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Abstract

The main goal of this thesis is to study the qualitative behavior, the stability, and the
asymptotic behavior and the global asymptotic behavior of solutions of difference

equations without the need of hopefully solving them.

First, we present the stability theory of first order difference equations , system of
linear difference equations, nonlinear system of difference equations , and higher
order difference equations. Moreover, we present the stability theory of nonlinear

systems of difference equations by using linearization methods.

The asymptotic behavior of difference equations is investigated through the
generalization of Poincare-Perron theorems for difference equations, where we
introduce a similar result for the Poincare difference systems.

The global asymptotic behavior is investigated through Liapunov stability theorem

and manifold geometries as well.

We apply several results in this work for some important examples of difference
equations, we study the stability and the asymptotic behavior of coupled systems of
rational difference equations, Volterra difference equations of convolution type, and

equations of non-convolution type.
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Introduction

This thesis mainly consists of two topics, the first topic is the stability theory of
difference equation, the second is the asymptotic behavior of difference equations.
In our investigation we study the qualitative behavior of solutions of difference
equations without the need of solving them (if possible).

The thesis consists of four chapters: chapter one is basically a theoretical
introduction to difference equations, it contains some basic theorems and definitions,
we show the relation between difference equations and dynamical systems, also we
present the notion of equilibrium points, dynamics of first order differences
equations, periodic points, systems of linear difference equations, and difference
equations of higher order.

Chapter two investigates the stability of first order difference equations (i.e.
dynamical system of one dimension), for this investigation we use formulas which
were published by Faa 'di Bruno[13], in section two the stability of system of linear
difference equations which was studied by .Elaydi [8] is considered , furtheremore
we present stability theory of nonlinear systems of difference equations by using
linearization methods .In the last section of chapter two we investigate stability of
higher order scalar difference equations by using Schur-Cohn Criterion[8] .

Chapter three deals with asymptotic behavior of higher order difference equations, so
we investigate asymptotic behavior for difference equations of Poincare type, and
Poincare's difference systems which were studied by Mate[14], Pituk[15].[16] they
are considered as generalizations of Poincare- Perron theorems for Poincare's
systems and pituk in[16] .

The stability and asymptotic behavior for some examples are the content of
Chapter four where in section one we present the global stability of system of

rational difference equations, which was studied by Clark, Kulenovic [4].

In section two we present the Volterra difference equation of convolution type this

example was studied by Elaydi[10], where he used the Liapunov stability theorem,

and the idea of Z — transform.
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In the last section we analyse the asymptotic behavior of the Volterra difference

equation of nonconvolution type which was studied by Gyor, Horvath[12].
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Chapter One

Preliminaries

1.1 Introduction

Difference equation usually describe the evolution of the certain phenomena
over the course of time , consider the general difference equation

x(n+1) = f(x(n)) , where f:R—R (1.1.1)
We may look at this problem as follows:

starting from an initial point x,, one may generate the sequence .

xo:f(xo)afz(xo)sf3 [ Yo

f(x,)=x, is called the first iterate of x, under f .
F2(xy) = f(f(x,)) = x, is called the second iterate of x under f .
In General f"(x,)=x, isthe n" iterate of x, under f.

This iterative procedure is an example of a discrete dynamical system , so

dynamical systems described by a set of (n) variables x,,x,.,....x, whichis

specified by the difference equation
x(n+1) = f(x(n))

Remark :

The difference equation and discrete dynamical systems are equivalent in the
sense that they represent the same physical model . For instance, when we talk
about difference equations we usually refer to the analytic theory of subject, and
when we talk about discrete dynamical system, we generally refer to its

geometrical and topological aspects.



Difference equation (1.1.1) is called autonomous or time-invariant .
If the function f in (1.1.1) is replaced by a function g of two variables
g:Z*xR— R,Z* isthesetof nonnegative integers then we have

x(n+1) = g(n,x(n)) (1.1.2)

This equation is called nonautonomous or time-variant

Remark :

The study of (1.1.2) is much more complicated and does not lend itself to the

discrete dynamical system theory of first-order equation .

1.2 Equilibrium Points :

The notion of equilibrium point is central in the study of the dynamics of any

physical system .

Definition 1.2.1 .[8,18]

A point ¥ in the domain of f is said to be an equilibrium point of (1.1.1)

if it is a fixed point of f,1.e. f(¥)=% .

In other word % is a constant solution of (1.1.1) , because if x(0)=% is an
initial point , then x(1) = f(x(0)) = f(X) =X and
x(2) = f(x(1)) = f(¥) =X and so on.

Example 1.2.1
Take the difference equation.

x(n+l) = x*(n)
Where f(x)=x’(n) , there are three equilibrium points

Ifwelet f(x)=x iex =% then x=-10]1
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Example 1.2.2

The equation
x(n+1)=x*(n)—x(n)+1

has only one equilibrium point, x =1 .

Graphically , an equilibrium point is the ¥-coordinate of the point where the
graph of f intersects the diagonal line y=x .
We can see from Figure (1.2.1) , Figure (1.2.2 ) the equilibrium points in

examples 1.2.1, 1.2.2 respectively .

1.3 Dynamics Of First Order Difference Equation
In this section we will study the possible behaviors of one dimensional discrete
dynamical systems.
We consider equation (1.1.1) with. f(x) = ax(n)+b,x(0) = x,
Where a and b are constants.
Suppose b =0 i.e x(n+1)=ax(n)
Then we have by iteration x(n)=a"x,
If |a| <1 ,then a”" >0 asn-— andso x(n) >0
If | > 1, @ explodesas n—o. thus unless x,=0 , we have |x(n)| —»
If |of = 1 ,we have two cases
D) If a=1 then x(0)=x(1)=...iex(n)=x,
2) If a=-1 then x(0)=-x(1)=x(2) =-x(3) =...that is x(n) alternates between

X, and - x, forever
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Fig (1.2.2) . Fixed points of f(x)=x"—x+1




0 =ax(n) +b

A
ax(0)+b=ax, +b

ax(l)+b=a’x, +ab+b
ax(2)+b=a’x, +a’b+ab+b
have

=a"x,+(a" +a"? +..+a+Db.
icing that "' +a"? +..+a+1 isa geometric series which is equal to

>

will analyzes this solution in three cases .

<1,|al>1 , \a|=1

(1):If |af <1 ,hena" >0 as n — wand so

, this special number X = e, is a fixed point , i.e. f(¥)=X

_) —
) l1—a

1=a
-all § an attractive or stable fixed point of the dynamical system because

system is attracted to this point .

@): If [d > 1

—»= , as n— o, we can show how this affects x(n) ;

x(n) =", +(ei;1.],, 5 ( __b_},,b_

a-1 1-a) l1-a

xogel_b_ _then |x(n)‘_>oo,as n— o ,and
~=q

x, =%,then x(n)=x ,forall time




case (3):If |a = 1
1) if a=1,then x(n)=x, +nb,soif b=0 then
x(n)] - ® otherwise (b=0) x(n) is stuck at x, regardless of the value of x,

2) if a=-1 then

x(0) = x,

x(1)=-x, +b
x(2)=—(=x, +b)+b=x,
x(3)=—x, +b

x(4) = x,

Thus x(n) oscillates between two values x, and b-x,

Butif x,=b-x, 1.6 x,=b/2% Tifz ¥ then x(n) is stuck at the fixed
point X.
We can summarize the behavior of the system

x(n+ ) =ax(n)+b ,x(0)=x,

Table 1.1 : The possible behavior of one dimensional linear discrete dynamical

system
rDiscrete cx(n+1) = ax(n) + bwithx(0) = % J
Conditions on Behavior of
o b X0 x{n)asm > 0
lal <1 ' S N
l-a
- b blows up
lal > st
l-a
= _fb_ fixed at
=4 e
F =1 hz 0 - blows up
§ == 1 & fixed at xg
a =-1 - # b/2 oscillates : x¢, 5 — Xo, ...
=b2 Fixedat b/2

We can understand the behavior by plotting graphs , this is known as graphical

analysis.



Figures 1.3.1 through 1.3.6 explain most of the cases in the table.
In each figure we have drawn the function y=f(x), varying the value of a,
and we have drawn the line y = x, then we choose a starting point x, =x(0) on

the x —axis.

Draw a line straight up to the line y = f(x), the y-coordinate of this point is the
next number to which we wish to apply f , then we draw a line horizontally
from (x(0), f(x(0))) to line y=x , we have found the point
(£(x(0)), 7(x(0)) = (x(1),x(1)) if we drop a line down to X-axis , this point is x(1)

By continuing this procedure we can find x(n) for all »>0 and understand the

behavior of solutions.



