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Abstract

Many of the concepts of mathematics can be generalized. In this thesis we introduce the
generalized classical Lebesgue spaces, these generalized spaces are called Variable
Exponent Lebesgue Spaces, denoted by LP®). Other generalized spaces of Lebesgue spaces

are called Weighted Variable Exponent Lebesgue Spaces, denoted by LZ)(').

A noneffective weights in Variable Lebesgue Spaces for any weight function (positive
locally integrable) is the subject of this thesis. Here the definition will depend on exponent
function p(.), and weight function w(.). This definition used for equivalent of two
Banach spaces without calculating their norms. The result we have obtained through a

theorem that gives us the conditions of weight function to be noneffective. We proved that
1

the weight function is noneffective (i.e. LIZU(') = LPO ) if and only if w(x)?® is constant
almost everywhere in the set where p(.) < o, and w(x) is constant almost everywhere in
the set where p(.) = oo . This theorem is used as another definition of noneffective
weights in Variable Lebesgue Spaces.
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Introduction

The concept of equivalent of two Banach spaces depends on their norms . In this thesis we
focus our eyes on equivalent of two specific Banach spaces Lﬁ)(')and LPO) without finding

their norms but by knowing if the weight function w(.) power of ﬁ is constant almost

everywhere in the set where p(.) is finite measurable function or if weight function w(.)
is constant almost everywhere in the set where p(.) is infinity measurable function . If
this equivalent holds then we call the weight function w(.) is noneffective in Variable
Lebesgue Spaces .

In chapter one , we described the basic ideas of Lebesgue measure y and the Lebesgue
integral .After we have given measure space ,measurable space, measurable functions ,
and Lebesgue integral concepts ,we moved in sect. 1.5 to convergence in measure and
gave important theorems like Fatou's Lemma , Monotone Convergence Theorem, and
Lebesgue Convergence Theorem .All these theorems talk about how the integral of
sequence of real —valued functions can be convergent.

In chapter two , we displayed some basic function spaces .For the investigation of
(weighted)(variable ) Lebesgue spaces it is enough to stay in the framework of Banach
spaces which we reviewed in sect. 2.1 .In sect. 2.2 a space defined called
(semi)modular spaces which then induces a norm and so is normed space . We defined
the appropriate to ®-function for variable exponent spaces in sect. 2.3 and studies its
properties. Sect 2.4 deals with modular space which corresponding ®-function called
Musielak—Orlicz space.

In chapter three , we defined (weighted) variable exponent Lebesgue spaces (Lﬁ)(') ) LPO
which generalize the classical Lebesgue spaces LP, where the constant exponent p is
replaced by a function p(.) .They fall within the scope of Musielak-Orlicz spaces hence
the general theory implies their basic properties .We are in a position to apply the results of
general Musielak—Orlicz spaces to our case in sect 3.1 .Finally , we have collected all what
we learn in previous chapters and in sect 3.1 to realize the main theorem that contains the
conditions of weight function to be noneffective in sect 3.2.



Chapter One

Measure and Lebesgue Integration

In the history ,people where engaged in the problem of measuring length ,areas and
volumes .In mathematical formulation the task was, for given set A how to determine its
size("measure") n(A) .It was required that the length of interval on R or the volume of a
cube in R™ showed to agree with well-known formulae .It was also that this measure
showed to be nonnegative and additive for disjoint collection of sets .

Through this chapter, we describe the basic ideas of Lebesgue measure p and the Lebesgue
integral; also we give some of their main properties. The full details and proofs can be
found in[2].

Section 1.1 o-algebra
Definition 1.1.1 (o-algebra)

A o-algebra onaset X is a collection /' of subset of X such that

(1) ¢ eF
(2) IfA€EF thenA°€eF
(3) VieN,IfA; €F thenU;L,4; EF

We will give some examples of 0 — algebras .
Example 1.1.1: Let X be a nonempty set .Then the collection {@,X} and

P (X)={E: E € X} are trivial examples of ag-algebra of X.

Example 1.1.2: Let X be any uncountable set and let S={4 € X| A orA€ is countable }
then S is o-algebra of subset of X.

From De Morgan's laws we have N;Z; A; € F whenever A; € F Vi € N. also ' is closed
under finite union and intersection.

Section 1.2 Measure Space

Definition 1.2.1:(Measurable Space)

A non-empty set X together with o- algebra F defined over it is called measurable space,
denoted by (X, F ).

Definition 1.2.2:(Measure)
A measure of a measurable space (X, F') is a set function u: F — [0,00] such that

(1) w(@=0



(2) (countable additively) p(UjZ; A;) = Xiz; n(4;) for pairwise disjoint sets 4; in F
Note that for any sequence {E;}7 of measurable sets we have
n(UiZL E) < X2 n(E)

Definition 1.2.3:(Measure Space )

A measurable space (X, F' ) together with a measure p is called a measure space, denoted
by (X, F', ).

There are some properties of measure space .We will give them as in following theorem.

Theorem 1.2.1[2]: Given measure space (X, F, u).Then we have

(1) p(UZ,4;) =24, n(4)) for pairwise disjoint sets 4; in F

(2) IfA,B €F and A € B then p (4) <p(B).

(3) If A=U{L, 4;, A; EF and A; C A then lim;_, u(4;) = n(4).
(4) IfA=N{L,4;,A; EFand A;;; € A;.ifn(4y) < oo

then hmi_m pn(4;) = un(4).

Proof: (1) By induction , want to show the equation is true for n=2 . Let 4; are pairwise
disjoint sets in F.

n(U7-; A) = n(4; U Ay) = p(A) + p(4dy) = X7, m(4)
Assume the equation is true for n=k then

n(Uiss 4:) = Ziss n4)

for disjoint sets A; .Want to proof that the equation is true for n=k+1 then
(U A) = 1 (A U (U1 A) = 1Aian) + (UL A7)

= n(Aks1) + Zi1 4
= 2 u(4y)

(2) Since A € B then B = (B — A) U A and since (B — A) N A = @. Therefore by (1) we
have u(B) = u(B — A) + u(A) .Since A,B € F then (B —A) € F and so
W(B—4)=0

Hence u(B) = u(A4) .

(3)Let B = A; and B,, = A,, — A,,_; for n=2,3,... then for all i= 1 we have B; is pairwise
disjoint measurable set and A, = U}, B; Therefore p(4,) = w(Uj=; B;) = X1, u(By).
Let A = U{Z; B; so that

n(4) = p(UZ, By = Xz, w(By) = limy o Xig pu(B;) = lim n(A4,)

n-w
(4) Let A=N;Z;4; and let F; = A; — A;;1.Then for all i> 1 we have F; is pairwise
disjoint measurable set and 4; — A = U;L; F; . Now since A € A; and A;,; C 4; then
A; =(4;—A)UAand A; = (A; —A;j41) UA; 4. Hence p(4,) = n(4; — A) + n(4) and
n(4y) = p(4; — Ajyq) + p(4i41). Also since

n(4) <p(4y) <o

3



Thus u(4; — 4) = u(4,) — u(A4) and p(A4; — Aiyq) = p(4y) — p(Aiyq) . Therefore
w(4,) —u(d) = p(4, —4) = X2, u(F)

= X2 W4 — Aiyq)

= Tlll_r)glo i=1 W4 — Airq)
= lim (1(4,) — u(4,))

(A1) — limu(4,)
Since u(A4;) < © .We have u(A) = limp(4,).
n—oo

Example 1.2.1:Let (X, F ) be a measurable space then the simplest measure is zero
measure which define by u(A)=0, VA EF.

Example 1.2.2: Let X be uncountable set, (X, /') be a measurable space then

0 if Aiscountable
o if Ais uncontable

() = |

then p is measure on (X, F' ).

Example 1.2.3: Let P (R) be the set all subset of R and (R, P (R) ) be a measurable
space and define

_ (o if E isinfinte
M(E)_{n if |[El=n
then p is measure on P (R).

We try now to construct a measure on X and on special cases when X= R and when
X= R™, which is called the Lebesgue measure.

Definition1.2.4:(Outer Measure)
Let ¥ bea o-algebraofasetX and p:F — [0,00] be a measure on F. For E C X we
define

u*(E) =inf { 21 u(Ey) ‘Ei €F ,Ec U?O=15i}

Then the set function u* is called the outer measure of E.

If X =R ,we will deal with open interval I, € F instead of E; such that E ¢ Uy_; I,
then p(1l,,) = I(I,) where [(I,) be the length of interval I,, therefore the outer measure of
E will be defined as

W (E) =inf {Zs’f:ll(ln) LeFr,Ec U?i’=11n}



In the same way as for R, we introduce the outer measure on X= R ™. Recall that by an
interval in R ™ we understand an arbitrary Cartesian Product of  n-dimensional intervals
in R . Any interval [ of R" is of the form

I=[Ti=,(a;, by) ={x = (x1, x5, cue .. ,Xp) € R™x; € (a;,b;)) V1 <i<n}

We define its volume as Vol I=][[/L,(b; — a;) whichis a finite non-negative number .

Given an arbitrary set E € R ™. Then we define the outer measure of E as
w*(E) =inf {zﬁzlvOl(In) IL,eF,Ec Uﬁ=11n}

Example 1.2.4 : Let E be a countable subset of R then the outer measure p*(E) of E is
equal to zero .

Definition1.2.5 (Measurable Set)
A subset E € X is called (Lebesgue )measurable set if for every A € X,

WA =w@NE)+uANES)

Remark 1.2.1: If (X, F, p) is measure space then any set in c-algebra F is measurable
set .

Example 1.2.5 :Any subset E R of outer measure pu*(E) = 0 is measurable set .
Example 1.2.6: Any open (closed )interval of R is measurable set .

Example 1.2.7: Any Cartesian Product of intervals (a ,b)x(c, d) (which is an interval in R?
) is measurable set.

Definition1.2.6: (Lebesgue Measure)
If E is measurable set then we define the Lebesgue measure of E to be the outer measure of
E that is p(E) = p*(E).

Example 1.2.8 : The examples1.2.1, 1.2.2 of measure is also Lebesgue measure.

Note that all properties of arbitrary measure that we took about it is also satisfied for
Lebesgue measure .

Example 1.2.9: Let [ be an arbitrary interval in R then the Lebesgue measure of [ is the
length of I .

Example 1.2.10 : Any Cartesian Product of intervals (a,b)X(c,d) has Lebesgue measure
(b-a)(d-c).

Definition1.2.7: (Finite And o-Finite Measure )
Let (X, F, n) be measure space . A measure u is called finite if p(X) < oo and is called o-

finite if there exist a sequence {X,,} of measurable sets in 7 such that

X=Un=1Xn and  p(Xp) <o



Example 1.2.11 : The Lebesgue measure on [0,1] is finite and the Lebesgue measure on
R is o-finite measure.

Definition1.2.8: (Complete Measure Space )

A measure space (X, F, p) is said to be complete if the c-algebra F contains all subset of
sets of measure zero .

Example 1.2.12: Lebesgue measure space (R, P (R), p) is complete measure space.

Definition1.2.9: (Absolutely Continuous Measure )
A measure y is called absolutely continuous with respect to the measure p if y(A)=0
whenever W(A)=0 for each set A. In this case we write < .

Section 1.3 Measurable Function

Definition1.3.1 (Measurable Function )
Let f:D— [—o0, ] where D is measurable set then f is said to be (Lebesgue) measurable
function on D if it satisfies one of the following statements;

(1) For each real number a the set {x: f(x) > a} is measurable set
(2) For each real number a the set {x: f(x) = a} is measurable set
(3) For each real number a the set {x: f(x) < a} is measurable set
(4) For each real number a the set {x: f(x) < a} is measurable set

These statements imply
For each extended real number « the set {x: f(x) = a} is measurable set .

Theorem 1.3.1]2]: Let ¢ be a constant ,f and g are two measurable real valued functions
define on the same domain .Then the functions

() f+c

2) cf

B f+g

@Dg—f

) fg

are also measurable functions.

Proof: (1) Let a be any real number .Then the set

fxf+c< a}={x:f(x) < a—c}
is measurable set since f is measurable function . So that f + ¢ is measurable function.

(2) Let a be any real number .If ¢=0 its obvious. Assume ¢ > 0 then the set

a
{x:f(X)c < a} = {x:f(x) <Z}

is measurable set since f is measurable function . So that cf is measurable function.



(3) Let @ be any real number .If f(x) + g(x) < a then
f(x) < a — g(x) and there exist a rational number r such that

f)<r<a-gk)
Hence

f)+9(x) < a}=Up(l: f() < r3n{x:g(x) <a—r})

Since f and g are two measurable functions and the intersection and union of measurable
sets is measurable set then {x:f(x)+ g(x) < a}is measurable set and so f + g is
measurable function.

(4) Since —g = (—1) g is measurable function when g is measurable function and
since by (3) f + g is measurable function then f — g is measurable function.

(5) If a = 0 .Then the set
{x:f2(x) >a}={x:f(x) >Va}u{x:f(x) < —Va}
is measurable set since f is measurable function . And if @ < 0 then the set
{x:f?(x) >a}=D

is measurable set ,where D is the domain of f . So that f? is measurable function. Now
since (f + 9)% = f? + 2fg + g? so that

1
fg = 5[(f+g)2 - f*-9%]
1s measurable function .

Examplel.3.1 : Let A be any set ,we define the characteristic function of the set A to be
(x) = {1 if x€eA
XaX) =10 ifxeA

Then y, is measurable function if and only if A is measurable set .
Definition1.3.2 : (Simple Function)

Let E be measurable set .A function ¢@:FE — Ris called simple function if there exist
a; € R and E; are measurable subset of E for all 1< i < n such that

n
Q= Z AiXE;
i=1
where E; ={x € E| p(x) = a;}.
This representation for ¢ is called the canonical representation ,and it is characterized by
the fact that the E; are disjoint and «; are distinct and nonzero .

Remark 1.3. 1: The sum ,the product, and difference of two simple functions are simple.

Example 1.3.2 : The characteristic function of the set of rational number Q

(1 ifxeqQ o .
Xo(x) -{0 if x¢Q , is simple function .



Section 1.4 Lebesgue Integral

Definition1.4.1 : Let (X, F, u) be a measure space and ¢: X — [0, o) is a simple function .
We define the integral of ¢ by

n

[ o= awne

i=1
When ¢ has the canonical representation ,

n
Q= z AiXE;
i=1

Definition 1.4.2 : (Lebesgue Integral)
Let f: X — [0, oo] be nonnegative measurable function on a measure space (X, F, p) .We
define the Lebesgue integral of f over a measurable set E by

ffdu=mwf¢du
E E

For all simple function ¢ < f

Definition1.4.3 :( Almost Everywhere)
A property is said to hold almost everywhere (write a.e) ,if the set of points where it
fails to hold is a set of measure zero

Examplel.4.1 : We say that f =ga.e if fand g have the same domain and
ulx|f(x) # g(x)} =0

Theorem1.4.1[2]: Let (X, F, p) be measure space. If f and g are nonnegative measurable
functions on (X, F, u) and E be measurable set then

D Jyef=clf ¢>0

2) [ f+tg=[.f+].9

3) If W(E)=0 then [ f=0

4) If[f =0 thenf=0 a.eonE
Proof :

(1) Let ¢ be a simple function and E; ={x| ¢(x) = @;} then for ¢ > 0 we have
c@=cXit,aixg, =Xi=1(ca;) xg,is also simple function thus

[eo- Y o ntty = auts = [
i=1 1

i=

It follows that ,



fcf=sup c<p=supcf<p=csup <p=cff
E o<f JE o<f JE p<f JE E

(2) Let ¢q,9, be two simple functions such that ¢; < fand ¢, < g.Let
A; = {x]o1(x) = a;}, B; = {x]|@,(x) = b;}, Ay = {x]|¢,(x) = 0} and

By = {x|p,(x) = 0}, then p(A4y) < oo and p(By) < . Set £ = A; N B; then Ej is finite
disjoint measurable sets ,and we may write

n

P11 = Z ArXE,

k=1
and
n
¢z = Z b xg,
k=1
And so,
n n n
Y1+ @ = Z A XE, Z bixe, = Z(ak + by) X,
k=1 k=1 k=1

is a simple function such that ¢, + ¢, < f + g whence

@+ 0= Y @+ oD
k=1

n n

= Z ap u(Ey) + z by 1(Ex)
i=1

k=1
=f<P1+f<P2

fE<p1+L<pz=L(<p1+<pz)SL(f+g)

Taking supremum for both sides as ¢; + ¢, < f + g then we have ,

So that

supf<p1+supf¢zs sup f(f+ 9)
¢1<f JE ©2<9 JE (p1+92)=(f+9) 'E
Therefore

Lf+LgSILU+g) (1)



(3)Let

n

@ = Zaim

i=1
be a simple function. Since W(E)=0 then p(E; N E)=0 .Now
n

PXE = Z i XE;nE
i=1
Then

n n

f<p=f OXg = Zaiu(EmE)=zai0=0
E i=1

i=1
it follows that

ff=sup @ =sup0 =0
E p<f JE p=f

(4) Let f be nonnegative measurable function and |, :f=0.Let B= {x € E|f(x) >0}
and B, = {x € E| f(x) = 1/n} so that B = U;_; B, and B, € B, . Since B,, C E , then

0=Lf=f8nfzf8n%=%Lﬂ1=%u(3n)20

Therefore p(B,) = 0 and by Theorem 1.2.1 (3) we have

u(B) = lim u(By) =0
Whence p{x € E |f(x) # 0} = u(B) =0 thus, we conclude that f = 0a.e on .
Section 1.5 Convergence in Measure
Definition 1.5.1 : (Convergence Almost Everywhere)
Let (X, F, 1) be a measure space and let {f,,} be a sequence of measurable functions. We
say that f, converge to measurable function f almost everywhere if
u{x|f,,(x) » f(x)} = 0. In this case we write f,, > f a.e
Definition 1.5.2 : (Converge in Measure)

Let (X, F, 1) be measure space and let {f,,} be a sequence of measurable functions. We
say that f,, converge in measure to measurable function f if for every € > 0 we have

lim i /() = f(Ol 2 €} = 0

That is , for every € > 0 and every & > 0 there exist integer N such that for all n > N
we have uf{x:|f,(x) — f(x)| = €} < €. In this case we write f, > f
u

Example 1.5.1: Let f,,: [0,0) — R define by

10



foy=ni1 JXER

n if xeN

Define f:[0,0) > R by f(x) =x then with respect to Lebesgue measure |,
fn — fa.el0,0).

Theorem 1.5.1[6] :Let (X, F,u) be measure space .If f, = f then there exist a
u
subsequence {fnk} such that f, — fa.eonX.

Proof: Since f, 7 f then there exist an increasing sequence of integer {n;} such that for
alln > n, we have ufx:|f,,(x) — f(x)| = 27%¥} < 27% . Now let,

E, ={x: |fn), () = F(O)| = 27%}and A = N7, Uj-; Ex Thus

A° = ULy Nz B = Uy Mo [, () — F ()] < 27} supposex € A° want to show
that f, (x) > f(x) Vx € A° and u(A) = 0 . Since x € A€ then there is some i = 1 such
that x € r]}f:i{x: |fo,, () — f()] < 2_"} so for k > i large enough we have 27% < ¢.
Whence for k=K ,K € Nwe get |fy, (x) = f(x)| <27% <& thus fp, (x) = f(x)
V x € A Moreover,for each i = 1 we have

w(A) = w(NZy UR=i Ex) < p(Ui=i ) < B—ip(By) < Yo 27 = 21

so that 0 < u(A) < 217! vi > 1 thus u(4) = 0 .We conclude that f,, — f a.e onX.

Definition1.5.3 : (Cauchy in Measure)
A sequence of measurable functions {f,,} is called Cauchy in measure if
For every € > 0 we have

Jim e 1 () = fn()] 2 €} = 0

That is, for every € >0 and every & > 0 there exist integer N such that for all
n,m =N wehave pu{x:|f,(x) — fn(x)| = e} < €.

Example 1.5.2: Show that every sequence {f,,} which converge in measure , is Cauchy in
measure .

Solution : Let ¢ > 0 and £ > 0 be given , since {f,} converge in measure then there is
measurable function f and an integer N such that for all n>N we have

u{x: o) — f()| = S} < %,then for alln,m = N we have
{100 = FOl <2} a1 00 = fin@)] <} is subset of {x: [f(2) = fru(0)] < &}

Thus by taking complement,

1/ () = @O 2 &} € {x: 1,0 = F 2 5} U {1 () = fn(D] 2 3}

sofor n,m = N wehave p{x:|f,(x) — f,(x)| = €}
< pfx: 1) = FEOI = 5+ p{x 1F () = ()] = 5}

SV &€ 4
<S-+-=c¢
2 2

11



so that {f;,} is Cauchy in measure.

Theorem1.5.2[2]: (Fatou's Lemma )
If {f,} is a sequence of nonnegative measurable functions and f, - f a.e on a set E, then

[ £ <tim 7,

Proof: Without loss of generality we may assume f,, = f everywhere , since integral over
sets of measure zero are zero .Let h be a bounded measurable function which vanishes
outside aset E, p(E") < o and h < f.Define

a function h,, by setting ,

hn(x) = min{h(x): fn (X)}

Then h,, is bounded by bound for h and vanishes outside E so that
h,(x) = h(x) Vx € E Thus by Bounded Convergence Theorem ,we have

[n=[ h=tim | by <tim | fu=tim [ 1,
E E' E' E' E

Taking the supremum over h, we get

ff=ﬂmfhsﬁmfﬁ
E hsf Jg E

Theorem 1.5.3 [2]:(Monotone Convergence Theorem )
Let {f,,} be an increasing sequence of nonnegative measurable functions, and let

fn = f a.e .Then
[ r=tim | 5.

Proof : If {f,} is a sequence of nonnegative measurable functions and f,, = f a.e then by
Fatou's Lemma(Theorem1.5.2 ) we have

[ <im|r,

But{f,} is an increasing sequence then for each n we have f, <f , and so
[ fu <[ f.Taking lim for both side we get

P

[ fy<tim [ 7,

Whence

On other hand we know that

lim [ f, <Tm [ 1,

Therefore

12



tim [ fu=tim [ .= [ £ =Tm [ £,
[ r=tm ],

We see in Theorem 1.4.1 that fE f+g= fE f+ fE g Now by using Monotone
Convergence Theorem we will see in following theorem that both sides are realized .

Hence

Theorem 1.5.4 [7]: Let (X, F, n) be measure space. If fand g are nonnegative
measurable functions on (X, F, ) then

ff+g=ff+fg

Proof: LetE c X ,{f,,n € N} and {g,,n € N} be increasing sequence of nonnegative
simple functions such thatf,, > fa.eonE and g, > g a.eE asn — oo .Then f, + g,

is  increasing sequence of nonnegative simple function such that
fatgn—f+g aeonEasn— o
because

| ot gn =+ D= o= f+gn—gl<|fu=fl+]gn—ygl =0
as n — o . By Monotone Convergence Theorem we have

im [ 1= | 1

Nn—o0

And
lim gn=fg
n—-oo
Hence
[ ¢+ oy =tim [ ¢+ gy
=p{]mw+f%w)
= lim <j fndu> + lim (f In du)
n—oo n—oo
=ffdu+fmw
So that

ff+g=ff+fg

13



Theorem1.5.5 [2] :(Lebesgue Convergence Theorem )
Let g be integrable over E and let {f,} be a sequence of measurable functions such that
|fol < gonE andf, - f a.e on E then

Lf=ﬁmLﬁ

Proof : Since |f,| < gthen g—f, =0 and lim,_ (g —f,) =g — f a.e on E then by
Fatou's Lemma (Theorem 1.5.2 ) we have

Lw—ﬂsﬁme—ﬁ)

Since f < |f| = lim,_,|f,| <lim,_, g =g ,and g is integrable then f is integrable so

that
Lg—Lf=Lw—ﬂsameam=LaJ%Ln

i%Lﬁst

Similarly, considering g + f,, ,we get

tim | o= f
| r=um] s,

Hence

Thus we conclude

14



Chapter Two

Basic Function Spaces

In present Chapter we study many important spaces that help us to achieve our goal. In
this thesis we study modular spaces an Musielak—Orlicz spaces which provide the
framework for different function spaces, including (weighted) Lebesgue spaces , Orlicz
spaces and variable exponent Lebesgue spaces. We will study also the relationships
between these spaces .We shall review normed space which include definition these
spaces. Many of the results in this chapter will be used in next chapter. In this chapter we
will consider 0 © R" and p is Lebesgue measure.

There is no big difference in the definition of real valued and complex valued spaces. To
avoid a double definition we let K be either R or C. We will denote the set of all
measurable functions from Q to R by L°(Q) .

Section 2.1 Normed Space

Before we give the definition of normed space we give four definitions that we will use in
several sections later.

Definition 2.1.1 :( Lebesgue Space LP)
Let (Q, F, n) be Lebesgue measure space and 1 < p < o0.Then we define Lebesgue Space
[P (Q, ) by

1(Q, 1) ={f€ @) fﬂ |f<x>|vdu<oo}

To simplify , we write IP(Q), or LP when the measure space has been specified . When
p = 1 the space L!(Q) consists of all integrable functions on .

Definition 2.1.2:( Lebesgue Space LP, p = o)
Let(Q, F, n) be Lebesgue measure space .Then we define L* (€, ) by

L*(Q, ) = {f € L°(Q) | f is essentially bounded on Q}
We mean f is essentially bounded on Q, If there exist 0 < M < oo such that
lf()| <M a.eonQ
Asin case 1 < p < ©.We write L*(Q) or L”

Definition 2.1.3:( locally integrable)
Let Q be open setin R" and f(x) : Q — Cis a Lebesgue measurable function. If the
Lebesgue integral

f IF (0] dx < oo
K

for all compact subset K in Q, then f'is locally integrable. The set of all such
functions is denoted by L1 .(Q) .

15



Example 2.1.1 : The function f(x)=1 is locally integrable but not integrable on R .

Definition 2.1.4: (Weight Function)
A function w(x) : @ > (0,0) such that w(x) € L1 .(Q) called weight function .

Definition 2.1.5:Weighted Lebesgue Space( LY, (Q))
Let (Q, F, pn) be Lebesgue measure space, w is weight function and1l < p < oo .Then we
define weighted Lebesgue Space LY (Q, ) by

12,(Q W) = {f e L°(Q) fﬂ If@Pw)dn < oo}

To simplify , we write L2 (€), or LE, when the measure space has been specified.

Definition 2.1.6: (Norm)
Let X be a vector space . A norm on X over a filed K is a function ||.||: X — [0, ) such
that for every x,y € X and a € K we have

N1) |lx|[ =0

N2) |lx|l = 0 iff x=0

N3) [lax|l = [allx]

N4) llx + yll = llxll + llyll  (triangle inequality)

Definition 2.1.7: (Normed Space)
A normed space is a pair (X, ||. ||) where X is vector space and ||. || is a norm defined on X.

Definition 2.1.8:(Complete Space )
The normed space X is said to be complete if every Cauchy sequence in X converges inX.

Definition 2.1.9: (Banach Space)
A Banach space is a complete normed space .

We will give now some examples of Banach space ,in the next section we present other
main normed spaces .For all examples we want to show that ||.|| satisfied all properties
N1 to N4 of norm .

Example 2.1.2: Euclidian space R" is a Banach space with norm defined by

1
llx]| =( X, (x)?)z  , where x = (xq, %5 ..., X,) € R®

Example 2.1.3: The Lebesgue Space LP( Q) where 1 < p < oo, is normed space with

norm defined by
11l = ( fnlf(x)l”dx>p

16
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Solution: Let f,g € LP(Q), a € K. So that

N1) Since |f(x)| = 0and 1 < p < oo,then|f(x)|P = 0 thus by definition of integral.
Since again 1 < p < oo,then

1

p
171l = ( fnlf(x)lpdx> >0

1
N2) lIfll, = 0 iff <f If(x)l"’dx>p=0 ifff If (0)|Pdx =0
Q Q
ifflIf)P =0 a.eonQ iff |f(x)|]=0 a.eon Q iff f =0since fe€lP(Q).

1 1
N3) llafll, = ( f Iaf(x)l"’dX) p = ( f Ial"’lf(x)l"’dx> z
Q Q

1 5
= (ja?)? ( | If(x)lpdx>
Q
Since a € K.So that ||laf|l, = lalllfll,
N If +gll, < Ifll, + llgll, by Minkowski inequality .

Example 2.1.4: The weighted Lebesgue Space L” (Q) where 1 < p < o, is normed space
with norm defined by

|

p
Ifllpw = (fnlf(x)lpw(x)dx>

Solution: Let f, g € LF (Q),a € K. So that,

N1) Since |[f(x)| = 0,w(x) > 0,and 1 < p < oo,then |f(x)|Pw(x) = 0.Thus

fQI f)|Pw(x)dx =0 by definition of integral .Since againl <p < oo then
1

P
Ifllpw = (Llf(X)I”w(x)dx> >0

N2) If llpew = 0 iff (J,[f QOP0GIdX)? = 0 iff J,|f P (dx = 0
iff If(x)|P =0a.eonQ because w(x) > 0. iff |[f(x)|=0 a.eonQ

iff f=0since f € 1P (Q).

N3) llafllpe = <f |af(x)|pw(x)dx)%
Q

17



= (J,lal’If ()P ()dx) 7

L 1
= (lalP) (f If () [Pw(x)dx)? since a € K
= lalllf e
N If + gllpw < Ifllpw + Igllp, by Minkowski inequality .

Example 2.1.5: The Lebesgue Space LP({)) where p = oo (L“o(Q)), is normed space with
norm defined by

Ilfllo = ess Sgplf(x)l

Where ess supg|f (x)| = inf {M:|f(x)| <M a.eonQ}

Before we prove that L*(€) is normed space we will give lemma that we use in the
prove.

Lemma 2.1.1[12]: If f € L*(Q) then |f(x)| < ||f|l. a.e onQ.
Proof: Let f € L*(Q) then there exist M > 0 such that
If(x)| <M a.eonQ

But ||f|l. = inf {M:|f(x)| <M a.e on Q} Therefore

lf I < Iflle a.e onQ.
Now we are ready to prove that L*(Q) is normed space. Let f, g € L*(Q),
a € K. So that
N1) Since ||f ||, = inf {M:|f(x)| <M a.e}and 0 < M < oo then
Ifll =0
N2) lIflle = O iff Ifll = inf {M:|fCOI <M a.e}=0

iff n(fx e :If | > lIfll, =0 =0 iff

H{x e Q:|f()| >0 =0 iff f(x) =0 a.eonQ iff f =0 since f € L”(Q).
N3) The equality is obvious for @ = 0. Assume @ # 0 then

|af(x)| > Miff |f(x)| >S where S =%> 0 .Whence

laflle = inf{M:|laf ()| <M a.e}

= inf{M: u({x € Q:|af (x)| > M}) = 0}

18



im{Mquemvun>%D=o}

inf{lalS: u({x € Q:|f(x)| > S}) = 0}
= |a| inf{S: u({x € Q:|f(x)| > §}) = 0}

=lalinf {S:|f(x)|<S a.e}

= lalllifll,
N4) Let f,g € L”(Q) then by lemma 2.1.1 we have |f(x)| < ||fl.
a.e onQ,and |g(x)| < ||gll. a.e onQ.Now

If )+ g < If I+ 190l < lIf 1o + g1l

a.e on (). Hence

If +gll. = ess Sl(l)plf(X) + 9@ < Iflle + 1191l

Definition 2.1.10: (Converge in Norm)

A sequence {x,} in a normed space X converges in norm(or strongly) to x in X if
lim|lx, —x||=0
n—o0

In this case we write x, = x

Definition 2.1.11: (Cauchy in Norm)
A sequence {x,,} in a normed space X is Cauchy if for every € > 0 there is an integer N
such that for all m,n = N we have

”xm - xn” <eg

Example2.1.6. Let X be the set of all continuous real valued function on [0,1] with norm
defined

1
lx]| = f (O)ldt
0

0 ,0<t<-
1 1 1 1
And Xm(t)— m(t—z), 5<t<5+;
1, Zti<t<1
2 m

Then x,,(t) is Cauchy sequence .

Solution : Let € > 0 take k > i then V m,n > k we have

1
o — Xl = ] I (®) — % (D)) dit
0

which is the area of the triangle in fig :1
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1 1y 111
e = 2l = 3 (== 2) <

Therefore x,,(t) is Cauchy sequence.

Fig :1

Section 2.2 Modular Function

It is better to start with the function called modular which then induces a norm that for
investigation of (weighted)( variable) Lebesgue spaces .In some cases the modular has
certain advantages compared to the norm, for example in the case of Lebesgue spaces the
modular fnl f(x)|Pdx compared to the norm

1

( f If(x)lpdx>5
Q

Definition 2.2.1 : (Convex Function)
A function tdefined on open interval I = (a, b) is said to be convex if for each x,y €
Iand each a,f =0, a + [ = 1 we have

t(ax + By) < at(x) + fr(y)

Note that If [ is any interval, open, closed, or half-open, we say that 7 is convex on [ if T is
continuity needed on I and convex in the interior.

Lemma 2.2.1[2]: If 7 is a function defined on an open interval (a, b) which have a second
derivative at each point of (a,b) .Then T is convex on (a, b) if and only if "(x) > 0 for
each x € (a, b)
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Proof : Let 7"(x) is exist V x € (a,b) .If T is convex on (a,b) , then its left and right -
hand derivatives are exist and are monotone increasing on (a, b) so that T'(x) is monotone
increasing on (a,b). Hence 7'(x) >0 Vx€(ab). Conversely, If 7'(x) >0
V x € (a,b) then 7'(x) is exist and also monotone increasing on (a,b). Since 7'(x) is
exist then 7 (x) is continuous on(a, b) .Hence 7 is convex on (a, b).

Example 2.2.1 : Show that the function ¢(t) = tP is convex on [0,0) for1 < p < oo .

Solution : Let ¢ (t) = tP then ¢ is continuous on [0, o) for all p. We want only to show
that ¢"(t) =0 on (0,0). For p =1, ¢(t) =tso that ¢ (t) = 0. And for 1 < p <
we have ¢ (t) = p(p — 1)tP~2 > 0 since t € (0, ).Therefore ¢ (t) = 0 for each point
in (0, ) .Thus by lemma 2.2.1 we conclude that ¢(t) = t? is convex on (0, ) and so ¢
convex on [0,00) for1 < p < co.

Definition 2.2.2 :( Semimodular Function)
Let X be an arbitrary vector space. A function p: X — [0, o] is called a semimodular if for
arbitrary x,y in X,

S1)p(0) =0
S2) p(Ax) = p(x) forevery 1 € Kwith |1] = 1
S3) p is convex
S4) p (Ax) = OforallA > 0impliesx = 0.
A semimodular p is called
Right continuous, if for every x € X, we have lim,_;+ p(Ax) = p(x).
Left continuous , if for every x € X, we have lim;_;- p(Ax) = p(x).
Continuous , if it is both right and left continuous.

Definition 2.2.3:( Modular Function)
Let X be an arbitrary vector space. A function p: X — [0, o] is called a modular if for
arbitrary x,y in X,

M1) p(x) = 0ifand only if x =0
M2) p(Ax) = p(x) foreveryA € K with |1] = 1
M3) p is convex

Remark 2.2.1. Note that our semimodular (modular) are always convex, because we will
deal with convex modular in our thesis ,in contrast to some other sources.

Now we give examples of modular functions :

Example 2.2.2 :If 1 < p < oo. then
21



po(f) = fn IF (O Pdx

is a modular function on L°(Q) .
Solution : Let f be a measurable function on (1 ,So that

M1) pp,(f) = 0iff [If()IPdx =0 iff If()IP =0 a.e iff |f(x)| =0 a.e since
1<p<o.iff f(xX)=0a.e iff f =0 since f € L°(Q).

M2) Let A € Kwith |A| = 1. Then
po) = | fCoPdx = | IAPIFCOPds
Now since |[A| = 1and 1 < p < oo then |A|P = 1 whence
poN) = | IFGIPdx = py()
M3) Let g be a measurable functionon Q ,a,f >0, a + =1 .Then

pplaf +Bg) = fﬂ|(05f+ﬂg)(x)|pdx
- j 1(af) () + (Bg) (O [Pl
Q

- j laf () + Bg ()P
Q

Now since ¢(t) = tP is convex on [0,00) for 1 < p < oo then if we let t = |f(x)| we
have @(|f(x)]) = |f(x)|P is convex on [0, ) for 1 < p < oo, therefore

@(laf (x) + Bg)D) < a p(If D + B ¢(g()D)

Imply that, [af(x) +Bg()|P < alf()IP + Blg(x)IP So,

f laf (o) + Bg(0)IPdx < j @lf @ + Blg()[P)dx
Q Q
- f alf () Pdx + f Blg(0)IPdx
Q Q

—a fnlf(x)l”dx +8 fn lg(0)Pdx

= apy(f) + Bpp(9)

Hence, p,(af + Bg) < ap,(f) +Bpy(g) fora,f =0, a+ p =1 it follows that p,, is
convex and we conclude that p,, (f) = fnl f(x)|Pdx is a modular function on L°(Q) .
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Example 2.2.3:If 1 < p < o0,and w(x) is weight function .Then

po(f) = fn F OO Pw(x)dx

Is a modular function on L°(Q) .
Solution : Let f be a measurable function on {2 ,So that

M1) po, (f) = 0if f [ If C)IPw(x)dx = 0iff |f(x)|Pw(x) =0 a.e on
iff If)IP=0 a.eonQ sincew(x) >0 iff |f(x)|]=0 a.esincel <p < o .
iff f(x) =0 a.e iff f = 0since f € L°(Q).

M2) Let A € Kwith |A] = 1.Then

Po(Af) = fnllf(X)I”w(x)dx =LI/1I”|f(X)I”w(X)dx

now since || = 1and 1 < p < oo then |A|P = 1 whence
po0f) = | IF@Po@x = pu(f)
Q
M3) Let g be a measurable functionon Q ,a,f >0, a + = 1.Then

polaf +Bg) = fﬂ \(af + B @ Pw()dx
- f (@) @) + (Bg) (0P w(x)dx
Q

- f laf (x) + Bg () IPw (x)dx
Q

As we say in example 2.2.1 ,that @(|f(x)|) = |f(x)|P is convex on [0,00) for1 < p < o
therefore

laf (x) + Bg()[Pw(x) < (alf ()] + Blg(x)P)w(x) So,

f laf (x) + Bg(x)|Pw(x)dx < J (alf(OIP + Blg()P)w(x)dx
Q Q
- f @f@Po@) + BlgColPw())dx
Q
_ j alf @Pw)dx + f Blg(0Pew(x)dx
Q Q

—a f FGOPwC)dx + B f 9P w(x)dx
Q Q
=ap,(f) + Bru(g)
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Hence p,(af + Bg) < ap,(f) + Bp,(g) for a,f =0, a + =1, it follows that p,,
is convex .We conclude that p,,(f) = [,|f (¥)|Pw(x)dx is a modular function on L°(€).

Example 2.2.4 :Let X = L*(Q) . X is normed space with norm defined by

If 1l = ess Sgplf(x)l
Then p.(f) = |If]. is modular function on L°(() .

Solution : Let f be a measurable function on  ,So that

M1) p.(f) =0iff |Ifllo =0 iff f =0 asin example 2.1.4

M2) LetA € Kwith |[A] = 1.Then p,(Af) = ||[Aflle = |Al|If]l -Now since |A| = 1 thus
Pe(Af) = Ifllo = Pos(f) -

M3) Let g be a measurable function on Q ,a, 8 = 0, a + = 1 .Then by example 2.1.4
we have,

po(af +B9) = llaf +Bgll. < llafll + 11Bgll. since af, Bg € L*(Q).But
a,f 20 thus |lafll. + 1Bl = lalllfll. + [Blllgll-

= allfll.. + Bllgll. = ap.(F) + Bp.(9)

then p,(af + Bg) < ap,(f) + Bp.(g) and so p,is convex .Then we conclude that
25 (F) = |If |l is modular function on L°(Q).

We will give other two modular functions in chapter three .

Let p be a semimodular(modular) function on X.Then by convexity , non-negativity of p
and p(0) = 0 we have p (Ax) is non-decreasing on [0,) for every x € X. Also,

p (Ax) =p(|A] x) < 1] p(x) forall |[A| <1
(2.2.4)
p (Ax) = p(|A]| x) =[] p(x) forall [A] =1

Definition 2.2.5 (Modular Space )
If p be a semimodular or modular on X, then

X, ={x €X: p(Ax) < o for some 1 >0}
Is called semimodular space or modular space ,respectively.

Definition 2.2.6: The semimodular( modular) space can be equipped with a norm called
the Luxemburg norm, defined by,

lxll, = inf 2> 0: p (%) <1}
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In the next theorem ,we shall prove that every semimodular (modular) space is normed
under Luxemburg norm.

Theorem 2.2.1[4]: Let p be a semimodular( modular) on X .Then X , is normed space
with the Luxemburg norm ,

lxll, = inf {2 > 0: p(l) 1}

Proof: First we will show that X , is vector space . Let x,y € X , and a € K\{0} then we
want to show 0 € X,,x+y € X,,and ax € X,,. 0 € X, since p(10) = p(o) =0 for
some A > 0.Since x € X, and by (2.2.4) we have p(dax)=p(|da|x) = p(Ax) < oo for
some A" = |Aa| > 0 so that ax € X ,.By convexity of p we estimate

0<p(Ax+y)=p (% 2A(x + y)) =p (G 2/1x) + (% 2/1y)>

1 1

< 5p(24x) +5p(21y)
2 2

< 00+ 00 =00

For some 4 > 0 since x,y € X ,.Hence x + y € X, and X, is vector space. Now we say

properties of norm .

N1) The set {/1 > 0: p( ) 1} is nonempty for all x € X ,thus 0 < [[x]|, < o0
foralle X,

N2) Let x = 0 then p G) =p (%) =0<1 for all A>0 .Hence

inf {/1 > 0: p( ) < 1} = 0 thus ||x|[, = 0. Conversely ,if ||x][, = 0 then p(ax) < 1 for

alla > 0 .Therefore by (2.2.4) , p(Ax) < Bp (Ex) <B(1) =g for all 1>0 and

0<pB <1 .This implies p(Ax) =0for all A >0 ,thusx =0 .We conclude that
llxll, =0iff x=0.

N3) Let a'E]Kands—ﬁ > 0 then

lax|l, = 1nf{/1 > 0: p( ) < 1}
=inf{2>0: p(|3x) <1}  by@24)
1nf{/1 >0:p (% ) }

= nf{slal > 0: pGx) < 1}

25



= |a|inf{s > 0: p(f) < 1} = |alllx|l,

N4)Letx,y €X,and A" = ||x|l, <uand 2" = |lyll, < v. Therefore u = ||x||, + a and
v=|lyll, + b wherea >0 ,b >0 .Then
X

p (Z) < % p (;CT) < % <1, in the same way p (%) < 1. By convexity of p we have,

P (i : i) =P ((u j—b;)u + (u -}ll-vv)v>

u x v y
S(u+v)p(ﬂ)+(u+v)p(;)S

x+y

Thus ||x+y||p=inf{u+v>0=p(m)S1}3u+v but u = ||x[|, + a and

v =|lyll, + b thenu+v =|x|,+a+|lyll, +b.Since a>0 ,b>0 arbitrary we
obtain ||x +y|l, < [[xll, + llyll, forallx,y € X ,.

Example 2.2.5: The Lebesgue Space LP(2) where 1 < p < oo, is normed space with
Luxemburg norm defined by

1, = inf (2> 0: p, (1) <1}
With modular function p,(f) = [ |f(x)|Pdx on L°() .

Solution : In example 2.2.2 we prove that p,(f) = |, olf () |Pdx is modular function on
L°(Q) and in theorem 2.2.1 we proved that every modular space is normed space with

Luxemburg norm ,then LP(Q) is normed space with ||f]| pp = inf {/1 > 0: pp G) < 1}.

Example 2.2.6: The weighted Lebesgue Space LY () where 1 < p < oo, is normed space
with Luxemburg norm defined by

11, = inf (2> 0: p, (1) < 1]
With modular function p,,(f) = fﬂl FO)|Pw(x)dx on LO(Q) .

Solution : In example 2.2.3 we proved that p,(f) = fnl fO)|Pw(x)dx is modular
function on L°(Q) and in theorem 2.2.1 we proved that every modular space is normed
space with Luxemburg norm ,then L? () is normed space with

1fllp, = inf {2>0: p, (£) <1}
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Example 2.2.7: (L°° (Q)), is normed space with norm defined by

11y, = inf (2> 0: p, (1) <1
With modular function p,(f) = ||f]|..on LO(2) .

Solution : In example 2.2.4 we proved that p.,(f) = ||f|l is modular function on L°(Q)
and in theorem 2.2.1 we proved that every modular space is normed space with Luxemburg

norm then L*(Q) is normed space with ||f|[, = inf {A > 0: py, ( ) < 1}

The  question!  Does||fllp, = Ifllp IIfllp, = Ifllpw-and Ifll,, = lIfllowhere
£ llp s 11 llp,e -and]|f ]|, as we defined them in example 2.2.2, example 2.2.3, and example

2.2.47 The answer is yes .We will prove our claim . Start with

Ifllp, = inf {2>0: p, (£) < 1} .we will try to prove [Ifll, = inf2 forall 2> 0 such

thatpp( )<1

oo (5) <

iff

dx<1

|f (x )Ip

le

dx < 1iff/1—pfﬂlf(x)|pdx < 1iff

| Ireopax < 2 sz(] If(x)l”dx> <y =1

Hence [[f]l, <4 for all 1 such that p,, (£) <1 . It follows that [|f[l,, = [Ifll,. In the

same way we can show that ||fl, = lIfllp.e and lIfll,, = lIfll~ -
Theorem 2.2.2[4]: Let p be a semimodular(modular) on X. Then

(@) llxll, < 1and p(x) < 1 are equivalent .

(b) If p is continuous , then ||x][, < 1and p(x) <1 are equivalent.
(c) If p is continuous , then ||x|[, = 1 and p(x) = 1 are equivalent .

Proof: (a) If p(x) <1 then ||x|[, <1 by definition of |[.||, . On the other hand if
lx]|, <1 Indeed, let ||x|[, <u <1thenp (E) < 1 thus

p(x):p(ug)Sup(g)Sl

(b) Let p be continuous .If ||x||, < 1 then there exist A < 1 with p (f) < 1. It follows

that by(2.2.4) p(x) =p ( ) <p ( ) < A < 1.0n other hand let p(x) < 1 and since p
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is continuous then p is Right- continuous so that there exist y > 1 such that
p(yx) = p(x) <1 < 1 hence by (a) we have llyxll, <1 thus [|x]|, < % <1.

(c) The equivalence of ||x||, = 1 and p(x) = 1 follows immediately from (a)and(b)

Corollary 2.2.1[4]: Let p be a semimodular(modular) on X.

(D) If flxll, < Lihen p(x) < [Ix1l,
@ I llxll, > 1, then p(x) > llxll,

Proof: (1) The claim is obvious for x = 0. Assume 0 < [|x||, < 1 then by (a) in Theorem

X
llxl,p

2.2.2 and since o =1<1wehavep ( ) < 1 ,it follows that by (2.2.4)
p

p

1
llxll o

p(x) = — p( [l , ”;C” )< ”x”"p( ad )S 1 .Hence
p

llxll o = xllp llxll o
p(x) < llxll,,
@) If ||lx|[, > 1 ,thenfor1 <A < ||x|[, wegetl <p G) . Since

A <|lx|l, then ||x||, = A+ a where a > 0 .By (2.2.4),

1<p G) < /11 p(x) thus 2 < p(x) and since a > 0 was arbitrary then p(x) > [|x|[,.

Lemma2.2.2[4]: Let p be a semimodular(modular) on X and {x;} be a sequence in X,
.Then {x, } is converges to 0 in norm as k — oo if and only if p(Ax;) converges to 0 for all
A>0ask — oo.

Proof: Assume {x;} is converges to 0 in norm as k — oo then |lxy||, — 0 so that for
A >0 we have ||[KAxkll, <1 forall K > 1 and large k.Thus by (b)in theorem 2.2.2 we

have p(KAx;) < 1 for all K > 1 and large k .Hence by (2.2.4) p(Ax;,) < %p(lexk) < %

therefore p(Ax;) - 0 as k - o. Conversely , let p(1x;) -» 0 forall A >0 ask — oo,
then p(4x,) < 1 for large k so that by (b)in theorem 2.2.2 we have ||Ax||, < 1. Hence

lxell, < % for large k .Since A > 0 was arbitrary ,we get||xx||, — 0 as k — oo and then

{x;} is converges to 0 in norm as k — oo,

From our modular space X,,,which was induced by the norm, we can define another type of

convergence by means of the semimodular as the following definition .

Definition 2.2.7 : (Converge in Modular)
Let p be a semimodular(modular) on X and xj , x € X,.Then we say that x; is modular

28



convergent (p — convergent ) to x if there exist 1 > 0 such that p(l(xk —x)) > 0as

. . p
k — oo . In this case we write x;, — x.

We say that from Lemma2.2.2 that modular convergence is weaker than norm
convergence. In fact, we have limy_, p(/l(xk — x)) =0 forallA>0 in norm
convergence ,while .For the modular convergence limk_mp()l(xk — x)) =0
for some 4 > 0 . From this point we can ask our self for what conditions that modular

convergence and norm convergence are coincide ? This is what the following lemma
answers it.

Lemma 2.2.3[4]: Let X, be a semimodular (modular) space and x;, € X,,. Then modular

convergence and norm convergence are equivalent if and only if p(x;) — 0 implies

Proof: Let modular convergence and norm convergence are equivalent and let p(x;) — 0
with x; € X, then want to show that p(2x;) - 0 .By Lemma 2.2.2 we have ||xx|l, = 0

also by the second direction of same lemma we have p(dx,) = 0 for all 1> 0, in
particular take 4 = 2 so we have p(2x;) — 0. Conversely ,let x;, € X,with p(x;) = 0.

To show that modular convergence and norm convergence are equivalent we have to show
that p(1x,) = 0 for all A > 0. For fixed A > 0 choose m € N such that 2™ > A. Since
p(x;) = 0 implies p(2x;) — 0 ,then by repeated application of our assumption we get

limy,_., p(2™x;) =0 . Now by (2.2.4)and 2™ > 1 ,we have p(Ax;) < Zimp(mek) it
follows that 0 < limy_, p(Ax;) < zimlimk_,oop(zmxk) =0 .Thus limy_,p(Ax;) =0

and so p(Ax,) » 0 for all A > 0.We conclude that modular convergence and norm
convergence are equivalent.

Definition 2.2.8: (Monotone Complete )
Let X, be a modular space .A modular p on X,, is said to be monotone complete if

0 < xi Trea and supyep p(x) < oo imply Ugep Xk € X,

In the following theorem , we find the necessary conditions that modular functions are
equivalent .

Theorem 2.2.3[3]: Let X, be a modular space with two modular functions

prand p, where p; is monotone complete . Then there exist €, &, k, K ,¥ > 0 such that

(a) po(kx) <y for all x with p;(x) < &'
(b)  py(kx) < Kpy(x) forallxwithe < p,(x) <¢'

Proof: (a) by contradiction, assume y can't be found ,then there exist a sequence
0 < xx € X,(k =1,2,..) such that p; (x;) < zik and
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P, (%xk) >k.Lety, = Ug—;xx (n=1,2,...) thus 0 < y,, < y,44 therefore 0 < y, Th_,
and

1) = p1(Uptey %) < Tioy pr () S Xy 5p < 1

so that supy-15.. p1 (V) <1 <.
Since p; is monotone complete by assumption, there exist y, € X, such that y, = Uz—1 Yn.

On other hand since p, in non-decreasing then for n=>kwe have

D2 (% yo) = P (% yn) >n = k = 1 which contradiction to that p, is modular function.

(b)For any x replace € by g with g < p1(x) < €', then by (a) we have p,(kx) <y .Now
since % <p;(x) , then 1< %pl (x) multiply both side by y we have

po(kx) <y < y% p1(x) .Choose K = y% and we conclude that p,(kx) < Kp;(x) for
all x with e < p;(x) < &',

Section 2.3 ®- function

In this section we start with function that used in modular function definition also will use

in LPOor LIZ)(') definitions which are modular spaces whether p(.) is constant as in
section 2.1 or p(.) is function as will see in sections 3.1, 3.2.This function is real —valued
function, if we take integral of this function we will get the modular that exist in modular
space definition . The function is called ®- function.

The modular space which define in this way is called Orlicz spaces which will talk about
it later .

Definition 2.3.1:(®- function )
A function ¢: [0, ) — [0, o] is called ®- function if for arbitrary t € [0, ),
F1) ¢ is convex
F2) ¢(0) =0
F3)lim ,+ @(t) =0
F4) ltl_r)gj p(t) =
A @- function is called positive if ¢@(t) > 0forallt > 0.

In fact, there is a relationship between ®- functions and semimodular (modular) on R.
We will say that in the following lemma .
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Lemma 2.3.1[4]: Let ¢:[0,00) — [0, 0] and let p be a function such that p(t) = @(|t])
for all ¢ € R. Then ¢ is ®- function if and only if p semimodular on R with X, = R.

Moreover , ¢ is positive ®- function if and only if p modular on R with X, = R.

Proof: Suppose ¢ is ®- function. Since lim ,_,o+ ¢(t) = 0 ,we have X, = R. Now we
will check the properties of semimodular :

S1) Since ¢(0) = 0 then p(0) = ¢@(]0]) =0
S2) Let A € K with |[A]| = 1 ,then
pAt) = p(|At]) = (IAllt]) = e(|t]) = p(¢) since |1 = 1 .Hence p(At) = p(t) for

every with |1] =
S3) Since ¢(t) is convex on [0, o) so that p(t) = ¢(|t|) is convex on R .

S4) Assume that p(Aty) =0forallA > 0want to show that t, =0 , since
lim;_, @(t) = oo then there exist t; > 0 with ¢(t;) > 0 . Thus there is no 1 > 0 such
that t; = Aty which implies that t; = 0. We conclude that p is semimodular. Let ¢ is
positive and p(s) = 0 want to show s = 0, since p(s) = 0 then 0= p(s) = @(|s]) but ¢ is
positive ®- function then ¢(|s|) = 0iff |s| =0iff s =0 and so p modular on R.

Conversely, let p semimodular on R with X, = R. Since X, = R then there exist t, > 0

such that ¢@(t,) <o so for all 0<t<t, and from (2.2.4) we have

0<op)=9¢ (:—2 t) < tiw(tz) < @(ty) <oo thus 3t >0 such that ¢(t) = 0.Hence
2 2

lim .o+ @(t) = 0. Since 1# 0 and ¢(0) = 0 then there exist A > 0 such that p(1.1) # 0
In particular there exist t; > 0 with @(t3) > 0 and so we get @(kt3) = ko(t;) >0
for all k € N.Since k was arbitrary ,we have lim ,_,, ¢ (t) = ©.Since p(0) = 0 then

©(0) = ¢(]0]) = p(0) = 0 .And finally since p is convex then ¢ is convex We proved
that ¢ is @- function.

Assume that p is modular then want to show that ¢ is positive @- function .Since p is
modular then if ¢@(t) = @(|t]) =0 this imply t =0 .Hence for t >0 we have
@(t) > 0. So that ¢ is positive ®- function .

Examples of ®- functions :
Example 2.3.1:Let 1 < p < o . Then ¢, (|f(x)]) = |f(x)[? is positive ®- function .

Solution: F1) Let|f(x)| =t then 0 <t < o0 s0 ¢ is convex as we say in example 2.2.1.

F2) Let |f(x)| = 0 then ¢ (0) = p(If (D) = [f ()P = 0P =0

F3) lim op(fD = lim IfG)IP =0
F4) |f(x)|—>oo (pp(lf(x)l) = |f}9icl)1|l—>oo|f(x)|p — wPf = o
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Moreover for [f(x)| >0 we get @,(If(x)]) = [f(x)|P > 0since 1 <p < oo so that
o (If ) = |f (x)|P is positive @- function.

Example 2.3.2: Let 1<p<oand w(x) 1is weight function. Then
P (fFC)D = 1f () |Pw(x) is positive @- function .

Solution: F1) Since ¢(|f(x)]) = |f(x)|? is convex as in Example 2.3.1 then
9 (af () + Bg (X)) = laf (x) + Bg (D) Pw (x)
< (@lf P + Blg)P)w(x)
= alf()IPw(x) + Blg()IPw(x)
ap, (If D) + B, (g
So ¢, 1s convex .

F2) Let |f(x)] = 0 then ¢,(0) = @, (If ()] = |f()IPw(x) = 0Pw(x) = 0

F3)Iim |00+ 0 (If ()1 = If( )I 0+|f(x)|pw(x) =0
FA)lim | £ )50 Po (If (O] = lf%)lcr)rll_)oo|f(x)|pa)(x) = 0P w(x) = o since (x) > 0.

Moreover for |[f(x)| > 0 we get @,(|f(X)]) = |f(x)|Pw(x) > 0since 1 <p < o and
w(x) > 0 so that @, (|f(x)]) = |f(x)|Pw(x) is positive O- function .

Remark 2.3.1:Let ¢ be a ®@- function .Then by convexity of ¢ and ¢ (0) = 0, ¢ is non-
decreasing .Moreover the following properties are useful:

(rt) <ro(t), (2.3.2)
@(st) = sp(t),

forany r € [0,1],s € [1,0) and t > 0. Furthermore inequality (2.3.2) implies
b
p(a) + () < bqo(a+b)+ ,#lath)
= ¢(a+b) < pQ2a) +5¢(2b)
foralla,b =0anda+b >0

Although ®- function using in many function spaces ,these are not general for what our
need .In the case of variable exponent Lebesgue space (see CH.3) we need to generalize
@- function that may depend on the space variable.

Definition 2.3.2: (Generalized ®- Function)
Let (Q, F,pn) be o- finite ,complete measure space and y is a Lebesgue measure. A real
function ¢: Q X [0,00) — [0, 0] is said to be generalized ®- function on (Q, F,p) if:
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(a) ¢@(x,t)is @- function of the variable t = 0 for every x € Q.
(b) ¢ (x, t) is measurable function of x forall t>0 .

If @ is a generalized ®- function on (£, F',n) ,we write ¢ € ®(Q) and in this case we say
that ¢ is a generalized ®@- function on ().

Note that every ®- function is generalized ®- function if we set
@(x,t) == @) forx € Q and t € [0,00) .

In next theorem, we show that every generalized ®- function (positive) generates a
semimodular (modular) respectively, on L°(Q)

Theorem 2.3.1[4]: If ¢ € ®(Q) and f € L°(Q) ,then ¢(x, |f(x)]) is a measurable function
of x and

po(f) = fn oG If @) dx

is a semimodular on 1°(Q) .If ¢ is positive ,then Py is a modular .We call p, the

semimodular induced by ¢.

Proof: By splitting the function into its positive and negative part it suffices to consider the
case f =0 . Let f - f where fj = 0 are simple functions. so fi(x) = Xj-; a}‘ X pk(x)
)

where Ej = {x: fi(x) = a}‘} Thus
o, | fir ) = X1 0(x, a}‘)-)(E]lc(X)

is measurable function of x by definition of simple function then
o, it (D) = o(x, |f(x)]) therefore @ (x, |f(x)|) is a measurable function of x .

Now will show that p,(f) is a semimodular on L°((2).

S1) Since @(x, |f(x)]) is ®-function of |f(x)| then ¢(x,0) = 0 and so

Py (0) = fn o(x, lo(0))dx
- ]<p(x,|0|) dx
Q

=f<p(x,0) dx=]0dx= 0
Q Q
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S2) Let A € Kwith |A] = 1 then
po(f) = f o IAf GO dx = f oo IAIIF D) dx
Q Q
But |[A1] = 1 then

pp(Af) = jﬂ @ IFCOD dx = p, (F)
$3)Leta, B = 0and a + B = 1.Since ¢(x, |[f(x)]) is convex of |f(x)| we have
pp(af +Bg) = fﬂ oG laf + gD dx
< fﬂ[a PG IFCOD + B o(x, lgGD] dx

~a [ e lf@Ddx + 6 [ oGulg@D dx
Q QO

= a p,(f) + Bp,(g) sothat p, is convex

S4) Let p (Af) = OforallA > 0 then

pp(f) = fﬂ o (o A dx = 0

thus  @(x, |Af(x)]) =0a.eonQ by theoreml.4.1(5) .But A > 0 then
e, Af(x)])0 =a.eonQ) and since lim,,,@(x,t) = o forallx €Q then
|[f(x)| =0a.eon Qthus f(x) =0a.eonQ implies f = 0. We conclude that p, is a
semimodular on L2(Q) .

Assume now that ¢ is positive and p, (f) = 0 then

[ oGuireon ax=o
Q
Thus @ (x, |f(x)]) = 0 a.e on Q.Since ¢ is positive then

@, |f(x)]) > 0forall [f(x)| >0 implies |f(x)| = 0 a.e on Q and we have f = 0.This
proves that p,, is a modular on L°(Q) .

Section 2.4 Orlicz Spaces

The aim of this section is provide to basic results about Orlicz spaces. The Orlicz spaces is
extending the usual LP space with p > 1 where tP function which enter in definition of
L? is replaced by a more general function, ®- function. Also this section will present the
modular space corresponding to ¢ € (L) with ¢ positive .This modular space is called
Musielak- Orlicz spaces .
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Definition 2.4.1 (Orlicz Space)
Let (€, F',n) be o- finite ,complete measure space .Let ¢ be positive ®- function and p,,

be given by
po) = | pUFGOD dx

is modular on L°(€2) . Then the modular space
L@ u) = {f € L2(Q):p,(A f) < oo for somed >0}
will be called Orlicz space and denoted by L% () or L?, for short .

Example 2.4.1: For 1 < p < o ,we saw in Example 2.2.2 that p,(f) = fnlf(x)lpdx isa
modular function on L°(Q) and we saw in Example 2.3.1 that ¢,([f(x)]D) = [f(x)I? is
positive @- function then

Lo () = {f € L°(Q): pp(A f) < for some A >0}
is Orlicz space .

Example 2.4.2: For 1 < p < o0 and weight function w(x) , we saw in
example 2.2.3 that p,(f) = fQ| f(@)|Pw(x)dx is a modular function on L°(Q) and we

saw in Example 2.3.2 that ¢, (|[f(x)]) = |f(x)|Pw(x) is positive O- function then
L%« (Q) = {f € L°(Q): p, (A f) < o for somed >0}
is Orlicz space .

By theorem 2.2.1, L?(Q) can be equipped Luxemburg norm ,

Il = inf {2 0: p, (1) 1]

Definition 2.4.2: (Musielak -Orlicz Space)
Let (Q,F,u) be o- finite ,complete measure space .Let @, € ®(Q) , ¢, is positive and

Py, be given by

po. (N = [ 9.GuIF GO dx
Q
is modular on L°(Q) . Then the modular space
L (Q,) = {f € L2(): p,,(A f) < o0 for some i >0}

will be called Musielak- Orlicz space and denoted by L%#+(Q) or L+, for short .The
Musielak- Orlicz spaces is also called generalized Orlicz spaces .
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Example 2.4.3: LY?(Q) and L?«(Q) in examples 2.4.1 and examples 2.4.2 are also
Musielak- Orlicz spaces when define ¢, (x, |f(x)]) = ¢, (|f(x)]) in definition L#»(Q)

and @.(x, [f(0)]) = ¢, (If (x)]) in definition L?«(Q) .

In general , every Orlicz space L?(Q) is Musielak- Orlicz spaces when define

@ 1f (D) = @f D .
Also by theorem 2.2.1, L%+ (Q) <can be equipped Luxemburg norm

IFlly. = inf 2> 0: p,, @ <1

Theorem 2.2.1 proved that every semimodular (modular) space is normed space with
Luxemburg norm .This is achieved for Musielak- Orlicz space L?%+.In fact
L‘p*=(L‘p*, . ||(p*) is complete. We need to prove two lemmas then we can show that L%~
is a Banach space.

Lemma 2.4.1[4]: Let ¢, € ®(Q) and u(Q) < o .Then every ||. ||, - Cauchy sequence is
also a Cauchy sequence with respect to convergence in measure .

Proof: Fixed € >0 and letV, ={x € Q: ¢,(x,t) =0} for t > 0.Since ¢.(x,t) is
measurable function of x then V, is measurable. For all x € Q, ¢,(x,t) is ®- function of
the variable t then ¢, (x,t) is non-decreasing with respect to t and lim ., ¢, (x,t) = oo,
so V; 1l @ast —» oo Therefore Lim;_,,, u(V;) = (@) = 0 .Since u(Q) < o and V; € Q
then there exist K € N such that p(Vy) < €. Let E € Q be a u -measurable set and define
the measure

V() = . (Kxs) = f 0.Ce, K)du
E

If E is u -measurable set with v, (E) = 0 then ¢,(x,K) =0 a.e [u]

x €EE. Now since Vxy={x€eQ: ¢,(x,K) =0} and x €E we have pE\Vg) =0
Hence pt|q\ v, <K vg. Because (Q\ Vg) € Q we get p(Q\Vx) < u(Q) < o .Then there
exist § € (0,1) such that vg(E) <& implies u(E\Vg) < ¢ (ref[6], Theorem 30.B) .
Suppose {f,} is a Cauchy sequence in ||. ||, then there exist ky € N such that far all

m,n = ky we have ||K 18 (i — fn)”q) < 1. For m,n = ky ,by Theorem2.2.2 and by
(2.2.4)we have

p(p*(K 8_l(fm - fn)) < Sp(p* (K 8_16_1(fm - fn)) <6

Let us set Epne = {x € Qi |fp(x) — f(x)| = &} want to show that pu(E, ) < & for
all £ > 0.Now

Vk (Em.n,s) = p‘ﬂ*(KXEm,n,g)

= f @, (x, K)du < pq,*(K e (fin —fn)) <é
E

mmne

As above since p|qy\ v, K Vg and vg (Em,n,g) < § then
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H(Emne\Vk) < € With u(Vyx) < & we have ,u(Em,n,S) < 2¢& choose € = 2¢ and since
€ > 0 was arbitrary .This proves that {f,,} is a Cauchy sequence in measure.

If | fzllp, — O, then as above there exist K € N such that

ul{lfn] = €}) < 2eforalln = K thus f;, > 0.

Lemma 2.4.2[4]: Let ¢, € ®(Q) .Then every ||. ||, - Cauchy sequence {f,} c L#- hasa

subsequence which converge almost everywhere to a measurable function f.

Proof : Recall that u is o- finte . Let QO = U;jZ; A;with A; pairwise disjoint and
u(4;) < ooforalli € N. Then by Lemma 2.4.1, {f,,} is a Cauchy sequence with respect
to convergence in measure on A; therefore there exist a measurable function f:A4; —» K
such that f, 7 f and by Theorem 1.5.1 there exist a subsequence {fn 1} of {f,} which

converge a.e to f.Rrepeating this argument for every A; and passing to the diagonal
sequence we get a subsequence {fn].} and a measurable function f:Q — K such that
fnj - f a.eon(l.

Theorem 2.4.1[4]: Let ¢, € ©(Q) . Then L?+(Q) is a Banach space .

Proof: Let {f,} be a Cauchy sequence in L%+ then want to show {f,} is convergent in

L¢+. By Lemma 2.4.2 there exist a subsequence {fnj} and a measurable function
f:0 > K such that f,, > f a.e on @ so that |f, (x) = f(x)| = 0 a.e on Q This implies

@, (x, |fn].(x) —f(x)|) -0 aeonf Let>0and0< e <1, since {f,} is a Cauchy

sequence thus there exist K = K(4,¢) € N such that || (f, — fu)ll,, <& <1 for all
m,n = K which implies p, (4 (fn, — fn)) < € by Theorem 2.2.2. Therefore by Fatou's
Lemma (Theorem1.5.2)

bo. (A=) = fﬂ 0.0 A (f — N dx

- fg(p* (x’ |’1 (fm ‘}L‘?Ofn,-> (x)|> dx

= L lim ¢, (x,/1| (fm _fnj) (x)D dx

fim,
< lim L 0. (5[4 (fn = fo ) @) e

= li—mp%f(l (fm - fn]-)) <eg

Hence p,,. (A (fn — f)) —-0asm > ooforall A >0 and by Lemma 2.2.2 we have
Il fo — fllo. = O thus {f;} is converges in L#- and since {f,} is arbitrary then L%~ is
complete .we conclude that L¥+(Q) is a Banach space .
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The next lemma has the analogues of the classical Lebesgue integral convergence results .
Lemma 2.4.3[4]: Let ¢, € ®(Q) and f, f, g € L°(Q) .Then

(@ Iffy > f a.eonQ, thenp, (f) <lim p, (f) .
(b)  If[fil TIf] a.e onQ ,thenpy (f) = limy . py, (fi) -
(© Iffy>f aeonQ, |fy] <l|gl a.eonQ ,and p, (1g) <

foreveryA >0 ,then f;, — fin L% .

These properties are called Fatou's lemma (for the modular) , Monotone Convergence
Theorem(for the modular),Lebesgue Convergence Theorem(for the modular).

Proof: (a) By Fatou's lemma (Theorem]1.5.2)

po.(P = | 0.Go1F D ax
= | 0. (x]timAic]) dx
= Lq)* (x, ;ijgolfk(x)l) dx
~ [ Jime.GulfcoD ax
Q

< lim f 0.C0 1fe GO dx
QO

= lim p, (fi)
(b) Let |fx] T|f| a.e.Since ¢,(x,t) is non-decreasing of t we have
0 <@.00lfi D Te.(x, |f(x)]) a.eon O

So by Monotone Convergence Theorem we get,

P (f) = fﬂ 0.(o If (O dx

= | 0. (x im0 dx

_ f lim ¢, (x, | GO dx
[9)
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= Ill—l;l;lo_f;l(p*(x, Ifk(x)l) dx = ,ll_r)lolo p(p*(fk)

(c) Assume fi = f a.e ,|fy| <|g| a.e ,andp, (1g) < o forevery
A>0 then |fp—f |—>0 aeonQ ,|f| =’l(im|fk(x)| < ’lcimlgl =|g| and

|fx = f | <2|gl.Since p, (24g) < o then by Lebesgue Convergence Theorem we
have

im pp, Glfi = 1) = Jim [ 9.0 21 = NG d
Q
= Jim | ¢.CuAlfGO — FID d
Q

[ Jim .G A1) = £GOD dx
Q
= fﬂ @. (% Alim | (x) = F(I)

= f @.(x,0) =0
Q
Since A > 0 was arbitrary then by Lemma 2.2.2 we have || f; — f|l,, = 0 which implies
that f, = f in L%-.

Note that if ¢, € ®(Q) , @, is positive then in addition to modular condition of
modular

po.(N = [ 0.uIFGOD ax
Q

is also monotone complete modular function.

Theorem 2.4.2[3]: Let ¢ , 3 € ®(Q) 1, ¢ are positive .Then L?(Q) € L¥(Q) if and only
if there exist k, K > 0 and c(x) € L1(Q) such that

Y(x, kt) < Ko(x,t) + c(x) (%)
Forallt > 0anda.eon Q.

Proof: Assume (*) is satisfied and let f € L(Q) then want to show that f € L¥(Q).
Since f € L?(Q) then f: Q — R is measurable function and

f<p(x. Af (x)]) dx < o for some A >0
Q

Then
fQD(X./Uf(X)D dx < o for some 1 >0
)
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But (*) is satisfied for all t > 0 and a.e on Q thus if we take k = 1 and t = |f(x)| then
we have

YO, A f()D) < Ko, If (x)]) + c(x) a.eon Q

And since ¢@(x,t) is non- decreasing of t then @(x,|f(x)]) < ¢(x,A|f(x)]) for
some A > 0 so that

Y, A < Ko, Alf(x)]) +c(x)  a.eon Q

Hence ,

f Y Af D) dx < K f PG AFCOD) dx + f c(x) dx
QO QO Q

Now c(x) € L'(Q) thus [,|c(x)| dx < oo, moreover [, ¢ (x, [Af (x)]) dx < oo

for some A > 0, therefore

jlp(x; IAf(x)]) dx < 0 for some A >0
)

Which implies that f € L¥(Q). This proves that L?(Q) € L¥(Q).

Assume L?(Q) € L¥(Q) ,want to show that ¥ (x, kt) < Ko(x,t) + c(x) a.eon Q Let
0 < a;(i =1,2,...) be the sequence of all positive rational numbers .For any measurable
set E with p(E) < o and for €, k, K > 0 in Theorem 2.2.3 (b),we put

E;={x:y(x,a;t) >Kop(x,q;)}nE (1)
And
fitx) = aixg,(x) (2)
respectively , consider u(E;) # 0 .Since ¢(x, a;) < © on E; we can define

Ein={xo(xa)<n}nE; .So that E;, T5_4 E; for all n>ny, where n, is
sufficiently large such that u(E;;,) # 0 then p,(aixg,,) <& and a;xg,, € L¥.Since if

otherwise we have p(p( a; XEi,n) > e and so from eq. (1)
pw(kaiXEi,n) = flp(x' kaiXEi,n)dx
Q
= Y(x, ka;)dx

Ein

> K| o a)dx

Ein
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= Kf(p(x, ai)(Ei‘n)dx
Q
= K'Dfp( aiXEi,n)

Which contradiction to Theorem2.2.3(b). Therefore

AiXE; Th=1 and p,( aiXEi_n) <é&
We have
fi = Un=1 aixg,, €LY and p,(f;) <e

by eq. (1) and Theorem2.2.3(b) as above . Here putting y, = UjZ, f; , hence we have a

0

sequence of step functions 0 < y, T5,—; and y, € L? Now since Y, is step function and
every step function is simple function then we have y, = ¥7'-; a; Xz for a;, < a;, ... <
a; with (i, =r=12,..n) and for the sequence of disjoint sets
EM = [Eir — (U;;ﬁ Eir)] NE; which are subset of E; . Now by eq. (1) and
Theorem 2.2.3(b) we have forn > 1,

py(kyy) = fn P(x, kyn(x))dx

B jﬂlp (x' k Z;“irhm (x)) dx

n
= Z f ¥(x, ka; xgm (x))dx (by Theorem 1.5.4)
r=1Jg

n
= Z f I/J(x,kair)dx
r=1Jg
n
> Z f Ko (x, air)dx
r=1Jg@
n
= Kf (p(x,z air)dx
EM™ r=1
n
= Kf 7 (x,z air)(E(r)(x)> dx
Q r=1

= Kf ¢(x' yn(x))dx = Kp(p(yn)
Q

Thus we have  p,(y,) <& which implies that sup,p,(y,) <&e<o . Since
0< y, T7=1 and sup, p,(y,) < o then yp = U7-1 ¥, € LY because p, is monotone
complete ,and furthermore p,(yg) < € then by Theorem 2.2.3 (a) we have py,(kyg) <.
By our hypothesis L? €LY and since yzp €LY then yp€L¥If we let
Sp = P(x, ant) > Ko (x, a,)} then for n > 1we get

41



1p(x, kyE(x)) forall x € E,
Y(x kay) <
Ko(x, a,) forallx €S NE
The sequence {yg} in which every yg is depending on E with measure u(E) < oo therefore
we can construct a sequence 0 < Vg T 5y« - Since p,(¥g) < € then supg p, (yg) <

then exist yo = Uy p)< Y& € L? so that y, € L¥and py(kyo) <y by the same reason
state above . Thus for all positive t = 0 we have

Y(x, kt) < Ko(x,t) + 1/)(x, kyo(x)) a.eon Q.

Since py, (ky,) <y then tp(x, kyo (x)) € L1(Q) . The prove is done
if weput c(x) = ¢(x, kyo(x)) .
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Chapter Three
(Weighted )Variable Exponent Lebesgue Spaces

In this chapter we define Lebesgue spaces with variable exponents, LP() They differ from
classical IP spaces in that the exponent p is not constant but a function from Q to

[1,0].Also we define weighted variable exponent Lebesgue Spaces LZ(')(Q) and
noneffective weights in Variable Lebesgue Spaces,LP). The spaces LPO) fit into the
framework of Musielak—Orlicz spaces L?+ and are therefore also semimodular spaces.

In Section 3.1 we study PO properties. We have collection of properties that satisfied
immediately from properties of L¥+ .In section 3.2 we study noneffective weights in
Variable Lebesgue Spaces .We have more results which are linking noneffective weights
by constant weights almost everywhere on any subset () of R™. We will denote the set of
all measurable functions from Q to R by L2(Q) .

Section3.1 variable exponent Lebesgue spaces

For the definition of the variable exponent Lebesgue spaces it is necessary to introduce the
kind of variable exponents p(.) that we are interested in. Let us also mention that main
results on the basic properties on LP®) in this section is satisfied immediately from section
2.2 ,section 2.4 .

Definition 3.1.1: Let Q0 € R™ and let (Q,F, p) be a o-finite, complete measure space. We
define P(Q, p) :=P(Q) to be the set of all measurable functions p:Q — [1, co]. These
functions p € P(Q) are called variable exponents on ). We define also ,for E < () ,that
p+(E) = ess supgp(E)and Q.= {x € Q: p(x) = o} .For brevity ,we denote
P+ = p+(Q2) We define also P1(Q) to be the set of all measurable functions p: Q — [1,00).

In section 2.3 we mentioned the generalized ®- function .Now we will give an example
of it and an other example in section 3.2.

Example 3.1.1: Let p € P1(Q) and f € L°(Q).Then ¢,,(x, [f(x)]) = |f () |P™ is

positive generalized ®- function .

Solution : Since in example 2.3.1 @, (x, [f(x)]) is positive ®- function of |f(x)| for
every x € Q and since @,)(x, |f(x)[) is measurable function of x for all [f(x)] =0 by
Theorem 2.3.1 . We conclude that ¢, y(x, [f(x)]) = |f (x)|P™ is positive generalized ®-
function .

We will give other example of modular function which defined it in section 2.2 .

Example 3.1.2:If p € P1(Q}) then
P () = [ IF@P®dx
Q

is a modular function on L°(Q).
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Selution: Since ¢, (x, [f (X)) = |f (x)|P® € O(Q), ¢, is positive by Example 3.1.1
and f € L°(Q) then by Theorem 2.3.1

Ppy(f) = fnfﬂp(.)(xl lf(x)])dx = fﬂ|f(x)|l’(x)dx

is a modular function on L°(Q) .
Definition 3.1.2:( Variable Exponent Lebesgue Space LP0)(Q))
Let Q, F, p) be a o-finite, complete measure space and p(.) € P(Q) Then we defined
variable exponent Lebesgue Space LPO(Q, ) by
LPOQ, u) = {f € L°(Q) |ppy(Af) < % for some 1 > 0}

With modular function

Pp)(f) = f

IfFOIPPdx + |If =@,
Q/Q0
To simplify , we write LP)(Q), or LP®) when the measure space has been specified .

Note that if p(Q,) = 0 then ||f|l =) =0 and so

oo () = f F GO 1P dx

0/
And if p(Q2/Q4) = 0 then by Theorem 1.4.1(4) we have

f If () IP@dx = 0
Q/Qeo
So that

Pp) () = IfllLoae)

Since LPO(Q) is L% (Q) thenLPO(Q) can be equipped Luxemburg norm ,

Pl = inf 2> 0: gy, (D) 1]

The next result follows from Theorem 2.2.2 and Corollary 2.2.1 . We will deal with
variable exponent instead constant exponent in definition of modular function p,,¢)(f) .

Theorem 3.1.1[4]: If p € P(Q) and f € LPO(Q) then
@) lIfllpy < 1and pyy(f) < 1are equivalent .
(b) If ) is continuous ,then |[f]l,) < 1and p,)(f) <1 are equivalent.

(c) If p,(y is continuous, then||f |,y = 1 and p,,(f) = 1 are equivalent .
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Proof: (a) If p,)(f) <1 then ||fll,() < 1 by definition of ||. [,y .On

other hand if || /]|,y <1 Indeed, let ||f]l,) <u < 1then

Pp() (5) < 1 thus
P (f) = Pp()( f) < U pp() (f> =1

Let pp() is continuous .If [|f]|,,¢y < 1 then there exist A < 1 with

poy (5) < 1. 1t follows that by (2.2.4) p,y(f) = Py (15) < 2ppy (£) <2< 1.0m

other hand let p,y(f) < 1and since py(y is continuous then p,, is right- continuous so
that there exist y > 1 such that

Py (V) = ppy(f) <1=1

Hence by (a) we have [lyfll,¢) < 1thus [Ifll,) < ; <1.

(c) The equivalence of ||f||,() = 1and p,),(f) = 1 follows immediately from
(a)and(b) .

Corollary 3.1.1[4]: If p € P(Q) and f € LPO(Q) then

(1) Il fllpey <1, then ppy(f) < Ml llpey
IF NIfllpey > 1, then ppy () > lIf 1l

Proof: (1) The claim is obvious for f = 0. Assume 0 < ||f]|,() <1 then by (a) in

Theorem 3.1.1 and since

=1<1 wehave

f

f .
L )<
P> ( ”f”po) < 1 it follows that by (2.2.4)
) =—— <||f|| ! )
IIfII o POV = Tl PO PO 7o
T p)( f )s1
= Tflo P79 \ i Thney

Py () = NIfllpe

Hence

@) If [Ifllpy > 1, then for 1 <A <||fll,) we get 1 < py(y G) . Since 4 < [|fl,()
then ||fl,) = 4+ a where a > 0 By (2,2,4),
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f 1
1 <pp0y (z) =7 P0)
Thus A < p,)(x) and since a > 0 was arbitrary then p,(y(f) > [If|l,()-

Let us give those properties of LP®)(Q) derived directly by applying the results of Chap. 2
.From Theorem 2.4.1we derive

Theorem 3.1.2[4]: If p €P(Q) then LPV(Q) is a Banach space.

Proof: Let p €P(Q).Since LPO(Q) isL?(Q) where ¢@.(f)= |f(x)|PO or
©0.(f) = lIf llL=(q., -then by Theorem 2.4.1we have LPO(Q) is a Banach space .

As Lemma 2.4.3, In analogy with the properties for the integral, the next lemma will be
called Fatou’s lemma (for the modular), monotone convergence and dominated
convergence, respectively.

Lemma 3.1.1[4]: Let p €P(Q) and fy, f, g € L°(Q) .Then

@ Iffi~f aeQ, thenpy(f) < lim ppoy (i) -
(®)  IfIfil TIfl a.eQ,then p,)(f) = limy o, ppe) (fie) -
) If fy=>f ae onQ, |[fil<|gl a.eQ,and p,y,(Ag) <o for every

A>0 then f, - fin [PV,

Proof: By the same reason in Theorem 3.1.2 and by Lemma 2.4.3 then the proof will be
done immediately .

Section 3.2 Noneffective Weights in Variable Lebesgue Spaces

We define in section 2.1 , L2 (Q) where 1< p < o is constant and w(x) is weighted
function . Also we define in section 3.1, LPO(Q) where p €P(Q) . Below we will define

LZZ)(') (Q2) space where p €P(Q)) we also see that this space is Banach space .

Our aim in this section is to study noneffective weights in the framework of variable
exponent Lebesgue spaces, This means what are the necessary and sufficient conditions
that needed to get the variable exponent Lebesgue spaces is equal to weighted variable

exponent Lebesgue space (i.e LPO) = LZ,(') (2)) up to the equivalence of norms.

As is section 3.1 we give an other example of generalized ®- function as we defined in
section 2.3.

Example 3.2.1: Let p € PI1(Q) ,w(x)is weight function and f € L°(Q2). Then
Pwpo) @ D = [f(x) [P@ g (x) is positive generalized ®- function.

Solution : Since in example 2.3.2 @, ,,(y(x, |[f (x)]) is positive ®- function of |f(x)| for
every x € Q and since @, ,)(x, |f(x)]) is measurable function of x for all [f(x)] =0
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by Theorem 2.3.1 . We conclude that ¢, ,y(x, |f(x)]) = |f ()PP w(x) is positive
generalized ®- function .

We will give an other example of modular function which we defined in section 2.2 .

Example 3.2.2: If p €P1(Q) and w(x)is weight function then

P (f) = fﬂ O PPw(x)dx

Is a modular function on LO() .

Solution: Since @, ,)(x, [f (X)) = If ()PP w(x) € D(Q), ®p() is postive
by Example 3.2.1 and f € L°(Q) then by Theorem 2.3.1

Doty () = fn oo | O Ddx = fnlf(x)lp(")w(X)dx

is a modular function on L°((Q).

Definition 3.2.1 : (weighted variable Lebesgue space ; Ll;,(') Q)

Let (Q, F, p) be a o-finite, complete measure space , p(.) € P(Q) and w(x) is weight
function .Then we define weighted variable exponent Lebesgue Space L’;)(') (Q,n) by

U @) = {f € 1L°) pup(f) < o for some 2> 0}

With modular function

Pty () = f FOPPw@®dx + Ifo llq

Q/Qq

To simplify , we write LIZ)(') (Q), or LIZ)(') when the measure space has been specified .
Note that if u(Q,) = 0 then [|fw || =,y = 0 and so

Pwp() (f) = f |f(x)|p(x)w(x)dx

Q/Q0

And if pu(Q/Q4) = 0then by Theorem 1.4.1(4) we have
If ()PP w(x)dx =0
Q/Q%0
so that

Pwp)(f) = Ifw llLeay)

Since LZ,(') Q) is L?(Q) where ¢ € ®(Q) then LZ,(') (Q2) can be equipped Luxemburg
norm

Ifllopey = inf {’1 > 05 Pup() (%) = 1}
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We can see that if w(x) = 1 then L’ZO(') () = LPO(Q) and so in this case we say that w(x)
is noneffective weight variable exponent Lebesgue space . We will give general case of
w(x) to be noneffective at the end of this section .

We see that in Example 3.2.1 that if p € P1(Q) ,w(x) isweight function and
f € L°(Q) then Pup) @ I fOD) =1f () |POw(x) is positive generalized ®- function.We
begin with following theorem, which is a consequence of results in this example and in
Theorem 2.4.2 .

Theorem 3.2.1[1]: Let Q c R", p,(.), p2(.) € P(Q) where (p;)y < ©, (p;); < o and
w1 (.), w, (.) are weights functions . Then

r1() p2()
Loy Lo @)

if and only if there exist positive constants K;, K, and c(x) € L'(Q) such that
tP2®) g, (x) < Ky (K, t)P1 @, (x) + c(x)
Forallt > 0anda.eon Q .
Proof: If p;(.),p,(.) €P(Q) where (p;)y < o, (p,); < © then
p1 () <oo ,py(.) < oo sothat p;(.), p.(.)€ P1(Q) thus
Parnpr 0 IF D = If ()PP, (x)

And
Pioy p, 0 IF D = 1F () P2 P, (x)

are positive generalized ®- function . Since LIZ)(') (Q2) is L?(Q) where ¢ € ®(Q) and by
Theorem 2.4.2 we have Lﬁ}l(g) Q) c L’Zfz('().) (Q) if and only if there exist k,K; > 0 and
c(x) € L}(Q) such that

Pw, () (x, kt) < Kl(pa)l,pl(.) () +clx) (1)

Forall t = [f(x)] > 0 and a.e on Q. Since t< K,tand t< kt for K,,k > 0 and ¢ is
non decreasing we have

Pur ;0 (D) < Py, 0 kE)  (2)

And

¢w1,p1(.) (x: t) < gowl,pl(.) (xr KZ t) (3)
Thus by (1),(2),(3) we get

Pwypa() (x,t) < Kl(pwl,pl(.) (x, K3t) + c(x)
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But

And
Doy pr ) (0 Kpt) = (Kpt)Pr P, (x)

Which imply,

Li)ll(g) Q) c L’;fz(g) (Q) if and only if there exist positive constants K;, K, and c(x) € L(Q)
such that

P2, (x) < Ky (K,0)Pr P w, (x) + c(x)
Forallt >0anda.eon Q.

In the following theorem we consider the case p, < oo that the noneffective weights must
hold.

Theorem 3.2.2[1]: Let Qc R" , p(.) € P(Q) ,where(p,) < ©and w(.) is weight
function .Then LZ,(') (Q) = LPO(Q) if and only if w is constant a.e on ).

Proof : Let w is constant a.e on Q .Want to show that LIZ)(') (Q) = 1PO(Q). Since w is
constant a.e on Q then 3 aconstant ¢ >0 such that w(x) =c a.e on Q. Since

(py) <oothenp <oso x €Q/Q,.If f € LZ(')(Q) and @ = %then
poro ) = | IF@PPwtdx

Q/Q.,
Therefore

Ifllopcy = inf {/1 > 0: pup() (g) < 1}

p(x)

= inf {/1 > 0: -L/n |§ (%) wx)dx < 1}

p(x)

:inf{/1>0: L/n |§(x) cdel}

p(x)

T Y,
_Eznf{/1>0. L/QJA(X) del}

=a inf {/’l > 0: py(y (§) < 1} = allfllpo

And so that LZ)(') () =1PY(Q) . Conversely , assume L’;)(') (Q) =1PO(Q) then
P9(Q) c 1PO(Q) and 1PO(Q) < 129 (Q) ,want to show that w(x) = ¢ a.e on Q .If
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rO@Q) c LIZ)(')(Q) then by Theorem 3.2.1 let p,(.) =p,() =p(. )€ P(Q) where
p() <oo,w;(.)=1 and w,(.) = w(.). Thus LPOQ) c LZ(')(Q) if and only if there
exist positive constants ¢,, K, = 1 and h, (x) € L'(Q) such that

tP e (x) < c,tP™ 4+ hy (x) Forallt > 0anda.eon Q

So that,
P o <o, @ S 0and Q
tP(x)w(x)_CZW_i_tP_(x) orallt > 0and a.e on
Hence,
hy (x)
w(x) <c,+ Forallt > 0anda.eon Q
tp(x)
hq(x)

From which, letting ¢ — o we have — 0 , therefore

tp(x)

w(x) <c, Forallt >0anda.eon Q (1)

On other hand , if L‘Z)(') (Q) c1PY(Q) then also by Theorem 3.2.1
let p;(.) =p,(.) =p() € P(Q) where p(.) <o, w,(()=1and w;(.) = w(.).Thus
LZ,(') () c1PY(Q) if and only if there exist positive constants K, K, =1
and h,(x) € L1(Q) such that

tP™® < K tP®w(x) + hy(x)  Forallt > 0anda.eon Q

So that ,
tP(x) P () h, (x)
() S K rIes) w(x) + ol Forallt > 0anda.eon Q
Hence ,
h,(x
1SK1(U(3C)+£ Forallt > 0anda.eon Q
tp(x)
hy(x)

From which, letting t — oo we have — 0 .Choose ¢; = Ki ,therefore
1

tp(x)
¢ < w(x) Forallt >0anda.eon Q (2)
Thus by (1) and (2) we have w(x) is constant a.e on ().
Example 3.2.3:Let Q= (1,2) cR,p(x) = x?,w(x) =2 a.eon
Q .Then show that w(x) is noneffective that means :
P9 (1,2) = LPO(1,2)

Solution: Since p(.) = x? is bounded on (1,2) then p, < o and w(x) is constant
a.e on () .Thus by Theorem 3.2.2 we conclude that
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179 (1,2) = LPO(1,2)

Theorem 3.2.2 1is a special case of the following more general result when we consider
the case p,(Q/Q,) < oo the noneffective weights must hold.

Theorem 3.2.3[1]: Let Q c R™, p(.) € P(Q) where p,(Q/Q,) < oo and w(.) is weight
function .Then L’ZO(') (Q) = LPO(Q) if and only if w is constant a.e on Q.

Proof: If p(.) € P(Q),where p,(Q/Q,) < oo then there exist M > 0 such that
Ip(x)| <M <o a.eon Q/Q,
but Q/Q, = {x € Q:p(x) < oo}

Then
[p(x)|] <M <o a.eon

So that p,(Q) < oo thus by Theorem 3.2.2 we have L‘Z)(') (Q) = LPO(Q) if and only if w
is constant a.e on Q.

We consider now the case if p = oo ,as in the previous case that the noneffective weights
must hold .

First we claim that if w is not constant a.e on Q then w ¢ L”(Q) or i ¢ L”(w).

For If w=#c a.e on Q where c is constant . Then either p{x: w(x) >c} >0
or u{x:L > c} > 0 .Assume that p{x: w(x) >c} >0 and w € L*(Q).If w € L*(Q)

w(x)

then w is essentially bounded ,so there exist 0 < M < oo such that

lw(x)] <M a.eonQ
And

o llusogay = ess supglw()| = inf (M:|w ()| < M a.e}

Therefore w(x) < |lw [[Leq) a.e onQ which is a contradiction to p{x: w(x) > c} > 0.
Hence if p{x:w(x) >c} >0 then w ¢ L*(Q).Also if ,u{x:; > c} >0 and

w(x)

% € L*(Q) thus there exist 0 < M1 < oo such that

|w§x)

<M1 aeonQ
And

1
w(x)

|
w

1
=ess sup|[——| =in M:| |SM a.e}
Qp|a)(x)| f{

Rad(®))
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Therefore — (x) < ”l ” a.e on ) which is a contradiction to
w I Rad (o))

,u{x:i > c} > 0 .Thus if,u{x:i > c} > Othen% ¢ L*(Q).

w(x) w(x)

Theorem 3.2.4 [1]: Let Q c R"and w(.) is weight function .Then L% (Q) = L*(Q) if
and only if w is constant a.e on ().

Proof: Let w =c a.e onQ, :%and f € L% (Q) then

Pop) () = lfw L=,
Therefore

fllyw = inf{l >0: Lo < 1}

L®(Q0)

1
— inf {,1 > 0: S1Ifo =g, < 1}

= inf{1>0: |Ifw o, < 4}

= llfo lleo

ess supq,,|fw(x)]
=inf{M: |[fo(x)| <M a.e}

=inf{M:|fc]| <M a.e}

inf {M: |f] Sg a.e}

inf {ca:|f| <a a.e}

=cinf{a:|f| <a ae}=c|lfllo

Hence L (Q) = L”(Q2) .On other hand let L% () = L*(Q) then want to show that w is
constant a.e on (. By contradiction , assume L) () = L*(Q) and w is not constant a.e

on () then either w & L*°(Q) or % ¢ L°(Q) . If w ¢ L*(Q) then set
E,={x€Qwlx)>n} ,neN

So that u(E,) > 0 for all n € N Now since L) (1) = L*(Q) then there exist ¢;,c, >0
such that

cllflle < llfwlle < clIf Il

Taking  the supremum in the case [|fw |lo < c,llfll. with f =yxg we have
sup Ifoll. < sup cllfll,

co=1 0=
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Thus
lw I, < c2

But f = xg, so that
n <o ly=g, < ¢
for all n € N which is a contradiction to w & L*(Q) .In the second case If i & L°(Q)
then set
E,={x€Qwkx)<n},neN

So that u(E,) > 0 for all n € N .Now since L7, (Q) = L*(Q) then there exist ¢;,c, > 0
such that

allflle < llfwll < clIflls

Taking  the supremum in the case c¢||flls <|fw |l with f=yxg we have
sup  cillflleo < sup If o lle

Ifllo=1 Ifllo=1

Thus
1 < |l [lLeo gy

But f = yg, so that

1 < |l [[egg,y <n

for all n € N which is a contradiction to % ¢ L*(Q) .So that w is constant a.e on ).

Example 3.2.4: Let Q= (1,2) cR,p(x) =c0, w(x) =2 a.e on . Then show that
w(x) is noneffective weight that means :

L3 (1,2) = L*(1,2)
Solution: Since w(x) is constanta.e on ) . Thus by Theorem 3.2.4 we conclude that
L3 (1,2) = L*(1,2)
Also this can be checked directly ,

Poop() (f) = lfw llL2a,)

M
Let a = — .we have

Ifllwe = inf{l > 0: ”%2 ||L°°(QOO) = 1}
= [12f ll
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= ess sup|2f]|
Qo
=inf{M:|12f| <M a.e}

. M
=inf {M: |f] S? a.e}
=inf 2a:|f| <a a.e}
=2inflalfl<a ae}=2|fl
Thus L% (1,2) = L*(1,2) and so w(x) is noneffective weight .

The following result is our main theorem that give us the conditions where noneffective
weights have been introduced. Theorem 3.2.2 and Theorem 3.2.4 are consequences of our
general theorem ,where in Q/Q,, which possibly empty, an unbounded exponent is
allowed .

Theorem 3.2.5[1]: Let Q c R" , p(.) € P(Q) ,and w(.) is weight function. Then
FOQ) = LPO(Q) if and only if

1
(1) w(x)?® is constant a.e on Q/Q., .

(2) w(x) is constant a.e on Q. .

Proof : We have four cases .The two cases pn(€,,) = 0 and u(Q/Q.) > 0 the same result
and the two cases u(Q,) > 0 and p(Q2/Q,) = 0 the same result .

If p(Q/Q.,) = 0 then x € Q, so that p(.) = oo and since w(x) is weight function thus by
Theorem 3.2.4 we have L) (Q) = L*(Q) if and only if w(x) is constant a.e on Q.. So

1
want to show only if p(.) < oo then LZ)(') (Q) = LPO(Q) if and only if w(x)?® is
constant a.e on Q/Q, .

If p(Q,) =0 and PY(Q) = 1PO(Q) thenx € Q/Q, and p(.) < o .Since

LZ)(')(Q) c LPO(Q) so that LZ(')(Q/QOO) c LPOQ/90,) and therefore by applying
Theorem 3.2.1 ,there exist positive constants K , K,, and

h, € L}(Q/Q,) ,such that
tP™) < K, (K, )PP w(x) + hy (x)

Forallt > 0and a.e on Q/Q,, . So that

PR V0w @

< ) 1t 5® Forallt > 0 and a.e on Q/Q,
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Thus ,

hy (x)
tp(x)

1< K KPPw0(x) + Forallt > 0anda.eon Q/Q,

hq(x)

ey — 0 Hence 1< K1 K,PPw(x) So

From which, letting ¢ — o we have
K, 'K, P™ < w(x) Forallt > 0anda.eon Q/Qq,
We get the existence of constant K, = K; = K, .Then
K," PO < y(x) Forallt >0anda.eon Q/Q., (1)

Starting from the opposite way, that is if [P0 (Q) LI;(') (Q) thus also by Theorem 3.2.1,
there exist positive constants K5 , K,, and h, € L'(Q/Q,,) such that

tP@w(x) < K3 (K, £)P® + hy(x) Forallt > 0anda.e on Q/Q,,

Forallt > 0 and a.e on Q/Q,, . So that

tp(®) K4p(x) h, (x)
wx) < e T Forallt > 0anda.eon Q/Q,
Thus ,
h,(x
w(x) < K3K,P® + % Forallt > 0and a.e on Q/Q,
ha(x)

From which, letting ¢ — o we have — 0 .Hence

tP(x)
o) < K3K,P®  Forallt >0anda.eon Q/Q

We get the existence of constant Kz = K; = K, .Then

w(x) < K'PY Forallt > 0anda.eon Q/Q, (2)

By (1) and (2) we have,

1
w(x)P(X)+1js constant a.e on Q/Q

But this equivalent to

1
w(x)P™®) is constant a.e on Q/Q,,

That because,

1+ p(x)

————— is constant Fora.eon Q/Q
p(x)
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1
Conversely , assume that w(x)?® is constant a.e on Q/Q, want to show that if

p(x) < oothen IPY(Q) = 1PO(Q) . Since p(x) < o then x € Q/Qq, . Let s = % If
f e L’ZO(') (Q) then
poso®) = | If@PPodx

Q/Qeo

Therefore

Iflwpey = inf {/1 > 0: Pwp) (ﬁ—v) < 1}

p(x)

= inf {/1 > 0: fn/n |§(x) w(x) dx < 1}

1 p(x)

g(x)[a)(x)]m dx < 1}

=inf 1> 0O f
Q/ Q%0

p(x)
= inf {/1 > 0: fn/nw |§ (x)c|

del}

e

= inf {sc > O: f
/00

:

=cinf{s>0:f/ (x)
Q/Q%0

. f
=c inf {s > 0: pp(y (;) < 1} =cllfllpey
And so that 179 (Q) = LPO(Q).

1
Example 3.2.5: Let Q= (0,1) cR,p(x) = i ,w(x) = 2x a.e on  .Then show that

w(x) is noneffective weight that means :
179 (0,1) = LPO(0,1)

Solution: Since p(x) =% then p(x) < o Vx € (0,1) ,so that x € Q/Q, .And since

1 1
w(x)PO = 2 then w(x)PO is constant a.e on Q/Q,, . Then by Theorem 3.2.5 we have

179 (0,1) = LPO(0,1)
Also this can be checked directly,

A . 11
Lets =2 .If f € 15 (0,1) then pg, ) (f) = o |f () [x2dx
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Therefore

Fllopr = inf (3> 0: puyr (5) <1}

:inf{l>0: f/ |§(x)|;291cdxﬁl}
Q/Q,

=inf{/1>0: j/ |£(x)2;dx31}
Q/Q,

:inf{25>0: f/ |£(x)%de1}
Q/Q,

~ inf{s>0: f/ |§(x)|’1‘dxs1}
/9.,

=2 inf {s > 0: pp() (]S—C> < 1} =2[Ifllp0)

Thus 17Y (0,1) = LPO(0,1) .
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Conclusion

We have studied in this thesis the background of the concept of noneffective Weights in

Variable Lebesgue Space, L’Zf'), by proving two theorems using more general theorem.

In the beginning we have introduced the concept of measure space and Lebesgue integral
and given the most important theorems on convergence of integrals of sequence of real
valued functions. After that we described the modular functions that are used in some
spaces like modular spaces and other spaces definition called Orlicz spaces, L. The
second concept L# depends on finite modular function p, (4 f) for some real positive A.

We use this definition in definitions of LP® and LIZ)(').

Finally, we presented the main theorem which states how the weight function can be
noneffective on Variable Lebesgue Space.
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