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Abstract

Let Abe the unit disk and 7 be the set of all analytic functions in A. Let S be the

set of all normalized univalent functions in the open unit disk

ie {feA: f isunivalent, f(0)=0 and f'(0)=1 } .

Our main goal in the thesis is to study the extreme points and the convex hulls of
several subfamilies of § such as the set of all starlike functions in.S ( S‘), the
positive real functions are (), the family of closed- to — convex functions (CL),
the family of convex function (X') and the set of all function with real coefficients
in § (T), and give a description about these extreme points by the integration .

Also , we prove some facts about the extreme point of the family S . An example
of a function in § which is not extreme point of S was given.
In general , its proved that if f .S omits two values of equal modulus, then f

1s not an extreme point of S .
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Introduction

Let A be the open unit disk ,A = {z |4 < I}. A function f is said to be univalent on A
if itisone—to—onein A.
The theory of univalent functions is an old subject , born around the beginning of this
Century with the paper by P. Koebe [30]yet it remains an active field of current
research.
A number of books on the subject have been written and an extensive introduction is
provided by P .L . Duren [15] ,G M . Goluusin[16], W . K . Hyman [23] and Chr .
Pomerenke[43].Some additional books about univalent functions are by J .A .
Hummel 29] ,1 .M . Milin [38] , P . Montele[39], and A . C .Schaeffer
And D .C . Spencer [52] .

Several books on complex analysis also contain information about univalent
functions.

A number of survey articles have been written about the general theory of
univalent functions and more specific developments and we mention [3] ;[10] 13}
171, [18], [24],[51],[36],[46] and [54]

The book [ 5 Jedited by D . A . brannan and J . G Clunie also contains survey
articles , introductory lectures and current fesearch work on univalent functions and
other fields in complex analysis .

Let S be the set of all analytic and univalent functions f in the unit disk A with the
normalization f(0)=0 and f'(0)=1 .
Most books of complex analysis are concerned with this family § .

vii




Also, P. Duren.T .Macgr. is a good reference for the set § |
One of the major problems of the field is the Bieberbach conjecture , dating from the
year 1916 , which asserts that the Taylor coefficients of each function of class S

satisfy the inequality

a,|<n For many years this famous problem has stood as a
challenge and has inspired the development of ingenious methods until the proof of
de Brange[ 13 ] in 1985.
Most of the material in chapter two in the thesis deals with univalent functions .

Also , a generalization of the subfamilies S"and K were introduced by
M .S . Roberstone in [45] . The geometric chararecterization mentioned
for close — to — convex functions is due to Z . Lewandowski [32 ,33] .The class T of t
typically real functions was introduced and studied by W . Rogonsinski [48] .We give
a detailed proof of some theorems which we need to develop the theory of the
extreme point of S and the subfamilies of S

The last two chapters give a brief introduction to the subordination
which goes back to E . Lindelof [34] . Subordination was more formally introduced
and studied by J . E Littlewood [35] and the later by Rogosinski [49] .
we say that f is an extreme point of the determination of convex hull and extreme
point of specAial families of univalent functions .
The determination of the extreme points of the family S is partially proved , until
now it is not known the general characterization of the extreme points of S . Some

results can be found in Brickman [ 7 ],G Springer [ 55 ].
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Chapter One

Univalent Functions

In this chapter we deal with analytic functions on ( a simply connected) domain that
maps conformaly this domain to the unit disk A .

With some normalization. Also, gives some elementary properties of these functions.

To do this, we want to define what we mean by the univalent functions.

1.1 The Set of Analytic Functions on A

Definition 1.1.1

Let A be the open unit disk , in notation{ z:| z |<I } . Its boundary is the unit circle ,
is denoted by OA.

Definition 1.1.2

A complex function f is continuously differentiable if f”is continuous on A.
Definition 1.1.3

The function f is analytic on Aif f is continuously differentiable on A. In notation

A denotes the set of all analytic functions.

In particular £ is analytic at a point z, if it is analytic in a neighborhood of z, .



It is easy to show that if f and g are two analytic functions on A then

f+gand f-g are also analytic on A.

Also if g(z) #0, for all ze Athen ! is analytic on A, as we see in the following

g
example.
Example 1.1.1.
flz)= L i analytic function on Asince f (z) = (1-2)+z gt .Which

1= b= -7

is continuous on A since 1—z # 0 .Hence f is analytic.

Example 1.1.2

Let f(z)= i 2 % be a function onA . To show that f is analytic, want to find f”
-z

Then f'(z)= ik sincel —z # 0 ,then f'is continuous on A Hence f is analytic

on A.

1.2 The Univalent Function

Definition 1.2.1

Let f be a complex function defined on A. We say f is univalent in domain Aif
whenever f(z,)=f(z,)implies z, =z,, or when z, #z,, then f(z,)#f(z,) for all
Z, 52, €A

Example 1.2.1

z

Let f(z)= be a functionon A.

1-2z



To show that f is univalent, suppose j'(z,):f (zl)for some Z,,z,€A. Then

fla)=—"==1(2,)

since 1—z, #0 , 1—z, # 0 then multiplying both sides by (1-2,)(1-z, ) we get
z,(1-z, ):zz(lmzl ) , there fore —»z, —z,z,=2,~2,z, and hence z,=2z,.
So f isunivalent in A.

Example 1.2.2

Let f(Z):—z—:z+22'2 R i

(1-2)*
( Koebe function ) be a function on A.

To show that £ is univalent, suppose f (z, )=/ (z,) for some z,,z, €A then

i == % =, since 1-z,#0 , 1-2,# 0, then multiplying both sides by
(l_zl) (l_zz)

(l—zl)2 -(1+—zz)2,we get

a 2

z(1-2,) =zz(1—-z1)
Therefore
(1-2z,4+2% )=z, (1-22,+2} )
z\1-2z,+z; J=2z,\1-2z,+2
2 2
. 2,-2z,2,+2,2, =2,-22,Z, + 2,2,
2 . 2
z,+2,2, =2,+2,2
2 -
2, + 5,2, =~ By=E, 2, =0
2 2 _O
Z—2, F 22y — B0y =

(Z]_zl )+lez(22 gzl):O

(5]




Sincel—z,z, #0 (z,,z, € A), s0 z,=z, . Hence fis a univalent inA .

Example 1.2.3

1+z

Let f(z)= %log(l

-

] be a function onA .

To show that £ is univalent, suppose f (zl): g i (zz) for somez,,z, € A then

+ 14 1+
liog1 = :llogl—hz2 it is clearly that log &l =log =

2 1=p 4 =% - % -

, we get

1+2z _ 142,

since 1—z, #0,1—2z, #0 then multiplying both sides by
gy =gy

(1-z, X1~ z,) ,therefore
(I+zl)(l—zz):(l+zz)(1—z,)
1=2,42,—2,2, =1=2,+2, - 4,2,
It is clearly that —z, —z, +z, +z, =0 ,and s02z, -2z, =0 _.Soclearlyz, =z,

Hence f isunivalent on A.

To know how the univalent function behave in a neighborhood of some point z,, let
f beanalytic at z, and f "(z,)%0, then there is a neighborhood N(z,)of z, such
that f is univalent in N(z,).

Theorem 1.2.1

Lot ’(zo )=0 then f (z) is not univalent in any neighborhood of z,.




