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Abstract

We were interested with differential equations with deviating arguments,
especially, delay differential equations of arbitrary order. Our discussion is about the
most important issue which is the oscillatory and non-oscillatory behavior of their
solutions.

The equation x (1) + p(t) f (x(g(¢))) = h(t) was the main equation that
discussed mainly throughout this thesis for different values of .

For n=1= x'(t) + p(1) f (x(g(7))) = h(t) discussed in chapter two.
For n=2= (r(1)x'(1))"+ p(1) f(x(g(r))) = h(t) discussed in chapter three.
For n=3 = (b(t)(a(1)x'(1))")' + p(t) f(x(g(1))) = h(t) and the nth order

x™ + p(t)x(g(7)) = h(t) discussed in chapter four.
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n=1=x'(t)+p@)f(x(g®))) = h(r)

n=2=(r@x'®) +p@) f(x(g) = h()

n=3= (b()a®)x'(1))) + p() f(x(g(1)) = h(t)
nth —order = x (t) + p(t)x(g(1)) = h(r).
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Introduction

In many applications, the future state of the system is independent of the past
states and is determined solely by the present. But in the late thirties and early forties,
Minorsky [4], in his study of ship stabilization and automatic steering, pointed out
very clearly the importance of the consideration of the delay in the feed back
mechanism. The great interest in control theory during these and later years has
certainly contributed significantly to the rapid development of the theory of
differential equations with dependence on the past state .And also in the late forties
and early fifties , a few books appeared which presented the current status of the
subject and certainly greatly influenced later developments. Mishkis [4] introducéd a
general class of equations with delayed arguments and laid the foundation for a
general theory of linear systems.

The simplest type of past dependence in a differential equation is that in which
the past dependence is through the state variable and not the derivative of the state
variable, the so-called retarded functional differential equations or retarded
differential equations.

The oscillatory behavior of solutions of differential equations with deviating
arguments has been studied by many authors. The problem of oscillations caused by
the deviating arguments (delay or advanced) has been the subject of intensive
investigations.

Amongst the application areas of differential equations with deviating
arguments are in bioscience, economics, material science; medicine, public health; in

a number of these there is an underlying problem in control theory.




Among numerous papers dealing with the study of this problem we choose to refer to
the papers by M.Kon,Y.G.Sficas,and I.P.Stavroulakis[7],Bingtuan.Li
[2],R Koplatadze and G. Fvinikadze[7],R.S.Dahiya and Olusola Akinyele [9], R.S.
Dahiya, Takasi Kusano and Manabu Naito [10],S.R.Grace and B.S.Lalli [11]. In the
literature of oscillation theory of functional differential equations , the following are
of special interest, either

(1) all solutions are oscillatory;

(2) all solutions are non-oscillatory;

(3) the equation has a non- oscillatory solution;

(4) the equation has an oscillatory solution;

(5) the equation has both oscillatory and non-oscillatory solution.
M.Kon,Y.G.Sficas,and I.P.Stavroulakis[7], discussed the oscillatory behavior of first

order delay differential equations of the form x'(¢) + p(t)x(z(¢)) =0, 12t

where p,7 € C([¢,,%),R"),R" =[0,0),7() is non-decreasing, r(¢) <t for { > ¢,, and

lim7(f) = . They proved that when L<1 and 0 < K < = all solutions x (t) are
t—x €

oscillatory. In which the condition L >2K +%—1 holds, where

K = Liminf Ip(s)ds and L = limsup J‘p(s)ds and A is the smaller root of the
T(t) (1)

equation A = ¢**. In [9] R.S. Dahiya and Olusola Akinyele discussed the nth- order

functional differential equation of the form x" (¢) + p(¢)x(g(¢)) = h(¢) where

(a) p,g,h:[a,©) —> R are continuous.

(b) p(r) >0, g(?) is non-decreasing.




(c) gt)<t,g(t) > ast > .
They provided sufficient conditions for the above functional differential equation to

be almost oscillatory in the sense that every solution x (t) is eithei oscillatory or

limx“()=0 0<i<n-1.

=m0

One of the basic equations that we seek to discuss for different values of n is

() + p(0) f(x(g(1))) = (1)

The first chapter introduces the reader to the basic definition and theorems that
needed later and some applications on delay differential equations. Chapter two is
devoted to the discussion about the oscillation, non-oscillation, and the asymptotic

behavior of first order delay differential equations of the form

x'()+ p(t) f(x(g(¢))) = h(r) . In chapter three we investigate the oscillation, and the

asymptotic behavior of second order delay differential equations of the
form (r(¢)x'(¢))" + p(t) f(x(g(¢))) = h(t) .Finally the oscillation of third and n-th
order delay differential equations has been studied in chapter four.

The basic observation and the importance of deviating arguments in the sense
that their presence causes or destroys the oscillation phenomena and does not merely

preserves the oscillatory behavior of equations without deviating arguments.
Remark:

We indicate that we have used to refer to equations by the triple (a,b,c)
where a refers to the chapter number;

and b refers to the section number;

and c refers to the equation number;

For the end of the proof we have used the black dot @




Chapter One
Preliminaries

1.1.0verview

Many important and significant problems in engineering, physical science and
social science, when formulated into mathematical term, require the determination of
a function satisfying an equation containing one or more derivatives of unknown
function, and these derivatives depend on the solution at the present value of the
independent variable (t), such equations are called ordinary differential equations of

the form

xX'(1) = f(t, x() (1.1.1)
with the initial condition, x(#,) = x, .Also, some other significant problems in many
scientific regions , the function and some of its derivatives depend on its past

memory , this kind of differential equations are called differential equations with

deviating arguments.
Definition 1.1.1. Differential equations with deviating arguments are differential

equations in which the unknown function appears with various values of the

arguments. For example

x'(1) = f(t,x(0), x(t — 7(¢)) (1.1.2)
x"(t) = f(t,x(%),x'(%), x(0),%'(6)) (1.1.3)

Definition1.1.2. A differential equation with retarded (or delay) argument is a

differential equation with deviating argument in which the highest — order derivative

of the unknown function appears for just one value of the argument, and this




argument is not less than all arguments of the unknown function and it’s derivatives
appearing in the equation .
Equation (1.1.2) is retarded (delay) if 7(f) > 0, and (1.1.3) is retarded (delay) if > 0.
The study of differential equations with deviating arguments have been
intensively investigated for many years, and the area of applications of differential
equations with delay argument has greatly expanded in many fields ; In physics and
technology, economics and biological sciences, and in medicine , production of real
blood cells, etc .This abundance of applications has increased the interest in the
theory of differential equations with deviating argument .Consider the differential

equation of the form

(1.1.4)

{x'(t) = f(t,x(0),x(t-1)), >0, t=t,
x(1) = ¢, (2)

in which the right —hand side depends not only on the instantaneous position x(t) ,

but also on x(f-7) , the position at 7 units back ; the equation has past memory ,
such an equation is called an ordinary differential equations with a delay or retarded
argument. In order to define a solution of (1.1.4) we need to have a known function
@,(t) on [t,—1,t,], instead of just the initial condition x(¢,)=x,. The basic
initial-value problem for (1.1.4) consists of determining a continuous solution
x(t) =@, (t) for t, —r <t <t,, where ¢,(f)is a given continuous function, called the
initial function. The segment ¢, —7 <f <, on which the initial function is given is
called the initial set and denoted by E, . It is usually assumed thatg, (z,) = x(¢, +0) .
In the case of a variable delay 7 =7(r) > 0 in equation (1.1.4) it is also required to

find a solution of this equation for ¢>¢,, such that on the initial set




E

o

=t, Uft—7(t):t—7(t) <t,, t=1¢,},1ie (the point ¢, and those values of  —7(f)
less than ¢, for t=t, ), x(t) coincides with the given initial function ¢,(¢).If it is
required to determine ‘the solution on the interval [7,,7], then the initial set
B =lt—u(l) ity #; 22T},

Definition 1.1.3. A function x is said to be a solution of (1.1.4) if

x(t) e C([t, —7,T]) for somet,, satisfies equation (1.1.4) for allz > ¢,.

1.2 Method of steps

The most natural method for solving this problem is the so called method of steps
(or method of successive integration). In this method a continuous solution x(t)
is first determined from the differential equation without retardation .To solve (1.1.4)
on [tn,to - r] ,equation (1.1.4) becomes x'(¢t) = f(¢,x(¢),@,(t — 1)) for

t, <t<t,+1, x(t,)=¢,(t,) since for ¢, <t <t +7, the argument ¢t — 7 varies
within the initial set [t, - 7,#,] and consequently the third argument x(¢ — 7) of the
function f equals the initial function g, (t — 7). Assuming the existence of a solution
x =¢,(t) of this initial value problem on the entire segment [t,,, + 7] we obtain

()= f(t,x(t),9,(t—7)) for ty+T=<t<t,+27, x(t,+7)=¢(t, +7)

X(t) = f(t,x(t),8,(t—7)) for t,+nT<t<t,+(n+l)r,

x(t, +nt)=¢,(t, +n1).




This method allows us to determine the solution x (t) on some finite segment. And at
the same time proves the existence of the solution if the functions f,¢ are

continuous. And also proves its uniqueness if the function r satisfies one of the
conditions guaranteeing the uniqueness of the solution of the equation

x'(t) = f(t,x(2),0,(t — 7)) without deviating of the argument such as a Lipchitz
conditions, as in the following definition.

Definition1.2.1. 1 is said to satisfy Lipchitz conditions with Lipchitz constant L
if |f(t,x)—f(t,y)| < L]x—y| forall (z,x),(t,y)e D < RxR.

The process of successive integration determination of the solution on the segment

t,+(j—1)r<t<t,+ jr cannot be continued in the case when one of the segment
R 11T TR L 3§ AR A— ofg TU=DTSESE, + 7T
reduce to a single point , this case will be called critical case , such a case arises only

when 7 =0 at some point .

Now we will mention the existence theorem.

Theorem 1.2.1. (Existence and uniqueness theorem|[6])
If in the equation (1.1.4) , 7(f)is continuous for ¢, <t<t,+7 (T > 0) and
nonnegative , the function f is continuous in the neighborhood of the point

(¢,,9,(t,)) and satisfies a Lipchitz condition , and the functiong, () is continuous
onE, , then there exists a unique continuous solution x, (¢)i.e. (x(t) which depends
on the initial function ¢,(f)) of the basic initial —value problem for (1.1.4) for

t, <t<t,+h (where h is sufficiently small ).




One of the problems studied for such functional differential equations, is the

oscillatory and non-oscillatory behavior of their solutions.
Definition1.2.2. A non trivial solution x(t) for a delay differential equations is

said to be oscillatory if it has arbitrarily large zeros for t > ¢, , that is , there exists a

sequence of zeros, {r"},of x(t) such that lim¢, = 4o . Otherwise, x (t) is said to be

non-oscillatory. For non-oscillatory solutions there exists a ¢  such
thatx(z) #0, for all t =1, There is another definition for oscillatory solution.
Definition 1.2.3. A non trivial solution x (t) is said to be oscillatory if it changes
sign on (7,), where T is any number.

Example 1 .2.1. Consider the equation of the form
, 7
X () +x(1-2)=0 (12.1)

It has an oscillatory solutions x =sint and x =cost

Example 1.2.2 consider the equation

x'(t)+—1—x(t—2) =1 (12.2)
2e

It has a non-oscillatory solution x(f) = exp(—% 1)

Example 1.2.3. Consider the second order equation with delay

xX"()+x(z—)=0 f1.2.2)
it has both an oscillatory solution x, =sin¢ and a non-oscillatory solution
x, =¢e -

Example 1.2.4. Consider the equation




x"(t)-!—%x(t)—%x(t—ir) =0 20 (1.2.4)

it has an oscillatory solution x(f)=1-sinz.which has an infinite sequence of

multiple zeros.

1.3 Fixed point theorem

Fixed point theorems are important in proving the existence of non-oscillatory

solutions.

Definition 1.3.1 A subset S of a normed space X is called convex if , for any
x,yeS,ax+(1-a)ye§ foralla e[0.,1].

Definition 1.3.2 Let x and y be normed spaces. Suppose T is a linear operator with

domain X and range Y. We say that T is compact if , for each bounded sequence

{x,}in X, the sequence {Tx,}contains a subsequence converging to some limitin Y.
Theorem 1.3.1: Every continuous mapping of closed bounded convex set in

R”into it self has a fixed point [3] .

Theorem 1.3.2. (Lebesgue convergence theorem): Let g be integrable

over E and let {f,} be a sequence of measurable functions such that j f"| <gonE

and for almost all x in E we have f(x) =lim f, (x). Then _[f =lim .ffn ‘
N E E

1.4.Mathematical Models

We are concerned with applications in biosciences, but the early use of delay

differential equations was to describe technical devices, e.g. control circuits. In that




context the delay is a measurable physical quantity (for example , the time that the
signal takes to travels to the controlled object, the reaction time, and the time that the
signal takes to return).here are parallels to the reaction of the body to pain.

In most application in the life sciences a delay is introduced when there are
some hidden variables and processes which are not well understood but are known to
cause a time-lag. In fact , a delay may represent a reaction chain on a transport
process. The following are examples of mathematical models.

Examplel.4.1. (mixing of liquids)

Consider a tank containing B gallons of salt water .Fresh water flows in at a rate
of q gallons per minute, the brine in the tank is continually stirred and the mixed
solution flows out through a hole at the bottom, at the rate of q gallons per minute.
Let x(t) be the a mount in pounds of salt in the brine in the tank at time ¢. Now let
us agree that the mixing cannot occur instantaneously throughout the tank. Thus the
concentration of the brine leaving the tank at time ¢ will equal the average
concentration at some earlier instant , say ¢ —r , r > 0 ,then the differential equation

for x becomes
r q 3 _q
x'(t)=——x(t—r) orsetting c=—,
(fy=—rpa=r) g c=4

x'(t)=—cx(t—r) (14.1)
using the method of steps to solve (1.4.1).

One should specify an initial function on some interval of iength r say [2, =74 ]
and then try to satisfy equation (1.4.1) for t=¢,, set x(1)= 6(t) for
t,—r<t<t,where @ is some given function ,we seek a continuous extension of ¢

into the future to a function x which satisfy equation(1.4.1) for ¢ >¢,.Assuming that

10




the past history of the salt content of the tank is known and represented by 68, take
0(t) =6, >0, the tank contained 6, pounds of salt mixed in B gallons of brine prior
to time ¢, then at t, valves were opened allowing fresh water to flow in at the top,
and mixed brine to flow out at bottom each at the rate of q gallons per minute. Now
we solve (1.4.1) on [t,,f, +r]. Equation (1.4.1) becomes x'(f) =—c6, with initial
condition x(#,)=6,. To find x(t) integrate from ¢, o ¢

x(t)—x(ty)=—cO,(t—t,) = x(t) =6, —cO,(¢t-1,) Ly S+

Now x is known up to ¢, +r,we consider the interval [t, +7,t, +2r], equation
(1.4.1) becomes x'(f) = —c8, +c*6,(t—r - t,) with initial condition

x(t; +r)=0,—cO,(t, +r-t;)
x(t, +r) =0, —cré,

This procedure can be continued as far as desired.
Example 1.4.2. (Hatching and Maturation periods [1])

Hutchinson was one of the first mathematical modelers to introduce a delay
in a biological model, he pointed out that the observed oscillation in some kinds of
biological phenomena could be explained by a discrete time delay in the crowding or

resource term. He studied the simple equation
b= *
#) = rx(t)(l = 5&{—)) (1.4.2)

where the non negative parameters r and K are known respectively as the essential
growth rate and the environmental carrying capacity. The incorporation of the delay
in equation (1.4.2) allows one to model the appearance of sustained oscillations in a

single species population , without the predatory interaction of other species. From

11




equation(1.4.2) a number of questions may be asked (i) How can it be that the

present change in population size depends exactly on the population size of time 7,

2

units earlier? (i) Why does the delay enter the removal term and not the

production term x? For the first question, consider the more general equation of

Voltera
x(f)= rx(t)(l —%:I:x(t +s)dc7(s)] (1.4.3)

The second question can be answered by applying the theory of populations
structured by age. The Sharp- Lotka — McKendrick[1] model, and its extension due
to Gurtin and MacCamy [1],

u,(t,a)+u, (t,a)+ pla,W)u(t,a)=0
u(t,0)= U]b(a,W)u(t,a)da (1.4.4)

Provide the standard models in the theory of age-structured populations, u(f,a) is
the density of the population with respect to age @, the mortality x and the fertility

b depend on age and some functional W, the total population size

Wi(t) = Iu(t,a)da . The functional u(a) and b(a) have the following typical
0

features: The death function x(a) may be large (high infant mortality), then level off
to some plateau and finally become large for large @ . A maximum age can be
incorporated by letting u(a) > for a —a , where g’ is some finite value, or
simply discarding individual with agesa > a”. The birth function b(a) is zero below

a certain age, then becomes large in an interval of high fecundity, then returns to

12




zero. This assumption leads to population models in the form of delay equations.

Assume that

(a) There is a maturation age 7. > 0, separating juveniles from adults;
(b) w(a)= po + (1, — p)H, (a);
(c) bla)=bH, (a)+b,d, (a);

Here H (c«)is the Heaviside function

(H (a)=0 for a<rt,H (a)=1 for a=r)and the delta function &_(.)is its

T

generalized derivative. For ¢ > 7., the population of juveniles u(t) = 'fu(t,a)da and
0

@0

adults v(7) = Iu(t,a)da satisfy a system of delay differential equations

Ts

w'(t) =byv(t)+ (b, —1)(b, +b,u)e " v(t—1.)+

" (1.4.5)
(b, =Dbye™™V'(t — 7. ) — pou(r)

vi@t)=((b, +b,u vt —7.)+ b,V (t—7.))e ™ —uv(t) fortzrv, (1.4.6)

If we have initial data for the partial differential equation u,(a), and use the
corresponding solution u(f,a) to form u(r),v(r),then these two functions do not
satisfy the system of equations (1.4.4)-(1.4.5) for ¢ € [0,7.],but only for ¢ > 7, (after
a time interval of length 7. which is, in some sense, needed to application of delay
equations. Hopfield [1] introduced a continuous “forget” the information contained
in the initial data. For ¢e[0,7.], the variablesu(¢#) and v(¢) satisfy a non-
autonomous system of

u'(t) = bv(t) + (b, — Duy(r. —t)e ™ — pou(t) (1.4.7)

13




VI(t) = uy (. —0)e™ — uv(r). (1.4.8)
Equation (1.4.6) is a neutral delay differential equation for adult's population. The
neutral character o1 the equation is a consequence of the fertility peak at age 7, and
is in no way artificial .If this peak is absent i, e b, =0 , then we get the standard
delay differential equation
V'(t) = bt — 1. )e ™™ — pv(t) (1.4.9)
This equation allows the following interpretation: adults die with rate 4, and
produce offspring with rate b,; the offspring enter the equation only at age of
maturity, diminished by a factor e™** which takes into account juvenile mortality.
An understanding of biological phenomena implies the ability to predict and
control them. This understanding comes in several related stages: (a) formulation of
mathematical models based on biological first principles, (b) qualitative assessment
of the models and (c) biological interpretation. The models represent a number of
time dependent state variables, each having a recognized biological interpretation,

and a corresponding complexity in the parameters.

14




Chapter Two

First Order Delay Differential Equations

2.1 Introduction:

Because of the fact that the first order differential equations do not have
oscillatory solutions, most of the theory focus around the second and higher order
ordinary differential equations. But for differential equations with deviating
arguments we can have oscillatory solutions, this oscillation caused by the deviating
arguments.

In this chapter we will discuss the oscillation, non-oscillation and the
asymptotic behavior of the solution of first order delay differential equations of the
form

x'(8)+ p(t) f(x(g(1)) = h(r) (2.1.1)
In section two the oscillation of linear homogenous form of (2.1.1) will be discussed,
in section three the non- oscillation of linear homogenous form of (2.1.1) will be

discussed. In section four we will explain the asymptotic behavior of the equation

x'(t)+ p(t)x(t —7) = 0 where g(f) =t -7 . In section five linear non homogenous

form of (2.1.1) will be discussed. In section six non- linear homogenous form of
(2.1.1) will be discussed. In section seven the asymptotic behavior of
x'()+ p(t) f(x(t —7(¢))) =0 where g(t) =t—7(t) will be studied. Finally in section

eight non- linear , non - homogenous form of (2.1.1) will be discussed.

15




2.2. Oscillation

In this section we shall consider the first order linear, homogenous delay

equation of the forrh
x'()+ p(t)x(g(1)) =0 (2.2.1)

where p,g € C([R*,R"]),g(t) <t,andlimg(t) = oo.

The following theorem states the conditions for which all solutions of the equation

(2.2.1) are oscillatory.

Theorem?2.2.1.1f

e 1
lim [p(s)ds >~ (22.2)
—x e

&)
Then all solutions of (2.2.1) are oscillatory.
We may have oscillatory solution in spite of the previous condition does not satisfies

as in the following example

Example 2.2.1. Consider the following delay differential equation

1 1
() + 2x(t ——sin’ vt ——) =0 223
x'() +2x( ToSin 28) (2.2.3)

Now lim ist =liin(isin2 t+—l~)=l.
e

K. 1
e S pan by e e
10 2e

According to the condition (2.2.2), equation (2.2.3) has non-oscillatory solution. But
it has oscillatory solution. And we shall see this later.

Before proving the theorem we need the following two lemmas.

r

Lemma 2.2.1. If lim I p(s)ds > i then the inequality
e

t—w

g(r)

x'(t) + p(t)x(g(1) <0 (2.2.4)

16




has no eventually positive solutions.

Proof: Assume that g(¢) is non-decreasing, otherwise

setd(f) = max{g(s):s<[0,/]}.Then we can see that (2.2.2) is equivalent to

lim J p(s)ds > 1 Assume that x (t) is an eventually positive solution of (2.2.4) such
{—wm e

a(r)

that x (g (t)) > 0 for t > t,. Because of (2.2.2) there existsa t, >t, , such that

fm9ﬁ2d>l for t>t,
{4

gl

Since x' (t) <0 for t >t ,, we get from (2.2.4)

x'()+ p()x(1)<0

Dividing (2.2.6) by x (t) and integrating from g (t) to t, we obtain

lnﬂ + J.p(s)ds <0 t>t, , and hence
x(g@®) .o
t
mﬂﬂ@ejm@mzd 1>t
O

Since e’ 2z ey ,for y =0 , it follows that

i(ig(L))>ed2ed tz1

x(t)

Repeating the above procedure, there exists a sequence {t, } such that

Xe®) >(ed)" t=t,
x(r)

From (2.2.5), there existsa t* such that

17
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" t
I p(s)ds 2% and J p(s)ds 2% for t>1t,
g(t) i

Integrating (2.2.4) from g (t)to t° gives

x(t")-x(g@®) + J' p(s)x(g(s))ds <0 , this implies that

g(t)

*(g() zx(g(t‘))g, 2.2.8)

also integrating (2.2.4) from t” to t, we obtain

x(t)—x(t) + ] p(s)x(g(s))ds <0 , and then

t

x(t7)2 x(g(t))g (2.2.9)
The result obtained by combining ( 2.2.8) and (2.2.9) is

x(t)2 x(g(t'))(-‘;—)2 (2.2.10)
From (2.2.7) and (2.2.10) we obtain

(_jv_)zz__x&g&g;)) >(ed)" , forall t21¢, (2.2.11)

Choose n sufficiently large such that (ed)" >(§)Z.Which is possible because

ed > 1, therefore (2.2.11) is a contradiction ®

Lemma 2.2.2. If (2.2.2) holds then the inequality

x'(t)+ p(H)x(g() =0 2.2.12)

has no eventually negative solutions.

18




Proof: The proof is parallel to the proof of lemma 2.2.1.Then if x(¢) is a solution

of (2.2.12) then — x(¢) is a solution of (2.2.4)e

Now the proof of theorem 2.2.1 is as follows:

By using lemma 2.2.1, x'(¢) + p(¢)x(g(r)) 0, has no eventually positive solutions.

And from lemma 2.2.2, x'(£)+ p(t)x(g(¢)) = 0 has no eventually negative solutions.

Then all solutions of (2.2.1) are oscillatory ®

Example 2.2.2. Consider the inequality

) t
(1) + —)<0
*O Gy D
2 t
h [)= s t)=—
where p(t) (eln2) g() 5
lim |p(s)ds = lim |———ds
15 g('[) 1o y{(e 1112)5‘

j . (1nt—1n:+1nz)=3>l
(eln2)s eln2 e e

2

then (2.2.13) has no eventually positive solution.

Example 2.2.3. Consider the equation

(1) +;x(%) =0

lim jids =(5Int-5Int+5n3)=5.49>03=1/e.

5

= (/3

Then all solutions of (2.2.14) are oscillatory.
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]

; 1 5 . ; L
Now If lim I p(s)ds <— , the previous theorem does not give any information
1—® £(0) e

about the oscillation of the solution but according to [7] , which concerned with the

oscillatory behavior of the first — order delay differential equation of the form
x'(0)+ p(t)x(7(t))=0 (=g (2.2.15)

where p, T € C ([t,,@], R"),R" =[0, o), 7 (t) is non-decreasing , T (t) <t for

t>t, and limz(f) = Let K =liminf [p(s)ds and L=limsup [p(s)ds

(1) 10]

It is proved that when L <land0 < K < A , all solutions of equation (2.2.15) oscillate
e

in several cases in which the condition L > 2K + i—-—l holds, where A is the

smaller root of the equation A = ¢**, as in the following theorem.

Theorem 2.2.2. Consider the differential equation (2.2.15) and let

<. 0K < —l— and there exist 6 > 0 such that
e

(1)

jp(s)dsze]p(s)ds forall r(f)<u<t (2.2.16)

w(u) u

Assume that

—_ 2_
[, A+l 1-K Jl=EF 44 AR

2, 2

where A, is the smaller root of the equation A =e** and A is given by

_ exp(4,6K)-4,6K -1

(A (4.6)°

) then all solutions of (2.2.15) oscillate.

Proof : See[7] e
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e -1 K -1

2

Remarks : (1) When 6=1,then A= , and then( 2.2.17) reduces

1
to

o e (2.2.18)

(2)The case that K = l, then A, =e and (2.2.18) becomes L > (4/e) - 1 =0. 4715164
e

Example 2.2.4. Consider the delay differential equation

x'(t) + px(t — asin’ w/;—i)=0 (2.2.19)
pe

where p>0, a>0 ,and pa = % -
e

, 4 : ; 1
then L=limsup Ipds=llrn supp(asmzxf;+L) = —1-—l+l:——
15 & o pe 2 2 2 2

K = lim inf j pds=liminf [(pasin > z+-1-) ]=l
[=xm e

1= 0 e

Thus , according to the remark all solutions of equation (2.2.19) oscillate .

Theorem 2.2.3.If p,g € C[R*,R"],g(t) <t and it is non decreasing,

limg(t) = +o0. And

ELTE j p(s)ds >1 (2.2.20)

g(1)

Then every solution of (2.2.1) is oscillatory.
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Proof: Let x(t) be a non- oscillatory solution , such that x(g(t))>0 , > ¢, .Integrating
¢
(2.2.1)from g(t) to t, we have x(f) - x(g(?)) + Ip(s)x(g(s))ds =0 or, its equivalent
g(1)

to

g(r)

x(t)+ x(g(t))[ ]-p(s)a’s - 1} <0 (2.2.21)

From (2.2.21), I p(s)ds =21 when t is sufficiently large; which is a contradiction

g(1)

with (2.2.21). The proof is complete®

Example 2.2.5. Consider the equation

x'(1) + ((\/—2_ + -1—)(—2—) +cost)x(t — E) =0 (2.2.22)
e 2

where p(t) = (V2 + l)(z) +cost)>0 for teR",now
en

]’ (53 + 52+ ctnsids s (BNt = (D N ) st
e e T e 2 2

T

—

2

= sint+(ﬁ+l)—(—cosz‘).
e

R(sint+cosz+(\/§+1))=zﬁ+l>1.
e e

—wx

Then according to (2.2.20) every solution of (2.2.22) is oscillatory.
As a special case of (2.2.1) where p(t)=p>0 and g(t)=t-71,7>0. We have
the following theorem.

Theorem 2.2.4. Let p,r are positive numbers in (2.2.1) . If pre>1, then all

solutions of (2.2.1) are oscillatory .
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proof:  Assume that there exist a non-oscillatory solution of the form
x(t) = exp(At) then F(A) = A+ pexp(-Ar), take A =0

F(0)=p>0.

it e b A b
T T

To satisfy the non- oscillatory solution, pre <1.But this contradicts the
condition pre > 1.
The proof is completec®
Example 2.2.6. Consider the equation
X +x(t-9)=0 (22.23 )

pte= pre=243>1. Then all solutions of ( 2.2.23 ) oscillate .

2.3. Non-Oscillation
In this section we shall discuss the conditions in which the equation (2.2.1)

has a non-oscillatory solution i.e.(there exists a 7, such that x(¢) #0 , forall = 1¢)).

Theorem 2.3.1.If p,g e C[R",R"],g(t) <t and limg(¢) = +o and

— I
lim [ p(s)ds <= 2.3.1)

g(r)

Then equation (2.2.1) has a non oscillatory solution .

Proof : We need to find a solution of (2.2.1) of the form

x(t) = exp[ ]’A(s)ds] (23.2)
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then A(t)=— p(:)exp{— I)L(s)ds} (2.3.3)

g(t)
our aim is to show that there exists a real — valued continuous function % (t) such

that A (t) , satisfies (2.3.3) . So define an operator as follows:

~p(t)exp{— jﬂ(s)ds} t21,

W= = . (2.3.4)
P(), tﬂ—‘rStSto,llgfg(t)zto—r

where 7> 0

T is non-decreasing and continuous operator defined on a space of continuous

functions C[t,—7 ,+o) into itself .From ( 2.3.1), we can find t, € R” such that

: 1
| pls)ds <= astzt, (2.3.5)

g(r)
Let x,(f) =—ep(t)<0 and ¢(f)in (2.3.4) satisfy

x,(<P(t)<O0on[t, - 7,t,] (2.3.6)

Now ,x,€C [t,—7,t], and from ( 2.3.4), (2.3.5) (2.3.6) , we see that .

'

(Txo)(r)=—p(z)exp[— jxo(s)a’s] 2~ p(t)e = x, (1) (21,

g()
2T ) 2 %, (1) t2e;
Set z,(t)=0 for te[t,—71,+w),then (Iz,)(t)<z,(t).Note that x,<z, Hence
Tx,< Tz,, and x,<Tx,<Tz,<z, . Let x,,=Tx, be an increasing sequence

satisfying x ,< x, <X,,, <z,,.Thus the sequence {x, } increases to a limit A. By using
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Lebesgue convergence theorem, Tx , converges to T L. Therefore T A =A. Thus A is
a continuous function on [¢, — 7, +), Furthermore,

X, SM)<z,(0 t=t,-7 (2.3.7)
This proves that (2.3.3) has a solution A (t) which is continuous on [t,—7 ,+o] and
x(t) = exp{ I)u(s)ds} is a non- oscillatory solution of (2.2.1)

Exemple 2.3.1. Consider the equation

1
(3e)t

2(0) + x(%) =1 (2.3.8)

lim 1ds=ﬁ[—1-(1m-1m+1n3)J=0.1<l.
o (38.5' t—o| 3o e

Then equation (2.3.8) has a non-oscillatory solution.
Theorem 2.3.2. Assume that p and 1 are positive numbers in (2.2.1),and assume
that pte < 1 then (2.2.1) has a non-oscillatory solution.
Proof: Assume that x (t)=exp (A t). Then
F(A)=L+pexp(-A1). Take AL=0,thenF (0) =p>0.

Toke A= ~o , B tyally e P2
T T T

<0

: i 1 :
Hence there exists a negative real root Ae[——,0) such that exp(At) is a non-
T

oscillatory solution of ( 2.2.1 )e

Example 2.3.2. Consider the equation

x'(t)+lx(t—l) =0 (2.3.9
2 e

25




{5 1
e=(=)-)e=—<1
pre (2)(e)€ 5

Then (2.3.9) has a non- oscillatory solution.

So, concerning the linear equation

x'(t)+ p(t)x(g(t)) =0 where, p,g e ([R*,R"]),g(t) < t,}ig} g(t) =, we can

summarize the following results

Let K = lim jp(s)ds

= g()

L=1lim Ip(s)ds
=0

g(1)

Oscillation

Non-oscillation

All solutions are oscillatory if one of

the following is satisfied:

(a) K>l. Theorem 2.2.1
e

() L>1. Theorem 2.223.

(¢) L<1 and 0<K£l,in which
e

L>2k+712—-1. Theorem 2.2.2.

1

(d) pre>1l,where p(t)=p>0,

g(t)=t—-7,7>0.Theorem 2.2.4.

The equation has a non-oscillatory
solution if one of the following is

satisfied:

(a)L<l. Theorem 2.3.1
e
(b)pre <1 where p(t)=p=>0,

g()=t-1,7>0.Theorem2.3.2.

2.4. The asymptotic behavior

We will consider the equation

X+ p)x(t-7)=0

26
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where g(t)= - 7,7 >0 is constant , p € C[R*,R"] .Let x(t,7,,¢) denote the solution

of (2.4.1) satisfying the initial condition x(t)=¢(¢) for teE, ,¢ is continuous

function on E, .where E, =[t, —1,1,].

We need the following lemmas

Lemma 2.4.1. Let p(f)= p>0 and0 < pr< -;E Then there exist positive

constants M and v such that

|x(t:to,8)| < Mgle™ ™ 121,

Where ||¢|| = sup [¢(s)| , also, if z(z,7,,0) denotes the solution of

1y—TS551,
Z'(t)+ pz(t —1)=h(t) t21¢,

with zero initial function at ¢, then
M
|2(2,2,,0)| < —exp(p +v)r max|h(s)|
v 1ySs<r

Lemma2.4.2. Consider the retarded differential equation
X)+x(t-o@)=0 t2¢,

Where 0 < o(t) <t is continuous and limo(¢) = 7 < 0. Assume that
{—x

/4
T<—
2

Then every solution of (2.4.1) tends to zero as t — .
Proof: Let x (t) be any solution of (2.4.1) .Choose a

L2t +27+2 such that o(t) <7+l t>t, and

i/I—exp(l +v)rr—o()| < é— t>t,
v
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Where the constant M and v are defined in lemma 2.4.1 with p=1. Let y(¢) be the
solution  of y'()+y(t-7)=0 for L& with  initial  function
y, =x, on E, =[t, -1, ] Because of condition (2.4.6), by lemma 2.4.1, we have
that y(z) tends to zero as ¢t —oo. Set z(r) = x(¢)— y(f);then z(r) satisfies the
following equation: z'(¢t)+z(t —7) =x(t —7) — x(t — o () t>t, with zero initial

function at ¢,.Using (2.4.4), with p =1land A(s) = x(s — 7) — x(t - o(t)), we find
M
|2(1)| < —exp(1+v)r n§a2(|x(s ~1) = x(s ~ o(s)) (2.4.8)
v 1S5St

By applying mean value theorem to equation (2.4.5), we obtain

[x(s = 1) = x(s — o (s))| =|o(s) — 7| x"(&)
=|o(s) - 7|x(£ - o (&)

Where & is between s—7 and s—o(s). Then setting B, = n;lax|x(s)| we have
foSsst

Irlzaﬂx(s —17)=x(s —o(s))| < max|0(s) 7| maxfx(s)|

< maxlo'(s) r| [B, + maxlx(S)“
1S5t

From (2.4.8) , one gets

|x(t)| - |y(t)| < -A-J-exp(l + V)7 maxlcr(s) - f|{31 + max]x(s)|] (2.4.9)
v 4 Ss<t nSsst
And, with respect to (2.4.7), it follows that |x(£)| <[y(1)| + [B + maxlx(s)|]

Hence, for every T >1¢,,and t, <t <T, we obtain |x(1)| <|y(r)| + [B +max|x(s)|}

Taking the maximum of both sides and rearranging terms, we find

}'r;asx|x(t)| <2 max| y(t)| + B,

That is , x(t) is abounded function and so there exists a B > B, such that
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|x(t|<B  for t=t,. Thenusing (2.4.9), we have

|x(t)| < ly(t)l + ZB[M ]exp(l +v)1 Eazfla(s) - r| ‘

v
Because limo(f) = t, the above inequality implies that lim x(¢) = 0.The proof is

complete @

Now we can prove the following theorem;

Theorem 2.4.1. Assume that p € C[R*,R"], p > 0,7 > 0 is constant and

[p(tydt = +0 (2.4.10)

fo

Suppose further that lim I p(s)ds exists, and

lim [p(s)ds <g 2.4.11)
Then every solution of (2.4.1) tends to zero ast — .
Proof: Set u =o(t) = Ip(s)ds t > t,, because of (2.4.10), o' (¢) exists, and

fo

o™\ (u)

limu(t) =« . Alsoo(t -7) = r_f p(s)ds = ]p(s)ds - ]p(s)a’s =u(t) - Ip(s)ds ;

f—»o .
o o =t o (u)-t

o™ (u)

thatist—r7=0""(u- I p(s)ds) . Then the transformation

o (u)-r
2l =il 60 with F=o (2.4.12)
a7 (w)

reduces (2.4.1) to x'(0” (W) + p(Ox(c ™ u—  [p(s)ds)) =0

a'!(u)-r
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o (u)
2'(u) + 2(u — j p(s)ds) =0 (2.4.13)
o (u)-r

Accordi;.g to condition (2.4.11) , equation (2.4.13) satisfies the hypotheses of lemma

(2.4.2) and therefore limz(x) =0.From (2.4.12), we have limx(s) = 0.The proof is

complete®

Example 2.3.1. Consider the equation

xX'()+ p(2+cost)x(t—27)=0 where 0<p< % (2.4.14)

p(t) = p(2+cost) Then Ip(Z +cost)dt =
0

t
And I p(2+coss)ds=4pr <%

t=2rx

Therefore every solution of (2.4.14) tends to zero ast —> 0.

2.5. Non-homogenous equations.
Consider the equation of the form
x'(0)+ p(D)x(g(1)) = h(z) (2.5.1)
Where

a) p,g,h:[a,©)—> R are continuous.

b) p(1) >0, g(r) is non-decreasing, g(¢) <.
¢) limg(¢) ==o.
Theorem 2.5.1 Assume that

(1) (), p(t) 2 0, g(t) , h(t) , are continuons.
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(1) p(¢) is an oscillatory function such that p'(f) = A(f) and there exists
two constants ¢,,q,and sequences (f,), (¢7) such that p(z)) =gq,,

p(t") =q,,limt!, =w,limt’ =0 ,and g, < p(t)<gq, for £20.

(—x

(iii) p(r) satisfy any one of these conditions

lim jp(s)ds>1 or

g

i

lim [ p(s)ds >~
e

{0

g(r)

Then every solution of ( 2.5.1) oscillates.

Proof: Let x (t) be a non- oscillatory solution such that x (t)>0, then x(g (t) ) >0,
for 1 21¢,.Let z(t)=x(t)- p(t), then z'(t) =x'(t)- p'(2)

= —p)x(g®)+h(t)-p'(t) =-p(t)x(g()) <0 for t=t

Suppose z(t) +q, <0 for t2th=>1

since z(t) +p(t)=x(t)>0 ;especially ,z(tl) +p(t)=x(t,),t, >t,. Thisis
contradiction since z(¢)+ p(f) = x(t) >0 ,s0 z(t)+q1 >0 forall 2¢,.

Let y(=z () +q then y'(t) = z'() =x"() -p'() = -p () x(gt)

=-p () [z (&) +p )]

<p(My(g(®)

That is y'(¢)+ p(1)y(g(t)) <0 , has an eventual positive solution. But it is
impossible with respect to condition (iii). The proof is complete ®

Example 2.5.1. Consider the equation

X'(1)+x(t -%) = cost 2.5.2)
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h(t) = p'(t) = p(t) =sint

-

L

T
t =mn t =3+2m:rr then

p(mr)=0=¢q, and p(izr—+2mfr)=1=q2 =>0<sinr <1

lim jds=-’5>l_
[—x T e

f=—

Every solution of (2.5.2) oscillates, since all the conditions of theorem 2.5.1 are

satisfied.

2.6. Non-linear homogenous equations.
Consider the equation
x'(0)+ p) f(x(g(®)) =0
where the following are satisfied .
(a)ge C(R*,R),g(t)<t for teR",g(t) is strictly increasing on
lim g(f) = +o.
(b) p (v) is locally integrable and p(f) 20, a,e.

(c) xf(x)>0 for x# 0, f € C(R,R),fis non-decreasing and

=M <+w

lim

x
x—=0 f(x)
Theorem 2.6.1. Assume that conditions a, b, and ¢ hold.

Assume further that
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o (2.6.3)
lim [p(s)ds > M

g(1)
Where M is defined by (2.6.2), then every solution of (2.6.1) is oscillatory.

The following lemma is needed before proving the theorem

Lemma 2.6.1. Assume that (a) holds. Let {t,{be a sequence defined by

t, =g '(t,,), t,being an arbitrary number, then ¢, »>© as n—> .

Proof: If we assume that the claim is false, let 1, — B <+, since gand g~ are

continuous, we have B =lim¢, =limg™(¢, ) =1limg ' (g(z,))

H—»0 n

=g '(lim(g(t,)) = g '(B) > B. Which is a contradictione
The proof of theorem 2.6.1 : For sufficiently large ¢", we have

[p(s)ds >M +K  for 124" from (2.63) (2.6.4)

g(t)

Where K>0. Let x (t) be a non oscillatory solution of (2.6.1) . Without loss of
generality, assume that x(t) >0 for ¢ >¢, > g(¢"). Then

xX'(6)=-pO) f(x(g)) <0 for t>t,=g"(t,).

Thus x(t) is non-increasing and has a finite non-negative limit, say a, as t > .
We claim that & = 0 .If not, leta > Oand f(a)>0. Let s, =t,,and s, =g"'(s,.,)

such that

]p(s)ds >M+K (2.6.5)

g(s,)

Integrating (2.6.1) from ¢, to s,, we get
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Example 2.6.1. Consider the equation

0+ —2 x(ty =
x'(6)+ (ln2)tx(2) 0 (2.6.6)

then M=1 and

t

lim I—z—dsz—z—[lnt*lnt+ln2]:2>l.
== (In2)s = In2

t2

Then every solution of (2.6.6) is oscillatory.
Example 2.6.2. Consider the equation

') 3 L i =
x(t)+—(ln3)tx (3) 0 (2.6.7)

o X :
Then M = llm—-lﬁ =limx*? =0.
x—0 X x—0

r

And lim ds=—3—[1m—1m+1n3}=3>0.
t=o= < (In3)s In3

t/3

Then every solution of (2.6.7) is oscillatory.

Theorem 2.6.2. Assume that conditions a,b and ¢ hold. Assume further that

lim fp(s)dpﬂ, M#0 (2.6.8)
e

7% g0
Then every solution of (2.6.1) oscillates.
Proof: Assume that there is a non-oscillatory solution
x(t)>0,x(g(t))>0 for t=t,20. Sox'(r) <0and hence
x(t) >a =20 as t— oo Asintheorem 2.6.1,x(t) > 0 ast — . There exists

t" € (g(t),t) such that
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Ip(s)ds > —21‘—{ and j p(s)ds > %{— (2.6.9)

g()

Now integrating (2.6.1) from¢?'to ¢,
x(t") - x(t) = jp(s)f (x(g(s))ds = f(x(g(t))) JP(S)dS > f(x(g(t )))%
And from g(¢) to t*, we obtain

x(g(1)) - x(t7) = IP(S)f (x(g(®))ds = f(x(g(t" )))—

g(1)

Which implies that

M f(x(g(®)

x(t")> f(x(g(t ))) =2 5l o o i (x(g(f‘)))(%J - And hence

xX(g(t) . _x(g®) _x(gt") (gg)’m G4.10)
() T S((g@) fx(gM\M

Because of condition (2.6.2).

Setting w(z) = f_(g((_;)) 21, limw(r)=121, | is finite,because of (2.6.10). From
x(f

=0

S (x(g(s)) = f(x(g©)
(2.6.1), we have Inw(t) —J}p( §) e 2(s)) w(s)ds = w(é’)_——u-—-x(g(g)) g('r[)p(hs-)ds

Where g(7) < £ <¢. Taking the limit inferior in the above equation, we obtain

[ ] t

In/ = —I—llm Ip(s)ds But max%ﬁ = l, and thereforeg = lim jp(s)ds.

== (0 e e == g

This is a contradiction, because of (2.6.8) holds e
Remark 2.6.2. This theorem is not applicable in the case M = 0.So we did

assume that M #0.
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2.7. The asymptotic behavior

Consider the equation
x'()+ p() f(x(t- T(It))) =0 (277.1)

Where g(f) = -(f) in (2.6.1).
Theorem2.7.1. Assume that

p,teC[R*,R*],p(t)>0,f e C[R,R1,0<7(t)<q, and xf(x)>0 for x=#0.

If J p(t)dt = =, then all non-oscillatory solutions of (2.7.1) tend to zero as ¢ — .

Proof: Let x(¢) > 0 be a non- oscillatory solution of (2.7.1) for sufficiently large ¢.

Then x'(t) <0, and it follows from the hypotheses that limx(t) = C > 0 exists.

We show that C = 0. Otherwise, C > 0 , and then there existsa ¢ > t, such that
f(x(t=7(t)))2d >0 for t>¢ and f(C)=d >0. Thus

x'(t) <=p(t)d for t2>t (2.7.2)
Integrating (2.7.2) from t"to t , we get x(t) <x(t')-d I p(s)ds. Hence x(t) will

become negative for sufficiently large t .This is a contradiction to the fact that

x(t) >0 . Therefore C=0e
Example 2.7.1. Consider the equation
X)) +12x"2(1-2)=0 (2.7.3)

X
1/2

Then M =lim

=0 x

=0, and according to the asymptotic behavior since Itzdt =80,

then all non — oscillatory solutions of (2.7.3) tends to zero as t — .
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Theorem 2.7.2. Assume that
p,T€C[R*,R*],p(t)>0,f e C[R,R),0<7(t) < q andxf(x)>0 forx=0.

If either p(t)—0 or b(t)r(t) >0 as t > o, whereb(t) = sup p(s).

se0.1]
Then all bounded oscillatory solutions of (2.7.1) tend to zero as ¢ — .

Proof: Let x (t) be a bounded oscillatory solution. Assume that the conclusion of
the theorem is false .This implies that there exists an &£>0 and sequences

{t.}, {t,,’} — o such that for each n, either

x(t,)=0,x(t, )=£,x'(t,)=20 and 0<x(t)<e whenever L arEt, Sk
or
x(t,)= O,x(tn') = -—s,x'(tn‘) <0 and -e<x(t)<0 whenever t <t< r"' A

The following argument holds for both cases. We will assume the first case. Integrate

(2.7.1) from ¢, to t,,' , we obtain & = x(tn') =Xt )% Tp(s){f(x(s - ‘r(s)))|ds

<M ,]p(s)ds (2.7.4)

Where M is the bounded of |f(x(.). Suppose b(f)r(t)—>0 as t—>. Since

b(t) is continuous and monotone increasing we have

* £
~1 2 .
Mb(1,)

1
£ <M [b(s)ds < Mb(t," )¢, -t,) or t

Let n be chosen sufficiently large that b(z, )z(t,) < ﬁ .

L & L] M i = - - »
Thenz(r, ) < —<t, —t,, which implies ¢, <t, —z(¢, )<¢, .

Mb(t, )

Thus x(1, —7(t, )) >0 and we reachx'(t, ) = —p(t, ) f(x(t,” —7(t, )) <0
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Which is a contradiction with x’(t"')z 0.Now suppose p(f) > 0 as ¢ — oo, from

(2.7.4) we get

e <M [p(s)ds = Mp(E)(t, ~1,) or

* €
-1, 2
n

t, ~t
Mp(Z)

Where 1, <& <t,". Since p(r) - 0, it follows that p(&) —> Oas n —> o .
Then n can be chosen sufficiently large that ¢,” —¢, > ¢.It follows that
t, <t Vs r(t,,') < t"‘. Thus x(t"‘ —17(t,’)) > 0, and we reach to
x'(t,,') =- p(tn') i (x(t,,‘ - r(t,,'))) < 0 .This is a contradiction with x'(t"') > 0.
The proof is complete @
Example 2.7.2. Consider the equation
X0 +e x(t H%) s} 2.7.5)

Now since  lim p(f) =lime™ =e™ =0.Then all bounded oscillatory solution of
f—ya —x

(2.7.5) tends to zero ast — .

2.8. Non linear equations with forcing term
In this section, we present oscillation and non-oscillation for non-
homogenous differential equations with delay argument.

Consider the equation

x'(0) + p(0)f (x(g(1))) = h(z) (2.8.1)
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Theorem 2.8.1.Assume that
1) p,heC[R",R],p(t)20;
2) geC'[R",R],g(t)<t, limg(t)=o,g'(t) =0,

3) feC[R,R],xf(x)>0 for x=#0,f(x)is non-decreasing;

3

4) limsup J.p(s)ds > M, whereM =lim :
=m0 i) x—0 f(x)

5) There exists a function Qe C'[R*,R] such that Q'(t)=h(t) for t=0,
Then

(a) limQ(¢) = 0. implies that every solution x(r)of (2.8.1) is either oscillatory or

lim x(¢) = 0 (2.8.2)

(b) If there exist constants g,,q, and sequences {t,, },{, },such that
lim¢, =1lim¢, = and Q(t))=¢q,,0(.)=q,,9, £ Q)< g, for t=0,then

m—a m—yax

every solution of (2.8.1) is oscillatory or such that

lim{x()) - Q)] =-g, or -g, (283)
Proof: Assume the existence of a non-oscillatory solution x(t) of (2.8.1), let x(t)>0
for t 2¢t, andchoosea t, >2¢, such that x(g(t))>0 for t=t,. If weput

y(t) = x(t) - O(t) , then y(¢)is a solution of

Y'()+p@) f(y(g() +0(g)) =0 (2.8.4)
Such that y(g(1)) + Q(g(t)) >0 for t=t,. From (2.8.4) we obtain

y'(t)<0 for t=>t,.So we have limy(f) = ¢, where c is constant. Suppose that the

case (a) holds. If ¢c<0, then we get a contradiction that x (t) <0 for sufficiently large t.
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If >0, then we obtain x(g(1)) = y(g() + Q(g(¢)) andlimx(g(?)) =lim y(g(1)) =c,

which implies x(g(?)) > % 1(g(t) = % From (2.8.4) it follows that

Y0 +p@)f (g) <0 (2.8.5)

Integrate (2.8.5) from g(t) fo t, we have

YOy +( [ ps)ds) () <0 (2.8.6)

g()

By taking the lim sup of (2.8.6) as t — o, we get a contradiction to (4).Hence we
conclude that c=0. From this, we see that limx(¢) = 0. Suppose that the case (b)

holds; put

s(¢) = y(¢) +q,. Then we have
lims(r) =lim(y(t) + q,) =c+q, =d. (-0 <d <o) (2.8.7)
If d <0 in (2.8.7), then y(t)+q, <0, for sufficiently large t, say ¢ > ¢,. This leads to

a contradiction to the fact that y(t))+¢q, = y(t))+0(t))=x(¢)) >0 for t. >tIf

d > 0,then

d
x(t) = () + Q1) 2 y(1) + ¢, =5(7) =2 (2.8.8)
for sufficiently large t, say ¢ >1,.By using (2.8.4) and (2.8.8), we obtain, setting

s(t) = y(0) +q,, that

s'(6)+ p(0) f(s(g(1)) <0 (2.8.9)
has a positive solution. By the a/pplication of theorem (2.6.1), this is a contradiction.

The proof is complete®
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Example 2.8.1. Consider the following delay equation

x'(t)+e‘x%(§) i (2.8.10)

P)=¢', f(1)=x 5=, hO)=e".

x=0 3

t
3 L . X
lim J-e’ds =e' -e* >lim—=0.
I'—PTD'

3

Q'(H=e"=20(t)=-e". And limQ(t) =lim—e™ =0. Which implies that x(r)is

either oscillatory or lim x(r) = 0.

{—>o0
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Chapter Three

Second Order Del:.y Differential Equations

3.1 Introduction

In this chapter we will consider the oscillatory and asymptotic behavior of

solutions of second order delay equation of the form

(r@)x"(0)"+ p(0) f (x(g(£))) = h(z) (3.1.1)
where r,h e€C([t,,o),R), r(t)>0, f:R —> R is continuous. g ()—> as

t—> o .Assume xf(x)>0, x#0 . p(r)20 is not identically zero in any half line of
, °r dt .
the form (7,) for some 720 and g(t) <t,g’ (t) > 0 and j.—(; =o . In section
r(t

two we shall consider the linear homogenous case of (3.1.1), and in section three the
non-linear homogenous case of (3.1.1) will be discussed. In section four we shall
consider the non- linear, non-homogenous case of (3.1.1). Finally, in section five the

asymptotic behavior of (3.1.1) will be discussed.

3.2 Linear homogenous second order delay differential equations

Consider the linear, homogenous second order delay equation of the form

(r(Ox'(0)" + p()x(g()) =0 (3.2.1)
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Theorem 3.2.1: Suppose there exists a differentiable function p(t) e C([t,,®), R)

L OFr(g®), ), _

p(t) >0 such that I[p(t)p(t) 12 Op0)

cwothen equation (3.2.1) is

oscillatory.

Proof: Suppose there exists a non-oscillatory solution x(t) of (3.2.1) , since

g(t)—> 0 as t — oo, there exists a ¢, 2¢, such that x(t) > 0 and x(g(t)) > O for
>t,. Now from (3.2.1), we have (r(t)x'(z))'=-p(t)x(g(t))since p(t) is non

negative and x(g(t)) > 0 for 7>+ , the right hand side becomes non-positive ,

therefore, we have (r(1)x'(r))’'<0 fort21¢,.

Thus x(t), x'(¢) are monotonic and eventually of one- signed, now we want to show

that there is a ¢, ¢, such that for £2>¢,, x'(f) > 0. Suppose on the contrary that

x'(t)<0. Since p(t) is not identically zero , then there is a ¢, >¢, such

thatr(z,)x'(t,) <0, then for ¢ > ¢,,

r(t) x'(r) < r(t;)x'(t;) <0. Dividing by r(t) and integrating between f,and ¢ we

obtain Ix'(s)dsSr(t3)x'(t3)j% . Letting t >, x(f) > —oo . But this is a
: Jr(s

contradiction since x(¢) > 0, x'(¢) having eventually positive sign ;( x'(r) >0). Now

define the function z (t) by

z(t) =Mp(t) =z (t) > 0since r(t) > 0,x'(1) > 0,x(g(t)) >0 for t=1t,
x(g(1))
iy T(OX'(@) x(g(O))(r(0)x'(2)) —r(0)x'()x'(g () g' (1)
FO= PO A ()T ]
_P x'(g(1)g'® 2()

()Z(f)+ -p(t)p(1) - X2g(®)
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(e”'x") +6e'x(t-27)=0 (3.2.2)

Now r(t)=e™,p(t)=6¢',g(t)=t-2x,p(t)=1>0  then

Y B 23 C1) e 10) )Y AR
I[p(t)p(l) 22 O ]dt—j6e dt = 6e” =,

The hypothesis of the theorem is satisfied, and then equation (3.2.2) is oscillatory.

3.3 Non linear homogenous second order delay differential equations
Consider the equation of the form
(r(Ox'() + p(6) f (x(g())) = 0 (3.3.1)

Theorem 3.3.1. Let f'(x) 2 A for some A > 0, suppose there exists a

differentiable function p e C([t,,»),R) p(t)>0 such that

o0

[ip)p() - [p'(1)] r(g(t))]dt -

42g'(t) p(1)
Then equation (3.3.1) is oscillatory
Proof: The beginning of the proof is similar to the proof of theorem (3.2.1); until

we reach to the definition of the function z (t), so define z (t) as follows

Z(1)= Mp(t) =2z(t) > 0 since r(t) > 0, x'(r) > 0, f(x(g(¢))) > 0. for t2t,
S (x(g())

then

PO, _ S CEOI ()0

(1) 7(x(2(0))) &

Z'(t)=-p)p(t) +
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From (r(z)x'(¢))' <0 for t=1¢,, r(t)x'(¢) is decreasing we get
r(g(0))x'(g(1)) = (r(r)x'(¢) substituting this equation in z'(f) and using
f'(x) =2 A >0 we obtain

e LACIESOE. AU
Z'(t) < —p(t) p(t) + 2(0) z() r(g(t)) p(z)z i

Completing the square as before will leads to

(P ()r(g(®)

205 -p0)p0)+ 57 CES

(P)($)r(8(s)) 4

Integrating between ¢, and 7, = z(t) - z(t,) < [~ p(s)p(s) + :
. e 44g'(s) p(s)

Lettingz — oo, we see that lim z(¢) = —o .Which is a contradiction with z(r) > 0,
x'(t) > 0. The proof is completce
Example 3.3.1: Consider the following delay differential equation

X O) + f(x(g(1)) = 0 (332)

f(x) =xe|’!; x€R , gt=tc forc>0; p(t)=1; then
[1dt =0

Then equation (3.3.2) is oscillatory .

3.4.Non-homogenous, non linear second order delay differential

equations.

Consider the equation of the form

(r(O)x'(0))" + p(0) f (x(g(1))) = h(?) (3.4.1)
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Definition 3.4.1. Equation (3.4.1) is called almost oscillatory if every solution
x(t) of (3.4.1) is either oscillatory orlimx(t) = 0.

Theorem 3.4.1: Let f'(x) >k >0 forx =0, | (3.4.2)
and assume that there exist an oscillatory function y :[¢,,0) = R and differentiable

function p(t):[t,,0) — (0,0) such that

FOW' (@) =h(t), w(t)—>0 and y'()—>0 as t > (3.4.3)
g'(®)>0 and g(t)>» as t—>» (3.4.4)

If p'(f) = 0and for each d,0<d <1

T _rg6NP (), _

[ [oeps)-7 o (34.5)
and

jr(t)lp(t) [p(s)p(s)dsdt == (3.4.6)

Then every solution x(t) of (3.4.1) is either oscillate or limx(7) =0.

t—x

Proof: Let x (t) be a non-oscillatory solution, we may assume without loss of
generality that x(t) > 0 for ¢ >¢,, then there exists ¢, > so that x(g(t))>0 for every
t 2 t,. Consider

y(t) = x(t) =y (t) ik (3.4.7)
Then from (3.4.1) we have

(r@y' ) =-p() f(x(g(®)), 124 (3.4.8)
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so that (r(¢)y'(¢))’ is eventually negative for ¢ 2 ¢,, hence y(t), y'(#) are monotone
and of one signed for large t, say ¢ 2¢, in fact, y(t) is eventually positive, since if
y(t)<0, then w(f) > x(¢) .And since w(f) — 0, x(1)<0, which is a contradiction.

Now consider the following two cases:

Case (1): Suppose y'(¢) is eventually positive , then y(t) is increasing and
eventually positive , on the other hand , since (1) >0 as ¢— o and y(t) =

x(t) - w (1), there exists a ¢, 2 ¢, such that x(g(t)) = dy(g(t)) for t=t, and

de (0,1) .Since f is increasing function, we obtain

f(x(g(@®) 2 f(dy(g(®)) for t=t,. (3.4.9)

Define z(r) by

z(t) =f—;(i%(ygi—((2$ p(t), = z(t)>0 for t2¢,. And

S(g@) |, PO, A @EONYEODEO o (3410
fd(g©O) P f(dy(g®)

from (3.4.4) and (3.4.8) we have

z'(0)=—p(O)p()

r()y'(0) < r(g(0)y'(g(t) (3.4.11)

now using (3.4.2),(3.4.9) and (3.4.11) in (3.4.10) we obtain

pr(t) Z(t)'_ dkg'(t) Zz(t),f

z'() <-p(t) p(r) + o) r(g(®) p(t)

B

Completing the square as follows

-~ dkg'(1) [ _POr(g) _

N t
r(g(1)p(1) dkg'(t) ] pO)p(t)

__—dig'() [zz_p'(t)r(g(:))ﬂ(p'(z))er(g(z))L(p'(r))zr(g(t))
r(g®)p(1) dkg'(t) " 4dK(()} | 4dkp(t)g'(0)
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20 <pO)p() + D [Z_p'(t)r(g(t))} L (@) r(g®)

r(g(®)p() 2dkg' (1) 4dkp(1)g'(1)

r(g(t)p"” (r)} S

2'(f) < {p(f)f’(f ) akdp(g 1)

integrating (3.4.12) from ¢, to t we get

: _r(g(s)p”(s) "
rﬂP(S)P(S) 2kdp(s)g'(5) s < z(t,) - 2(1)

Letting ¢ — o we havelimz(¢) = —o . Which is contradiction with z(z) >0.

Case (2): Suppose y'(t)is eventually negative, since y (t) is eventually positive
and decreasing, !Lrg y(t) = c.We prove that c = 0. Let ¢>0, from (3.4.3) and (3.4.7)
we see that }EE x(g(r)) = !1_{'2 y(ig(t)=c

Hence there existsa ¢, > ¢, such that

x(g(t))?_-;— forevery t>t, (3.4.13)

Put w (1) = r(0)y'(0)p(0),1 2 1,

Thus w'(£) = r(t)(y' (1) ' () + p(6)y"(6))+ ¥' () p(0)r'(2)
=r(@0)y' O p'O)+ pO)r@)y" (@) +r'©)y'©))
=r)y' ©p' )+ pO[- p()f (x(g))]
=—p(O)p() f (x(g()) + r(6)y'(1) p'(2)

Using (3.4.13) and the fact that p'(¢) > 0, we obtain

WO < =fpOPW.L 21,

Integrating the above inequality from ¢,tot we get
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[Ws)ds < [~ 1C)p(s)p(s)ds
W) = (1) < =) [p(5)p(s)ds

r()y' () p()—r(t,)y'(t,)p(t,) < —f(%) Ip(s)p(s)ds it follows that for ¢ >¢,, one

has

Y0 s-f(E) f p(s)p(s)ds (3.4.14)

- (t)()

Integrating the above inequality from ¢, tot

Iy 0<-/C) j [p(s)pls)ds

()()

c.' 1 !
W(O) - y(t;) < -f(;)! j - (S)hjpmp(s)ds

Letting t— o0 and making use of (3.4.6) we get a contradiction with y(t)>0 for

21, . It follows that limx(r) = 0. But x (t) is monotone, thus ¢ = 0, and

limx“(¢) = 0,i = 0,1. Which means that x () is almost oscillatory. The proof is

complete @

Example 3.4.1: Consider the following differential equation

@2X'(0) + f(x(g(t) = %cos(log 1) fortzi, =1 (3.4.15)
f(x)=xlog’(u+]x) ,xeR for u>0;

g)=ct; 0<e, <L p(t)=1

Now
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Y O) = h(t) = Y@ = }cos(logt)

then ty'(t) = Itl cos(logt)dt

let u=logt= du =1dr. Then J'cosudu =sinu =sin(log?) + c.
t
Now t*y/'(¢t) =sin(logt) + ¢

w'() = tlzsin(logt)a't = y(t)= J%—sin(log t)dt
Integrating by parts. Let u =sin(logt) = du = %cos(logt)

dv = iza't — e . .Then '[iz sin(log?)dt = —lsin(logt) + jizcos(logt)dt
I t t t ¢
one more time, we get

u =cos(logt) = du = —%sin(logt)

dv=—dt =v="2
t !

j~1? sin(log t)dr = - } sin(log?) - %cos(log ) — I—lz— sin(log¢)dt
t t

1. 1
2 It_z sin(logt)dt = — - sin(logt) . cos(log?)

_ (sin(log1) + cos(log?))
2t

J’tlz sin(log £)dt = =)

Now _[1 dt =co . And also

th ]dsdt = n]‘tz(z —ty)dt =
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All conditions of theorem (3.4.1) are satisfied. Then every solution of (3.4.15) is

either oscillatory or limx(z) = 0.

3.5. Asymptotic behavior
Consider the equation

(r@x' @)+ p(0) f (x(g(1))) = h(2)

Where

(a)lim g (1) = o

(b) r(t)>0 and limR(t)=cw, where R(t)= ':d_s_“
t=po0 ; r(S)

(c)xf(x)>0 for x#0, liminf f(x)>0 and lim sup f(x)<0.

Theorem 3.5.1. Assume that p(t) >0 and

[p(ydt = (3.5.1)

ij(:)|h(:)|d: <o (3.5.2)

Then all non-oscillatory solutions of (3.4.1) tend to zero as ¢ — .

We need the following lemma before proving the theorem

Lemma 3.5.1. Consider the differential equation
. P p)
w—"——u+—=¢(t) =0, 353
o0 ) (3.33)

where ¢(¢) is continuous on [7,®), p(f) is continuously differentiable
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on[T,»), and p(t)>0,p'(t)>0,lim p(t) =c0. Letu(t) be the solution of (3.5.3)
on [T,) satisfying u(T)=0. If liml¢(f)| =¢" exists in the extended real line R* .
Then limlu(r)=u" exists in R".In particular, ¢’ =co implies u" =

proof: See [8]e
Now the proof of theorem 3.5.1:

Let x (t) be a non-oscillatory solution of (3.4.1) such that x (g (t))> 0 for ¢ > ¢,.

Integrate (3.4.1) from ¢, to t
FOX ()= r(t)x'(4) + [p(s) f (x(g()ds = [(s)ds (3.5.4)

Multiplying both sides of equation (3.4.1)by R(¢) and integrating from

1, to t,
JRE)r ) s + [RE)p(5) £ (x(a(5M)s = [REH(s)s 3:55)
Suppose that

[ROPO) S (x(eO)Mr =<0 3.56)

Letting ¢ — o in (3.5.5) and using (3.5.2).

We sec that the first integral in (3.5.5) tends to —© as t —> .

So that lim¢@(¢) =, where is

p(1) =~ f R(s)(r(s)x'(s)) ds — R(t, )r(,)x'(t,)

from the lemma (3.5.1), it follows that
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t
x(t)= Ix'(s)ds tendstowo as t—> «. Consequently, we have

h

limx(t) = (3.5.7)

—>

Combining (3.5.7) with (c) and (3.5.1), we find
[P f (x(g(@))dt = (3.5.8)
since (3.5.2) implies that the right —hand side of (3.5.4) is bounded , we have from

(3.5.4) and (3.5.8), limr(¢)x'(¢) = —. By using (b) , we conclude that

lim x(¢) = —o0 , but this contradicts the fact that x(t) is positive , hence (3.5.6) must be

t—=

[R()p(0) f (x(g(t))dt < o (3.5.9)

Letting t — o0 in (3.5.5), we see that limg(¢) exists and finite. According to the

lemma (3.5.1) it follows limu(f) exists in R”.This limit must be finite, since

otherwise we reach to a contradiction with the positivity of x (t) .Therefore, there

exists a finite limit , lim x(¢) . On the other hand, (3.5.9) implies

[p6)f(x(g@)dr <o (3.5.10)

from (c),(3.5.1), and (3.5.10), it is verified that liminf x(g(¢) = liminf x(r) = 0.
Thus it follows that lim x(7) = 0, and the proof is complete®

Example 3.5.1. Consider the equation

(%x'(t))'+t"x3(—;-):llt‘4 for t21 {3.5:11)
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pO)=t"20; [tdr

I-l-dt=1n!=1n00:oo
f

19 Tege< L2 72
R(:)_Tr(s) Tjsds o %

® 11°
[R@ft 1t“]dt= —21 [ @2 -1")dt <e0

equation (3.5.11) has a non oscillatory solution ¢, this solution tends to zero as
t — . Since all conditions of theorem (3.5.1) are satisfied then all non-oscillatory
solutions of (3.5.11) tend to zero as t — .

Remark:

For ordinary differential equations of the second order the following criterion is well
known: If an equation has oscillatory solutions then all its solutions are oscillatory. It

is known that for delay differential equations this statement is not true.
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Chapter Four

Third and Higher Order Delay Differential Equations

4.1 Introduction.

In this chapter we shall discuss the oscillation of n-th order delay differential

equations of the form
x™(6) + p(2) f (x(g(1))) = h(t) (4.1.1)
where
(1) p,g.h,:[t,,°) > R are continuous,
(2) p(¢) > 0,A(t) is non-decreasing,
3)g(t)<t, and g(t) > as t—> o
As a special case of nth- order we will consider the third order delay differential

equation of the form
(b @O @)) + p(O)f (x(g(1) = h() (4.12)
where a,b,h € C([t,,©),R)
(a)a(?),b(t) >0, f : R > R continuous.
(b)g(t) > as t > x,g'(t)>0.
()p(t)=0 is not identically zero in any half line of the form

(7,0) for some 720 and

@5’ (¢) 20and°]‘ o T %:oo

5O (4.1.3)

In section two, linear homogenous form of (4.1.2) will be discussed. In section three,

non homogenous form of (4.1.2) has been discussed .In section four , non-linear non-
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homogenous form of (4.1.2) will be discussed. In the last section , we will give
important results about the general nth-order equations in the two cases |,

homogenous and non-homc zenous linear cases.
4.2 Linear homogenous third order delay differential equations

In this section we shall discuss the oscillation of the linear, homogenous delay

equation of the form
(B(1)a(0)x'(1))') + p(t)x(g (1)) = 0 “.2.1)
Theorem 4.2.1. Suppose that there exists a differentiable function

p eC([t,,»),R), p(t)>0 such that

" b(1)[p'(1)) a(g(t)
t = dt = 4.2,
I L roet- o ngom | e
And that J' [ j a_(lu_)du[rﬁdvj | p(r)dr >1 (4.2.3)
£(r) g(t) u

Then equation (4.2.1) is oscillatory.

proof: Let x(t) be a non-oscillatory solution of (4.2.1). Assume x(t) is eventually
positive. Since g(t) - o« as t — oo there exists a ¢, >¢, such that x(t}> 0 and

x(g(1))>0 for ¢=¢,. Now from (4.2.1) we have

(b(r)(a()x'(1))' = - p(t)x(g(1)) (4.2.4)
Since p(r) is not negative and x(g(t))>0 is positive for ¢ >¢,,the right hand side
becomes non-positive .Therefore, (b(r)(a(f)x'(£))’)’ <0 for t > ¢, . Thus, x (t),

x' (1), (a(r)x'(¢))" are monotonic and eventually one-signed.
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Now we want to show that there isa 1, > 1, such that for 7>+,

(a(t)x'(£))’ >0 (4.2.5)
Suppose this is not true, then (a(t)x'(¢)) <0 . Since p(t) is not identically zero and
b(r)> 0, then there isa ¢, >, such that b(t;) (a(t;)x'(t;)) < 0. Then for t> ¢,

we have

b@ax'®)) <b(t,) (alt)x(t) ) <0 (4.2.6)

Dividing (4.2.6) by b(t), we have (a(t)x'(t))'sb(%)(ag(:’t)) x'(t) ) , and then

integrating between t, and t,we obtain

a()x'(6) = a(t;)¥ (1) < b(t, alt, )X (1)) [——ds. 427)
b(s)

Letting t — oo in (4.2.7) and because of (4.1.2) we have a(f) x' (f) - —w as
t = . Thus there isa ¢, > ¢, such that a(¢,)x'(¢,)<0 .Using (a(t)x'(t)) <0, we
have for r>1¢,

at) x'()<a(t,)x'(t,) (4.2.8)

Dividing (4.2.8) by a(), we have x'(¢) < a—(ti)(x)(i) . Integrating from ¢, to t ,
a(t

x(t) - x(t,) < a(t,) X' (t,) ]Lds, letting t — oo . Then x(f) — —oo.
,a(s)

But this is a contradiction with x(¢) > 0, then (4.2.5) holds .
Now we consider two cases :

Case 1. x'(1)>0, for t> ¢, Define the function z(¢) by
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b(t)(a)x' (1))

= =)

pt) = z(t)>0 fort > ¢,

p'(1) xX'(gng'(®)
p(t) L x(g()) W

Z(t) <-p@) p(O+—=
Using ( b(t) (a(t)x'(2))’ )' <0, b'(r) = 0 and (4.2.5) , we can find

(a®x') ) <0
Using (4.2.10) and the equality

a(t)x'(t) = a(T)x'(T) + ](a(s)x'(s))' ds
-

we have
a) ()2 (-T) (@) (t) ) for T >4,
Since (a(f)x'(z) ) is non —increasing we obtain

a(g(0) x' (8(0) = (g(O)-T) ( a) ¥’ () )

Multiplying both sides of (4.2.13) by f’—((?)) , and then we have
a(g

{gif)~1) ;

* @) g'(0)2 EL= o1y (a() X' (1) )
a(g(?)

Using (4.2.14) in (4.2.9) it follows that

(g-T7) ,

. 5§ a0 Q)
70 $-p0p) +2 220~ — 2()
PO (g()-T)g') (1)
AL
FOS-PO ANy O B0e0
=
Z'(H) <-p(1) (1)+p() ()_Mzz(t)
R b(1)p(0)
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Completing the square will leads to

b(1)(p') ()4g(1)) (4.2.15)

' < -p(t g
z'(t) <-p(t) p(t) (g(H)-D)g'(t)ap(t)

Integrating (4.2.15) between T and ¢

‘ b)) (a(g(®))
-z(T) < - -
2= < [ [ =20 O T e 0ap®

Letting t— o, we see that limz(¢) = — .This is contradicts z(¢) being eventually
=
positive.

Case 2. If x'(t) is eventually negative. Integrate (4.2.1) from ¢ fo < and since

b(t) (a(t)x' (t) ) >0. We have

~b(t)(a(®)x' () + [p(r)x(g(r))dr < 0 (4.2.16)

o

Dividing (4.2.16) by b(r) we have —( a(t) x'(t) ) +m p(r)x(g(r))dr<0.

Then integrating from ¢t to o we have

a(t) ' ®+ [ ( J ;(—)du)p(r)x(g(r))dﬂo 4.2.17)

r

Dividing (4.2.17) by a(t) = x (:)+— j (j —mdu) p(r)x(g(r))dr <0

Then integrating from ¢ to «

e e
S “'“me""} 1 p(r)x(g(rydr < 50 (42.18)

Replacing ¢ by g(¢) in (4.2.18) we will give
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% 1
g(J:) [ g (J:) ) [ mﬂ’VJ ] p(r)x(g(r)dr < x(g(1)) (4.2.19)

Using the fact that g(r) < and x (t) is decreasing in (4.2.19) we obtain.

I

g(t) g(1) a(u)

%3
( H—)dv} | p(rydr <1

This is a contradiction to (4.2.3), this complete the proof, and (4.2.1) is oscillatory @

Example 4.2.1: Consider the following functional differential equation

x"(t)+e'x(t-m)=0 (4.2.20)

Now

a)=bt)=1, py=e', g)=t-rx
p(t)y=c, ¢ is any positive constant

then

@

c]- [ e'.c - zero ]dt':_[ ce'dt=ec=w ,c>0.

andj[ Ildu(jldv] e ar

t—x B

r

] [ j 1.du (r u e dr =] {r2—~§-—r(t-n)+%}e’d

t-x 1= -z

=]’ [-’;—r(t—n)+ 7). :"d = |:————rc+—} dr

t 2 2
= J.(Lz— e —rec+e %—)dr . By taking ¢ sufficiently large , (4.2.3) is satisfied.

Then equation (4.2.20) is oscillatory.
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4.3. Nonlinear homogenous third order delay differential equations.

In this section we shall discuss the oscillation of nonlinear, homogenous third

order delay equation of the form
(b(r)(a)x'(0))" ) + p(t) £ (x(g(1)) = 0 (4.3.1)
Theorem 4.3.1. Let f'(x)>A for some A>0. Suppose that there exists a

differentiable function pe C ({to,oo ),R ) , p(t)>0 , such that

T b(t)(p'(1))* a(g(1))
- dt= o
[ [ p@®p@ Pt oy ] de 4.3.2)
Al
"1
e [1 J e (e e

Then equation (4.3.1) is oscillatory.

Proof : The first part is similar to the proof of theorem (4.2.1) until we reach the

two possible cases .

Case 1. Suppose x'(¢) is eventually positive. Then we can define.

z(t) = b_(})_((c;((t;__%;;_))’ p(t) > 0.Then z(r)>0 for r >¢,and
(e = - POSEO) [y POy S HgONX(e)E'®) o
S (x(g()) p(1) f(x(g(®)
Then
Z(1) < - p([)p(t)+;3() 2(1) - J'(x(g(0)x'(g())g'(t) 2(¢) 43.4)

p(t) S (x(g(®))

Now since (b(r)(a(t)x'(¢))’ )’ <0, then (4.2.5) holds and b'(¢) > 0 , we can obtain
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(a(t)x'(r))" <0 .Using this inequality and the equality
[(a)x'(s)y'ds = a(0)x'(0) - a(T)x'(T).

This equation will leads to  a(¢)x'(¢) 2 (t - T)(a(t)x'(¢))".

Now using the non-increasing nature of (a(r)x‘(t)) we obtain

a(g())x'(g(1) = (g(t) ~ T)(a()x'(1)) (4.3.5)

g0

Multiplying both sides of (4.3.5) by ———— ()

g x'(g(0) 2 ED=D e a@)x' (1) 4.3.6)
a(g(0)

Substituting (4.3.6) in (4.3.4)

(g(H-T) g'0)
PO o _,_3&®) 22(f)

z(1)

Z'(t) <-p(O)p(t)+—— () b(t)p(1)

Completing the square leads to

AN
£ <ty + -0 D)
B el

a(g(t)

Integrating between T to ¢ and letting ¢ —> o we see thatlim z(¢) = -

[—>

This is a contradiction with z(¢) being eventually positive.

Case 2. Ifx'(t) < 0. And also as in the proof of theorem 4.2.1 we will end up with

f1]= a’( ) ]]p(r)f(x(g(r))dr<x(g(t)) (43.7)

g() g(r) a(u)
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Using the fact that g(r) <7, f(x) is increasing and x(¢) is decreasing in the (4.3.7)

we obtain.
O x(g(1)
du| |——dv dr < —=—~" 43.8
g(J:J [ z(Jf‘) a(u) !{u b(v) J ]p(r) ' S(x(g(1)) ( )

Since x(t) is decreasing and positive it is approaching a finite non-negative number
as t— . According to equation (4.3.3) and (4.3.8) it is not possible that

lim x(¢) > 0. Suppose lim x(t) =0 then

= =

lim __—x(g(t)) =lim : ! i

e

me f(x(g() = (@) (0 A

This is a contradiction to (4.3.3) therefore, the proof is completee®

Example 4.3.1. Consider the following delay equation

"

(e7x) +3e7x*(t-37)=0 (4.3.9)

a(t)=e",bt)=Lp(t)=3e"",g(t) =t -3, p(t)=¢€', f(x) =x* xe(0,).

m:[ [ 36_131 - lee-(z—s.-r)
(t-37 - T)4e"

J

°‘°[ b ol ]dt=u]l [ 3 e’ i

4(t-37-T)é T Mt-37-T)

eJn'

=3¢ - 2 In(t-37r-T)=w as t—w

}L:Esup ]' [ ] e"du( i{]dvﬂ?ae"dr = E’rgsup ] [ ]e"du(r —u)}?ae"dr

=3z | 1-37 t=3x Lt-37

r f

J U Joumuet Y Jaerar= [ ([ rer-uever o, ) 2e7ar

t=-3x t-3x t=37
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[ §
I ( [ re" —re" +e" —re™" +(t-3r)e’ ™ - ] Ve dr
Ir

I ([ &+e™>(r+t-3z-1) ] )3e”ar
iz

[ 34e e (-ret=3a-1)dr= [ 3437 (-r+t-3z-1)dr

(=37 =3z

[ 3437 (-r+c-1)dr= [ 3-3re™*C +3e7*(c -1 dr

-3 t=3z

. = - (4
=3r—3re”™ - =37 | =

=3
(3t . 3te—r+c _36-!-04: g e*H-C) - (3(t s 3”) = 3(t - 3ﬁ)e—(1—3z)+{t—3}r) _ 48—(1—3ﬂ)+(1—3rr))

=(3t-3te™ —4e")— (3(t - 37) - 3(t - 37) - 4).

As t - o , (4.3.3) is satisfied .Then (4.3.9) is oscillatory .

4.4. Non linear, non homogenous third order delay differential

equations.
In this section we shall discuss the oscillatory behavior of non-linear , non-

homogenous third order delay equation of the form

(b(0)(a®)x'()) + p(0)f (x(g(1))) = (1) (4.4.1)

Theorem 4.4.1: Suppose that f’'(x) > A for some A >0 , and
g ! o1 ro1
lim sup [ —du [I-———dv} ]p(r)dr = 4.4.2
PES g([) g{'!-) a(u) « b(v) ( )

and also, suppose that there exist a continuously differentiable function
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peC( [ t,,0 R ),p(t)>0 and an oscillatory function ¢() such that.

. ') ag) |,
| |l st |

for some d € (0,1) and for every T >0 and

(B(1)(a()e'(@)) = h(@), lime™ =0, i=0,2.

Then equation (4.4.1) is almost oscillatory.

Proof: Let x(r) be a non-oscillatory solution of (4.4.1), assume that x(¢)is
eventually positive. Consider y(f) =x(¢)—¢(r), ¥(t) is eventually positive ,if
not, x(f) < ¢(¢) and it is a contradiction with oscillatory behavior of ¢@(¢).Now
((B(r)(a(r)y'(1))) <0.And also as in the proof of theorem 4.2.1, there exists a
t, 2 0,such that for ¢2>1,(a(z)y'(¢))’ >0and (a(t)y'(r))" <0. Consider again two
cases:

Casel. Suppose y'(t) >0, then y(t) is increasing and eventually positive, since
@) >0 and y(t)=x(t)-p(t), there  exists a t,2¢ such  that
x(g(t)=d y(g(t)) for t=t, and de(0]l1).Since f 1is an increasing

function f(x(g(?)) = f(dy(g(¢)) for Py, Define () by

_ b(ay'®)

(@2 p(t) = z(t) >0 fort >2¢,and

z(?)

_Of@) o PO A @O E0E'D
f(dv(g(0) p(0) £ (dy(g(0))

2{l)=

Using f'(x) = A >0, we obtain

POy M ()g®)
p(t) f(dy(g(®)

Z'() < -pO)p(t) + (4.4.3)
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and also as in the proof of theorem 4.2.1 we show that

(g()-1)

' ' >
g'(1)y'(g() olel)

g'(0)(a(®)y' @) (4.4.4)

Substitute (4.4.4) in (4.4.3) , we have

o'(t) 2(1) di(g(t) -T)g'(Na(g(®)) » )

p(1) b(1)p(t)

Z(O) < -p(O)p(t) +—=

Completing the square, we get

b(1)(p"* (1)

(g)-T) ,
2B o tidd
2(2@) g'(1)42dp(t)

z'(t) < —p(t) p(t) + (4.4.5)

Integrating (4.4.5) from T to t and letting ¢ — =, see that z(t) - —was  — .
This contradicts z (t) being eventually positive.

Case2. Suppose y'(r) is eventually negative. Since y is eventually positive, and

decreasing, limy(f)=c , where ¢ is a non-negative number. Therefore,
1—x

lim x(¢) = ¢ .Now integrating (4.4.1), three times, as we did in the proof of theorem

4.2.1. We will end up with.

I Ia(u) { 5 J ] p(r)f (x(g(r))dr < y(0).

g() g1

Thus we have

[ 1 [—du| [—av | 1 ptr) rx(grar < y(0).

t r 1 r 1 x([)
—du| [—d _
J) [ g(!)a(u) ) . b(v) | Iptge T x(g()
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Hence we conclude that liminf x(#) =0 . But x(¢) is monotone, so limx(z) =0.

Thus ¢=0, and by using (b(r)(a(t)gv'(t))' )' =h(t) , lime”()=0 and
y(t)=x(t)-@(t). lim x’(£)=0, i = 0,1,2.Which means that x(z) is almost

oscillatory . The proof is complete®

Example 4.4.1. Consider the following delay equation.

x"()+ (e')2x*(t-1) = ™ sint t>t, 20 (4.4.6)
a(t) = b(t)=1
flx) = Zx*xelm) f(¥)=8x"%0
g) = t—1
p(t) = e'
h(t) = e sint
p) = 1

And also @"(f)=e ™ sint = @"(t) = | e sint . Integrate by parts

w = e dv = sint
Let .

du = —-e'dt v = -—cost
Then
Ie" sint = —e~*.cost — I cost e 'dt.
Integrate another time by parts.

# = e dv = st
Let

du = e’dt v = +cost

.[ cost e'dt=e™ sint+j sint e”'dt
Ie" sint dt =—e'cost-e” sint-I sinf e”'dt

-t -t _: -t
: —e “cosf—e Ssint e ;
J'e ~ sintdt = z = T (-cost-sint)
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-t
(cost+sint)

@'(t) = [ sint dt=—

') = = Ie cost- e 'sint dt
Integrate the first term by parts.
' =] - -t
@'(t)=—\ |e” costdt+ |e™ sintdt
4 i )
Je" costdt=e™" sint+j' sint e’ dt=e™ sint— e cost— Icost e dt

e sint—e™ cost

2

j e’ cost=

-1(e” e -1
5 @'(t)=— | —(sint —cost)———(cost +sint) |[=—|\—e™ cost)=
40 2[2(1 I )]2( )

-t

e i
—COSt = I
2 (1)

=f

1 le™ e
t)=— |e™" Cost dt= —— (sint-cost) = — (sint-cost) .
o(t) 2 3 ( ) 3 ( )

lim sup j [ j’ du{j]dv} ]e dr

S -1

_[ [ I du (r—u) (er)dr

-1

(r ———r(t- I)+(t 2)2)(2')dr=] [%—r(!~1)+%](e’)dr

c_........"

=1 =1

Ast—
o’ (t-1)°

. limsu —e —re’(t-1)+——e'dr=w
pj > G-f—

In addition.
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All conditions of theorem 4.4.1 are satisfied, then ecuation (4.4.4) is almost

oscillatory.

4.5: Nth- order Delay Differential Equations

This section is concerned with the oscillation of linear homogenous , non-
homogenous simplest form of n-th order delay differential equations. Since nth -
order delay differential equations is so difficult for studying ,and having many
complicated conditions.
Consider the following linear homogenous form of nth-order delay differential
equation

x®(0)+ p()x(g(1) =0 (L)

where p(r),g(t) are continuous function on ( [O,m),R) ,p()>0, g(t)<t,g(t) is
non-decreasing and }gg gt)=oo.
As we mentioned before a solution x(r) of (4.5.1) is called oscillatory if it has
arbitrarily large zeros, and it is called non-oscillatory otherwise.

The following lemma is needed which is essentially Kiguarde z lemma.

Lemma 4.5.1[14]: Let x(¢) be a solution of (4.5.1), x(t) >0 for ¢ € [0,») . And

let x”(t)<0 for te[0,0) .Then there exist a t, €[0,%) and an integer
1€{0,l,.....,n—1} such that /+n is odd (when n is even / is odd and when n is odd

lis even).
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x?(@)>0 for teft,,0)i =0,....,I -1),(-)*'x?(#) > 0 (4.5.2)

fort e [t,,oo) (i=1,...n-1)

Analogous statement can be made if x(r) <0 and x"(¢)=0 for e [0,00) :
Theorem 4.5.1. Suppose that for every /e {0,1, ...... - 1} such that »n+/ is odd

and for some d, € {0,L,......,n— —1} it holds

¢ n=l=d; -1
limsup Hs -g(0)] [e)-g® ]| [g®)] p(s)ds > N(n-1-d, -1)d,! (4.5.4)
g(r)

Then every solution of equation (4.5.1) is oscillatory.

Proof. Let x(¢r) be a non-oscillatory solution of (4.5.1) such that x(g(¢)) > 0for
te[tn,oo) , t,20. Then by using lemma 4.5.1 , there exist ¢, € [to,co) and
1€{0],....,n—1} such that n+/ is odd and (4.5.2) and (4.5.3) hold . For

sufficiently large ¢, € [tl,oo) in view of (4.5.3) we have.

|xu-f-u (t)l > % !x“‘”(t)

5 V=0 ko J-1, 1<l<n-1.

]
= #Hn= g-:[f‘—)x‘”(t), telt,,)

xg®) 220 0(e), 21, , 1s1<n-1 (4.5.5)

(g(t)_tl)t
]

Then by applying Taylor's formula with remainder applied to z'(¢) , we get.

z”’(t)=§(—1)“f E('.—_-t—);)—'iz“)(s)+-(}c(—"l—)_k-—jﬁ;]'(u -0 2*(w)du, s2t>t,, for
i=J E=ie =J=%4:,

k=n-1 we get
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n=l-1

2D (g 1—;(3 n'"’ L0
(n= Z() i) (s)+

(4.5.6)

_1 n—l-j s . w
(n(_—l)—J -1 Jouy1 2 e

Choose z (t) = x"” (). Now for j = d.d, e {0,1, ........ J—1— 1} and from (4.5.6) with

regard to (4.5.2) we have

SEOE fle- g

g(1)

- —l i 2 (u)|du 4.5.7)

From (4.5.6) for u € [g(1),1] , d, € {0,\,......,n =11}, j =0, we get

|z(gw)) = Lg_(‘_)_:‘ig!ﬁl_)ll 2 (g(0). (4.5.8)

Also, from (4.5.7) in view of equation (4.5.1) we obtain.

L (- g0 g pda

|2(d')(g(f)1 2 m pL

From the last inequality using (4.5.5) and (4.5.8)

Bn—1-d,-1)1d! 2 [lu-g] " [g()- g@]" [g) - 1,] pu)du

g(n)

For ¢ sufficiently large we get a contradiction to (4.5.4). The proof is complete ®

Example 4.5.1. : Consider the equation
") +x(t-37)=0 (45.9)

Choose d, =0 for / =0,2.

,11,12 sup ][s -(t- %n)]o [t -5 [s - %n’]2 ds >2

3
t—nx

2

Then every solution of (4.5.9) is oscillatory.
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Now we shall discuss the oscillation of linear, non-homogenous n —th order

delay differential equation of the form.
X (0) + p(t)x(g(1)) = h(r) (10
where p(t),g(t),h(¢r) are continuous functions on [to,oo) , p(t)>0,g(1)<t,g(r)is

non-decreasing and lim g(¢) = o .
{—x

Theorem 4.5.2. Assume that
a) There exists an oscillatory function p(f), such that p"(#)=h(f) and
limp“(t)=0 for 0<i<n-1;

b) For every le{O,l, ....... ,n—l} such that n+/is odd and for some

limsup [lu— g0 ™" [e()) - g@)]" [e@)] pwydu > (n—1-d, -1)1d,! .

g0
Then every solution of (4.5.10) is oscillatory.

Proof: Let x(r) be a non-oscillatory solution of (4.5.10) without loss of generality
we may assume that x(¢)is eventually positive. Now consider the function y(r) =
x(t) — p(¢) .Then from (4.5.10), we obtain y" (#) = —p(t)x(g(¢)) .So that y™ (¢)is
eventually of one-sign for ¢ >¢, . Thus the lower derivatives y“'(r) , 0<i<n-1,
are monotone and one-signed for all sufficiently large ¢, say t>¢,. If y(r)<0
fort > ¢,, then x(¢) < p(t), t<t, which shows that x(¢) takes on negative values for
arbitrarily large ¢. But this contradicts the assumption that x(¢) > 0, and we must

have y(t)>0 for t>¢, . Now y“™(t) <0 for all sufficiently Large ¢ , and by using
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lemma (4.5.1) , there exist ¢, € [tn,oo) and 1€ {0,1,...... ,n—l} such that n+/ is odd

and (4.5.2), (4.5.3) hold .For sufficiently large ¢, € [t, ,oo) in view of (4.5.3) we have
|y l>(z)| \y“ "0, i=0Lnl =1, 1Sl <0 -1

= y() 2 yO ()t €ty )

(t"t|)
Jii

= y(g()2 (g() ) y(g(0)) 4.5.11)

From the equality

(t+4) L -j (S e 5@+ 1 : L an=l=j=1 _ (n)
Y = gjj(l) = ca (n—l—j—l)!;[(t u)" y ™ (w)du

it follows that

n={-1

y (0 =3 -y B2 e+

i) =7
(4.5.12)

Now for j=d,, d, e {0,1, ..... n=1— l} , and from (4.5.12) with regard to (4.5.2) we

obtain

|y(.'+d,)(g(t)1 > m ][u _ g(t)]n—f—d,—l‘y(n)(u)|du (4.5.13)
*g(0)

Also, from (4.5.12) for u e [g(r),t] and d, {0,1, ..... ,n—1 —1} ,Jj =0, we get

v (g)) 2 N 50) dg;(u)] by (g0 (4.5.14)

For t>u>g(t) since Iy(““")(t)\ is decreasing and concave up for

d, e {0,1,....‘,11 -1 -1} . From (4.5.13) we obtain
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[y(1+d:)(g(t)1 J'[ —g(t )] n—t-d;-1 pu)x(g(u))du (4.5.15)

Since y(t) is positive, increasing and p(f) >0 as ¢ — o, therefore, we have
x(g(t))> A y(g(t)) t, » where A is a positive constant such that 0 <4 <1.
Hence (4.5.15) becomes

A

e [le-e®I™™" pw)x(g()du (4.5.16)

g(n)

2 (g0) 2
Using (4.5.11) and (4.5.14) in (4.5.16) we get

il A ! n—I~d, -1 [g (u) - ] I
|y(l )(8(3)1 = mx(_!)[“ =410) p) ¥ === vy (g(u))du =

I[ (f) "—‘ —d;-1 [g(u)-tl]l [g(t)_g(u)] : % p(u)|y(1+d,)(g(t)xdu

(n——l— —1)! I d,!

g(1)

= n-1-d,-Dd1 > A [lu-g@]""" [gw)-1,][e() - g@)]" pw)du.

glr)
So for sufficiently large ¢, we get a contradiction to (b).The proof is complete®

Example 4.5.2 Consider the equation

SO+ et " we—n) =26 sins (4.5.17)
Now
h(t)=2¢™ sint, p(t)= —e' (cost+ sint)
p“)(t) -0 as t—>w,i=012

Choose d, =0 for /=0,2 (I+n is odd)
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F=n

!imsupli I(u —t+7x)t-m-u+nlfu-=} eg_"a’u:| =

!Lrgsup[ rJ'(u —~t+7)(t-u)(u- ﬂ)ze%_"du} >2as t—ow.
t-x

Then every solution of (4.5.17) is oscillatory.

Theorem 4.5.3. Assume that

(a) p(t)is an oscillatory function such that

P ()=h(t) and limp®(t)=0 for 0<i<n-1,

(b) the second —order linear differential equation

2
(n—1)!

z"() + [g())-T1"? p(t)z(g(t)) =0 is oscillatory for some 0< A <1 and

150,
(©) :]'[g(t)]"‘2 p()dt =

(A) If n is odd, then every solution x(¢)of (4.5.10) is either oscillatory or
}i_zgx(‘)(t) =0, 0<i<n-1.

(B) If n is even , then every solution x(z)of (4.5.10) is oscillatory.

Proof. Let x(r) be a non-oscillatory solution of (4.5.10). We may assume without
loss of generality that x(t) is eventually positive. Consider the function
x(t) = y(t) + p(t), then from (4.5.10) ¥ (t) ==p(t)x(g(t)) .So that y™(r)is
eventually negative for ¢>¢,. Hence y“(¢),0 <i<n—1,are monotone and one

signed for all sufficiently large ¢,say, ¢2¢,If y(t)<0 for ¢=1,,then

x(t) < p(t) for t=t,,which shows that x(t) have negative values for arbitrarily
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large ¢. But this contradicts the assumption that x(t)>0, so we must have

y(t)>0 for t=>t, Hence for sufficiently large t , y(f)y"”(f)<0 and by using

lemma 4.5.1, there exists ¢, €[t,,0) and [€{0,,....n—1}such that n—/odd and

(4.5.2) holds.

Suppose [/ >0and n-/odd. Then by applying Taylor’s formula with

applied to y(¢), we get

n=l-1 . (I+)) t
=T g %ijﬁﬁhﬂ“UWM$

n=i-1 (l'+J)( )

—Z(wy =t +— (s =1y pls)x(g(s))ds
(n-1-1)!;

Now using (4.5.2), we get

T n-l-1
yP@) 2 I%p(s)x(g(s))ds forT<t<r.

As 7 — o, we obtain

nll

() 2 j(s PO, 12T,

Integrating (4.5.18) from T to t, it follows that

..
(n=1-D!7

=y (T)+ (7—_;_-_1")7 ]{I(r -g)* ds}p(r)x(g(r))dr +

(n- ; -1)! I{J. (r=3 )"_I—ldS}P(f )x(g(r))dr.

for ¢ > T.Hence , by virtue of the inequality

y('"”(t) > y(l—l) T+ J‘( s) n—i- |p(,.)x(g(r))dr:]ds
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1

o (t=T)r-T)""",T <t <r,we obtain
n_

[or—s)""ds>
T

)n—f—l

PO+ =T) [CD ps(ar,

(r=TYy""
( 1))

YW 2y 1) + I 5

t>T. (4.5.19)
Let us denote the right hand side of (4.5.19) by z(t). And see that z(t) is positive and

satisfies

R n~{=1
% p(Ox(g(t) =0 t=T. (4.5.20)

z"(t) +
Recall that x(g(7)) = y(g(7)) + p(g(1)).Since y(t) is positive, increasing and

p(t)—> 0 as t— oo, hence for large enough T, we have

x(g(0) 2 Ay(g(®), t=T (4.5.21)

where A is the constant appearing in (b). Moreover y(t) satisfies the inequality

=7y
n '

t2T

() z

So that for all large t, we have
Wg®) 2 %(g(t) ~T) D (g (1)) 2 %{g(:) 7Y 2(g (1) (45.22)

Using (4.5.20),(4.5.21),(4.5.22), we obtain

A

- l)r(g(t) -T)"? p(t)z(g(t)) <0, t>T (4.5.23)

z"(t) +

We see that the second —order equation (b) has an eventually positive solution. This,
however contradicts the hypothesis of the theorem, so that the integer / associated

with y(t) must be zero. Note that the oscillation of (b) implies
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J.[g(lf)]"'2 p(t)dt = o, and if we take (a) into account , we see that

lirnlx”’(t)’ =0 for 0<i<n-1 if [=0.Also note that / = 0is possible only ifn

1s odd. This complete the proof of the theoreme
Example 4.5.3. Consider the following delay differential equation
x® (@) + e x(t—rm)= e [1- 4e” Jcost (4.5.24)
Now
ht) = e cost —4de™ cost
P (1) = h(t)

$

p(t)=e" cost + —l-l—z-e_E cost ——3——-e_5 sint.
625

ﬂ][g(r)]"‘2 p(t)dt = ,](t —m)e T dt =" (t-n)—e" " =0, as t > .

The conditions (a),(b) and (c) of theorem 4.5.3 are satisfied. And the solution

x(t) =e ™" cost of (4.5.24) is oscillatory.
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