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ABSTRACT

We study the general properties of linear systems of first-order differential
equations, where the coefficients of the unknown variables are continuous
functions. Furthermore we study the n-th order homogeneous linear
differential equation.

Several analytic methods for determining the general solution of the
homogeneous system with constant and periodic coefficients are studied.
We use basic results in linear algebra for determining the general solution.
Furthermore, as an application, Riccati Differential Equation is
investigated. Lyapunov transformation and reducible systems are used for
solving the periodic system.

Finally, we study the stability of perturbed linear systems; where we
remark that the stability of any nonzero solution of the homogeneous

linear equation is determined by the stability of the zero solution.




Introduction

Studying simultaneous differential equations plays a major role in
solving many problems in Control Theory, Optimization, Fluid
Dynamics, and Electrical Engineering.

[n chapter one we study the general properties of general linear systems
of first-order differential equations, whose coefficients are continuous
functions.  Furthermore we solve n-th order homogeneous linear
differential equation by converting such equation to a system involving
n first-order ordinary differential equations.

In chapter two, we turn our attention to the special case of linear systems
of ordinary differential equations with constant coefficients. First we
study the diagonal system and generalize this method to any linear
system with constant coefficients. We use the Jordan Canonical form in
the case where eigenvalues are repeated. Furthérmore we give different
methods for determining the matrix exponentials as solutions of linear
homogeneous systems. Finally, these methods are used to solve the

matrix Riccati equation.




In chapter three, we use elementary results in linear algebra for solving
systems of homogeneous ordinary linear differential equations with
constant coefficients.

In chapter four, Lyapunov transformation and reducible systems are used
for solving the periodic system.

In the last chapter the stability of linear systems with both constant and

periodic coefficients is investigated.
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CHAPTER ONE
SYSTEM OF LINEAR DIFFERENTIAL EQUATIONS

In section (1.1) we will give a general discussion of n-dimensional first-
order system of ordinary differential equations. Such a system arise
naturally in problems involving several dependent variables each of which
is a function of a single independent variable. We will denote the
independent variable by 7, and let x;, x,, x;, -+, x, represent dependent

variables which are functions of ¢.
In section (1.2) we will apply the result obtained in sectign (1.1)toa
consideration of the n-th order linear differential equation.

1.1 Linear System Of First-Order Differential Equations

Consider the homogeneous system of linear first-order differential
equations

x
_lzan(t)x1 +ap,(t)x, + - +ay,x,(f)

dt
dx
TizaZI(t)xl +a22(t)x2 s +a2nxn(‘t) (11)
7
_;'?n=an1(t)xl +an2 (t)xz i s +armxn (t)'
[f the vector X and the matrix A are defined by
xi(t) ai(t) app(t) - ap(t)
¥ xz.(f) 4= GZII(U azzo(f) aEn-(t)
xn(t) anl(r) an2(r) ann(t)

where a, () are continuous real-valued functions for ¢ on an closed

interval / of real numbers, for i, j=1, 2, ---, n. Then system (/./) can

be written as

dX
—-=AOX (1.2)




Also if

(£
r < |10
10

where f.(?) are continuous functions of te/ .

Then the non-homogeneous system can be written as

X _AX +F(0) - (1.3)
ar

Definition 1.1.1: A solution vector on an interval / is any column
x;(t)
Xo(f
x =B
Xn(1) |
whose entries are differentiable functions satisfying system (7.3 ) on the
interval /. Let ¢, denote a point in an interval / and

x;(2o) Y1
X5 (1
X(t,)= 2(.0) ,and X, = Y.z ,
xn(tO) yn
where y; are given constants, for j=/, 2, ---, n. Then the problem of

finding the solution of (7.3) subject to the initial condition X(ty)= X, is
called an initial-value problem.

Theorem 1.1.2: Let X, X,, ---, X; be a set of solution vectors of the
homogeneous system (7.2) on the interval 7, then the linear combination
X=c;X;+c;Xp++¢; X, is also a solution of (1.2) on the interval 7,
where ¢; are arbitrary constants for i=1, 2, .-, k.

Proof : Let X;, X, -, X; be a set of solution vectors of the
homogeneous system (7.2) where 4 isan nxn matrix. Then (1.2) can
be written as

dX
E—A(r)X=0 (1.4)

3% ]




Let

X=cX;+--+c Xy where ¢;, -+, ¢; are arbitrary constants,
then
X ax

dX:(:[ " +¢, dX2+ o Oy — (1.5)
dt dt dt dt

Now system (/.4) becomes as

Cy djl +Cy ddXz + % +Ck%—A([)CIX1 —A(f)CzXZ = —A(I)Cka

! 1

= C]i{L—A(t)CIX]]+(C2§—Xl*A(f)CZXz)'F i +(Ck&—A(t)Cka]
dt dt dt

=61(%—A(I)X])+Cz(%—A(I)X2]+ +Ck(%'—A(I)Xk)
=CI.O+6'2.0+ +Ck.0=0.

Hence the linear combination X =c¢;X; +---+ ¢, X,

is also a solution on /.88

Definition 1.1.3: Let X;, X,, .-, X be aset of solution vectors of the
homogeneous system (7.2) on an interval /. We say that this set is

linearly dependent on the interval if there exist constants
€1, €2, -+, ¢ not all zero, suchthat ¢;X; +---+c; Xy =0 for every

tel. If the set of vectors is not linearly dependent on the interval, it is
said to be linearly independent.

Theorem 1.1.4 : Let X, X,, ---, X, be n solution vectors of the
homogeneous system (/.2) on an interval /. A necessary and sufficient

~ condition for the set of solution to be linearly independent is that the
Wronskian W(X,;,X,, ---, X,,)#0 forevery tel.

Proof : Assume that X;, X,, ---, X, are linearly dependent on 7.

Let X' be a nontrivial solution of (1.2), so there exist constants
a,, -+, a,, not all zero, such that

X=Ya,X, or X=0C , (1.6)
J=1

a,
where @ is a fundamental matrix for (1.2), and C =




Let t=1 el. Then we have

X(t)=0(r)C (1.7)
This system of equations has a unique solution for any choice of X (7).
Hence, det(®(7))# 0. that det(D(z))#0 forany te /.
e W(X;,X,, -, X,)#0 forany te].

Conversely, let @ be a solution of the matrix equation (1.2) and assume
that det(®(¢))= 0 for all t € 1. Then the column of ®, X, ---, X, are

linearly independent for all ¢ € /. Hence, @ is a fundamental matrix of
(12). m

Definition 1.1.5 : (i) Any set X,;, X,, -, X, of n linearly
independent solution vectors of the homogeneous system (7.2) on an
interval / is said to be a fundamental set of solutions on /.

(i) For a non-homogeneous system a particular solution X p ON an

interval / is any vector, free of arbitrary parameters, whose entries are
functions satisfying the system (/.3).

Lemma 1.1.6: There exists a unique solution of the initial-value problem

dX
ZzA(t)X’ X(t)=1, for t, el

Proof: We shall construct the solution by means of

Let

XU (t) = ]n ]
and

X =1+ [ A@X,,@du , k=1,2, - (1.8)
Then

X, (=1, + [ A@)du+ [ Ae)dr, " AGcy)at,
’ ’ ’ 1.9
FR L’A(zl )dt, f CA(t,)dt, - j Aty )dt, . e

The convergence of the sequence (1.8) is equivalent to the convergence of
the series

Xo+(X,(0) = Xo) +(X,(1) = X, (8) + (X5 (2) — X,(2))

4 e +(Xk(t)"_X;¢_|(t))+ (110)

By induction, for the terms of this series, we have the estimate




| X,,,(t)—X,,,_I(t)HSL(]HA(u)]ldu} ,m=1,2,--, for tel.
m!{ |

For m =1 the estimate is true.
Assume it is true for m, want to show it is true for m +1.

| X )= X, ()= [AG) dit, [Aty) dty -+ [A(ty) ity |

)’”.

! 1
<|[A(t,) at, ;1—'[

Il ACu) |

By subsitude

W =

Il 4(u) |

we get

— 1 400

JHH-I
>

I AGu) | du

Ty

| X0 = X, (1) ] <— [

so the estimate is true for m + 1.

1+ kz.;—];—l[ ]H A(u)|| duj =exp

This implies its converges for (1.10).
Denoting the sum of series (1.10) by X () we obtain

X(0)=1 + EA(u)du + i(JZA(II)dtI f A, )d:k) (1.11)

s

Differentiate the series (1.11) term by term, we obtain the same series

multiplied on the left by A(¢). g

Theorem 1.1.7: There exists a fundamental set of solutions for the
homogeneous system (7.2) on an interval /.

Proof: Let ¢, e,, -+, e, be n-dimensional vectors such that




0)
0
th
e;=|1|«j place.
0
\0)
Since
e .
J=1 c

if and only if ¢; =0 for j=1, 2, -+, n.

Hence e, e,, -++, e, are linearly independent. For any £, el,

Let X,(t), X,(t), -+, X,(¢) be the solutions of (1 2) satisfying
Xitg)=¢;, j=1, 2, ---, n. These are all distinct, since each satisfies
distinct initial values. Furthermore are linearly independent, For

X(t)=ichj(t)=0 for tel.
j=l

With the ¢, not all zero, then

G
n n
X(t)=2¢;X,(t)=2c;e;=| i |=0.
j=1 j=1
c.ﬂ
But this implies ¢, = -+ = ¢, =0, which is contradiction.

Therefore X,(f), X,(t), -+ , X,(¢) are linearly independent, and form a
fundamental set of solutions of (1.2) on /. &

Theorem 1.1.8: Let X;, X, -+, X, be aset of solution vectors of the
homogeneous system (7.2) on I and let X, be any solution vector of the
non-homogenous system (1.3) on / then

X=cX, +¢,X, ++c,X,+X, isasolutionof (1.3) on /.

Proof: Suppose X and X, are both solutions of

dx
== A X + F(t) (1.12)

if we define the function U by U(t)=X(t)— X ,(t) then




d d d

(U) == (X(1))= (X (1)
= (A(1)X(t)+F(t))=(A(t)X , + F(t))
= A(t)(X(t)= X (1)) +(F(t)= F(t))
= A(1)(X (1)~ X (1))

=A(t)U(t).
Thus U(t) is a solution of the homogenous system.
That is
Ul)=c X, +c,X, + - +¢,X,.
Hence

X=X+, X, + - +¢, X, + X,
is a solution of the non-homogeneous system (1.12). i@

Definition 1.1.9: Let X, be a given solution of the non-homogeneous
system (1.8) on I, andlet X =c; X; +c, X, + - +cp Xy + X, denote
the general solution on the same interval of the corresponding
homogeneous system (7.2). The general solution of the non-
homogeneous system on the interval is defined to be X =X, + X p- The
general solution X, of the homogeneous System (7.2) is called the
complementary solution of the non-homogeneous system.

Let X, X,, -, X, be a fundamental set of solutions of the
homogeneous system (7.2) on an interval / then its general solution on
the interval 7 is X =c¢;X;+c; X5+ -+ +¢,X,,.

Thus if
X11 X12 Xin
X2 X22 Xon
Xl - s X2 = . s L) Xn = .
xnn xn2 xnn
Then
CiXpy +C X + 0 +C,X, X X ot X ) G
X = CiXar +CpXgp + 00 +CXy, | [ Xy Xy ot Xy, [ €
C1 X, +szn2 & +cnxrm Xn X2 Xon C,




Definition 1.1.10 : Let X;, X,, ---, X, be a fundamental set of »n
solution vectors of the homogenous system (/.2) on an interval 7. The
matrix

X1 X2 ot X,

X2 X Xon
O(t)=| . .

xnl an e xrm

is said to be a fundamental matrix of the system (7.2) on I.

Since the set of solution vectors of the homogeneous system are linearly
independent then the inverse of the fundamental matrix @(¢) exists for

every value of re /.
Conversely any nonsingular solution of system (1.2) is a fundamental
matrix of the system.

Theorem 1.1.11: If @(¢) is a fundamental matrix of system (1.2), then any
fundamental matrix ‘¥'(z) of (1.2) has the form W¥(t)=®() C,

where C is a constant nonsingular matrix.
Proof: Let W(¢) be any other fundamental matrix. Consider the product

@'y . Since det®d(t)=0 for all ¢, then @' exists for all 7.
Differentiate @ @~/ =] by Leibniz rule, we get :

2 o110 L 01)=0,
dt dt
then
4ol )e 42 1,
dt dt

Thus we can compute

d -+ d - 3 4 : ;
@)=L v+o T _ 0"y w0 gy
dt dt dt d

=0 ADDOD W+D A). ¥
-0 A)¥Y +O A()Y =0,
Therefore CDQILP is a constant matrix say C = (D—I‘Pthen Y=0C.m

Lemma 1.1.12: If X(¢)is an nxn matrix solution of (1.2), then either
det(X (1)) #0 or det(X(¢))=0 forall re].




Proof: If there exists a real number ¢, such that the matrix X(z,)1s
singular, then there exists a nonzero vector C such that X (¢,)C =0.
For this vector C, linearity of (1.2) implies that X (¢)C is a solution of

(1.2). Since the function zero is a solution of the equation, uniqueness
implies X (¢)C =0 for all e/ and thus det(X(¢))=0 forall te/. =

Corollary 1.1.13: If X,is an »nx n nonsingular matrix and if X (¢) is the
matrix solution of system (1.2) with X(0)=X,, then X(¢) is a
fundamental matrix solution of (1.2).

Definition 1.1.14: A principal matrix solution of system (1.2) at initial
condition ¢, is a fundamental matrix ®(¢) such that ®(¢,) = /,, we denote

the principal matrix solution at 7, by ®(z,z,).

Theorem 1.1.15: If @(¢) is a fundamental matrix of system (/.2 ), then

the general solution of system (1.2) is of the form
€l

2

X(t)=0(1)C where C=| 7| ¢;eC.

Cn

Proof: We have

d(‘;c) _ d‘? C = (A()D)C = A(t) (D C)

Hence @ C is a solution of the system (1.2). s

Theorem 1.1.16: If system (1.2) is given with initial condition X (¢,) = X, .
Then if ®(t,¢,) is the principle fundamental matrix of system (1.2) the
solution of this initial value problem
(denoted by X(¢,t,)) is X (t,t9)=D(t,15)X.
Proof: The general solution of the system (1.2) is of the form
X(t)=0(t)C.
Then
Xy =X(t;)=D(t,1;,))C=IC =C.
Thus
X(t,t,)=D(t,t,)X,.




1.2 Homogeneous Linear Differential Equation Of n-th Order.

In this section, we consider initial value problems described by n-th order
linear ordinary differential equations, which are given by

n-1
d d d
— D +a, () —=@)+ - +a,)—(x)+a,()x=0 (2.1)
dt dt dt
where  ay(t) are continuous functions on the interval J for

k=0, 1, 2, ..., n—1. If we define the linear differential operator L, by

n n-1

L,= dn +an_1(t)—dﬁ+ +a,(t)i+a0(t) (2.2)
dt dt dt
Then we can rewrite (2.1) more compactly as
Lx=10 (2.3)

Now we can reduce the study of equation (2.1) to the study of the system of
n first order ordinary differential equations as (1 .2) as follows:

Let
dx d? gt
Xp=X%X, Xp=—, Xz=—(Xx), = , Xx,= .
1 2 dt 3 dfz (.X') dtn_j (x)
Hence
dx, dx
__=___=x2
dt dt
2
d d
—(x,) = _T(x) =X;
df dt
3
d d
;i?(xa )= ;F(x) =X,
n-=l1
d d
"__(xn—] ) = n-1 (x) = xn
dt dt
d d
__(xn) = n (‘x) =_a0 (t)xl —al(t)xZ - e _an—t (I)xn-l s
dt df

We can write them in the matrix form as follows :




d_X= A(t)X , where

dt
(0 1 0 0 )
0 0 1 0
A(t)=| : : : (2.4)
0 0 0 1
—ag(t) —a)(t) —ax(t) -+ —a,_(t))

The matrix given in (2.4 ) is frequently called a companion matrix,
(or A(t) is said to be in companion form). )
Since A(t) is continuous on 7, then by theorem (1.1.6) there exists a
unique solution @(t ), for all # € I, to the initial value problem
dX

_;t_zA(;)X, X(t)=E, where tel,

and )
E=(, ) &) R

The first component of this solution is a solution of L,x =0 satisfying

H1)=8 x(0)=8s, e, S a(1) =8,




1.3 Homogeneous n-th Order Linear Differential Equations With
Constant Coefficients.

We can solve homogeneous n-th order linear differential equations by
converting it to linear system of differential equations as in section (1.2).

We shall now find another method [4] of solving the homogeneous n”

order linear differential equation by using the operator method, in which

d
D=—.
dt
Consider a single homogeneous »n” order linear differential equation with
constant coefficients :

n n-1
d d dx
—: + a, n_f + o+ a—+4agx =0 (3.1)
dt dt at
using the differential operator notation D =dit so the equation (3.1)
becomes
n n-1
(D +an_]D + e 4 a]D + ao)x(t) — 0 (3.2)
if we can factorize (3.2) as follows
| dr) Hs
(D=%) (D=2y) " - D=2,)" x@)=0 (3.3)
where n;, n,, -+, n, are the multiplicities corresponding to the distinct
roots A;, Az, *--, A, of the polynomial

A +a, A" ek gy +ap,
and
nj+ny+-+n, =n.
In equation (3.1) if we let

X[t)= (D -2,)"? o (D=25)" x(t)

we obtain
n

(D-24) x@)=0 (3.4)
and if

X)) =(D = 23)" - (D= 2g)" x(1)
then

(D —22)"2 x5(t) = x,(1) .

If we let

X5)=(D=2)™ - (D—2g)"™ x(1)




we obtain

(D - 2)" X3(t) =x,(1),
we proceed in the same way to get finally
(D= ls)ns xs(t) :xs _ ](I):
where

xs(v = x(t)-
So the differential equation (3.3) can be reduced to the system:
D-24)" xt)=0
(D= 2,)" x,(t) = x,(t
(D —1)" x,(t) = x,(1) (3.5)

(D =2.)" () = x,.(1)
X(t)=x(1).
We solve the system (3.5) by using the substitutions
At
x()=&()e

n()=80)e” (3.6)

At
x,(t)=8,(t)e .
fori=1, 2, ---, s where &,(¢) are polynomial of ¢.
Now substitute

xi(t) =& (t)eM!

in equation (3.4) so we have
0=(D=21)" x;(t)=(D~24)" & (t)e™"

' . opla B0
\..ui:“ﬂ'l



= (D= 4)"" (DA€™ + e D(E, (1) - A,e™E, (1))

= (D= 1,)"" "' D(&, (1))

= (D-2,)" "D (&, (1)) + DE, () Me™ — e DE, (1))
=(D -4,)"" 2™ D* &, (1)

=(D-2;)e™' D" (g (1)

=e™'D" (E(t)).
Thus
eI D" (E)(1))=0
but
et £
for every te R, then
D", (t)=0.
We substitute the values of x;#) and x,(t) in the equation
(D—24;)" x5(t)=x(t),
then we get
Ei(t) e =(D-2,)"E, () e
=(D=2,)""(D-2,)&, () ™
=(D-2,)"" e D(&, (1))
= (D= 12,)"(e™ D*(&, (1) + D&, () Ase™ — Aye™ DE, (1))
=(D-2,)"e™D*(,(1)

=(D-2,)e™ D" (&, 1)
=e™' D" (&, () + D™ (N0 Azelzanrl(éz (1))
=e™'D" (&, (1))
Thus
D™ (&x(t)) =, (1) e M1 72N,
We proceed in the same way for the result of the equations in (3.5). Then
the system in (3.5) becomes




D"&®=0
D E,(t) =& (Ve

(A=A )t
: ( (3.7)
D e =€, me" """

x(t) =&, e

To solve the first equation in (3.7) whichis D™ &) =0,
we integrate this equation n; times, then £;(?) is a polynomial of degree
ny—1 saythat pj(t), ie &;t)=pi(t).
Now solve the second equation of (3.7),

D"&,(1) =& (1)e M1 7"

= pi(t)e™ .

Denote the solution of the homogeneous equation

D™ &) =0 by Py(1),
where pl(t) is a polynomial of degree n, —/ and the particular solution
of the equation

ns 1 (A4-
D &,(t)=p,(t)e
then

1 2 (lq=2n )t
&2 ()= py(t) + py(t)e .
In the same way, we can find that
(A=At

1 2 (AAy=A3 )t 3
& (1) = ps(t) + ps(t)e + ps(t)e .

where pi(t) the solution ofthe homogenous equation D™ &;(f)=0 and
pi(t)e® N 4 pl(r)elhi~he )
is the particular solution of

D"&s(1)=p3(t)e™ ™/ + p3(t)eM1 7R
We proceed in the same way, and the solution of

D" E(t) =&, ()™~

where

1 2 As—2 ~As- e T
Eot(t) = PL_s®) + plj)ePs2 2 ooy piTifr)eP AN
so the solution of the homogeneous equation

D =0 is p.)

i2) (h-42)

2
by p,(t)e




where p(t) is a polynomial of degree », -1
and the particular solution of the equation
D" &)= (ph-1(0) + P92 M1 bt il el )bt ho
= Pa-sQ) RN 4 pT )P IN s T e e
is of the form

i
pi(t)e
thus

(n=Agt (Ra=2s) (her=Ao )t
éS(t):pl(t)e "'sze +."+ps-l(t)e +ps(t)
where each py(?) is an arbitrary polynomial of degree ng —1.

X =& e’s"

=[pl(z‘)emh'l’)r

Hence the genaral solution of equation (3.1) is

2=4s) (Ag_1=Agt

=) t
+et po(t)e ;

1 (A
+ p,(t)e

A)

»

b (As=1-A )t

(‘12"1s Al
+ 0™ ek p ™ 4 p, (r)} e

It Aot Agyt At
x()=pit)e  + py(t)e Tk pogftle -+ pije .
This general solution is a sum of » linearly independent solutions, because
if x()=0,then &Ey#)=0 then &,_y(t)=0 and so on.
Hence x(t) =0 if and only if

&)= &)= = &0H=0
that is if and only if
Ps()=psit)=-=p;t)=0.m

Example(1): Solve the following n-th order linear homogenous equation

6 5 4 3 2
dx sdx_od X 11995 104X o o
dt dt dt dt dt dt

Solution: Let D= i then
dt

(D" -3D"-9D" +19D" +12D" ~36D +16)x() =0,
can be reduced as follows :
(D-1)"(D+2)" (D - 4)x(t) = 0.
Hence A =1, 4, =-2, A; =4 and n, =3, n; =2 n; =1,
So the general solution is
X(t)= (a0 +a]x+a'2x2) e’ +(1’)0 +b]x) e +coe4'.
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CHAPTER TWO

LINEAR SYSTEM OF DIFFERENTIAL EQUATIONS
WITH CONSTANT COEFFICENTS

In this chapter, we shall discuss how to find a solution of system of the
form

di=AX,
dt

where A4 is a matrix with constant entries.

2.1 Diagonalizable system

If the system
dX
—=AX (1.1)
dt
is diagonal, that is , 4 is a diagonal matrix, then it can be written as
dx,
dt
dx
—‘2_ = 0 += a22x2
dt : N (1.2)

dx,,= 0O+ - + 0 + a,x,.
dt

= a Xy,

This system can be solved in the same way as a single differential
equation. We get the solution of (1.2) by separation of variable as

ay

x,(t)=ce
anl
x;{t)=c,e (13)
arm‘r
x,(t)=c,e
where ¢;, ¢, -+, ¢, are arbitrary constants. We can write (1.3) in vector

form, that is
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c]ea”’ I ; 0
ot 0 .

(6124 :
X0=|"* =ci| . e +c, 0™ + ... +¢, 5 e
cnea""! 0 0 1

\0)

this implies that the vector functions
(0
1 0
1

0| :
X](U= . eall!’ Xz(t): 0 60221" - Xn(t)= " eannt

0
\0)
form a fundamental set of solutions for the diagonal system (1.2) , thus
e 0 0
0 % :
S = .0
0 e 0 et

Example (1): The diagonal system

Iy 3 0 0
—=|0 -2 0],
dt
0 0 4
can be written as three equations:
B _ 3%,
dt
@- = =2 Z.X'2
dt
@' = 4x_;
dt

Integrating these after separating variables, we obtain
xi(t)=cie™, xy(t)=cre™, x3(t)=ce*,
where ¢;, c,, c; are arbitrary constants, thus
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1 0 0
X(t)=c)|0]e” +c5| 1]e™ +c50e*
0 0 1
is the general solution of the diagonal system and the fundamental matrix

e 0 0
is| 0 e o
0 0 e*
[f the system
‘% = AX (1.4)

is not diagonal, suppose A4 is diagonalizable, that is there exists a non-
singular matrix P such that

Pl4P=D,
where D is diagonal , then multiply (1.4) from the left by P~ we obtain
P19 _pigy ,
dt
since
Pip=1,
we have
P ppx (1.5)
dt
Let
U=P'X
so we have
au = p1 d_X.
dt dt
since P! is a constant matrix so the system (1.5) can be written as
du

bl o i 1.6
7 (1.6)

where
D=P4P.
This is a diagonal system and can be solved where D has the form:




b 0 - 0

_ 0 /1.2 :
- .. . . 0 ’
0 0 A,
where A;, -, A, are the eigenvalues of 4 and the columns of P are

linearly independent eigenvectors of A4 associated, respectively  with
A7, +++, An, SO the general solution to (1.6) is

U(t)=c,U,(t) + U, () + -~ +c,U,(t),

where
(0 0
] I i
0 1 0
A .
Ui(t)=|. |1, Us(t)=|0 U= e
: ) 0
0
0 )
and ¢,, -+, ¢, are arbitrary constants. From
U=P'X
we have
X =P,
thus if P, P,, ---, P, are the columns of P and therefore the

corresponding eigenvectors of 4 associated to A;, -++, 4, respectively.

the general solution to (1.6) is
Ant

X(t)=PU{) =c11”1e)llr +02P2612:+ 4 w0 Pe

So the general solution of the system (1.1) have the basic form
X;=CeM', i=1, 2, -+, n,

where
Ci
€2
C=|.|
Cn
where ¢;, ¢, *++, ¢, are constants.




Theorem 2.1.1: If the nxn matrix 4 has » linearly independent
eigenvectors P, P,, ---, P, associated with the eigenvalue 4, ---, A,

respectively, then the general solution to the system of differential equation
(1.1) is

X@t)=c Pe™ +c,Pe* 4 ... +c,PeM

Proof:

dX At Aot Ant

F AX =Ajc Pe™ + dye, P + oo 4 A,c,Pe

-—(Ac,PIe)‘" + . +AcnP,,e’l"’)
=(Ad = A)e,Pre* + oo (2,0 = A)c,Pe* =0
Since AP; = A;P; for all i, thatis (4—A,I)P, =0 for all i=1, 2, -, n.
Hence
X(t)=c,Pe™ + ... +c, Pet"

is a solution of the homogenous system. mm

X =Ce is a solution of (1.1) if and only if ACe™ = ACe™
that is
(A=Al )C=0.
This is equivalent to the simultaneous algebraic equations :
(aj = Aecp +apc, + -+ +ap,c, =0

azicy +(022—)L)6'2+ +a2,,c,,=0 (17)

AuiC; +au,Cr + +++ +(a,m —A.)Cn =),
Hence C is a non-zero solution vector of (1.7) if and only if A is a
solution of det( A — Al )=0, expanding the determinant shows that

det(A—A1)=0 is ann-th degree polynomial equation .

Example (2): Solve the system

de
— = X;+2X+x
dr 1 2t X3
dx;

— = 6x;-x

p? 1~ X2
&

= —x1—2x2—x3
dt




Solution: First we write this system in matrix form, where

1 2 1
A=l 6 -1 0|,
-1 -2 -]
and
%
X = X,
*3
That is
g 2 1
di: 6 -1 0 |X,
dt
-1 =2 -1
)
1-2A 2 1

det(A-Al)=| 6 —1-4 0 |==2°-2+122=0.

-1 -2 =1-A

Thatis A(A+4)(A-3)=0, then A, =0, A, =—4, A;=3.
Thus the system (4 —A I )P =0 can be written as :

(I-A)p;+2p; +p; =0
6p~(I+A)p; =0

—P1—2p; —(1*"1)133,:0
we must determine three eigenvectors of the form

First, for A=4 ; =0, we get the algebraic system
pr+2p,+py=0
6pr—p, =0
—Pi=2p, - p;=0.

2
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Using Gaussian elimination, we get p; =t € R, then p, =6¢, and
p; =—13t. Choosing p;=1,then p,=6,and p; =-13,
1
hence the first eigenvectoris P, =| 6
-13
Second, for A =4, =—4, we get the algebraic system

—p1—2p,+3p; =0
Spr+2py+p3=0
6p,+3p, =0.

It has infinity many solutions, hence let p; =t € R, then p; =2¢ and
p; =—t. choosing t = 1, we get p; =—1,then p, =2 and p; =2, hence
the second eigenvector is

1

P =l=2]
-1
Finally, when A =A4; =3, we get
—-2p;+2p; +p3 =0
6p;—4p:2 =0
~p1=2py+4ps =0
the usual choice of p; =—I leads to p; =% and p; =-I so that the third

~ 1

eigenvector is Py, = —;— . Hence the general solution of the system is




2.2 Repeated Eigenvalues And Jordan Canonical Form.

Consider the system

dX
s e AX (2.1)
dt
Where the matrix 4 has repeated eigenvalues. Suppose A4 has £ distinct
eigenvalues A;, ---, A, with multiplicities n;, n,, -+, ny.

We shall find the solution of the homogeneous system by using the
Jordan Canonical form.

For every nxn matrix 4 we can find a nonsingular matrix P such that
the matrix J = P~ ' 4P has the Jordan Canonical form for 4, which has the
form :

Js 0
J
J= N :
0 J
where J, is a diagonal matrix with diagonal elements A4,, ---, A, not
necessarily distinct, that is
A 0
JO = - )
0 Ak
and each J,, p=1, 2, -+, 5 is an n, xn, matrix of the form
Ay 10 - 0
0 Ay 1 :
JP = 0 0 u, .'. 0 s
0 0 - 0 Ay,

where 4, ,need not be different from Aevi if p#i and
k+n;+-+n,=n. The number A;, i=1, 2, -+, k + s are the eigenvalues
of A if A;is a simple eigenvalue of A4, itappears in the block Jj, the
blocks Jy, J;,--+, J, are called the Jordan blocks and J is called the
Jordan Canonical form of 4.




Note that a matrix may be similar to a diagonal matrix without having
simple eigenvalues. The identity matrix is such an example.

To see a procedure for computing the J ordan Canonical Form see Appendix
IL.

Theorem 2.2.1: Let A4 be any nx n constant matrix. Then e
(see appendix I) is a princible fundamental matrix of the system

& . ax

dt
Proof: By definition

=1+ @l’-— for any teR.
m!

At

m=1

Since
%(ﬁ“): Aet =et' 4 (see Appendix I).

Then if
o(t)=e™,
then
AP _ o4 = AD(t).
dt
Note that

@(0)=eAt o 1 .

then

At tr(At)
det(e )=e #0 for any fteR.

Therefore
o(t)=e
is a principal fundamental matrix of the system
dX

—z= AX .
dt -

We now present a method of evaluating eA!l and of solving the initial-
value problem
%=AX, X(0)=Xy.

This method involves the transformation of A4 into a Jordan Canonical

form. Let P be a real mxn nonsingular matrix such that J =P AP,
consider the transformation




X=PY orY=P'X,
differentiating both sides with respectto #, We obtain

df _ p-id _ g4 gy =37
dt dt
hence
%=JY . Y(0)=P X, (2.3)

By last theorem the solution of (2.3) is given by
Y(t)=e"Y(0),

since "
X(0)=PY(0),

then
Y(0)=P'X,,

then
Plx(t)=e”PX,,

so we have

X(t)=Pe’' P X,.

Now let us consider the case when 4 has n distinct eigenvalues
Ap, Az, e, Ay, 1f we choose P=(P;, P», -+, P,) In such a way that P,

is an eigenvector corresponding to the eigenvalue A, for i =1/, 2, weeg s

then the matrix J =P I 4p assumed the form

M 0 7 0
Ji
JJ o= ,thenet= .

0 A, 0 e

At

We therefore have the following expression for the solution of the
diagonal system

X({)=P P X, (2.4)
0 el,,r
In this method all eigenvalues of A assumed to be distinct. One has to

determine the eigenvalues of 4, compute n eigenvectors corresponding to
the eigenvalues, from the matrix P and evaluate (2.4).In the general case




when 4 has repeated eigenvalues, it is no longer possible to diagonalize
A. However, we can generate linearly independent vectors P;, P;, -+, P,

and an nxn matrix P=(P;, P,, ---, P,) which transforms 4 into Jordan
Canonical Form. Thus J = P~/ AP here J is a block diagonal of the form
Jo 0
5
J — ! . ]

0 7,
where J, is a diagonal matrix with diagonal element A;, A,, -+, A4
(not necessarily distinct), and each J; is an  n; x n; matrix of the form

A~.fc+i 1 0
Jj = A"C+l .
1
0 )’k-i-l

where A;,; need not be different form A, ;, i# j, and
k+n;+n,+ - +ng=n.
Since for any block diagonal matrix

C; 0
C= A )
0 C,
we have
cf 0
ck= . L k=0,1, 2, ..
0 Cf
Then we get for all ¢ € (—o0,0),
(e.]or O 3\
5 eJ]1
g e s
0 eu)

as before, we have




Notice that for any J,,where i=1, 2 ---, s. We have J; =2,,,/, + N;
where /,, is the n; x n; identity matrix and N, is the n; x n; nilpotent
matrix given by

0 1 0
N,' - .'. 5
0 0 1
hence
eJiI _ e(lk+i1+Ni)r _ elk“ﬂ_ eNiI,

where N¥ is zero matrix for all & >n,, so
]

4 f‘? [n,‘—f 3\
t F e (ni—1)!
lrm‘—.?
¢ d : (ni=2)!
eNj[= [n;-3
R
then
4 2 ni=1 "\
l t [2_' (:r,-—l)!
1 t In;-2
tJ; At (J!',;-_Z?')!
e =e i A
0 0 1 -
000 - 1

so from (2.4) it now follows that the solution of the homogeneous system
is given by




(JOI
¢ 0
Jlt
JSI
0 e )
Example (1): Consider the homogenous system
ax _
r AX
where
(-1 0 -1 1 1 3 o)
0 I 0 0 0 0 o
2 1 2 -1 -1 -6 0
A=|-2 0 -1 2 1 3 o .
0O 0 0 0 1 0 o
0O 0 0 0 0 1 o0
-1 -1 0 1 2 4 1

The characteristic polynomial of 4 is P(A)=(1-2) A. Following the

procedure outlined in appendix II to generate the Jordan canonical form,
we obtain J = P'4P where

(1 L0600 a 0 (<1 0 0 -2 1 0 1)
01 1.0 0 0 o0 0 01 0 0 0 3

J 0 01 0 0 0 o 1 I 0 2 0 -1 1
1o 0 o0 1 1 o o|>P5-1 0 0 -20 -20
0 00 0 0 1 0

0 6 0 0 0 1 o 0 00 0 0 0 1

\0 0 0 0 o0 o 1) L0 -1.0 -1 0 o oJ

We calculate P’ and we obtain




(000 2 1 4 -2 2)
00 1 1 3 -1 0
Lo 0 0 o -3

P =00 -1 -1 -3 1 -1}
10 0 -1 -2 -1 0
00 0 0 1 0
000 0 0 1 o)

Then
(1 ¢ 2000 0)
01 ¢+ 0 0 0O
001 0 O0O0UDO0

e"=[00 01 ¢ 0 0f,
0O 00 O1 00
00 0 0 O0 ¢ O
000000 ¢

and
(1 0 0 4 0 t 0
0O 1 0 0 0 ! 0
t t 1 =2t 0 -t t

Ye'p=l1 000 1 0 -t 0 |
£ 2L L l-d Gl
0 0 0 o0 o0 1 0
o o0 0 0 0o 1 )

2.3 Matrix Exponentials

Let A4 be nx n matrix of constants, then the fundamental matrix of
solutions of the system of linear differential equations

& ax 3.1)
dt

is given by the matrix e

In this section we shall give different methods for computing e without
using Jordan Canonical Form, we use just Caley Hamilton Theorem.
The first method is due to Fulmer [7].

At
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Theorem 2.3.1: Every entry of the matrix e4! satisfies the n-th order linear
differential equation det(A—1,D)X(t)=0.

Proof: det(A—1,D)=D" +a,_; D" + .- +a;D +ay
det(A—1,D)X(t)=(D" +a,_ ;D" + <+ +a;D+ay)X(t)

If we differentiate the matrix e?’ k —times we get
d  a At
—(e )=Ae
dt( )
dZ
At 2 At
—“2—(6 )= Ae L
dt (3.2)
d a4
- (eA )=A4 eA :
dt
Thus for substitute
X(t)=e*
we have

det(A—1,D)e* =(D" +a,_ ;D" + - +a;D+ay)e*

=D"e* +a,,_1D"'1eA’ + oo +a;De? +age
At

At

= A" +a, A" et + o +a;de? +age
=(A" +a, A"+ - a4 +apl Je!
so by Caley-Hamilton Theorem we have
A"+ a, A"+ o vayA+agl =0,
hence
det(A-1,D)e? =0.

Thus each entry of the matrix e’ satisfies the n™ order linear differential
equation
det(A-1,D)X(t)=0."

Corollary 2.3.2: e“'is the unique solution of the initial-value problem
det(A-1,D)X(t)=0, with
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X(0)=1

d
E(X(O)) =4

2

4 (x(O)=4" (3:3)
dt
dn—l o
T(X(O0)=4 .
dt

Proof: Let

At
X,=e and X,=e

be two solutions to the n” order matrix differential equations (3.1) and the
initial conditions (3.3), and let X = X; — X ,, we want to show that

X =X,.

Then X satisfies (3.1) with initial conditions

n-1

Aty

(X(0)=0.

XO=2(XO)= - =

n-1

dt
Therefore, each entry of X satisfies the scalar initial value problem

n n-1

—d—n(x)+c,,_1 i ) o e +clg(x)+cox=0

dt dt
with
n-1
d d .
S b G e (x(0))=0,
t dt
with solution x(¢)=0, and so X(t)=0, for every teR. Thatis

X]7=X2.'

Suppose A has n distinct eigenvalues A;, A,, ---, 4,. Then, the general
solution of the differential equation
det(A-1,D)X(t)=0
is
X(t)=CeM +Cre*? + oo 4 Cpe
where the C; are nx n constants matrices.
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The » initial conditions yield a system of » linear equations for the n
unknown matrices Cy:

Ci & G #== € =I,
llcl = A.ng e L o A."Cn — A

2 2 2 2
llcl + lzCz Fm wmie )«ncn =A

n-1 n—1 n-1 n-1
M Ci+A, Co+ -+ A, C,=4 .
We can write this system in the following matrix form

( 4 \
I 1 1 (C]\ I
A Ay oo A, C, A
A2 22 o 2 |cs|=| 47
gt gt . g G | g%
define
(] ] 1 )
l] 12 nne }Ln
Vo= 22 A2 - A,
g A

which is called the Vandermonde matrix of order n, that is determinant is
equal to the product of all differences of the form 4, —4,(1<i<n).

So we have

C, R
£ A
C3 =V_] A2

\Cn) kA"_])
Hence

n .
C;=vyl +v;A +v,-3A2 + oo +v,-,,A"_] = Zv,jAf "
j=1

. & . _1
where v, are elements in the i —th row of the matrix V' .
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The method is essentially the same when 4 has repeated eigenvalues.
Suppose A has k distinct eigenvalue A;, A, -+, A, with multiplicities

ny, nz, ==, Ag.

Then the general solution of det(A—1,D)X(t)=0 is
-1 Mt
X=(C,, +tCy, + - +t C,)e + -
() =(C,, +1Cy, 1 ;k)_] N (3.4)
‘+(Ck1+tck2+ e +f C;m*)e
The » initial conditions again yield a system of » linear equations for the
nxn matrices Cj, butin this case, the coefficient matrix for the system is

called the Confluent Vandermonde matrix and written as

(1 0 0 1 0 0 3\
A 1 0 e A 1
A 3, e 0 T .
)‘n.—] —1)/1"_2 (n-l)!.l"_"’ ;Ln.—l ( _l.))“n—Z (n=1)! ln—n,,
LM (n 1 (n-n)1 M k n k =) % )

The matrices C; are again obtained as polynomials of at most degree n —/

in 4, and the coefficients in these polynomials are the entries in the rows
of the inverse of the confluent Vandermonde matrix.

Example (1): Compute e" for the system

. I 3 0
—=|3 -2 -1|X
dt

0 -1 1

Solution: The eigenvalue of the matrix A4 are /, 3, and —4; hence the
Vandermonde matrix is

11 1
v=1 3 —4
1 9 16

Thus,
GA! =CJ,'€r +Cze3’ +C3€“4I,
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where

4
—1
Cf = ZvyAJ
j=1
and v; are entries of
18 _ 7z
5 4 10
y-i=l-2 3 |
=3 ]
] 5
SO
1 1
16— e ol
5 10 10
3 -1 2 1 4 3
C] =ZV1jAJ =‘-V”I+V12A+VI3A = _14_ 18_ 3—
e 105 10
1 7 8
e e s
\ 10 10 5 J
(3 1 3 )
s =,
3 2 2 2
o 1 1
C2 = ZVZJ-AJ I=V21]+V22A+V23A2= 10; -12 —25
J=1 3 1
- =-3- 3
\ 2 2
(3 2 3)
oty B &
3 5 5 5
i— 3 2 4
C3 = ZV_;J‘AJ J =V3]1+V32A+V33A2= 3; -5; ——5-
=1 3 1 3
— ] _J
s 5 5

Example (2): Compute e’ for the system
2 2 =2 0

ax [0 2 0 -I
d (0 0 2 1

0 0 0 ¥
Solution: The eigenvalue of the matrix 4 are 2, 2, 2 and I; hence the
Vandermonde matrix is
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] 0 0 1
2 1 0 1
4 4 11
16 12 4 1
Thus,
eA’=(C,+C2t+‘;,~C3)e2’+C4e’,
where
4 -
Cl':ZVy'AJ_
Jj=1 .
and v; are entries of
(21 4 =4 -1
7 7 7 7
=6 3 4 =1
_1_ 7
vil=lhn 2 5 1)
7 7 7 7
8 -4 4 -
b 7 7 7 )

so we can calculate Cj, C,, Cs as in example (1).

This method is not practical for computing e when A is a large matrix,
since it requires the computation of the first n—1 power of 4.

This alone require n? — 2n’ multiplications.

Now we give a method of computing e due to Leonard [9].
This method depends on corollary (2.3.2) and theorem (2.3.1). And the

following theorem gives a method for constructing e’ from the solutions
of certain scalar initial value problem.

Theorem 2.3.3: Let 4 be a constant nxn matrix with characteristic
polynomial
p(A)=det( A=A )= 2" +Cp A" et e jA + Co;

then
el = x,(t)] +x3(1)A+x3(t)A° + - + x,(t)A™!
where x,(t), k=1, 2, ---, n are solutions to the n™ order scalar
differential equation
n n-1
-d—n(x)+c,,_1—6-1-n—_l(x)+ +cl—(i(x)+c0x=0 (3.5)
dt dt dt
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satisfying the following initial conditions:
x(0)=1 | x,(0)=0 | x,(0)=0

d d d
S@mO)=0 | L 0)=1 (5, (0) =0
S A B (3.6)

L mo)=0| L omop=0| L_(no)=1

dt ) dt , dt
Proof: Let A4 be a constant # x n matrix, and let

p(A)=det(A—Al)=A" +c,_ A"+ +¢,A + ¢,
be its characteristic polynomial. Define
@(t)=x;(t )] +x,(t)A+x;3(t)A* + -+ +x,(t)A"",
where x;(t),k=1, 2, ---, n, are the unique solutions to the n™ order
scalar differential equations

n n—1

X)+c,-
g ()t

satisfying the initial condition (3.6).
Then

n n—1

d
(CD)-'_C"_]F(@)_'_ s +C]E((D)+Coq)

N

n-1

d
(X)-I- v +C]E;(x)+6'0x=0

dt"

n n-1

d
Xj)+Cpj——(X;)+ =+ +¢c;— +cox; )1
(x1) Idt”"( 1) Jdt(xl) 0X1)

d
(dt"

n n—1

d
+ Xp)+Chj——(X3)+ -+ +C;— +c A
(dr”( 2) Idt""l( 2) zdt(xz) 0X2)

n=1

d d d
+ (‘_';“(x;a)"“cn-l_,,:,‘(xa)"‘ "'Cl_(353)"‘60-’53)/12
dt dt dt

n n—1
. d _J
+ X, JHe, Xp)+ o +¢;—(x,)+cox, JA"
(= (n) % ety (5) (%) + €ox,)
=01+0.4+04° +--+04"" =0.
Thus
n n-1
d d d
— (@) +c, —5 (@) + -+ +¢,— (D) +¢,d=0 for every teR
dt dt dt
and,
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D(0)=x;(0)] +x3(0)A+x3(0)4% + -+ +x,(0)A" ! =1

1

d d d d n-
7 @O =~ (O +— (5 () A+ - +=(x,(O)4” =4

n-1 n-1 n-1 n-1

@ (@(0) =L (O + T (s O A+ e+ L, O A" = 4™
dt dt dt dt
Therefore

(D(t)zx](t)] +x2(f)A TR +xn(t)An—]
satisfying the initial value problem

n n-1
-c-i—”(tb) + ¢, %((D) + -+ i(CI)) +c®@=0
dt dt at
d d) dn—]
@(0)=1, E((D(U))—A, 27 s
By corollary 2.3.2 the uniqueness of the solution gives that

(@(0))= A%, -, (@(0))=A"".

At n—
e =x(t)]+x,(t)A +x3(t‘)A2 + - +x,()A4 ],for every feR. @

At
Example (3): Compute e  for the system of equation

ax = AX
dt
where the coefficient matrix is

A 1 0 0

0 A 1 0

A= .
0 0 A 1
0 0 0 A

Solution: The eigenvalue of 4 is A of multiplicity 4.

The general solution to
4 3 2

;—4(x)+c35;3—(x)+c2%(x)+c1%(x)+cox=0
is given by
x(t)=ae™ +azte™ + a;t’eM +a e
and therefore
(1) The solution satisfying the initial conditions

d d* d’? .
x(0)=1, E(x(O))=0, dt—Q(x(O))=0, F(x(f)))=0 is
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2
xi(t)=(1-M-4107 ) e,

(i) While the second solution satisfying the initial condition
d d’ d’
0)=0, —(x(0))=1, —(x(0))=0, —(x(0)) =
¥0)=0, —(x( ) dtZ(X( ) dt3(x( )
is

xa(t)=(t -2 - Ar)e.

(iii) And the third solution satisfies the initial conditions
d d? d’
0)=0, —(x(0))=0, —(x(0))=1, —(x(0)) =
x(0) dr(x( ) e (x(0)) i (x(0))
is

73 A

(iv) Finally, the forth solution satisfies the initial conditions
d d’ d’
0)=0, —(x(0))=0, —(x(0))=0, —(x(0))=1
x(0) dt(x( ) dtz(x( ) dr3( (0))
is

1-A%
x4(t)—( ) 3eﬂu

Also
A2 10
2|0 A2
6 0 A 21
0 0 0 N
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therefore

0 0 0 A1 0 0
Al > oul0 1 0 0 2 23 x40 A 1 O
=(1-Ar-4 t—4t -4t
¢ = r)e 0 1 o ~5t)e 0 A 1
0 0 1 0 0 A
3\
(2 22 1 0) (2 32" 34 1
2 3 2
a3 M0 A 24 1 GH A M0 A 34 34
=((A3!Mt )e 2 +(£l.5.’}._)f )e 3 2
0O 0 A 24 0 0 A 34
2 3
0 0 0 1) 0 0 o0 i)
Then
2 3\
lt’2—!’3—!
At O]t'z_zjﬂ.r
e = e
0 0 1 ¢
0 0 0 1)

In the previous method it requires to solve, for »x n matrix » initial value

problems for an n™order linear differential equation with constant
coefficients.

Now we present a result due to Liz [10], which is deduced from the
previous theorem in which the practical method to calculate the exponential
of a matrix is simpler.

Consider the homogeneous differential equation

n n-1
d
(x)+cn_,—_l(x)+---+cli(x)+cox=0 (3.7)
dt’ dt’ dt
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Let

{€01 (t)a (00} (t)s rery, Oy (t)}
be a fundamental set of solutions of it, now we define

oi(1) oi(t) - L(pi(t))
B =| 92(0) G(9x(1) - j!:__],(fpz(f))

0nt) G(on(t) - L(oa(1))

so B, is invertible for every reR. .

Theorem 2.3.4: Let A be a constant n»xn matrix with characteristic

polynomial
p()l.)=d€t(A —/’L[)ZJLH +Cn_]ln_] +ooes +CIA +¢p;
then
eA!' =x!(t)] +XZ(I)A+X3(I)A2 4 e +xn(t)A"_],
where
xl(r) (Pl(t)
xz.(t) =B_1 (Pz'(r) (3.8)
x"(t) (Pn(t)

Proof: Consider the n™ order differential equation (3.7).
By theorem (2.3.3)

e = x,(£) +xy(t)A+x3(t)A% + - +x,(1)A"!
where x;(t) is the solution of (3.7) for k=1, 2, ---, n, note that
{x;(t), x5(t), -+, x,(t)}1s also a fundamental set of solutions of (3.7).
since W(x;(t), ---, x,(t))=1 at t =0. Moreover, by using the uniqueness
of solution for the initial value problem (3.7) and (3.8), we obtain that for
each k=1, -+, n:

n-1

d
01 (1) =9u(0)5(1) + S (OUOPx ()4 =+ (@u(0)5a(1)

dtn -1
that is,
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®i(t) xi(t)
_B, xzz(f)

(PZ(J)

Pn(t) Xn(t)
since By is invertible, we obtain the equality (3.8). &

At
Example(4): Find, e  where

0 1 0
A=[-1 0 0}
0 00

Solution: The characteristic polynomial of 4 is

)
P(A)=(A +1)(A-1), and hence a fundamental system for the
differential equation whose characteristic equation is P(A) is given by

. t
S ={cost, sint, e }.
The matrices Bjand its inverse are
1 0 =1 y 1 =1 1

By=|01 o[ B =20 2 o
’ I 1 1 ’ 2 =1 =] 1
Therefore,
x;(2) cost cost —sint+e
() =By | s = 2sint
x3(t) ¢ : —cost—sint+e

At 2
e =x(t)+x,(t)A+x,(t)A

x,(t) — x;(¢) X, () 0
= -—xz(t) xi(t)_x3(t) 0
- 0 0 X, (1) + x, (1) + x5 (2)
cost sint O
At y
e =|-sint cost O |

0 0 e!
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2.4 Application: (Matrix Riccati Equations)

There are many applications of the system of linear differential equations
one of this is the matrix Riccati differential equation, the paper [6] contains
an extended version of this note.

Definition 2.4.1: For any m x n matrix W we can define the matrix
differential equation by :

aw
thBZl +BZZW —WB“ —WBle (41)

which is called the matrix Riccati differential equation denoted by
(RDE ), where B;;, Bj,, B,;, By, are constant matrices of dimensions

nxn, nxm, mxn and mx m respectively.
The question is: how can we find a solution for (RDE ) ? In the following

we show that, finding a solution of such equations is equivalent of finding a
solution of a homogeneous system of differential equations.
L&t

B B
B=( 11 12], Yz[Q]
By, By P

with nx n and m x n matrix function O and P respectively.
It will be shown that the solutions of (4.1) can be obtained from the
solutions of the linear system of differential equations

dY
—=BY (4.2)
dt
&t
P

is a solution of (4.2), then PO~ is a solution of (4.1),
Now,

P 4 5 58 s

dt(PQ )—d[(P)Q +Pdt(Q )

since

If
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d
ar_d [sz a'? =[B,, BmJ{Q =[B,1Q+BHP]
dt dt\ P i(P) B By, \ P B2]Q+BQQP
dt
we have

d
—(P)=B,;0+ B,,P,
dt() 210 + By
d
— =B + B,,P.
dt(Q) 1190+ By;

Want to compute %( 0~") from the formula 007! =1

d d - d -1 d -
0=EE(1)=E(QQ )=— (D)0 +0— (0 )

SO we get
A s v il -1
(¢ )= 0 dt(Q)Q :

Hence

dw d " - _ _ "
= (PO )=(BuQ+ BnP)Q™" + (0™ B Q™' B12PQ™")
=B, +B» PO~ —PQ™'B;; - PO'B;,PO™’
= BZI +322W "‘WB” —WB]2W.

Therefore W = PQ " is a solution of (4.1). s

Example(1): Solve the matrix Riccati differential equation

-2 0 -1 21 3 0 i
aw | o o0 o 0100 - -
—_—= + W-W| 0 1 0
dt 0 0 0 001 0 ot
-1 -1 ® 1 2 4 1 - (4.3)

1 1 3 0
—Wio o o oW
-1 -1 -6 0

Solution: The solution can be obtained from the golution of the linear
system of differential equations

dy
—=BY,
dt
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where

and B,

o O O ™
n © w— =

(o B =T = ]

From Example (1) page (29) we see that

(1

=1

-2t 0

1

Y(2)

Thus

where

and
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e 0 0
-1 12 2t 2 12
W=PQ = —2—e —t e t
0 0 0
\ 0 0 0)

is a solution of the matrix Riccati equation (4.3).58
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CHAPTER THREE

Elementary Treatment Of Systems Of Homogeneous
Ordinary Linear Differential Equations
With Constant Coefficients

Introduction

In this chapter it will be shown that, the general solution of homogeneous
linear differential equation with constant coefficients can be solved by
simple method, it will be shown that one need only elementary results from
linear algebra to give a full treatment. It will also be shown that Fulmer’s
method for calculating the fundamental solution, can be proved without
assuming the Caley-Hamilton Theorem. This method is due to Besjes [4].

3.1 Diagonalization By Means Of Multiplication.
In this section we shall find the general solution of a system of »

homogeneous first order linear differential equations with constant
coefficients

dX
==X (1.1)
dt
where
ap a4p a,
@ 4 dsy,
4|9 .zz 2
an] an! G arm

Suppose that 4 is diagonalizable and B is non-singular matrix such that
B™'AB = D where D is diagonal, then (1.1) can be converted as follows

Multiply both sides of (1.1) by B~ we get

'Y g 4B X
dt

let
Y=B X
then
# . (B"ABJY (12)
dr
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Hence (1.2) is a diagonal system which can be solved.

But there is not always a matrix B such that B~/ 4B is a diagonal matrix
(and it is not simple to find such a matrix B, if it exists). However, one
could try to treat the system the same way as single differential equations.

If 4 is not diagonalizable ( or if it is difficult to find B such that B~ 4B

is diagonal matrix), then we use diagonalization by mean of multiplication:
We write the system (1.1) by using the differential operator notation

D=% as follows DX=A4X 1.e AX-DX =0. Then
(A-1,D)X(t)=0 (1.3)

where /,, is the nx n identity matrix.
Consider the matrix Q(D) = (q,,) such that (—I)k”qk] is the

determinant of the matrix obtained by deleting the /”* row and £” column
of the matrix (4-1,D).
The matrix Q(D) is well defined , for its elements are polynomials in D .

Theorem 3.1.1: The following identities holds :
(A=1,D)O(D)=1,det(A-1,D)=Q(D)(A-1,D).
Proof: First we proof the first equality
(A-1,D)O(D)=1,det(A—1,D)

Denote the determinants of the matrix (4 —1,D ) after deleting i row and
j" columnby |4—1,D|,.Let C=(4—1,D)Q(D) then
n n k+i
Cii = Z(aik - DSik )Qki :Z(aik o Dark )(_1) , A - ]nD |zk
k=1 k=1
, if i=j

1
=det(A~1,D), where §, = {0 otherwise

The last expression is the expansion of det(A4 — I,D) through the i” row.
Hence Ciy=det(A-1,D). Now if i # j

L n k+ ‘
Caj i Z(aik — Doy )ij = Z(aik _Daik )(_1) ,A - ]nD Ijk "
k=1 k=1
We need to show that C; =0.

Consider the matrix B obtained from (4 —1,D ) by replacing the j* row
of (A—1,D) by its i” row, hence
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a,; -D ap a, )
dy 59 =1 a
B= a; 3.12 a; —D aj
a; ap o gy e a‘in

. a a 2, —Dj

Thus B is a matrix having two identical rows, the i and j”row. Then
det(B)=0. Now expand det(B) on the j™ row, the elements of the

row of B are A1, Ain,ttty Aj —D, S Thus

0=det(B) =3 (ay - DS, )(-1)"" |A~1,D|,, .

k=1
Thus C; =0 for j=#i.Hence
det(A-1,D)
det(A—1,D) 0
(4-1,D)O(D)=| 4 ’

det(4~1,D)

=1,det(A—1,D).
In the same way, we can show the second equality:
OQ(D)(A-1,D)=1,det(A-1,D). @

Corollary 3.1.2: From the first identity the system (4 —17,D)X(¢t)=0 is
equivalent to the diagonal system
det(A—1,D)V(t)=0, X(t)=Q0(D)V(t).
Proof: If V' (¢) is a solution of det(A—1,D)V(t)=0.
Then Q(D)V (t) is a solution of (A4 —17,D)X(t)=0.

Conversely, given any solution X (¢) of (4—1,D)X(t)=0, so there exist

at least one function V' (¢), such that X (¢£)=Q(D)V(t) then
(4-1,D)X(t)=(A-1,D)Q(D)V(t)
=1,det(A-1,D)V(t)=0
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thus V(¢) is a solution of  det(4—-1,D)V(t)=0, and Q(D)V(t)
solution of (4-1,D)X(t)=0.8

Corollary 3.1.3: From the second identity
O(D)(A-1,D)=1,det(A-1,D),
(A-1,D)X(t)=0, can be reduced to
O(D)(A-1,D)X(t)=1,det(A—1,D)X(t)=0.

This is a diagonal system, so each component X (¢) of the vector X () has

W At "
to be of the form pl(t)ek + p,(t)e +---+pj(t)er/L
where A, k=1, ---, s are the distinct eigenvalues, and p;(7) are

polynomials of degree n; —1.
Hence the form of X(¢) is

X(t)= kzi‘;pk (1™

Then
g (k) (0 (k) 2 (k) -1 Mgt
g » 1 1
X(t)—Z((,0 +e t+de, T +etplme, i )e .
k=1
Hence,

0=(A4-1,D)X(f)

2 (k) (k) (k) ng-1 Axt
=Y (A-1,D) ¢, +¢ 1‘+2.c2 i s widpradecgy, of e
k=1

s k k k k k k
_ Z[(Ac; AL e (A -1 Lo )+ (b ey
k=1

(k)
(k) (k) mg-1 €z —1 M-l
c nk
._In ;I t ?Lk IHC2 t)+ +(A(nk )I n*"'lt _In mt lk

(k)
c =1 ﬂk—z ).],f
-I,—2—t )le
(ng =2)!
5

(k) (k) (k) (k) (k) (k)
= [(Aco il L (At Rt b= Lty 1)

k=1
2 2 i (k) 2
+(2,Ac2 /’L,J,, i —le £ )y = +
(k) m-1 B At
_ g1
(A Gy C it Melu eyt ) |e

50




5 (k) (k) (k) (k)
= [(A—xkf,,)cﬁ _e™y+ (A-Ml)e ey )
1

k=

. Ky (b
+E((A-Mdy)e, —6 e+ oo+

L (4= AL, )omnt" )) e

(ng=1)!

Thus
s GG, GG
0= (((A—Akl,,)co el ]+((A—xk1,,)cl )

k=1
(k)

1 (k) 2
+;((A—)Lkl,,)c2 et ))x iy .

k)

! A—2 (k) ( ng=2
(n&—l)!( - kIn)an-z—an-l t

1 (k) ng—1 Axl
+ ((A — Ml )C,w)t )e

so all the coefficients have to be zeros, so we get the following theorem:

Theorem 3.1.4: The system of differential equations (A-1,D)X(t)=0

. dX
(ie. —=
dt

equations, where k=1, 2, -:-, §,

(A=l ) =0

(k) (k)
(A - lk]n )CH*—Z = cnt—l

(k)

(k)
(A_A‘kln)cﬂ :CI

where
& ®) (k) k) n-l Ayt
X(I,‘)=Z[c0 +6 t oo+l Caat ]e
k=1

is the solution of det(A —1I,D)x(t)=0.18

(1.4)

AX) is equivalent to the following system of linear algebraic

51




3.2 System Of Linear Algebraic Equations.

Let 2 be an eigenvalue of nx n matrix 4 and m its multiplicity. Consider
the following system of m linear algebraic equations:

(A—A'[n)dm—l =0

(A —A'In )dm—Z =dm—1

(A_l]n)dm% :dm—z (21)
(A -Mn)d() =d1

Theorem 3.2.1: The system (2.1) has m linearly independent solution
chains [d,,_;, d,,_5, -, d,].

Proof: By induction, for m=1] we have (4—21l,)d, =0, so the system
(A—Al, )dy =0 has a solution, then so it is true for m =/ and for any ».

Now assume it is true for m —/ and any n. Let ¢ be an eigenvector of A
having 2 as an eigenvalue. By definition ¢ # 0, assume that ¢; =/,
( where ¢, is the first component of the vector ¢).
We can write
oy =0 .

dm-z zcvm—z +(0’wm—2)
dm—j = Cvm—B + (O,Wm_3)
d,,=cv,_,+(0,w,_,) (2.2)

d =cv+(0,w)

d, =(0,W0)
where (0,wy), (0,w;), (0,w;), -, (0,w,,_,) are column vectors
whose first coordinate is equal to 0, and v;, v,, -+, V,,—; are constants.

substitute each equation of (2.2) in (2.1) respectively so we obtain

0 = (A-Al,Jov,,_,




CVyy = (A4 —AL,)(CV,, +(0,w,._,))
=(A-Al,)cv,,, +(A-Al,)O0,w,_,) )
=0+(4-A1,)O0,w,_,)
=(A-A,)0,w,_,).

(2.3)

CVp— + (Oawm—z) = (A -Al, )(cvm—3 5 (O,Wm_3 ))
=(A-M, )CVp_3 +(A—Alp )(0,Wp_3)
=0+(A_l[n)(0:wm—3)
=(A_Mn)(0rwm—3)-

cvy+(0,w;)=(A—=Al,)(0,wy)
So we can write the system (2.3) as the following

(A T 2'[n )(Os wm—z) =CVy
(A - A'[n )(05 wm—3 ) = Cvm—z F (05 wm—2 )
(A - ﬂ']n )(09 wm—4 ) = Cvm—S + (09 wm~3 ) (24)

(A—M,,)(O,WD)=CV[ +(0>W1)

If we write

d 0

c

2 wgz)
C3

C=| = |, .and (O,WS)= (i) |
wS

C;
\Cn )

We compute (A—Al, )(0,Wp_3)=CVp_;;
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/011 —-A a a; Ayn W (2)
wm—2 CZ

ary a, —A a | Ayn 3
W2 C3

l . = = Vm_l.

an as 4y T a, ()
wmﬂ2 C‘-

\ Ay ap Ay Aun — )') (n)

\ Wn-2 ) KC,,)
We obtain:

(2) (3) g (n)
(@, —A).0+a,W, , +aW, 5+ +a W, ++a,Wyy =Vny,

B 7 . :
thatis > a,,w,_,=v,,. Now for i>1 we obtain
J=2

. 7]
Z(ar‘f - A'SU)Wm—z =CiVm-1»
Jj=2
The second equation of (2.4) becomes :

n p R . 3
Zaljw,(nj_)j =V,_; and for i>] ) (ay; —?LS,;—)WL’Q =CiV_3 +wfn’ﬂz,
j=2 J=2

so if we continue this procedure we get

g (j) 5 () (i
Y a;wy!’ =v; and for i>1 3 (a;—A8;)wy’" =cv +wi?
j=2 j=2
Then for i > 1, we have

n (J) n ( ) n ( )
Y. (aj —Ad; )w, /5 =c; b ajjWpls = 2. ciariw,ls,
j=2 -«_‘2 j=2

hence Y (ay —Ad; —ciar; )wl’, =0.
j=2
Also for i > 1, we get

n
7. .
S(aj = A8y )W =civp_r + Wi’

m-2
j=2

n
_ (j) (j)
=¢; Zazjwm_s + W2
j=2

n . .
then Z(a,] A 15,] - CI'CIIJ,' )W;’l_}_g = W’(nj_)z
Jj=2

Finally we have
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n ) (i)
> (a; — A6y Yw, =V W
j=2

2 () ()
=C; ZaleO + w1
j=2
2 o o
then Z(aq - 1'6"] - alj)wo =w; .
j=2
Hence we get the system

n ) n (¥)]
Zauwm—z =Vpa s Z(au‘ —Ciay; _’lsaj)wm—z =0
Jj=2 Jj=2

n ) n ) (i)
Zauwm-s =Wz Z(arj —Cay; "A-Sij)wm—a = Wpa
=2 j=2

(2.5)
iauw;j) = Zn:(a,j -Ca; —lﬁu)w((,j) = wlm
i=2 j=2
Now consider the 7 — I x n—I matrix B=(a; —c;a;;), for
i, J=2, 3, %% N If the unknowns v,,_;, «++, v; are defined by
n g
V-1~ Zaljwfnj—)l
j=2
n z
Vi = Zaing”.
j=2
Then the algebraic problem in (2.4) reduced to
(B = un—l)wm—2 = 0
(B=AM ) Wy3 =W,
: 1) 3 2. (26)

(B—=Al,)wo =W,
with
B=(aj—ca;;), i, j=2, =, n
an (n—1)x(n—1) matrix.

In the following lemma, we see that A is an eigenvalue of B of

multiplicity (m—1).
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Lemma 3.2.2: We have det(A—pul, )=(A—u)det(B—ul,_;).
Proof:

arjp—H a; as aj; An
azj az —H ap; az;j Arn
det(A—pul, )=
aji a;z a;s oA T a jn
ani an2 An3 Apj "t Qpp —H

For j>1 now multiply the j —¢h column in det(4— ul,) by c.j and add

them successively to the first column so we get

app—H+cap; aj; aji3 Aapq -t dyj Ain

az +cja; p—H Gy Qpq -+ Qz; o Ay

ajtci(a;—pn) aj aj3 QAjq - Aj—H - a jn
\  ni TC iy Ap2 Apz3 Adpqg Qpj "t lpp —H )

Do this procedure for j=2, 3, -, n, and since AC=AC, we get :

11-component is
(aj; = 1) +apcr +ag3¢s +++a;,¢; ++ +apc,

ajj =Ko )c;

— HCy

2(
Jj=1
A.Cl
A-p.

Il

21-component is
a +(ax —p)cy +ay;c; +- LR 71 s o< 418

n
=2.(az; —pdz;)c;
j=1

=Acy — pcp

=(A=p)e;.
1l-component is

56



n
aj +a;C, +a;c; +e+(a; —p)e; ++ac, = Z(arj = H‘Sy‘)cj
=

n

. Z(ay-_”aﬁ)Cj:lci"HCf.

j=1
Hence
A p a,
lcz- HC, ayp — H
det(A - pl,) = '
Ac,_ e, a
)L’cnw -u'cn anZ

an3

g =l

Next for i > I multiply the first row by c;; subtract it from the i-th row and

observe, doing simultaneously for i=2, 3, ..., n that det(4—pul) is
A_H a9 s a; U
0 ay-n-cyay ay -cyay @y~ €x8y; 85y —€3%n
0 @y =€y A3 —Caps aj; — - cay; Ay = €41,
0 A, = Cpdqy a,3 = Cpagy Api = Cpdy; Aypp — B = Cpay,
Therefore
det(A—pl, )=(A—p)det(B—ul, ;),
where
_ _ _ \
Ay —H—CrQ), Ay —Crdy, Ay — Cray; a;, —Ca,,
B = a;,, —c;ap, a;; — Cay; a; — U —ca a;; — C;ay,
Qyy —Cpay, Ap3 — C,a3 ' a, —C,a Ay — H— cnalnj

So by induction there exists (m — 1) linearly independent chains

[wm_z, Wy s, =, wo], which satisfy system (2.6).
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Now, we want to show that d,,_,, d,_,, ---, d, are linearly independents.

[f there exists ay, o, -+, a,_; constants such that
aody +oudy + -+ 0y ydyy + Ay d,y =0
Then
ao(0,wo) +a;(evy +(0,w;)) + ay(cvy +(0,w,))
+ o+ Apa(ev,, +(0,w,,)) +a,, eV, =0.

That is

(0 (1) 0 ) (1) (0 )

) ) )
®, Cy @, s ®,

(3) 3) (3)
Q) @ +aIV] C;3 +a1 (o3 +a?_V2 C3 +a2 (O

(n) (n) (n)

W, \Cn / \ @1 \Cn ) \@2 )
(1) (0 ) (1)

(2)
&) wm-2 Cy

(3)
t 2t T Oy Vpg| €3 |+ Ops]| Dps |+ TpeiVii| €3 =0.

(n)
\Cr / =y \Cn J
Then
o0 +am +01.0 +ovy + 0.0+ +ap s Vs +
Qo0+, 39, =0 '
Cy

c
Denote | by e then

QoW +ayVie +0ouW) + 0y V1€ + O W,y
Foot Uy V3@ + 0y oWy g + 0V j@=0.

Thus

QoWo + QW) + 0 Wy + **+ + Qs Wyy +

(v +0vy + -+ + @, V,)e=0

Since

GV + 0y + o0 + 0y Vg =0,
then we obtain

oWy +0uW; + AWy + =+ +Qp_y W, =0.
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Since w,, W;, W,, '+ , W,_, are linearly independent then
Oy =a| =a2 = s =am—2 =O.
Hence from oV, + QyVy + *** +®pyVmy =0 and a,, 1s also zero. m

To find the general solution of the system

X _ax 2.7)
dt

We could find first the fundamental solution @(t), which is the matrix

solution of the initial-value problem
dX

E=AX’ i) =1, (2.8)
where ¢, is arbitrary constant but fixed. Then the general solution of
(2.7) is given by X (t) = ®(¢)C, where C is a constants vector.

The system (2.7) can be written in the differential operator form
(A-1,D)X(t)=0, and previous theorem reduce it to the

system 0=0(D)(A4-1,D)X(t)=1,det(A—1,D)X(t).

And therefore the matrix X(¢) is of the form

X)=CX,(t)+C, X,(t)+ -+ C,X,(1) (2.9)
where C;, C,, +++, C, are nx n matrices with t-independent element
(see (3.4) page 27 ) .

But from

d
E(X(t))=AX(t)

it follows that
dk
C(Xx(t)=A*x(t), k=1, 2, -, n—1.
dt*

Hence
k

d k
_k(X(t))\mo:A ) k:l, 2, ---, n—1.
dt

And the initial-value problem (2.8 ) is equivalent to the algebraic problem
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C\X () + CzXz(to) + -+ CX,() = L
d d d
CIE(Xl(IO)) + Cz:i;(Xz(to)) e 5 CME;(Xn(IO)) = 4

n-1 n-1 n-1

d d d n-=1
C;‘_,,_T(Xl(to))"‘cz—,,'_T(Xz(fo))"' e CnF(Xn(to))=A .
t

dt dt
Thus, we have proved theorem (2.3.1) without using Caley-Hamilton

Theorem. @
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CHAPTER FOUR
LINEAR SYSTEMS WITH PERIODIC COEFFICIENTS

In this chapter we study the general solution of linear systems with periodic
coefficients. Consider the linear homogeneous system
dX

EZA(;)X : — 00 <t < (1.1)
where the elements of the matrix A4 are continuous functions on R and
where A(t)= A(t+w) for some @ > 0. System (1.1) is called a periodic

system and o is called a period of 4. .
We give also the concept of the logarithm of any matrix, The Floquet
matrix for the systems with periodic coefficients.

4.1 Logarithm Of Matrices.

First we state some properties and results about fundamental matrices of
periodic systems.

Definition 4.1.1: Let 4 and B be nxn matrices, we say that 4 is the

A
Logarithm of B (denoted by /n(B)) if e =B. In order to define 4, we
shall use the expansion formula:

(_1)p+.'
p

o0

In(1+x) = ),

p=I

x?, |x| <l

as follows :

In(B) = In(I, +(B-1,)) = i%w -1,)".
p=1

Remark 4.1.2: If A is a diagonal matrix with diagonal elements
dyy, d2g, **, duns
then

In(d,,) )

et = 1n(d2.2-) 0

. 0 ing,))
where dll: d227 ) dm: >0.
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Since

In(A)=In(I, +(A=1,)) =3 2 (A-1,)

(A-1) (A=1) (A-1)"

iy A—] e e —— S
( ) 2 3 4
2 )
dn _1 ) (dn _1)
_| -1 0 1 @y-1" 0
@ 4
0 A =1) 0 d, -1)")
4 3 A
(du —I)
+l (dy =1) 0 B e
3
. 0 (dn 1) )
S[I
B 5 O
0 S,
where
Su=(d, —)~4d; —1) +i(d, =) - + = In(d,)

2 3
Sy =(dy —1)—3(d,, 1) oy ~1) — = = In(d,,)

I

S =(dpy 1) =1(d,, = 1) +1(d,, ~1)' = In(d,,)

Therefore
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(ln(dn) )
i ln(dzf') 0 =
. O In(d,,))

Remark 4.1.3: If 4 is a nonsingular matrix, then all eigenvalues of A are
distinct from zero. Since if there exist j such that A; =0 where A ;1s an

eigenvalue of A4 then O=det(A—A;I)=det(A4), which contradicts that
det(A)#0.

Theorem 4.1.4: Let B be a nonsingular »nx n matrix. Then there exists an
nxn matrix 4 ,suchthat A=1InB i.e e’ =B.

Proof: Let B' be similarto B. Then there is a nonsingular matrix P such

that
P'BP=B"
If
gt =B‘,
then

\ PA\P«-I

\ =1 A -1
B=PBP =Pe P =& )
. 4
let A=PA P then B=e .
hence PA'P™! isa logarithm of B.Now we consider the case, when B is

in a Jordan canonical form. Let A;, 4,, ---, A; be the distinct eigenvalues
of B with multiplicities n;, ny, -+, n; respectively. Then B
has the form
B 0O
B= i »
where By is a diagonal matrix with diagonal element A;,, i=1, 2, -, k,

and B; =Ajl,, + N, where N; is the following

n; x n; nilpotent matrix,
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N;= : Tt
0 o o 0
Then /n(B,) is a diagonal matrix with diagonal elements /n(A4,).
Since B is nonsingular we have A; # 0 forall j, then
By =Ay(1y+--N;)
J

Let

1 1
J J

p+l P

(o s Y N
=1njlnlj+z( 1) d s
p=t P Aj

o ni
since NjJ =(0 we have

T p+l N P
A.f =Inj'ln(lf) + Z&(A_JJ E j=13 27 B k (12)
p=l i

Note that /n(A,) is defined since A; #0.

Now
' "j"l _1 p+l _N V4
e’ =exp( ,,jlnlj)exp[z( ) [l_jJ
p

p=1 f

N .
=AU, +—L)=B, ,j=1,2, .., k.
A,

Now let
(4,

where A; is defined in (1.2). So we have
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e O

- . =B .-

0 ek

\ 0 Bk/

Note that 4 is not unique since for example
eA+27rk:1 =€A.€2ﬂkd =eA] =€A =

4.2 Fundamental Matrices Of Periodic Systems.

Consider the periodic system (1.1), we shall now give some properties for a
fundamental matrix of periodic systems

Theorem 4.2.1: i) If @ is a fundamental matrix of (1.1) and if C is
any nonsingular constant » x n matrix, then @ C is
also a fundamental matrix of (1.1).
ii) If ¥ is any other fundamental matrix of (1.1) then
there exists a constant » x » nonsingular matrix P such

that Y =0 P.
Proof: i) We have
d(®oC) do

= - C=(A(1)D)C= 4(1)(®C)

Hence @ C is a solution of the system (1.1). And so
det(® C) = det®D . detC #0,

hence @ C is a fundamental matrix.
ii) Let ¥ be any other fundamental matrix. Consider the product

@' . Since det®d(t)#0 for all ¢, then @' exists forall 7.

Differentiate @ @~/ =] by Leibniz rule, we get :

@ g0 i(cp"’) =0,
dt dt
then

L oy=-0" P,
di dt

Thus we can compute

65




i((l)“\l’) = —d—((D“l) ¥+ L
dt dt dt
=-@~ dE(D"‘I’ + DAY
dt
=—O'A)DP D 'Y -D'A4(1) ¥
=-O"A)Y -0 'A(1)¥ =0.
Therefore @ is a constant matrix say
P:=® ¥ then ¥ = ®P B

Theorem 4.2.2: (Floquet) (i) Consider system (1.1), if <@(¢) is a
fundamental matrix for (1.1), then so is @(¢+w ) for all t € (—o, ).

i) Corresponding to every fundamental matrix @, there exists a
nonsingular matrix P which is also periodic with period ® and a constant

matrix R, such that @(t)=P(t)e™X.
Proof: i) Since

%) = A(t)D(t), for t e (—o0,),

it follows that
dO(t + o)
dt
Hence , @(t + w ) 1s a solution of (1.1), and it is a fundamental matrix ,
since @(t +w ) is a nonsingular for all ¢ e(—o0,).
(i) Since @(t + w ) is a fundamental matrix, then by the last theorem there
exists a constant nonsingular matrix C such that @(t + )=®(t)C . By

=A(t+0)D(t+0)=A)D(t + ®), for e (—o0,0).

theorem (4.1.4) there exists a constant matrix R such that e®% =C .
Therefore

D(t+w)=D(t ek,
Now define a matrix P by
P(t)=d(t)e™® so,
P(t+®)=D(t+w e ("+oIR
___q)(t)eGJRe—(!+a))R
=d(t)eRe Rk — p(y).
Then P(t) is periodic. Also P(t) is nonsingular for all t € (—0, ) .1
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Note 4.2.3: Now if ®@(t)is known only over the interval [#y,7) + ® ]. Since
O(t+w)=0(1)C, C =k

we have by setting t =14y,
C=07(ty)D(t) +o)

and R is given by a)_lln(C). Thus P(1)=®(t)e ™® is now determined
over (0, ). However P(t) is periodic over (-, ). Therefore @(¢) is

R
given over (—,0) by CD(t):P(I,‘)er . Thus we conclude from the last
theorem that the determination ofa fundamental matrix @ of (1.1) over

any interval of length @, leads at once to the determination of @ over
(_OO:OO)'

Note 4.2.4: (i) Let @ be a fundamental matrix for (1.1) and if @; is any
other fundamental matrix for (1.1) with A(t+®) = A(t). Then
@ =®,S for some constant nonsingular matrix S .
Since
CD(t+co)=(D(t)e°’R,
we have
O/(t+0)S=D(t+0)=0(t)e°k =d(1)S71Se®k =®,(t)Se”".
Hence
D(t+w®)S =D;(t)Se®™
or
O (t+0)=0;(1)(Se®RS™! )= ,(1)e5R” =@, (t)e®F )
Hence
D,(t+0) =0, (0" | 2.1)

Thus by (2.1) every fundamental matrix @, determine a matrix

oR -1 . . .. R
Se S ,which is similar to e

(ii) Conversely, let S be any constant nonsingular matrix. Then there exists
fundamental matrix of (1.1) such that (2.1) holds.
Thus from (i) and (ii) although @ does not determine R uniquely , the set

of all fundamental matrices of (1.1) and hence of A, determine uniquely

all quantities associated with ¢®® which are invariant under a similarity

transformation. Specifically, the set of all fundamental matrices of A4
determine a unique set of eigenvalues of the matrix e™Rgay Xy, Dy, 5 Al
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which are called the multipliers associated with 4 (or Floquet multipliers
associated with 4 ).
None of these vanish since

detle” =AD=0h=A) » (=)0

det(e” )= det(e” —0)=2, - A, =TIA
Hence
det(e®® ) =TIA; #0.
The eigenvalues of R are called the characteristic exponents.

Note 4.2.5: By Floquent Theorem, the fundamental solution of the system

R
(1.1) is of the form ®(¢) =P(t)er , where P(t) is periodic with period w
and R is a constant matrix. Then the dynamics of solutions is determined

by the matrix e’R , which generates the fundamental solution of the system
(1.1). Let p,, p,, -, p, be the eigenvalues of R, then they are connected
with the multipliers A,, A,, ---, A, of the system (1.1) in the following
way:

1 wp,

p;=—In(A;) or A, =e

®
In the following we will find the explicit form that a set of n linearly
independent solution vectors of (1.1) assumes.

Let O be a constant nonsingular matrix such that J = O~'RO, where J is
the Jordan canonical form of R. i.e.
(Jg h

OB

\ 0 JIs)
Let @;=® Q and P, =PQ.
By theorem (4.2.2) and from @ = P(t)e® we get:
R -1 R 17

Q,(1)=PQ=P(t)e Q=P)00 e Q=PR()e (2.2)

and
P(t+)=P(t).

Let p,, p,, -**, p. be the eigenvalues of R. Then
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where
(e!p] W
p2
e,_jo _ é 0
I
. 0 "
and
; 2 =1 Y\
5 [
l t il r=—m
0 1 t o
e[J: metpq+j ; ; ; . (ri—:2)!' ,
0 0 0 1
N J
; 5
i=1,2 a8 Q25 =R
i=1

Thus even though the p; are not uniquely determined, their real parts are.
By (2.2) we have

@,(t)=P(t)e”
We shall find the column vectors of matrix @; which are linearly
independent denoted by ¢;, -+, ¢,.

Let p;, ---, p, denote the periodic column vectors of P;.
Then
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i’n
21
D= 5
¢nl
Ppy
Py

Pl =
pnl
e

W

Now if we multiply the matrix P, by the matrix ¢ we get

P12
Py

Pra

J'pt

tpg

Pig1
Prg4

plq+2
Prg+2

ng+l  “ng+2

01 (rg-2)!

pln
)

n

Pnn

,.
ot s-1
(rg=1!

(rs=2

01

(equ+s

)
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b(t)=e" py(0),
¢, (1) = e’pzpz (1),

b,()=c""p, (1),

'rpqﬂ

bpu)=e " p o),
P42

D) =€ ' (pyu(t) + Poia(D)) e (23)
n-1 n-2
1 t 1Dg41

¢q+rl(t)= T_.l)_qu+1+ '(_,.l'_szq+2+“' +tpq+r1-l(t)+pq+n(t) e )

Pq

t +5
¢n—r,+1 (f) e pn—r,+1 (f),

r.—1

t 1P,
¢n(t)z an—r,+l+ +tpn—1(t)+pn(t) €

h h
Where p,(t) is the i" column in Dy, and ¢, is the z'r column in @,.
From (2.3) when Re p; =a; < 0, then

I =1l @)1 €™ |, for i=1, 2, -, q.

Note that
Pl tor+it B,
le | =|e
tay itB;
=le [.]e |
la; ..
=|e |.|costB; +isintf; |
oy ta
= Ie |_—_ e
Thus

a;t
lo: M=l p@).e .
Now we want to calculate || p;(t)]|.
All the elements of the column vector p;(¢) are continuous functions on

[#9, ) + @] and periodic over (—o0, ).
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Hence
Ipe)ll= 2 pa Ol <k

So

lp:(t)||<ke*' —0 as t—>o0,since a; <0.
In other words, if the eigenvalues p;, i=1, 2, ---, n, of R have negative
real parts, then the norm of any solution (1.1) tends to zero as t— < at an

exponential rate.
R
From ®(7) = P(I.‘)er we have

dqu) d(P(t)) e™ + P(t)Re"
then

AD(t)= %{P(r ))e® + P(t)Re™®

AP(t)e" =%(P(z)) "+ P(Re" |
hence

() _pi)R

AP(t)= %(P(t )+ P(t)R, or AP(t)-

Let X be a fundamental solution of (1.1).Thus, for the transformation
X =P(t)Y (2.4)

We compute

49X a)x(t )

= A(t)P(t)Y (1),

ax d
g——(P(r)Y(r))
- Lepayre) + eyt

Also,

act)p(er(e)=2E ” )

P yer)+ P(z)dy(”

dP(r ) dY(t )

A(t)P(1)Y (1) -
dP(t )

¥it)=P(t)
dY(t)

(A(t)P(1)~=L)y(1)=P(1)




hence

ar(t) - _@
_dt__P (I)(A(I)P(t) % JY(I)

=P ()P(H)RY (¢)
=RY(t) (2.5).
Thus we conclude the following theorem.

Theorem 4.2.5: The transformation (2.4) reduces the linear, homogenous,
periodic system (1.1) to linear homogenous systems with constant

coefficients
dY(t)
——==RY(1).
— (t)
Note 4.2.6:If A(t) isreal (sothat C =e™® is real ), the matrices P(¢) and
R may be complex.

4.3 Lyapunov Transformations And Reducible Systems.

The most simple and the most studied systems of linear differential
equation of first order are system with constant coefficients. For this reason
systems which can be reduced to systems with constant coefficients by
means of a Lyapunov transformations are of interest,
Consider the system

dX

o A(t)X {3.1)
Where the elements of the matrix A(t) are periodic continuous functions
on the interval [#,, ).
Consider the transformation

X =L()Y, (3.2)

with nonsingular matrix L(?), which is continuous and differentiable for
t > t,. If we differentiate (3.2) we get

dXx d

dY
= E(L(I)) Y + L(I)E (3.3)

Now substitute (3.3) in (3.1) we get
d dY
E(L(t)) Y+ L(t) == A X =A(t)L(1) Y .

Hence
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dY =] i d

I =L7"(t)A(t)L(t)Y - L (f)dt(L(f))Y,

or
ar _
dt

Let

B(r)=L" (t)A(t)L(t) - L (r)gt-L(t). (3.4)

Then

dY
—=B(1)Y.
7 P

(L"(r JA(t)L(t)-L7'(t )g;(L(t ))] Y.

Definition 4.3.1: The transformation (3.2) is called the Lyapunov
transformation if i) L(¢) is nonsingular, continuous and differentiable
for t> ty.

ii) L(t), L™'(t) and %(L(t )) are bounded for t >1,.

Theorem 4.3.2: Lyapunov transformations form a group.
Proof: First: we want to show that if L(¢) is a Lyapunov matrix, then

L7'(t) is also a Lyapunov matrix.

Since L(t) is a nonsingular matrix, then L(t) exists and

7 @)= adj(L(t)) with det(L(t))#0.

1
det(L(t))
Hence L~'(t) is continuous and differentiable for all £>17y.
L(t) and (L"(t))'I = L(t) are bounded for # >1¢,.

Now we want to show that %(L’I(t )) is bounded for 7 > 1.
Since /=L(t)L7'(t), then
d d -1 d -
0=—(1)=—(L@)L )+ L(t)—(L (),
dt() dr( O)L (1) ()dt( (1))
hence

d - -1 d =1
— (L )=-L (O (LO)L @),
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So —%(L"'(t)) is also bounded.

Second: we want to show that if L(¢) =1, then L(t) is a Lyapunov matrix.
det(L(t))=det(1)=1#0, therefore L(t) is a nonsingular matrix and
continuous, differentiable for all £=17,.

L(t)=1, therefore L(t)=1, L(t)=1, and %(L(t))zO are bounded

for t>1¢

Third: we want to show that if Z;() and L,(t) are Lyapunov matrices,
then L(t)=L;(t)Ly(t) is also a Lyapunov matrix.
Now

det(L(t))=det(L;(t)Ly(1))=det(L;(t)) det(L,(t))#0,
therefore L(t) is nonsingular. L(#) is also continuous and differentiable
for t>t,. The matrix L(t)=L;(t)Ly(t) is bounded, since L;(t) and
L,(t) are a Lyapunov matrices. And

L) =(Ly(t)Ly(1))™ =13 (LT (1),
Thus L7’(t) is also bounded. Also %(L(t)) is bounded for all ¢ > ¢,

since

%(L(t))=%(L1(UL2(U)=%(L;(I)) La(1)+ L) La(1)

Definition 4.3.3: A system (3.1) is said to be reducible to a system

dY
—-=B()Y (3.3)

if there exists a Lyapunov transformation X =L(t)Y such that .

B(t)= L (1) A(t)L(1) = L7 (1) (L)

Theorem 4.3.4: Reducibility is an equivalence relation.
Proof: Transitivity: If a system (3.1) is reducible to (3.5) and the latter is

reducible to a system

dz
—=C(t)Z.
= ()

Then there exist Lyapanov matrices L;(t) and Ly(? ) such that

75



X=L;(t)Y
where

B(t)= L' (1) A(t)Ly (1)~ L' (1) S (Li(1)

and
Y(t)=Ly(1)Z
where

Ct)= L ()B()Ly(1)~ L5 (1) 2 (La(1))

Now we have

Clt)= L3 (OB(OLy ()= L3 ()2 Lo(1))
«i i a4 .d -1
-1, (t)[Ll OADL ()~ L, (r)E(Ll(r))jLz(r) 1 (r)g;(Lz )
=Laf(t)L;’(r)A(t)L;(z)Lg(r)—L}’(r)L}’(r)%(L;(r»Lgm
- L}’m%mz(r»
=(L(O)Ly(8)) " ALy (0L () -

| | d £ d
[Lz OL' O LEOLO 1 0, (r)]
Now we want to show that

(LOLO) S LOLO=L O OO O+ (r)%(Lz o).

we have

(LOL@) %(Ll )Ly (1) =
(L, ()L, (z))(diu] )L+ L (1) (L, (r))j
t dt
= L_a’fr)Lf(r)%(Lf (t))Ly(t)+ LEI(UL?](ULI(U%(M (1))
» _ d .
= L3 (0L () S (L) Lo(1) + Lzl(f)%(Lz (1)

Hence C(1) = (L(H)Ly(8) AN Li(O)Ls (1)) = (Li (D) Ly (1)) %(Ll(mz (1),
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therefore the system (3.1)is reducible to the system

dZ
—=C(t)Z
= (t)

by the transformation
X =(L(t)L;(t))Z.

2) Symmetry: If asystem (3.1) is reducible to the system (3.5), then there
exists a nonsingular matrix L(7) such that

B=L"(t)A(r)L(r)—L‘*’m%mr))
L(B=A(t)L(1) -2 (L(1)

L(t)BL ()= A(t) =< (L)L (1)

Hence

A(t)=L(t)BL™(1)+ %(L(r))f’(r),
Since

Lerty=-r )Lt

dt dt
We have

L) =) o))

dt dt
Hence

A(t)=L(t)BL™ (1) L (1) (17 (1)

= (L () B ()= (L ) (1 )
so the system (3.5) is reducible to the system (3.1).gg

Definition 4.3.5: If for a system (3.1) there exists a Lyapunov
transformation X = L(t)Y such that the matrix

B=L (0A(L(1) = L (1) (1(1))

is constant, then the system is said to be reducible to a system with
constant coefficients.
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Theorem 4.3.6: (Erugin). A system (3.1) is reducible to a system with
constant coefficients if and only if it has a fundamental matrix X(z) of the
form
Bt
X(t)=L(t)e (3.6)
where L(t) is a Lyapunov and B is a constant matrix [1].
Proof:(=) Let the transformation X =L(t)Y reduce the system (3.1) to

the system -

dy
= =By
dt

with a constant matrix B .

B
Then by theorem 2.2.1 e "is fundamental matrix of the system

dY
—=BY.
dt

Hence
X =L(t)e .
(=) If
X(t)=L(t)e*
then
L(t)=X(t)e

Thus the desired transformation is X = L(t)Y , where L(t)=X (t)e_Br.
Since

(K™ S A1) )= (X (1) ) L X))

_" X W Anx e — e x (r)[d";f’ ) 7 _ X(r)e'B'BJ

=B.8

Remark 4.3.7: If one of the fundamental matrices ®() of the system
dX .

Y = A(t)X can be represented in the form (3.6), then any other @, (1)
has analogous form. For the fundamental matrix @, (¢) there exists a

nonsingular matrix C such that @, (¢) = ®(¢)C. Therefore
B - { |l
O, (1)=L(t)e C=L{t)CC ¢ C=Lt)e"
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where
Li(t)=L(t)C, B,=C~'BC.
Using Erugins theorem, we conclude:

Theoem 4.3.8: ( Lyapunov Theorem ): Any linear system with periodic
coefficients is reducible to a system with constant coefficients.
Proof: Any fundamental matrix @(¢) of a system with periodic

coefficients can be represented in the form
D(t)= P(t)e‘R, P(t+w)=P(t), R=constant matrix.
We need to show that P(t) is a Lyapunov matrix.

P(t) is continuous and differentiable on R, P(¢) and %( P(t)) are

bounded as periodic matrices. Since
| detP(t)| = min|detP(t)|=a #0.

O<rso

Thus P~/(t) is bounded. Therefore P(t) is a Lyapunov matrix.

Hence by Erugin theorem implies reducibility to a system with constant
coefficients.um

79



CHAPTER FIVE

STABILITY OF LINEAR SYSTEMS
5.1 On Stability Of Linear Systems.

Consider the system

dX
7=A(1)X for tZIO (11)
4
where X is unknown vector function and A(¢) is a continuous real matrix
for t>1¢,.

Denote the solution on the initial condition X(¢,)=X, by X(¢,¢,,X,), we

call this solution unperturbed, the solution on the initial condition
X(t,) = X, perturbed, and the difference X, — X, the perturbation.

Definition 5.1.1: The unperturbed solution X(¢,7,, X,) is said to be

Lyapunov stable if for any £ >0 there exists a & >0 such that the
condition
| X, - X, ||<& implies | X(¢t,¢,, Xo)— X(t,1,,X,)||<e forall t>1¢,.

Geometrically: Lyapunov stability means that the solutions, which were
once near together, remain the same for all functions of time.

Definition 5.1.2: The solution X(z,¢,, X,) is said to be asymptotically
stable if : 1) it is Lyapunov stable.

2) if there exists a > 0 such that the condition | X, - X, ||<d

implies that lim || X(¢,¢,, X,) — X(¢,¢,, X,)|| =0.

Definition 5.1.3: A solution X (¢,¢,,X,) is said to be uniformly stable if
for any & >0 there exists a § >0, independent choice of #;, such that the
condition || X, — X, |[<& implies the inequality

| X1, 6, X5)— XU 4: X)) llcs, 28 20,
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In Fig. (5.1) we depict the behavior of the trajectories in the vicinity of a

stable for thc case xe Rz. By choosing the initial points a sufficiently
small spherical neighborhood, we can force the graph of the solution for
121, to lie entirely inside a given cylinder.

[n definition (>.1.3), § depends on ¢ and ¢, (i.e. § =S¢, ¢,)).

If 6 is independent of ¢, i.e. & =5(¢), then the system (1.1) is said to be

uniformly stable.

ke
ladhWN

Figure 5.1



Lemma 5.1.4: The stability of any solution of system (1.1) is equivalent to
the stability of the trivial solution of the homogenous system.
Proof: Let @(t,ty)) be the fundamental matrix of system (1.1) with
D(ty, ty)=1, then the general solution is
X(t,ty, Xy)= O(t,t,)X, (1:2)

Consider the difference of the perturbed and unperturbed solutions

z(t)= X(t:to: Xo)_X(tatoaXl) = (D(tato)(Xo _Xl)'
The difference is the solution of the homogenous system with an initial
condition z(t,)=X,—X,. Therefore, the problems of stability of the
unperturbed solution X (¢, t,, X,) are released to the following :
for any & > 0 there exists a 6 >0 such the condition
l|z(ty )||< & implies the condition ||z(%)||<e for all t>¢,. This is the
problem of stability of the trivial solution of the homogenous system.

Note 5.1.5: If some solution of system (1.1) is stable, then the trivial
solution of (1.1) is stable, the stability ofthe trivial solution implies the
stability of any solution of system (1.1).

Theorem 5.1.6(a): All solution of system (1.1) are simultaneously stable or
unstable.

(b): A linear homogeneous system is stable if and only if each ofits
solution X(t) is bounded for ¢ >¢,.

Proof: (=) we show that the stability of the system implies the
boundedness of any its solution.

Suppose that there exist a solution z(t) of system (1.1) unbounded for
t>tp,80||z(ty )| 0.

Given ¢ >0 so

X(t)= z(t) o

12(t9)] 2
is a solution for & >0, hence
Iz(to)Il 8 _8 _ g

1 X(t)l= =
lz(tp)ll 2 2
so by the stability we have || X(t)||<e for t >¢,.
Therefore

2
Iz =1 X @Il | Z(to)Ilg<25—8|l z(ty)l =€

So we have z(t) is bounded, this contradicts our assumption that z(f) is
unbounded.



(<)Suppose @(t,ty) is the fundamental matrix of (1.1), its columns are
solutions of the system, and they are bounded and » in number; therefore,
there exists a constant K such that || ®(t,t,)||<K for t>1#,.
Any solution X(t) is written in the form X () = @(z,£,) X ().
Hence
| X =1 DE ) X E) <K X (&)l
Therefore _
I XOI<KI X))
Take & >0, sowe have for || X(¢,)||<6 we have

1 X(t)||<KS for t=t,, hence 6=%

Thus the solution X (¢) is stable and system (1.1) is also stable. -

Corollary 5.1.7: All the solutions of a stable linear homogeneous system
are simultaneously either bounded or unbounded for 7 >¢,.

Theorem 5.1.8: A linear homogeneous system is asymptotically stable if
and only if all its solutions X (¢) tends to zero as ¢ — oo, i. €

lim || X(t)||=0.

t—w
Proof: (=)Let the trivial solution be asymptotically stable i.e there exists

a & >0 suchthat || X(t,))||<8 implies lim || X(t)||=0.

[— a0

Take an arbitrary solution X (¢£) and write it in the following way

X(t) I X(t)ll s

X(t)=

| X(t)Il % 2
_ 2| X (t) |l
—z(t).——s ,
where
() mi ) 2
I X ()] 2

So we have z(t0)=%<6, therefore || z(t)||> 0 as t > oo,

and thus || X(t)||>0 as t—>oo.
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(<) Let || X(t)||>0 ast—> oo foranysolution X(t). Then for each
solution there exists 7' >1, suchthat || X(t)||</ for t>T.

From theorem (5.1.6) X(t) is stable. But for any || X(1,)||<o we have
| X(#)|| >0 as t—>oo. ie. take § = and the asymptotically stable is
proved.

Theorem 5.1.9: System (1.1) is uniformly stable if and only if there exists
a constant K >0 such that for all 0 <s <t <o the inequality

| ©(t.9)[| =] DO (5)|<K (1.3)
holds, where ®(z,s) is a fundamental matrix of (1.1).
Proof: (<) Any solution X(¢,7,) can be written as
X (t,t)) =D(t,1,) X (to)
therefore by (1.3), we obtain
I X (50 = 1D 1) X (8) ]| = | D 1) || X () |
< K[ X))

hence
| X(@,80) 1<K X (%)l

For any & >0 we choose 6 =—, and, independently of the specific value

)
K
of ty >0, we have

| X(t.t)l SKSzK[%J-—-a, 21,

hence
| X(t,t)l<e, t=t,.
Thus the trivial solution is uniformly stable, hence system (1.1) is
uniformly stable.
(=) Take & >0, choose & >0 independently of #, according to it, and

consider the solution X(z,z,) forany f, > 0 such that

S |

X(tg)=|" |
0

. ) :
i.e the first component x;(t0)=5, and the i-th component

xf(t0)=0, 122
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At the same time, X (t,f)) =®(t,1,)X (¢;). So by the uniform stability we

have
“ (D(tr t{) )X(t0)||< 8: tZtO 2 0:

that is the first column of the matrix d(z,#,) multiplied by % This implies

) 4 - o
that the norm of this column not exceed the value 3 If the initial vector

X (t,ty) 1s chosen so that

x,(t,tﬂ)-—-%, x,(t,t,)=0, i#j.

Then we obtain a similar estimate for the i-th column of the matrix
d(t,1,), this shows that

2g
| D(2,2,) IIS—S—-
Hence

1Dt 10) | =1 X (1,1 ) X (1) 1< 25—6 -

Corollary 5.1.10: For a linear system with constant coefficients the
notations of stability and uniform stability are equivalent.
Proof: The stability of linear system with constant coefficients implies that

; Ar |
the fundamental matrix ¢ is bounded for 7>0. -

5.2 On Stability Of Linear Homogeneous System With Constant
And Periodic Coefficients.

Recall that, for a function g : R — R, and for B >0, the notation

B
gx)=0(|x| ) as|x| >
means that

| 8(x)]

x|

If in the above, the continuous variable x is replaced by an integer valued
variable m > 0. Then

g(m)=0(mP ) as m — .

lim sup

| x| =>o0

<0
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Theorem 5.2.1: A linear homogeneous system with constant coefficients is
stable if and only ifall the eigenvalues of the coefficient matrix have non
positive real parts, and simple elementary divisor correspond to the
eigenvalue with zero real parts.

Proof: We use the Jordan canonical form to compute e

Let J =P AP and define X = PY . Then

At

L L T
dt dt
hence
d—Y“:JY L]
dt

We can assume without loss of generality that the “ system matrix A” is in
Jordan canonical form, i.e. 4 is in block diagonal form

g O -.- 0
A= 0 .J‘ e ,
o0
0 g J
where :
Ay 0 0 0
0 i, 0 0
Jo = .
0o . 0
0 0 A

and Jy = A4/ + N; for the Jordan blocks J;, -+, J,.
As in the previous chapter we see that

/o 0 e 0 O

and
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4 2 (el
(ni—1)!

0 ] ,"1-2
Jit A | sss
e’ = k+i t (i~

oo 0 - 1)

Jot n At At Mt Al
le =2lle lI=lle [l+lle I+ - +lle |
=1
(ReAy+ilm Ay )t (ReAy+ilmAg)t (ReAg+ilmAg )t
=|e |+l e [++ [le |
Re Ayt ilm Ayt Re Ayt ilmAp)t ReAgt ilm Agt
=e e +e e |+-+e " fle .
Hence

Jot n i
le” l|sXe ,
i=1
if ReA, <p forall i=1, 2, ---, k then

Jof

limsup“em “
[—® e

Also for t>0 and ReA; <8 we have

J,—I )’kfl! "J_l
le " lI<lle " [l.(c; + et +oe-+cpt )

<. Hence ||e’"" || =0(eP").

Bt ni-1
<e ¢ +eyt++c,t )

o’ " y<0@E"™"), for e > 0.
Therefore ||e“’||<K for some constant K > 0. Thus the linear
homogenous system is stable. m

Theorem 5.2.2: A linear homogenous system with periodic coefficients is
stable if and only if all its multipliers belong to a closed unit disk, and
simple elementary divisor correspond to the multipliers lying on the unit
circle.

Proof: We see any periodic system with period ® can be reduced to a
system of constant coefficients. If @(¢) is a fundamental matrix for the

periodic system

dX

—=A(t)X 2.1

3 (1) (2.1)
Then ®(t)=P(t)e”, where P(t) is anonsingular matrix which is also

periodic, and B is a constant matrix .
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Thus
P(r)=@(r)e"3and AP(t)—%(P(t))=P(t)B.

If we use the Lyapunov transformation X = L(#)Y, then system (2.1) can

be reduced to the linear homogenous system with constant coefficient
e =BY (2.2)
dt
From theorem (5.2.1) the system (2.2) is stable if and only if all
eigenvalues of B have non positive real parts and every eigenvalues of B

with a zero real part is a simple zero of characteristic polynomial of B.

. Ao, - 3, g
Let A be aneigenvalue of B then p=e “is a characteristic multiplier of

. Bw
the Mondromy matrix e

Ao Im Awi
If ReA=0, then ||[pl|=|e |=|e ¢ | =1, that is the characteristic

5 : " . . Ao
multiplier lies on a wunit circle. ie. p=e is the root of

Bw Aw
dette —-e [1)=0.
Since ReA <0, we have

Aw Redw ImAwi Re Aw Im Awi Reiw
le ll=lle e ll=e Jle |=e = <I.

Let 4 is an eigenvalue of B then ReA <0 ifand only if | p|=|e* |<1,
so the characteristic multipliers lies in a unit disk. m

Example(1): Consider the system
dX

—=At)X 3.7
% (1) (3.7)
where
—1+icoszt 1-3costsint
A(t) = 2 : 5 s
~1-3sinscost -1 +32sin £
. - 1417 —1-i
then the eigenvalues of 4 are A,(¢) = —LJ—— and A,(f)= all :
4 ‘

And, in particular, the real parts of the eigenvalues have negative real parts.

—cost) 3
X (1) ={ ) Je
sint
is a solution of (3.7). X (¢)is unbounded as ¢ — 0.

. . m -1
The characteristic multipliers are e , e
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Theorem 5.2.3: If system (1.1) is stable and reducible to a system with

constant coefficients, then it is uniformly stable.
Proof: Consider the Lyapunov transformation X = L(#)Y which reduces

system (1.1) to the linear system

dy - L _
=L OAOLO-L (O (LO)Y =BY (2.3)

where
B=(L"(r)A(r)L(t)—L‘I(r)%(mw.

The stability of the initial system implies that its fundamental matrix ®(¢)
is bounded; therefore,

the fundamental matrix Y (¢)= L_I(I)X (t) of system (2.3) is also bounded,
hence, this system is stable. By corollary (5.1.10) system (2.3) is uniformly
stable, i.e., there exists a constant D > () such that we have
| Y(t,s)| <D forall t>s5>0.
By theorem (5.1.9) we have
l@(ts)l|=ll@()@~" (s)||=|| L(t)Y(t)Y (s )L (s)||< C?D,
where
ILOI<C, L (0)<C for teR*.
Therefore (1.1) is uniformly stable. w

Corollary 5.2.4: If a system with periodic coefficients is stable then it is
uniformly stable.
Proof: By Lyapunov theorem and last theorem. m

5.3 Two Dimensional Linear Systems.

We study the stability properties of second order linear homogeneous
systems given by

dX
—=A(t)X
=)

where A(f) is 2x2 continuous real matrix and det(A(t)#0.
If 4,, A, designate the eigenvalues of A, there are many cases to consider,
Case la: Negative roots, A, < A, <0 (Stable node ).

All solutions approach zero as ¢t — . The straight lines L, and L,
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are the lines that contain the eigenvector 2, P, , respectively.
The origin is stable and called stable node (see Fig 5.2).
Case 1b: Positive roots, A, < 4, <0 ( Unstable node ), (see Fig 5.3).
Case Ic: One positive and one negative root, A, <0< A, (Saddle point )
(See Fig 5.4).

Case 2a: Pure imaginary roots (Center).

Case 2b: Complex root with negative real parts (Stable focus )
(See Fig 5.5).

Case 2b: Complex root with positive real parts (Unstable focus)
(See Fig. 5.6).

Case 3: Both eigenvalues equal (Improper node)
(See Fig 5.7)

|
Figure 5.3 Unstable node

|
Figure 5.2 Stable node
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_________ 77 | /
— :/’
- ! / “‘*f"/
| | i
/o Figure 5.7 Staple Improper node
Figure 5.6 Unstable focus
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Appendix I:

X
If Xisavector X =| * |, then || X=X llx1l.
i=1
xn

Let A be nxn matrix of complex numbers. Define the norm of 4
(denoted by || 4] )by | 4ll:=2la,l-

i,j=1
If det(A)=0,then A is said to be singular. If A is nonsingular matrix

possesses an inverse say A" . Which satisfies AA_1 = A-IA 3 -

where [ is the identity »x n matrix.

The polynomial P(1)=det(4A—1l,) is called the characteristic
polynomial of 4, and the roots of P(4) are called the eigenvalues of 4.

If A, are roots of P(A)=0, then P(1)= det(A-Al,)= _1'[1(1 -A;).

We define the exponential of a matrix 4 by

m

A = A
e =1,+) — where A s dd s i
m=1 m! ‘W—J
m—rlimes
A
The series defining e “is convergent.
A At)" 4
e’ = I, +Z( m)' , for teR.In particular e r|,=0 = o
tA+sB tA sB At -1 — At
(1) e =e .¢ .(2) (e ) =e forevery teR.

At At . y At
(3) Ae =e A. Since the series of e s convergent, then we can

differentiate it term by term.



A r
4) di(eAt )= Ae I(S)det(em) —¢' (m. (By abeles formula when 7 =0)
t

By abel’s formula
“det(®(t)) = det((c).exp|[ tr(A(s))ds )"
Hence for v =0 we have

At At
det(e”™ ) =der(e”™") . expl [1r(4(s))ds)
- ir(A)
= 1,.exp(tr(4))S| )= 1,.exp(tr(A)t)=e

i B d_ A
(6)If B=PAP then ¢ =Pe P =¢""

Appendix II:

Derivation Of Jordan Canonical Form.

Defenition(1): Two nx n matrices 4 and B are said to be similar if there

. ~1
is a nonsingular matrix P suchthat A=P BP.
If the matrix A4 has repeated eigenvalues, then it is not always possible to
diagonalize it, so we introduce the concept of generalized eigenvector.

Definition(2): A vector V is called a generalized eigenvector of rank k
of a matrix A4 associated with an eigenvalue if and only if

k k-1
(A=Al) V=0and (A-AI) V=0
Now let V' be a generalized eigenvector of rank k associated with the

eigenvalue A, define:
Vi =V

Vit =(A=AL,)V =(4- 21,V
2
Vica=(A=Al,) V =(4- AL,V

k-1
Vi=(A-Al,) V=(4-A,)V,.
Then for each 1<i<k, V; is a generalized eigenvector of rank i, we call
the set of vectors {/, V5, -+, V;} a chain of generalized eigenvectors.
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We now give a procedure for computing a set of basis vectors which yields
the Jordan canonical form J of an nxn matrix 4 and the required
nonsingular transformation P which relates A to J :

Stepl: We compute the eigenvalues of 4, let Al,---,ln be the distinct

eigenvalues of A with multiplicity ny, ..., ny, respectively.
Step2: We compute n, linearly independent generalized eigenvectors of A
associated with A, as follows:

we compute (A4 —),Il)i fori=1,2,..... , until

rank(A—=A,1)*= rank(4-21)**1.
Then find a generalized eigenvector of rank k , say u .
Define

up=(A=2,1)"""u, i=1,2, .., k if k=nj,
proceed to step 3.

[f k < ny, find another linearly independent generalized eigenvector with
the largest possible rank, i.e try to find another generalized eigenvector
with rank &, if is not possible try k-7, and so forth, until n, linearly
independent generalized eigenvectors are determined, note that if
rank(A4—A 1) =r, then there are totally (n—r) chains of generalized

eigenvectors associated with A.l .
Step 3 : Repeat step 2 for /’Lz, e A

m
Step 4 : Let Uy, U,, -+, U;,--- be the new basis, obtained from the
generalized eigenvectors. Which yields a representation of 4 with respect
to the new basis as follows:

( Ay 1 e 0) 3
0 A .
C Lk
P, e,
J=| D o () ?L;‘
k Ty
\

Note that each chain of generalized eigenvectors generate a Jordan block
whose order equals the length of the chain.

94



-1
Step 5 : The similarity transformation which yields J=P AP

is given by P=(U1 U2 Uk s )

Step 6: Rearrange the Jordan blocks in the desired order to yield the
canonical form and the corresponding similarity transformation P.

Example : The characteristic polynomial of the matrix
(3 -1 1 1 0 0)

I 1 -1 -1 0 0
0o 0 2 0 1 1
=10 0 0 2 -1 -1
0o 0 0 0 1 1
o 0 0 o0 1 1)

5
is given by det(A—Al)=(L—2) A=0.Thus A has eigenvalues
A with multiplicity 1, A, with multiplicity 5.

Now compute ( 4 n).zi)!, =L 2 s

(1 -1 1 1 0 0)

0022 0 0)
I -1 -1-140 0 0022 0 0
(A_H):g 0 Z (0) 11 ]1 (-20p=0 00 2 20
0 -1 -1} 0000 0 0
0 0 0 0 -1 I g & 5on, b o8
S 000 0 -2 -2
0000 0 0 0000 0 0)
0000 0 0 0000 0 0
0000 0 0 0000 0 0
(4-21) = , (4-21) =
0000 0 0 0000 0 0
0000 -4 4 000 8 -8
0000 4 -4 0000 -8 8
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Thus rank(A—21)=4, rank(A-21)* =2, rank(A-21)’ =1, and
rank(A—-21)=1, since rank(A—21)* =rank(A-21)" =1, we stop at
(A-2I)°.So choose

0
0
(1) as the solution of (A—21)3U=0, and (A—2])2U=O.
0

0
7/
Hence U is a generalized eigenvector of rank 3. So we define
002 2 0 0Y0) (2)

0022 0 00| ]2
., loooo0o 0 o0 0
Ur=U=2DU=10 660 0 ool ol
0000 2 -2 0
0000 -2 2)o0) \o)
M1 =1 1 1 0 0YO0) (1)
1 =f =1 =1 & B8] }=1
o0 0 o0 1 11| 1]o
U2=(A—2[)U=0 0 0 0 -1 -1 0: 0,and
0 0 0 0 -1 1]0| o0
0o 0o 0o o 1 -1fo) (o0
(0
0
1
Us=U=| |-
0
0

\
Since we have only three generalized eigenvectors for A2 =2 and since the
multiplicity of A2=2 is five, we have to find two more linearly
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independent eigenvectors for A2=2 . So let us try to find a generalized
eigenvectors of rank 2.

Choose ¥ to be the solution of (4 —21)°V =0 and (4-21)V #0.

0
0
Take ¥V = 11 _Hence V is another linearly independent generalized
1
(1) .
eigenvector of rank 2. Define
0 )
0
2
Vy=(4=-2I)V = .
0
y
Next we compute an eigenvector associated withA; =0 since
(0
0
0
W=l 0
1
1]

is a solution of (4 — 2.11 ) W =0, the vector W will do.

Finally with respect to the basis W, Uy, U,, Us, Vi, V the Jordan
canonical form of A4 is given by

(0 0 0 0 0 0)
0 2 1 0 0 0
S_|00 2100}
0 0 0 2 0 0
0 0 0 0 2 I
0 0 0 0 0 2
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and P=(W, Uy, Uy, Uy, Vi, V)=
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