ݁  on  Ω Ωஶ⁄  

But this equivalent to  

߱ሺݔሻ
ଵ

௣ሺ௫ሻ is constant  ܽ. ݁  on  Ω Ωஶ⁄  

That because, 

          
1 ൅ ሻݔሺ݌
ሻݔሺ݌  is constant          For ܽ. ݁ on  Ω Ωஶ⁄      
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Conversely ,  assume that   ߱ሺݔሻ
భ

೛ሺೣሻ is constant   ܽ. ݁  on  Ω Ωஶ⁄   want  to  show  that  if 
ሻݔሺ݌  ൏ ∞ then  Lఠ

௣ሺ.ሻሺΩሻ ൌ L௣ሺ.ሻሺΩሻ      . Since ݌ሺݔሻ ൏ ∞  then  ݔ  א Ω Ωஶ⁄  . Let  ݏ    ൌ ఒ
௖
  . If 

݂ א Lఠ
௣ሺ.ሻሺΩሻ then  

ఠ,௣ሺ.ሻሺ݂ሻߩ                     ൌ න |݂ሺݔሻ|௣ሺ௫ሻ߱ሺݔሻ݀ݔ
 

ஐ ஐಮ⁄
 

Therefore  

                              ԡ݂ԡఠ,௣ሺ.ሻ ൌ ݂݅݊ ൜ߣ ൐ ఠ,௣ሺ.ሻߩ  :0 ൬
݂
൰ߣ ൑ 1ൠ 

               ൌ ݂݅݊ ൝ߣ ൐ 0:   න ฬ
݂
ߣ
ሺݔሻฬ

௣ሺ௫ሻ

߱ሺݔሻ ݀ݔ
 

ஐ ஐಮ⁄
൑ 1ൡ 

                      ൌ ݂݅݊ ൝ߣ ൐ 0:   න ቤ
݂
ߣ
ሺݔሻሾ߱ሺݔሻሿ

ଵ
௣ሺ௫ሻቤ

௣ሺ௫ሻ

ݔ݀
 

ஐ ஐಮ⁄
൑ 1ൡ 

                                               ൌ ݂݅݊ ൜ߣ ൐ 0:   ׬ ቚ௙
ఒ
ሺݔሻܿቚ

௣ሺ௫ሻ
 ݔ݀

ஐ ஐಮ⁄ ൑ 1ൠ 

    ൌ ݂݅݊ ൝ܿݏ ൐ 0:   න ฬ
݂
ݏ
ሺݔሻฬ

௣ሺ௫ሻ

ݔ݀
 

ஐ ஐಮ⁄
൑ 1ൡ 

      ൌ ܿ  ݂݅݊ ൝ݏ ൐ 0:   න ฬ
݂
ݏ
ሺݔሻฬ

௣ሺ௫ሻ

ݔ݀
 

ஐ ஐಮ⁄
൑ 1ൡ 

     ൌ ܿ  ݂݅݊ ൜ݏ ൐ ௣ሺ.ሻߩ  :0 ൬
݂
൰ݏ ൑ 1ൠ ൌ ܿԡ݂ԡ௣ሺ.ሻ 

And so that  Lఠ
௣ሺ.ሻሺΩሻ ൌ L௣ሺ.ሻሺΩሻ . 

Example  3.2.5: Let  Ω ൌ ሺ0,1ሻ ؿ  Թ , ݌ሺݔሻ ൌ ଵ
௫
 , ߱ሺݔሻ ൌ 2

భ
ೣ  a. e  on Ω .Then show that  

߱ሺݔሻ  is noneffective weight that means : 

Lఠ
௣ሺ.ሻ ሺ0,1ሻ ൌ L௣ሺ.ሻሺ0,1ሻ 

Solution: Since ݌ሺݔሻ ൌ ଵ
௫
  then ݌ሺݔሻ ൏ ݔ׊ ∞ א ሺ0,1ሻ ,so that ݔ א Ω Ω∞⁄  .And since 

 ߱ሺݔሻ
భ
೛ሺ.ሻ ൌ 2 then ߱ሺݔሻ

భ
೛ሺ.ሻ is constant  a. e  on  Ω Ω∞⁄   . Then by  Theorem 3.2.5  we   have 

Lఠ
௣ሺ.ሻ ሺ0,1ሻ ൌ L௣ሺ.ሻሺ0,1ሻ 

Also this can be checked directly,  

Let ݏ ൌ ఒ
ଶ
  . If ݂ א Lఠ

௣ሺ.ሻሺ0,1ሻ then  ߩఠ,௣ሺ.ሻሺ݂ሻ ൌ ׬ |݂ሺݔሻ|
భ
ೣ2

భ
 ݔ݀ೣ

ஐ ஐ∞⁄  
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Therefore  

                       ԡ݂ԡఠ,௣ሺ.ሻ ൌ ݂݅݊ ൜ߣ ൐ ఠ,௣ሺ.ሻߩ  :0 ൬
݂
൰ߣ ൑ 1ൠ 

                 ൌ ݂݅݊ ቐߣ ൐ 0:   න ฬ
݂
ߣ
ሺݔሻฬ

ଵ
௫
2
ଵ
௫ ݀ݔ

 

ஐ ஐ∞⁄
൑ 1ቑ 

               ൌ ݂݅݊ ቐߣ ൐ 0:   න ฬ
݂
ߣ
ሺݔሻ2ฬ

ଵ
௫
ݔ݀

 

ஐ ஐ∞⁄
൑ 1ቑ 

               ൌ ݂݅݊ ቐ2ݏ ൐ 0:   න ฬ
݂
ݏ
ሺݔሻฬ

ଵ
௫
ݔ݀

 

ஐ ஐ∞⁄
൑ 1ቑ 

                ൌ 2  ݂݅݊ ቐݏ ൐ 0:   න ฬ
݂
ݏ
ሺݔሻฬ

ଵ
௫
ݔ݀

 

ஐ ஐ∞⁄
൑ 1ቑ 

                    ൌ 2  ݂݅݊ ൜ݏ ൐ ௣ሺ.ሻߩ  :0 ൬
݂
൰ݏ ൑ 1ൠ ൌ 2ԡ݂ԡ௣ሺ.ሻ 

Thus Lఠ
௣ሺ.ሻ ሺ0,1ሻ ൌ L௣ሺ.ሻሺ0,1ሻ . 
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Conclusion 

We have studied in this thesis the background of the concept of   noneffective Weights in 
Variable Lebesgue Space, Lఠ

௣ሺ.ሻ, by proving two theorems using more general theorem. 

 In the beginning we have introduced the concept of measure space and Lebesgue integral 
and given the most important theorems on convergence of integrals of sequence of real 
valued functions. After that we described the modular functions that are used in some 
spaces like modular spaces and other spaces definition called Orlicz spaces, Lఝ. The 
second concept Lఝ depends on finite modular function  ߩఝሺߣ ݂ሻ for some real positive ߣ. 

We use this definition in definitions of  L௣ሺ.ሻ and  Lఠ
௣ሺ.ሻ. 

Finally, we presented the main theorem which states how the weight function can be 
noneffective on Variable Lebesgue Space. 
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