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Abstract

Let § be the set of all normalized univalent function S inthe open unit disk A with
f(z)=2z+a,z* +.... We study the Biberbach’s conjecture [anl <n,Vne N and the

coefficient estimate of several subfamilies of S .

The Biberbach’s conjecture about the coefficients of univalent functions of the unit disk
was formulated by Luding Biberbach in 1916. The Biberbach’s conjecture was quite a
difficult problem, and it was proved by-Louis de Branges in 1984, when some

mathematician was rather trying to disprove it.

In this survey, we describe the historical development of the conjecture and the main

" ideas that led to the proof.
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Chapter 1

Elementary Theory of Univalent Functions

In this chapter we present basic results about univalent functions. These include the

elementary distortion theorems and the coefficient estimate|a,|<en, for the
functions f which are analytic and univalent in the unit disk and normalized by
f(0) =0 and f'(0) =1, which is the class S of univalent functions.

A number of basic questions are answered by an elementary method. Most of the
elementary results concerning the class S are direct consequences of the area theorem,

which may be regarded as the cornerstone of the entire subject.

1.1 Introduction:

Definition 1.1.1:

The function defined on a set D is called a univalent (or Schlicht) in D if it is one-to-

oneinD.

Definition 1.1.2:

A complex function f is analytic at a point z, if it is differentiable at every point in

some neighborhood of z,.
We are interested in functions which are analytic and univalent in a domain D and we
will concentrate on the case where D the open unit disk isA = {z  C :|z| <1}.

The choice of A as the domain of the function is critical in terms of both the kind of
problems considered and the techniques used. For example, the only functions that are

analytic and univalent in the complex plane C are the form f(z) =az+bwith a=0 .

Suppose that f is analytic and univalent inA, the local behavior of an analytic
function implies that f'(z) # 0 when |z| <1 and so, in particular, f'(0)=0. Let g be

defined by g(z) =[f (z) - f(0)]/ f'(0); then g is analytic and univalent inA, g(0) =0



and g'(0) =1. Properties of the function f correspond to properties of the function
gand vice-versa and so we generally need to consider functions with the

normalization f(0)=0 and f'(0) =1.

Definition 1.1.3:

Let Sdenote the set of functions that are analytic and univalent in the unit disk

A ={z e C:|7| <1} and satisfy the conditions f(0)=0 and f'(0) =1.

Thus each f € S has a Taylor series expansion of the form:

f(2)=z+a,2* +a,2° +.... 7] <1. (1.1)
asa,=f(0)=0 and a, = f'(0) =1.
Examplel.1.1:

The function k(z):(l# is analytic and univalent in A, the Taylor series

_ )2’
expansion of k is
k(z2)=z+22* +32° +...+nz" +...

This function is known as (Koebe function).

The Koebe function maps the disk A onto the entire plane minus the part of the

negative real axis from —% to minus infinity. This is best seen by writing:
2
k(z):l 1+z) 1
4\1-z2 4
We introduce a family of univalent functions where D = {z 10<[ <1} is the domain
of definition. If fis analytic and univalent in D and z=0 is not a removable

singularity, the singularity of f at z=0 must be a simple pole. There is no loss of

generality in assuming that the residue at z=0 equals 1, since this may be achieved

by multiplication by a constant. Thus, we come to the following definition.



Definition 1.1.3:

Let = denote the set of functions that are analytic and univalentin D = {z:0 <z <1}

and have a simple pole at z =0 with the residue 1. The Laurent series expansion of a

function in X has the form:
g(z):1+2bnz”, (0<|7<1) (1.2)
z

We shall study properties of functions in S, ¥ and special subsets of S . The next

result is of fundamental importance in the initial development of these facts.
1.2 The area Theorem:

The univalence of a function:
g(z)=1+anz“, 0<|7<1)
Z

places a strong restriction on the size of the Laurent coefficients b,, n=12,... this

is expressed by the area theorem, which is fundamental to the theory of univalent
functions. The reason for the name will be apparent from the proof. Gronwall

discovered the theorem in 1914.

Theorem 1.2.1(Area Theorem):
If g eX and g has the representation (1.2) then:

S nib,|* <1
=1

n

Proof: See [28, pages 2, 3].

Without knowing Gronwall’s work, in 1916 Bieberbach proved the same relation,

and received the first coefficient result within S .



Corollary 1.2.1:
If g X with

g(z):1+b0+blz+b222+ ...... +b,z" +..., then b,|<1.
4

Moreover, if |b,| =1, then g(z) = 1+b0 +b,z.
z

and any function of this form belongs to = whenlb,|<1.

Proof:
If g € X, then by the area theorem

S b, <1.

n=1
But|b,|* <> njp,|*, which implies that |b,| <1.
n=1
Also, if |b,| =1 then b, =0 for n=2_3,.... thatis, g has the form
1
g(z)==+Db, +b,z.
i

It is easy to verify that such a function is univalent in {z:0 <|z| <1} if |b, <1.

Lemmal1.2.1:

If feS and g(z)=[f(z")]" then g eSfor n=23,....

Proof:

If feS then f(z)=0 for z=0 and thus h(z)=[f(z")/z"]"is analytic inA.
Moreover, if x is any n™ root of 1, then h(xz) = h(z). Thus g(z) = zh(z) is analytic
in A, g(0)=0,9'(0)=1 and g(xz)=xg(z). Suppose that |z,]<1,|z,|<1
andg(z,) =9(z,). Then, g"(z,)=9"(z,) ,f(z])=f(z;) and so z] =z, that is,
z, =yz, with y"=1. Sinceg(yz,)=Yyg(z,), we conclude thaty=1. Therefore,

z, =z, and gisunivalentinA.



Definition 1.2.1:

Every odd function in S is the square-root transform of some function inS . And the

set of all odd functions in S is denoted by S?.

Examplel.2.1:

If f eSand g(z)=+f(z?) theng is odd function.

Solution:

If f €S, then f hasa Taylor series of the form:

f(z)=z+a,z° +a,2° +...
= f(z*)=2"+a,z* +a,2° +...
But g(z):mz[zz+azz4+a326+...]%
By the last lemmag € S, so g has the series of the form:
9(z) =z+c,z* +c,2° +c, 2" +...
= f(2®)=z2"+a,2" +a,2° +...= (9(2))* = (z+c,2* +¢c,2° +...)°

= (z2° +a,2" +a,2° +..) = (z+C,2° +¢,2° +..)°

2?2 +c,2° +c,2 +...
+¢,2° +¢52* +¢,0,2° +...

= (2°+a,2" +a,2° +..) = +¢,2" +¢,0,2° +¢iz% +...

+c, 2" +c,c 2"+ +C22" .

nCn1
=2°+2¢,2° +(cZ +2¢,)z" +...
By comparing the coefficient we can get
c,=0 ,Vn=246,.....
Then g has the series of the form:
9(2)=z+c, 2% +c,2° +... (Odd function)

And a simple calculation gives



a 1 1
Csz?z ) C5=§(ag—za§)

From the corollary (1.2.1) it is the short step to a theorem of Bieberbach estimating

the second coefficient a, of a function of classS .

Theorem 1.2.2(Bieberbach’s Theorem):

If f eSand f hasa Taylor series of the form:

f(z)=z+a,2* +a,2° +... , then|a,| < 2.

The only functions in'S with |a,| = 2 are given by f(z) = #)2 where|x| =1.
Xz

-
Proof:
Suppose that g(z) = \/m
= 9(2)=z+c,2° +¢.2° +...

then g(z) € S (by lemma 1.2.1).

Leth(z):L 0<|z<1.
9(2)

= h(2)= 1—csz +(cZ-c.)z’+... and h(z) eX .
z
But the Laurent series expansion of a function in X has the form:
1
9(z)==+b, +b,z+...
z
So, if we compare the coefficient of h(z) with g(z), we see that
b, =0
b, =-C, = - a,
Using the corollary (1.2.1), |b,|<1, therefore

‘—%az <1 = |a<2.

Also the equality |a,| =2 requires that h(z) = i, b,z with |b,| =1,which is the same
z

as f(z) =z/(1+b,z)°.
To do this, let



h(z) = (1+b,z?)/z

z

1
Butg(z)=——,then g(z2)=—
9(2) h(z) 9(2) 1+Db,z?

Butg(z) =+ f(z2), 50 (9(2))* = f(z?)
= f(2)=(9(2))?
Jz J

1+bz

=N f(z):(
_ YA
" (1+Db2)?

We have seen that each function:

f(z)=z+> a,2" =z+a,2* +a,2° +....
n=2

of class S has the property |a2| <2 with equality occurring only for rotations of the

Koebe function:
k(z)=z(1-2)" =) nz".
n=1

The suggestion of the general problem to find:

A, =supla,| n=234..
fes

Because the Koebe function plays the external role in so many problems for the

class S, it is natural to suspect that it maximizes |an|for everyn. This is the famous

conjecture of Bieberbach, first proposed in 1916.

Bieberbach Conjecture:
The coefficients of each function f eSsatisfy |a,|<n for n=234.. strict

inequality holds for all n unless f is the Koebe function or one of its rotations.

For many years this conjecture has stood as a challenge to all mathematicians and has
inspired the development of important new methods in complex analysis.
As a first application of Bieberbach’s theorem, we shall now prove a famous covering

theorem due to koebe. Each function f € S is an open mapping with f(0) =0 ,so its



range contains some disk centered at the origin. As early as 1907, Koebe discovered

that the ranges of all functions in S contain a common disk |vv| < p ,Wwhere p isan

, and Bieberbach later

. 1
absolute constant. The “Koebe function” shows that p < 2

established Koebe’s conjecture that p may be taken to be% .

Theorem 1.2.3(Koebe Covering Theorem):

The range of every function of class S contains the disk {W | < %}

Proof:
Suppose that f(z) = c for |z| <1.

The functiong =cf /(c— f) € S, and so has the power series beginning
9(2) =z+(a, +1)z2 +(2&+a3 +i2)23 +..
c c C

Bieberbach’s theorem implies that

a2+% <2,and [a,|<2
Therefore,
1 |1 1
2> a, +E Z‘E—(—az) > E‘—|a2|
1
= H£|a2|+2£2+2=4
1
= | >=.
4

The proof actually shows that the koebe function and its rotations are the only
functions in S which omit a value of modulusl/4. Thus the range of every other

function in S covers a disk of larger radius.



Theorem 1.2.4(Distortion Theorem):

If f eSand |z/<1 then:

(1+|z|)2 : 1 |z|)
@ 1-|7] < |t 1+z|

@+|zp° @-|zh)*
@) 1-|7 |f (z)| 1+z|

l7@+z) ~ | f(z)| @-|z)
Proof: See [29, pages 4, 5].
1.3 Prawitz Inequality and Littelwood’s Theorem:

Theorem 1.3.1(Littelwood Theorem):

The coefficients of each function f e S satisfy [a,|<en forn=23,....

Littlewood’s theorem appeared in 1925. Since that time the constant e has been
replaced by a succession of smaller constants, at the sacrifice of simplicity and
elegance. Littlewood’s proof is entirely elementary. It rests upon an estimate for

integral means, which has independent interests, with the notation:

Moo ={ L Flieefaot o
J(r, )= EL\(re ) , O<p<o .

This may be stated as follows.

Lemma 1.3.1 (Parawitz Inequality):

For each function f €S,

l\/ll(r,f)S—lr , 0<r<1.
-r



Proof of theorem (1.3.1):

Littlewood’s theorem is an easy consequence of (lemma 1.3.1). The Cauchy’s formula

for a, gives:
an:i_j fgfl)d , O<r<l1.
27 7, 1
Namely,
L f@y
|an|_ Zﬂ’-iz.[—r Zn+1 Z‘
LC
- |2m|I 2 |n+1

Let z=re'’ then dz=rie'’dd and|dz|=rdo.

1 27 i
= a,|< 27zr“jo |f(re”)|do
1 r 1
<= = :
r"1-r r"'(l-r)

Ifn>2, we may choose r = 1—l and thereby obtain:
n

1

la,| < :
a-Ha-1+ )
n n

n-1
n
=| — n.
=
n-1
:[1+LJ .n<en
n-1

= |a,|<@+ i)"*1.n <en.
n-1

This proves the theorem.



The crude estimate |a,|<r "M(r, f)can lead to nothing better than |a,|<(e/2)n ,

because the Koebe function has integral mean:

1 r 4o =—"

M. (r,k) = = )
(1K) 279 1-2rcosé +r? 1-r?

The sharp bound for M, (r, f) remained undetermined until 1973, when Baernstein

was able to prove that M (r,f)<M (r,k) for all feSand forO<p<oo. In

particular, this proves|a,| < (e/2)n.



Chapter 2

Special Families, Loewner’ s method and Grunsky

Inequalities

In this chapter we introduce the subclasses of S which are defined by natural
geometric conditions. Among other things, we shall prove the Bieberbach conjecture
for each of these subclasses. Also, we introduce Loewners method to proof the third
coefficient of class S, and the Grunsky inequalities to proof the fourth coefficient of

classS .

2.1 Starlike Function.

Definition 2.1.1:

A set E is said to be starlike with respect to w, € E provided that

W, +t(w—w,) € E whenever we E and0 <t <1.

Definition 2.1.2:

A function f belongs to S is called starlike if the image of f is starlike with respect

to 0.

Definition 2.1.3 :

Let S” be the set of all starlike function in S . In other words,

S'= {f eS: f(A) is starlike with respect to 0}.

Example 2.1.1:

The function f(z)=z isinS’.



Definition 2.1.4:""Positive real part function *.

Let P denote the set of all functions p that are analytic in A and satisfy

Re p(z) >0, |z <1 and p(0)=1.

This family is related to S and to several other classes of univalent functions.
The following result provides the sharp coefficient estimate on functions in P.
This result in turn will be used to obtain coefficient estimates for function in S”.

An elementary estimate which goes back to Caratheodory [Caratheodory 1907],
which is valid for function with positive real part.

Theorem 2.1.1 ""Caratheodory theorem":

Let pe Pand p(z)=1+i p.2" (Jz]<Dthen |p,|<2 for n=12,...
n=1

Proof:
oo (P=1) o
The function ¢ = is analytic in A, |¢(z)| <1, (|z]<1) and
(p+1)
1+i p,z" -1 ,
= Z+ PyZ% H s
#(2) = nO;l :2+plz+p2 o ,S04(0)=0.
l+anZ” 1 Py P,Z° + i
n=1

Therefore ¢(z) = zw(z) where w is analytic inA, but ¢ is analytic in A, #(0) =0and
|p(z)| <1forall zeA , by using Schwarz lemma,

p(2)| =|z|w(z)| < || , then|w(z)| <1. This implies that|w(0)| <1. And since

¢(2) _ p(2)-1 _ PZ+ P,2° F e,

w(z) = 7z 2(p(2)+]) 22+ Pzl + Pz i,

Then,



w(0) = % , P, =2w(0) which implies that |p,| =|2w(0)| < 2 is proved forn =1.
The only functions with |p,| =2 are given by p(z) = 8+ XZ; where|x| =1.
— Xz

27 /n

Now suppose that n>2 and y =e , the function q defined by

q(z) = %[p(z) +p(y2) + p(Y°z2) + oo +p(y"*2)] belongs to P and

q(O):%[1+1+1+ ........... ]:%:1 , Req(2) > 0.

Also, ghas the form q(z) =s(z") where s is analytic in A, since

If we write s(z) =1+5,2 +5,2% +....... then
s, = p, Since s P the inequality |s,| <2 —|p,|<2.

The only function with |p,| = 2are given by p(z) = T—Z =1+>.22".
-7 =

We now turn to the Biberbach conjecture for the class S” of starlike functions.

The proof of Bieberbach conjecture for starlike functions is given by an analytic

representation. First one proves with the aid of Schwarz' lemma that the starlikeness

of f(A)implies the starlikeness of f(A,) where A, :={z:|z|<r} forallr € (0,1).

Next, by geometrical considerations it follows that|arg zf'(z2) —arg f (z)| < % , hence

Re(mJ>O (zeA).
f(2)

Caratheodory’ s theorem for functions with positive real part yields the result. Again,

One can prove that above equality implies the univalence and starlikeness of f .



Lemma 2.1.1: "'Schwarz's theorem"'.

If fisanalytic on Awith f(0)=0and |f(z)|<1forall ze Athen

f’(0)|£1and
f(2)|<|z|In A, also | f'(0)|=1and | f (z)| = |z|if f(z)=¢e""z for somed.
()] <[ |10) |1 (2) =[gif T(2)

Proof: See [12, page 3].

Lemma 2.1.2:

If f eS'and 0<r <1then f({z |7 < r}) is starlike with respect to 0.

Proof: See [28, page 11].

The following theorem gives an analytic description of starlike functions.

Theorem 2.1.2:
Let f be analytic inA, with f(0)=0and f'(0)=1. Then f €S’ if and only if
zf'(z)/ f (z) P.

Proof: See [12, pages 41, 42].

Example 2.1.2:

isinS".

The koebe function k(z) = 1 :

2

By theorem (2.1.2) it is enough to show that Re(Z; ((Z))J >0.
z

The next step towards the Bieberbach conjecture was first proved by R. Nevanlinnain

1920. He considered univalent functions with an image domain that is starlike with

respect to the origin.

Theorem 2.1.3 ""Nevanlinna theorem®*:

Let f S" and f(z)=z+ianzn (|2 <1) then |a,|<n for n=23,..........
n=2



Proof:

If f eS’then p P where p(z)=%=l+i p,z" (|2 <D)
z 1

By equating coefficient of the power series in the relation zf'(z) = f (z) p(z) , where

7f'(z)=z+) na,z" =z+2a,2° +3a,2° +...... and
n=2

f(2)p(z) = @+ p,z+ p,2° +...)(z +a,2* +a,2° +.....)

We conclude that

2a, =a,+ p,, SO a, = p, and, in general, for n> 2,
(n-Da,=a,,p,+a,,P, +eeet3, P, 5 + Py

With  n =1, Caratheodory theorem implies that |a,| < 2.

Caratheodory theorem and an inductive argument complete the proof, since
(n-Dla,|<(n-D2+(n-2)2+....+2.2+2=(n-1)n

Hence |a,|<n.

We also note that if [a,| =n for a given n the argument shows that |a,| =2 from

which we conclude that f(z) =z/(1-xz)*> (X =1).

From Nevanlinnas result, it became clear that there was some chance for the
Bieberbach conjecture to be true since it was true for a rather large subset of S.
Nevertheless, it was not yet known whether the Bieberbach conjecture was true for a
single n> 2. This step was finished by K.loewner, 1923, again. Maybe Loewner's
article was the most important step towards the proof of the Bieberbach Conjecture; at

least it was the first decisive one.



2.2 Convex Function.

Definition 2.2.1:

The set E is said to be convex if it is starlike with respect to each of its points; that is,

if the linear segment joining any two points of E lies entirely in E.

Definition 2.2.2:

A function f isconvexon A if and only if f(A) is convex.

Definition 2.2.3:

Let C be the set of all functions which are convex on A, in the other words,
C={feS:f(A)isconvex}

It is clear that every convex function is starlike function, and so C = S™.

Theorem 2.2.1:
Let f be analytic inA, with f(0)=0and f’(0)=1.then f eCif and only if
[L+2f"(2)/ T'(2)] P.

Proof: See [12, pages 42, 43].

The next result provides a useful correspondence between the classes S andC .

Theorem 2.2.2:(Alexander’s Theorem).

Let f be analytic in A, with f(0)=0 and f'(0)=1, then f eCif and only if
g(z)=2'(2) eS’.

Proof: See [28, page 15].

Theorem 2.2.3:

If feCand f(z)=2+Ya,2" (j7<1),then fa,[<1,  n=23..
n=2



Proof:

By Alexander’s Theorem, g € S” where
9(2)=z"()=z+) na,z". (|7<).
n=2

Nevanlinna theorem implies that |na,|<n and thus |a,|<1. Moreover, it is easy to
see that |an| =1 for a given n only for functions of the form f(z) = z/(1— xz) where

|x| =1.
2.3 Loewner theorem:

Definition 2.3.1:

A Jordan arc is an arc without self-intersections.

Definition 2.3.2:

A slit mapping is a function which maps a domain conformally onto the complex

plane minus a set of Jordan arcs.

Definition 2.3.3:

A single slit mapping is a slit mapping whose range is the complement of a single

Jordan arc.

Definition 2.3.4:

The class S, is dense inS if S, is subclass of S and if every function f(z) in S can

be approximated by a sequence of functions ( f (z)) in S;so that f (z) > f(z)

uniformaly on every compact subset of A asn — oo,

The point of departure for Loewners method is the observation that the single-slit
mappings are dense in the class S. In other words, each function in S can be
approximated uniformly on compact subsets of A by single-slit mapping. The

following theorem states this more precisely.



Theorem 2.3.1:

To each function f €S there corresponds a sequence of single-slit mappings f, €S

such that f, — f uniformly on each compact subset of A ..

Proof: See [12, pages 80, 81].

Theorem 2.3.2: (Loewner theory).

Let k(t) be measurable and complex valued for0 <t <oo and satisfy|k(t)| <1.

Then if |z|<1, there exists a unique function w= f(z,t) absolutely continuous in t

for 0 <t <o, and satisfying for almost all t Loewner’s differential equation

q:_f1+k(t)f | 2.1)
ot 1-k(t)f
with the initial condition f (z,0) = z. Also
g(z,t)=e'f(z,t)eS , 0<t<w (2.2)

Finally there is a dense subclass S, of Ssuch that if f(z)eS,, there exists

k(t) continuous and with |k(t)| =1, such that the associated function g(z,t) satisfies
f(2) :!im g(z,t)zlimetf(z,t), |z <1 (2.3)

and the convergence is uniform on each compact subset of A.

Proof: See [29, pages 197-215].

Loewner gave an analytic representation for a subset of S which is dense with respect
to the topology of locally uniform convergence. Loewners theorem states that for

every f of this dense subset of S there is a Loewner chain, i.e. a family of functions

{f(z,1) :t >0} with
fzh=e'z+Ya, ", (zeAt=04a,(t)C(n=2),

This starts with f
f(z,0) = f(2),



Theorem 2.3.3:
If f(z)eS,sothat w= f(z)=p(z+a,z*+....)with g =1, if further

0,(2) = pe'(z+a,(t)z* +..) where = (0)= f'(0). And
f(z,t)=g, [f(2)], 0<t<oo.

Then

w = f(z,t) satisfies the Loewner's differential equation (2.1) and f (z,0) =z . Also
g(z,t) =e' f(z,t) satisfies (2.2) and (2.3).
Proof: See [29, pages 210,211].

2.4 The Third Coefficient.

As a first application of Loewners method, we now propose to prove the Bieberbach

conjecture for the third coefficient. The problem is to show that |a3|£3 for all
functions: f(z)=z+> a,z"
n=2

of class S. Because S is preserved under rotation, it is equivalent to show that

Re{a,}<3. The Loewner theory reduces the problem to functions of the form

f(2) =limg(z,1) = lime' f (2,t),

where f(z,t)is the solution to some Loewner differential equation

a_ ik f(2,0) =2,
a1k

corresponding to a continuous function k of unit modulus. As before, let
f(z,t)=e™ (z +a,(t)z° +a,(t)z° +)

Then it is clear that a,(0) =0 and

!im a,(t)=a,, n=23,....



1+k(t)e™'z+a, (t)k(t)e 2% + ]

1+ kf
=—f =(—et'z—a,(t)e'z? ..
1—kf ( (1 )(l—k(t)e‘tz—az(t)k(t)e“zz -

=(-e"'z—a,(t)e'z" —a,(t)e ' Z°..) A+ 2k(t)e 'z + (2k(t)*e " + 2k (t)a, (t)e ") z® +..)

o
ot

= ez 2k(t)e 2z% — (2k(t)%e ™ + 2k(t)a, ()e )z® .

—a,(t)e'z? —2k(t)a, (t)e 2% —...
—a,(t)e'z® —2k(t)a, (t)e ™ z* —...

= —e'z—(2k(t)e ™ +a,(t)e)z?

—(a; (e +2k(t)a, (t)e ™ +2k(t)*e™ +2k(t)a, (t)e ™*)z° —...

But % —e (_ z—(a,(t)—ay(t))z” - (a,(t)—a, )z2° _)

Equating the coefficients of z2in the Loewner differential equation, we find

e (ay(t) —a, (1)) = —(2k(t)e™ +a,(t)e™)
e'aj(t)—e'a,(t) +e'a, (t) = -2k (t)e™
= e'aj(t)=-2k(t)e™,

= ay() =—2ek(), (2.4)

Also, equating the coefficients of z*in the Loewner differential equation, we find

e'aj(t) —e'a,(t) =—a,(t)e " —4k(t)a,(t)e ™ —2k(t)’e™

e'aj(t) =ea,(t) —e'a,(t) — 2k(t)’e ™ —4k(t)a, (t)e™

=
= e'aj(t)=-2k*(t)e™ —4k(t)a,(t)
= al(t) = —2e 2 [k(O)] —de k(D)a, (1). (2.5)

Integration of (2.4) gives



a,(t) = Ta; (t)dt = —Z]ge“k(t)dt.

Sincek(t)| =1, it follows that

la, (t)| < ZTetdt =2,
0

In view of (2.4), the equation (2.5) has the form

a;(t) = —2e ' [k()]” +2a, (t)a (1),
so that integration gives

o0

a,(t) =2 j e 2[k(t)]?dt + 4{Te‘tk(t)dt} .

0

Setting k(t) =e'’™, we obtain
o0 o0 2
Re{a,}< Zje’2t [1—2cos?® @(t)]dt + 4{Ie‘ oS Q(t)dt} .
0 0

Applying the Schwarz inequality, we conclude that

Re{a,}<1- 4_|'e‘2t cos® A(t)dt + 4{J.e‘t dtHje‘t cos? 0(t)dt}
0 0

0

=1+ 4I (e —e ) cos? A(t)dt
0

<1+ 4I(e" —e)dt =3.
0

2.5 Typically Real Part Functions.

As next step the Bieberbach conjecture could be verified for another subclass of S : for
univalent functions with real Taylor coefficients, more details can be found in [11],
[52]. These are characterized by domains that are symmetric with respect to the real

axis.



Definition 2.5.1:

Let Sg denote the class of univalent functions

f(z)=z+a,z* +a,2° +....... 7] <1

whose coefficients a, are all real.

If f € Sg, then f(z)is real on the real axis and is not real any where else in the disk.

A more general class than Sg is the set of typically real functions which we now

define.

Definition 2.5.2:

Let T denote the set of functions that are analytic in A,normalized by f(0)=0and

f'(0) =1and satisfy f(z)is real if and only if zis real, (|z| <1).

We define another class which is directly related toT .

Definition 2.5.3:

Let Pr denote the subset of P of functions psuch that p(z)is real when zis real,

(|2 <1).

The following theorem shows that the relation between the families Typically real

part and positive real part.

Theorem 2.5.1(Rogosinski's Theorem):

2
If f T then, p(z):l_Z

f(z) ePg.

z
1-2°

Conversely , if p e Pg,then f(z) = p(z) eT.

Proof: See [12, pages 56, 57].



Theorem 2.5.2:

If f(z)= ianz" eT,then fa,,, —a,|<2, n=012,..
0

Proof:
By Rogosinski's theorem, the function

1-7°
z

p(2) =12 (2) =1+ Y (a,,, ~a,)2""

is of class Pgr. In particular, peP and so Caratheodorys theorem implies that

p.|<2,(mn=1,2...)

By equating coefficient of the power series in the relation

p(z):(l—zz)g where p(z):ipnz" andf(z)=z+ianz”.

n=2

We conclude that
p(z) =(1-2°)A+> a,z"").
0

=  p(2)=1+a,z+(a,-Dz° +(a, —a,)2° +....+(a, —a,,)2"" +..

= |pn—l| = |an - a‘n—2| <2

Theorem 2.5.3:

If feTand f(z)=2+3az"  (z<D) thenfa|<n,  (n=23....).
n=2
Proof:

it @ =022 = Yp2

Then by Rogosinski's theorem p ePgr . In particular, p eP and so Caratheodory's
theorem implies that |p,|<2 (n=12....). Theorem (25.2) proves that
|a,., —a,| < 2,to show that|a,| < n, we use mathematical induction.

n+2



Since a, =1 then [a,|<1. Now suppose|a,| <k, then
By = —a +a| <|a —au] Haw | <2+k-1=k+1

Hence, |a,|<n,Vn.

2.6 The Littlewood-Paley and the Robertson Conjecture.

Theorem 2.6.1. (Littlewood-Paley Theorem):

The coefficients of every odd univalent function

h(z) =+ f(2%) =z+c;2° +¢,2° +....satisfy[c | < A, (n=357,.....)

where A is an absolute constant.

Proof: See [12, pages 64, 65].

In 1932 Littlewood and Paley remarked in a footnote: “No doubt the true bound is

given by A=1". This has become known as the Littlewood-Paley Conjecture.

The Littlewood-Paley conjecture would have implied the Bieberbach conjecture.

Assume h(z) = > c,z" is the square root transform of f(z) =) a,z",
n=1 n=1

Then{h(z)}* = f(z?).

Now compare the coefficients of z*"to obtain the relation

&, =CConyg +C3Csn 5 .+ Cpp 4Gy ¢ =1
or
n
a, = ZCZ(n—k)+l'C2k—l1 C = 1.
k=1

Since there are n terms on the right-hand side, the uniform bound [c, | <1would imply
la,| <n.
Because the square-root transform of the Koebe function is

=z4+2%+2°+.....

1-2°



Littlewood and Paley conjectured that |c,| <1 for all he S?.

Fekete and Szegd, in 1933 disproved the Littlewood-Paley Conjecture by using

Loewner's method.
Each h e S? has the form h(z) =/ f (z*) for some function
f(z)=z+a,2° +a,2% +......

of class S . An easy calculation gives

1 1 1
c3:5a2, c5=§(a3—za22)

Because |a,| < 2, it is clear that |c,| <1forall he S
However, Fekete and Szegd found that the maximum of [c,| is larger than 1. In fact,
they obtained the sharp bound for ‘a3 —ooazz‘ in S, for each fixed « in the interval

0<a<1. Their result may be viewed as an interpolation between Loewners
inequality [a,|<3 and the elementary inequality |a, —aZ|<1. This was the first

relapse in the history of the Bieberbach conjecture.

Theorem 2.6.2. (Fekete and Szegs Theorem).

Foreach f €S,

2al(l-a)

las —cal| <1+ 2e O<a<l.

This bound is sharp for each « .

The choice a=% demonstrates the existence of an odd univalent function with

5| > 1.
Proof: See [29, pages 217-221].

Theorem 2.6.3:

For each h eS?,

C| s%+e-2’3 =1.0134...



Proof:
If heS?, then

h(z) = m =Z2+C,2° +C.2° +....
where

f(z)=z+a,z° +a,2° +......
belongs to the class S. A simple calculation gives

1 1
Cs 25(33 _Zag)-

But for each « in the interval 0 <« <1, Fekete and Szegd theorem gives the sharp
inequality

‘a3 - aaﬁ‘ <1+ 2072/

Choosinga = % we obtain the desired estimate [c| < % +e7?* =1.0134....

Theorem 2.6.4:

To each odd integer n>5 there corresponds a function heS? with all of its

coefficients real and with |c, | > 1.

Proof: See [12, pages 107-110].

Robertson in 1936 conjectured that the coefficients of odd univalent functions

h(z) =+ f(z°) =z+c,2° +¢,2° +...
satisfy the inequality

n
>leus <n, n=12,..
k=1

where ¢, =1. This is a weaker version of the Littlewood-Paley Conjecture which,

nevertheless, implies the Bieberbach conjecture.  The inequality clearly holds for

n=2,since
2
Z|Czk—1|2 = |Cl|2 +|C3|2 <2,
k=1

where ¢, =1,and|c,|<1.



We shall now give Robertson's proof, which uses the Loewner method and is quite

similar to the Fekete and Szeg 6 estimation of |c;|.

Theorem 2.6.5:

For each function h e S2.
3
Dlcacl =[cif +e|” +[cs|” <3.
k=1

Proof: See [12, pages 111,112].

2.7 The Polynomial Area Theorem and the Grunsky

Inequalities.

The area theorem can be generalized to produce a system of inequalities called the
Grunsky inequalities which are necessary and sufficient for the univalence of the
associated function. These inequalities contain a wealth of useful information about
the coefficients of univalent functions.

For example, they lead to an elementary proof of the Bieberbach conjecture for the
fourth coefficient.

We now turn to a direct generalization of the area theorem which may be considered a
primitive form of the Grunsky inequalities. For a better name, we shall call it the

polynomial area theorem.

Theorem 2.7.1:(Polynomial Area Theorem).

Let g € X, let P be an arbitrary non constant polynomial, and let

P(9(2)) = ickzk, 2| >1,

where N is the degree of P .Then

SKle,|? <0,
k=—N

Equivalently, the theorem states that



) N
D Klel < > Kle [
k=—N k=1

Proof: See [12, pages 120,121].

Forall geX, where g(z)=z+b,+bz"+b,z?+

¢9©) _SE e
00— e

BUt £9'©¥) _ C—bet—2b, -
9(0)-w &+, W) +b b, +

....... , consider the expansion

=1—(b, —W)¢ ™ +[(b, —W)2 —2b,1¢ 2 +....

¢9©) _SE e
= g0 -w 2w

The function F, (w) =w" +> a ,w"*
k=1

is a monic polynomial of degreen, called the nth Faber polynomial of the functiong .

In particular, straightforward calculations produce the formulas
Fo (W) =1

Fy(w) =w-by,

F, (w) = w? —2b,w+ (b —2b,).

Fy (w) = w® —3b,w” + (307 —3b, )W+ (—bg +3b,b, —3b,).
Thus

> FL (W) =1 (Wb, 4 (W — 20w+ (6 —20))¢ 7 +.

Now observe that since g is univalent, the function

¢g'e) ¢
9(f)-9(2) ¢~z

:( §—bg™—20,8 " =300 - j_ ¢
(-2 +b(( -2 b P2 )+..) (-2
e (i o W P 1

-z -1
=bS({-2)* (¢ -2+



o0

= iz ﬂnkziké/in

n=1 k=1

is analytic for |z| >1and |¢]>1.then

D F(g@)¢™ =1+ Z{Z" +Zﬂnk2k}é”-
n=0 n=1 k=1
Thus the Faber polynomial satisfies
F@)=2"+> B2, n=12..

k=1

where,
F(0(2) = 9(2) ~b, ~ 24Dz +0,2 4.,
F,(9(2)) = (9(2))* — 20,9(z) + (b,” — 2b,)
= 22+ 2b,7 + (20, +b,?) + 2(b, +byb,)z + (2b, + 2b,b, +b,)z 2 +...

—2b,z—2b,* —2b,b,z* —2b,b,z 7% ...
+b,? —2b,

=722 +2b,27" +(2b, +b,*)27% +...
F,(9(2)) = (9(2))° - 2b,9(2)* + (30," —30,)g(2) + (b, +3b;b, —3b).
=7° +30b,27 +3(b, +bb,)z 2 +3(b, +b,b, +b,°b, +b,%) +b,°)z.

Thus F,(9(2)) = (z+bz ™ +b,z2 +..)+ (2> +2b,z7" + (2b, +b,°) 22 +..) +...
="+ puz ., n=12..
k=1
The coefficients p,.are known as the Grunsky coefficients ofg, and g, are

polynomials in the coefficients b, of g .where

b= bl’ P = b2’ Pis = bs’

Br=2b,, By =2b,+ b12’ Bz =2(b, +byb,),

Par = 3b3' By = 3(b4 + blbz), Bss = 3(b5 + blb3 + b02b3 + bzz) + bls'
These results suggest the symmetry property

KB =NPBns k,n=12,...



Forall g e X let

9@ -9€) S5, 2ot (2gen)

Z— é/ n=1 k=1

where g, =ny .,

Theorem 2.7.2: (Strong Grunsky Inequalities).

Let S, be the Grunnsky coefficients of a functiong € >.. Then

N 2N )
2 Badn| <204
n=1 n=1

o0

Dk

k=1

or,

N
Zynkln

n=1

0 2 N 1 2
2k <2 Ml
k=1 n=1

For each positive integer N and for all complex numbers 4,4 ,,.....4 .

Proof:
Let

pW) = >4, F, (W)

be a polynomial of degree N, expressed in terms of the Faber polynomials of g

In view of the equation,

F0@)=2"+3 Bz, n=12...

N o N
= p(g(z)):zﬂnzn—kzzﬂ’nﬂnkz_k '
n=1 k=1 n=1

Thus the theorem follows directly from the polynomial area theorem.



Theorem 2.7.3: (Weak Grunsky Inequalities).
Let S, be the Grunsky coefficients of a functiong € >.. Then

N N N
SN KB A A <D0
n=1

n=1 k=1

or,

>

n=1

7/nk)Ln)lk

N1
< ZE|’1n|2 :
n=1

For each positive integer N and for all complex numbers 4,4 ,,...4 .

F

Il MZ

1

Proof:
We shall actually derive an important generalization which will be called the

generalized weak Grunsky inequalities,

N 2 N N
szﬂnkﬁ“nﬂk SZl’l|ﬂ‘n|zzk|/uk|2
n=1 k=1

n=1 k=1

where A, and g, are arbitrary complex parameters. To prove the last inequality, let

N
Vi =D B k=1..,N
=1

and observe that the strong Grunsky inequalities imply

Skiv[? <3l
k=1 n=1

Hence the Cauchy-Schwarz inequality gives

2 2

N
:E: klgnk’l nH i

N
z KV, 4,
k=1

N N
< Zk|vk |sz|ﬂk |2
k=1 k=1



N N
<l > Kl
n=1 k=1

2.8 Close to Convex Functions

We now turn to an interesting subclass of S which contains S” and has a simple
geometric description. This is the class of close-to-convex functions, introduced by
Kaplan in 1952.

Definition 2.8.1:

A function f analytic in Ais said to be close-to-convex if there is a convex function

g and a real number « such that:

Re{ .fl(z) }>0 (z/<1) and |a|<z.
e'“g'(2) 2

Definition 2.8.2:

Let K be denot the class of close-to-convex functions f normalized by the usual

conditions f(0)=0 and f'(0) =1.

Theorem 2.8.1:

Let f eKand f(z)= z+§:anzn (z]<1) then |a,|<nfor n=23,...
n=2

Proof:

If f € K then there isa function gin C and a real number « such that:

f'(z) _ @) <o o
Re{e‘“g'(z)}>o’ (z|<D).1f a(z)= 9 _nzzt;qnz .

Then the function

g(z) +isina <
e
cos o nzzllp”

p(z) =

belongs to P, since



0(0) = e +isina _cosa—isina+isina cosa
cos cosa cos

1,

andRe p(z) = a(2) >0.
cosa

By equating coefficient of the power series in the relation

p(z)cosa =q(z) +isina, where

p(z) =1+ p,z" and q(z)=>.q,z"
n=1 n=0
We conclude that:
0,2" = (cosa) p,2"

= g, =(cosa)p, ,(n=123,..).

Caratheodory's theorem implies that,

Ip,|<2,50[q,[<[po|<2, (n=123..) (2.6)

If g(z)=z+> b,z" (Z]<1) thentheorem (2.2.3) asserts that
n=2

b,|<1 (n=123,..) (2.7)
As @, =e ™ the relation

f'(z) =e'“g'(2)q(z) , where
f'(2) :1+inanz”‘1 , 9'(2) :1+inbnz"‘1 and q(z) = iqnzn implies that
n=2 n=2 n=0
na, =e'“[nb.e™ +(n-1b, ,q, +(N—2)b, ,q, +....+20,q, , +q,,].
Apply (2.6) and (2.7) to this equality to get
|nan| < n|bn| + (n _1)|bn—l||q1| + (n - 2)|bn—2||q2| +.o.+ 2|b2||qn—2| + |qn—l| .
<n+(M=D2+(N-2)2+..+2.2+2=n".
Ina,|<n%.

Therefore |a,|<n for n=23,...



2.9 The Fourth Coefficient

Loewner proved the Bieberbach conjecture for the third coefficient in the year 1923.
Over 30 years later, in 1955, the fourth coefficient finally yielded to the efforts of
Garebedian and Schiffer. Their proof was involving a variational method, Loewner's
equation, and a long series of laborious numerical estimates. Then in 1960 Charzynski
and Schiffer astonished everyone with the discovery of an elementary proof based
only upon the Grunsky inequalities. This striking development focused new attention
on the Grunsky inequalities and inspired a number of further advances.

Theorem 2.9.1:

The fourth coefficient of each function f €S satisfies |a4| < 4, with equality only for

a rotation of Koebe function.

Proof:
Assume without loss of generality thata, > 0. Transform the function
f(2)=z+a,2* +a,2° +......

to

1 3 1
b]_:—Eaz, b3—§a22—5a3,
3 5 1
b, 2 22% Eag 58

Let y,, be the logarithmic Grunsky coefficients of g, as defined by section (2.7). Then

1 3 1
711:b1:_§a21 Y12 =721 =0, 713:731:b3:§a22_§a3’

1 13 1
Vs =§bl3 +b,b, +b, =—§a§ 2,8, o a,.

with the choices N =3, A,=4, 4,=0, and A,=1 the weak Grunsky inequality

is,



Y1l At YA At s A s+

3 3

Zzynkﬂ’ nﬂ’k

n=1 k=1

=Vard s A1t Vpd oAyt Vosd A5+

Yard st Vapd s A o+ 733l 345

31
- |711/11ﬂ* 1+ 27134 A, + 7/3313’13| < ZEV’H |2

n=1
1 1
s + 2l + S

=MF+0+1
3

1
= 71112 +2]/13/I+}/33‘ S|ﬂy|2 +§.

= —%az/lz +2(§a22 —%aﬁﬂw(—i—jag +a,a, —%a4) <4’ +%.
=la,A? —4(§a§ —%as)/u%aj ~2a,a, +a,|< 2’ +§.
=la, —4b31+£a§ —2a,a, —%ag’ +a,(<24) +§.

=|a, 4% — 4b, A + 4a,b, —%ag +a,(<24) +§.

=la, +4b,(a, —;t)—%ag +a, | < 2|/1|2 +§.

But the area theorem applied to g gives

Ib,|* +3b,|" <1

= 3b,|* <1-]b,|"
= 3, <1-Lja,f
3 4 2
11
= los|* Sg_ﬁazr
1, 1
= |b3|sﬁ(1—z|az|2)]/2
2
= 4|b3|sﬁ(4—|a2|2)1/2



Thus

2 Y2 5 2
8, <2 fja —i|+Re{Ea§ -a212}+2|z|2 2 28)

NE

Now let a, =2xe'? ,0 < x <1.Choose
A=2xe""""? cos(36012),
and let y =|sin(30/2)|, then

la, - | = ‘er” —2xe "2 cos(30/2)‘
=  |a,-4= 2x‘1— e %2 cos(36/ 2)‘
= 2X[1—(cos30/2—isin36/2)cos30/2
= 2x|L—cos” 30/ 2 +isin30/2cos 30/ 2|
= 2x[sin”30/2+isin30/2c0s 30/ 2|
= 2Xsin30/2(sin36/2+icos36/2)|
= 2x[sin30/2||cos 30/ 2 +isin30/2|
= |a,-4=2x.

and,

Re{i ad — azf} = Re{i (2xe'?)® —(2xe'")(2xe"* cos(36 / 2))2}
12 12
5 3,130 3 2
= Re{—8x e"™” —8x” cos 30/2}.
12
=30 5 cos 360 — 4x>(1+cos 30)
12
= C0S 39(4—0 x° —4x%) —4x°
12
- 2 3 3
= COS 3«9(?x ) —4x
But y=1sin(36/2)|, then

y> =sin®30/2

_1-cos30
2

= 00530 =1-2y?



= c0330(_?2 x*)—4x® = _?fo*(l_zyz) —4x3

:ﬂy2x3—4xg—§x3

=—y X’ ==X
3 Y 3
The inequality (2.8) therefore becomes
2 14 8 4
a, <= +8x* ——x*+—(1-x*)2xy —=x*(6-x)y>. 2.9
¢ <3 3 ﬁ( ) xy 3( )y (2.9)

For each fixed xin the interval 0 < x <1, the right-hand side of (2.9) is a quadratic

function of y which achieves its maximum for

y2\y2
yo3a=x" (2.10)
X(6 —x)
Substitute (2.10) into (2.9) to conclude that
2
a4£g+8x2—Ex3+M. (2.11)

3 3 6— X
it is now to be shown the right-hand side of (2.11) is not larger than 4 for 0 < x <1,
which is equivalent to the inequality
0<24-5x—66x>+54x° —7x".
Or
0<3x*(L—X) + (24 + 34x — 4x*)(1— x)°.
This last inequality clearly holds for 0 < x <1, with equality only for x=1.

Thus |a,| <4 forevery f €S, with equality only if|a,| = 2.



Chapter 3

Milin Conjecture and de Branges’ Theorem

The researchers in the former Soviet Union also worked on the last essential
ingredient which made de Branges’proof possible. After some decades, one knew that

it was very difficult to obtain informations about the coefficients a,(f) of univalent
functions. The success of the Grunsky inequalities suggested that it should be simplier
to obtain results about the logarithmic coefficients y, of the function

f(2)

IogTzziynz” . 7)<t
n=1

Lebedev and Milin worked on the question how to turn information about the
logarithmic coefficients into information about the coefficients of f itself. They

discovered that it was easier to lift information about certain quadratic means of

coefficients. This could be combined with the Robertson conjecture.

3.1 Exponentiation of Power Series.

When a power series is exponentiatied, the coefficients of the new series have a
complicated dependence upon those of the original series.
This section is devoted to three general inequalities, due to Lebedev and Milin, which
estimate the new coefficients in terms of the old. Although these inequalities have
nothing to do per se with univalent functions, they are the basic tool in Milin’s
exponentiation of the Grunsky inequalities.

Let

@(z) = Zak z*
k=1

be an arbitrary power series with a positive radius of convergence, normalized so that

¢(0) = 0 denote the exponentiated power series by

(@)= =Y p2*.
k=0



The Lebedev-Milin inequalities may be stated as follows.

First Lebedev-Milin Inequality:
o 2 © 2 ©

If> K, | <oo,thend’|B,| < exp{2k|ak|2} :
k=1 k=0 k=1

with equality if and only if ¢, = »*/k ,k =1,2,...,for some complex constant » with

|7|<1.

Second Lebedev-Milin Inequality:

For n=12,...,
VAL <+ el 3 (K - D)1
SIAf <0 snen| 23S (e -

1 2 1
=(n+exps— > (n+1-k) k —-=
900} L0411 a2 |
Equality occurs for a given integer n if and only if o, =y*/k , k=12,...,n,for

some complex constant y with |y|=1.

Third Lebedev-Milin Inequality:
For n=12,...,

" <00l el - )|

with equality if and only if o, =»*/k , k=12,...,n, for some complex constant y
with |7/| =1.

Note that the Lebedev-Milin inequalities are completely independent of univalent
functions. Hence it was possible to use them to solve quite different function theoretic
problems. More details can be found in [1], [44], [38], and [39].

We now return to the problem of finding the sharp bound for the nth coefficient

a,among all functions

f(z)=z+a,z° +a,2° +...



of class S. Littlewood’s proof that [a,[<en, relies on the Cauchy integral
representation of a,and the crude estimate
M, (r, f)<r@-r)* (2.12)

of the integral mean. We have already noted that even if (2.12) is replaced by the

sharp estimate
M, (r, f) <M, (r,k)=r@-r?)",
where Kk is the Koebe function, the method can give nothing better than |an| <(e/2)n.

In 1965, Milin became the first to penetrate the e/2 -barrier. His point of departure is

not the Cauchy formula, but a new representation for the nth coefficient of a function

f € S interms of Faber polynomials.

Theorem 3.1.1 (Milin’s Theorem):

Foreach f €S ,|a,| <1.243n, n=23,..

Proof: See [12, page 150].
3.2 Logarithmic Coefficients.

Associated with each function f in S are its logarithmic coefficients y, defined by
Iog@:ZZynz" .7 <1.
z n=1

The Grunsky inequalities provide a natural method for estimating the logarithmic
coefficients by means of the Lebedev-Milin inequalities. These bounds can then be

transferred to bounds on the coefficients of f and related functions.

Lemma 3.2.1:

The logarithmic coefficients of the Koebe function are y, =1/n.

Recall that the nth Faber polynomial F,of a function g € X is defined by the generating

relation



Integration with respect to z gives

=1
lo =» —F (w)z™
950w Zl)n (w)
z -1
= lo =>» =F,(0)z™".
Y92)-0 Z‘n ©)
= log—%— = Iog;_1 =log zf (1/z)
o(z) [f@/2)]
z
But —~=zf(l/z)=1+a,z" +a,z7% +...
g(z) ( ) 2 3
Since,
jog 112 _ jog 2y )=23 "
g—~= ogll+a,z+a,z +...)_22ynz :
=1
Z o0
= log——~=log(l+a,z" +a,z % +..)=2» y,z"
) S 2

g(z) =1 N
= 25:74]2‘” = il F.(0)z™"
n—1 n N
= 2,-2F,0)

Proof of lemma:
Let g(z)=1/f(@/z)=z-a,+(@%-a,)z" +(-a —a, +2a,8,)2 > +...
Butg € 2, and has the form
9(z)=z+b, +b,z" +b, 27 +....
Then
b,=—a,=-2
b =(f-a,)=(4-3)=1
b, = (-a} -a, +2a,a,) =0

From the expansion



Q') _x

_SF -n
0w 2 e
=
g'd) _< N1 p el 2 2, ( p3 _ -3
5 SO =1 (0] 200+ (0 3 ~30,)C
= SF,(0)=1-by + (b2 —2b,) + (b7 + 30,0, ~3b,) +..
F,(0) = b, =2

= F(0)=bl-2b =2
F,(0) = —b% +3byb, —3b, =2
Then
F.0=2 forall n=123,...

In view of the inequality

1
2, —==F (0)
7o = ,(0)

where F, is nth Faber polynomial of a function g(z)=1/f(1/z)

7, =1
7, =112.
= 7, =1/3.

7, =1/n.

Lemma 3.2.2: ( Milin’s lemma)

For some constant 6 <0.312 ,

anl ssupzn:k|yk|2 szn:%+5 n=123...
k=1

o K res o

Proof: See [12, pages 151,152,153].

Theorem 3.2.1

For each odd function h e S,

lc,|<e’? <117 : n=357,.

where 6 is Milin’s constant.



Proof:

Each odd univalent function h has the form

h(z) =/ f(z°) =z+c,2° +¢,2° +..., 7] <1.
Thus
h(v'z) (f())“z 1, @) &
lo =lo Zlog—~ = z".
9= 5109 — 2117
But h(\;/_ZE) =1+Cyz+Csz° +C,2° +...

In other words,

iCZnJrlZn :exp{iynzn} ’ Clzl'
n=0 n=1

Hence by the third Lebedev-Milin inequalities,

n n 1
o <00 {3 W[ - | -em{Snf - St .
k=1

k=1 k=1

Now Milin’s lemma gives

IR WA 2.

feS k=1

= O<suka|yk| —2155

feS k=1 1 k
n n 1 .
= | 2n+1| <eXp{Z(k|}/k| ——j}zexp{Zkb/kr _ E}:eb.
=1 k=1 k=1
= |C2n+1|2 < 95
= Cona| < €772 < %10 <117 n=12,.

It is an open problem of some interest to find the best possible value of the Milin

constant o . Observe that & cannot be reduced to zero, since by the last theorem this

would imply the Littlewood-Paley conjecture |c | <1, which is known to be false.

Nevertheless, Milin has proposed the following conjecture, which asserts that 6 =0

in an average sense.



Milin Conjecture. Foreach f €S,

Zn:i[klnlz—%]é& n=12...

m=1 k=1

Or

n

> (n +1—k)[k|7k|2 —%j <0,

k=1
In view of Theorem 3.2.2 and the second Lebedev-Milin inequality, Milin’s

conjecture implies Robertson’s conjecture,

n

Z|C2k+1

k=0

2
<n+1,

This implies the Bieberbach conjecture [a,|<n.

Theoreme 3.2.2:

The Milin’s conjecture implies Robertson’s conjecture, and Robertson’s conjecture

implies Bieberbach’s conjecture.

Proof:

Assume that Milin’s conjecture is true. Let

9(z)=cz+c,2° +...
be an odd element of S define f(z)=z+a,z* +a,2°+...  sothat f(z*)=g(z2)>.
If w,,w, €A and f(w,)= f(w,), then w, =z and w, = z> for some z,,z, € A such
that

g(zl)z = 9(22)2
Thus f(z) isin S ,writing

ORI
lo =2 z
920 2%

we obtain

g 1% _ -
Lcj _221"(0)_‘”'0(2;7“Z j ’



since f'(0) =c?. Therefore

Cl(cl +¢,2° + ¢zt +...) :exp(Zynzz"j ,

1 n=1

and so

1 n=1

ci(cl +C,2+C2% +..) = exp[Z;/nz"J.

By the second Lebedev-Milin inequality, forn>1,

1 1 1 < s
mgqclr +|C2|2 +..... +|Cn+l|2) < exp(m;k(n +1—k)|]/k|2 - klj).

Milin’s conjecture gives

. n n-1 n-2 1
D R R
n+1-2 n+1-3 n+l-n
=N+ + et
2 3 n
_q i ned 0t
- 2 ..... n
11
- 1) P
(n+)k2=1:k+1
Hence
1 1
el el e, <1
1
= Ci2(|cl|2 +|C2|2 +...+|cn+1|2) <n+1l.
1

Thus the Milin’s conjecture implies Robertson’s conjecture.

Assume Robertson’s conjecture is true. Let
f(z)=az+a,z° +... beinS. We may choose an odd function
g(z)=c,z+c,z® +...of S such that f(z*) = g(2)°.

Foralln>2,



a, =C,C, +C,C, ; +...+C,C,

n
Or an = chcn—k+l
k=1

and so
2
< (|c1|2 +|cz|2 +...+|cn|2)2 <(nc})? =n*a’.

n
chcn—k+l

k=1

.| =

Thus the Robertson’s conjecture implies Bieberbach’s conjecture.

3.3 De Branges’ Theorem.

In this section we prove de Branges’ theorem [1985], conjectured by Bieberbach
[1916] that, if
f(z)=z+> a,z" €S,
n=2

we have [a,| < n, n=23,...with equality only for the Koebe functions.

This had previously been proved for n =4 by Garabedian and Schiffer [1955], for

n =5 by Pederson and Schiffer [1972] and for n =6 by Pederson [1968] and Ozawa
[1969].

De Branges proved his theorem by first establishing a conjecture of Milin [1971],
which Milin had shown to imply Bieberbach conjecture.

The proof of de Branges has been simplified successively by Milin [1984] and
Emelyanov, by Fitzgerald and Pommerenke [1985] and Weinstein [1991].

Inevitably these simpler proofs however miss the operator theory basis of de Brange’s
subtle ideas. All the proofs rely on Loewner theory, and a positivity result for the
coefficients of certain special functions. The earlier proofs used an inequality of
Askey Gasper [1976] concerning Jacobi polynomials. Weinstein’s proof, which we
shall follow here, uses instead the addition formula for Legendre polynomials which
goes back to Legendre himself and seems simplier to establish. However Wilf [1993]
has now shown rather surprisingly that the two results are equivalent. We start off by
proving Legendre’s formula, then proving Milin’s conjecture, Milin’s inequalities and

de Branges’ theorem, which in fact generalizes to give sharp bounds for the



coefficients of (f(z)/z)" , when A >1. The analogous result fails for0 < 1 <1. De

Branges’ theorem, both the result itself and the subtlety of its proof, represents a

milestone of twentieth century analysis.

Definition 3.3.1 (Legendre polynomials):

The Legendre polynomials P, (z) are defined by the expansion

1

- =1+ > h"P,(2),
(1-2zh+h?)? '

valid when |h| is sufficiently small depending on z.

Lemma 3.3.1:
Suppose that t >0, and that w = w, (z) is defined by

e'w z
(1_W)2 = (1_2)2 ! Wt(0)=0 (31)
Then we have for |z| <1
eth+l © . -
1— W2 =§Ak(t)z 5 (3.2)

where A} (t) >0, fort>0and 0<k <n<w.

Proof: See [29, pages 235,236].

Theoreme 3.3.1:
If f(z)eS and

|og% =352, (3.3)

then we have for, n=12,3,.....

n

>(n +1—k)[%—k|yk|2j20. (3.4)

k=1



Theorem (3.3.1) is the key step in de Branges’ proof. Weinstein’s proof actually

z

shows that equality holds in (3.4) only for the Koebe functions f,(z) = W
—ze

To prove Theorem (3.3.1), it is sufficient by Lowner theorem to consider the function

f(z) in the subclass S, of that theorem (see definition 2.3.4). Thus

f(z)= !ilrjce‘ f(z,t),
where f(z,t) satisfies the Loewner’s differential equation (2.1), k(t) is continuous
and |k(t)| =

We define
9,(z) asin Theorem (2.3.3) by

0,(z) = Be'(z+a,(t)z* +...), where 8= p(0)= f'(0) and
f(z,t)=g, [f(z)], 0<t<oo then
9{f(z0)}=1(2). (3.5)
Thusg,(z) = f(z). Also for large t,

e'z
9,(2) = m-
We now write
h(z,t) = Iog D oS 07 . (3.6)

k=1

Thus for (t =0)
h(z,0) = log 22~ g"( ) =log—~2 f(z) i
and for (t>t,)

t
h(z,t) = log 9 (tz) =log ez
ze

Then

2 i
7k(0):7k’and7k(t):Eek¢’ t=t,. (3.7)



If we write
¢="1(z1), 9=9.)
and differentiate the inequality (3.5) with respect tot. This gives
%%;%:a
Substituting in the Loewner’s differential equation (2.1) we obtain
8_g:8_g(;1+k(t)§ |
ot o " 1-k()
or writing z instead of ¢, g = g, (z) we have

29 _ g, 1+k(®)z

ot oz 1-k(t)z (3.8)

Using (3.6) we deduce

Ohizty= 2 1og 8D /2t
ot ot ze g

9.(2) _dglaz 1
ze' g z

-1

0 0
—h(z,t)=—1Io
0z 2 0z g

Thus (3.8) yields

oh (1 ahJ 1+k(t)z
1+ —=|—+— 1|z .
ot z o0z) 1-k()z

Or
o (1+ za—h)(—“ k(t)ZJ—l.
ot oz \1-k(t)z

h(zt) =3 7 2"

But

and

1+k()z Kok
— 1 =14+2> k"2
1-k(t)z kzll

Then we substitute the last three inequalities in the equation



a_h:(1+ ahj[uk(t)zJ
ot oz \1-k(t)z
= Sz :(1+ikyk(t)zk](l+2§:kkzkj—l

o k-1

—1+22k t)z"* +Zk7k(t)z +222r7/r(t)kk "tzk -1 .
o O =k 2K O+ 23 k() (3.9)

We need some crude bounds for y, (t), 7, (t) .

Lemma 3.3.2:

We have for 0 <t <oo and1<k < o0,

7 @ <9, |y )] <11K>.

Proof
We deduce from (3.6) that
ag /o2

—1+ Zk 1)z

=1

Also e7'g,(z) € S . Thus Destrotion theorem and Cauchy’s inequality yield

1
k|7k(t)|<—sup{ Iagéazi} v (I—rr)'

Choosing r =k/(k +1), we obtain

k
Tk +1)

(i)

2k +1

( k jk.
K+1
k+1)"

|7/k()|




k
= (2k +1)(% +1j < 3ke <9k

k
= K|y (1) < (2k +1)(1+%) <3ke<9k.

Now (3.9) gives

k-1
7@ <2+9k +2> 9r =9k* +2 <11k”.
r=1

This proves lemma (3.3.2).

Weinstein proved (3.4) by showing that

n=1l (k=1

1(z) = i{ n (E— K| (0)|2j(n -k +l)}zn+l

=5 j g, (t)dt, (3.10)
n=1 0
where
g,(t)=0, for t>0 and n=12,.....
To prove (3.10) we fix z, such that|z| <1, and define w=w, (z) by (3.1),
i.e.
z e'w
= . 3.11
1-2)° @-w) (31D
We recall that by (3.11) |z| <1 corresponds to |w| <1cut along a segment of the
negative real axis. So Schwarz’s Lemma yields |w, (z)| <|z| for 0<t <oo.
Also
0 n 4 .
@-3 2(——k|yk(0)|2J(n—k+1) g
n=1 (k=1 k
Z (4 2
= —— K|y, (O) ¥
-z 2o
1,
¢ z d|&(4 2
= |- — ——K|y, @) |w idt. 3.12
! 2 {Z(k 7, ®) j }d (3.12)

For if



e CEUACRTION

we have by (3.7)
2
)W (2)* = t>t,,

v =3[ -k OF |

We differentiate the series in (3.12) term by term and integrate the result term by

|k¢

w(t) = Z(

and

term. To justify this, we need to show that the differentiated series converges

uniformly in [0,t,] . We write X" =0x/ot . Then (3.11) yields

, —A-ww
T (1+w)

Also by Lemma 3.3.2
FACHREACG)

=1 @70 ® + 7, O (1)) < 99K + 99k =198K”.

Thus

2 -wnorw |

_(4_ 2 Vit _d=ww) (O 2
_[k 7, ) jkw [ v j+w( k&|yk(t)|j

=N ke e S (070 -

Since by (3.11) | <|z| <1, the right-hand side is bounded by Ak3|z|k ,where A isa

constant depending only on z. This implies the required uniform convergence. Using
also (3.11) and (3.12) we obtain

@=]; {“WZk(yk(tm O)w + 3ok, ©f b (o } (3.13)

0

Next we write z, =r,e'’, where |z| <1, <1 and define



1 og(z,t) 14 oh(z,,t) >

R BT S WG (3.14)

Thus by Lemma 3.3.2, and since r, <1 and|w| <1, we have
S ' R v 1 ° Tk
> k7 O (OW = ky, W == [G(6)z, do.
k=1 k=1 27 0

= Z kyi (1)7 (t)rlzkwk .
k=1

Hence

1+w

i—WZk(yk(t)yk(t)) ﬁ{ (ky;(t)M(rfw)k+kyk(t)m(rfw)k)}

But

1+w

—Z k7 (t)7k (t)(r w)"

{1+ 23w HZkyk(tm O(r2w) }

2

izi ”G(H){l+ 23w }Zkyk Owrie *do

k=1 7T =1

= W J.G(H){ZZm;/m(t)zl =y (t)zl}d

= iw' {%TG(@){2(1+ lemym (t)zl'”j -1y, (t)zl'}de - 2} . (3.15)
=1 5% m=1
Similarly
1+wd

1_—2‘% )7 O W)"

={1+z§wm Hz k7 (t)M(rfw)k}

k=1 k=1

o 2r o 0 )
- ZLIG(H) 1+2) w" }Z ky, )W re*’dg
1 27 0 k=1 k=1

o0

=>w % I @{ZZ my, Oz — 17, ()2, }dé’

1=1



Sw {Zi T@{Z(H >y, (t)Z{“j— Iy, Oz }dé’ - 2} - (3.16)
1=1 % m=1

Next we deduce from (3.6) that
147 oh(z,,t) _, 09(z,,t)/ 0z,

1

=1+ my_(t)z".
o2, 1 g(zl,t) mZ:; 7m()1

In particular,

{1+'Zmym (t)z{”} / {Zﬁg(z“t) ’ azl} “14R,(2),

9(z,,t)

where P, (z,)is a power series having a zero of order at least (I +1)atz, =0. Thus

we may multiply the integrand in the coefficient of w'in (3.15) byl+ P, (z,) without
affecting the value of the integral.

Substituting for G(¢) from (3.14) and using (3.8) we obtain from (3.15)

1+w

3k 7L O + 23w

_W7

iwl {i !G(@){Z[u ;mym ®)z" |-y, (t)zl'}de}

1=1
09(2,.) /, 29(z1)

- | 127[ 8t ! aZl | m | N |
2L Pl T W AT (“Em“(t)zlj{2(1+§mym(t)zlj_'”(t)zl}dg

Since

29(zy,t)

ot [ 1+k(t)z,
, 09t \1-k@®)z, )

b0z,

Then the last equation equal

:iwl%fﬁt—tggz]{1+Zm7/m(t)zlm}

1=1 m=1

x(2A+....+my, (t)z]") —my,, (t)z]")do



1+k()z,

1-k()z,

=>w

1=1

]—%Iy. 1)z

(1+Z|:mym(t)zlm

m=1

o

Similarly
1+Wkama)(r )" +zzw
- : w' {%!@{2{1+§myma)z{“j—lyl (t)zl'}dé?}
09(z,,t)  /09(z,t)
= | 1% ot oz, |
2w ZI o(z.t) | 9(z.Y) (“%mym(t)zl
1 %1+ k(t)z,

:iw'

1=1

(1 ij/m (t)zl

m=1

BT

o

1-k(t)z,

o0

_ZWI

1=1

1+k(t)z,

1 !
1-k(t)z, j_§|7|(t)z1

2(1+Z|:mym (t)z

m=1

2
d0+%|2|yl (t)|2r12'}.

j{2(1+ lem;/m (t)zl’”j— ly, (t)zl'}de

j{2(1+ le my,, (t)z)" j ~ly, ()7, }d 0}

2
d0+%lz|;/l (t)|2r12'}

Let r, tend to 1, the series all converge uniformly and absolutely for fixed z, variable t

and |z <r, <1. We also note that

1+k(t)z
1-k(t)z

.

whereu > 0. Thus (3.13) yields finally

><I|m—
ral ﬂ'

ju(zl,t) (1+Zmym(t)z J 17

et

1-

WS AW

w? i3

O'—a8

lJ = u(zllt)

2

®z!| do

where A (t) > 0. On combining this with lemma (3.3.1) we obtain

1(2) = Tdti A A1)



:iz"”Tgn(t)dt,
0

n=1

where
0. ()=> ADA(1) 0.

This proves (3.10) and so theorem (3.3.1).

Theorem 3.3.2:

Suppose that o,,0,,...,0,, IS & sequence such that

0,20, 2. 2oy, =0. (3.17)
and
Oy =04y 204, —Oins 1<k <N-1. (3.18)
Then
N
Z(kmf —fJak <0, (3.19)
P} k
Proof:

We choose nonnegative numbers o, to « .

Multiply

D> (n+1- k)[%—k|}/k|2] >0, by—a,,and add for n=1toN . We deduce that
k=1

i(k|7k| __j <0,

k=1

where

o :ZN:an(n—k+l) (3.20)

It remains to show that if the o, satisfy (3.17) and (3.18) we can solve this system of

equations for nonnegative «,, . In fact (3.20) yields



Now, ifk < N, and «,.,to «, have been chosen we obtain from (3.20)

N
o :Zan(n—k+l)
n=k

= 0y —20,,+0,,, =04.
Thus «, >0 by (3.17) and (3.18).

Hence (3.19), i.e. Theorem 3.3.2 is proved.

Now by section (3.1) Milin and Lebedev proved some subtle inequalities involving
coefficients of power series. Milin showed that by means of these inequalities
Biberbach’s conjecture could be deduced from Theorem 3.3.1. We proceed to develop

these results.

We suppose that
p(2) =Y a,7" (3.21)
k=1
Write
w(z)=e"® =Y p,z* (3.22)
k=0

We also define the binomial coefficients d, (1) by



i -2 )Y : __T+k)
1-2) —exp(lzl: " ]— Zoldk(/l)z d, (1) = kD)’
Here T'(x) is the gamma function.

Theorem 3.3.3:
With the above notation we have for n=12,....and 1 >0

. |ﬂk|2 1 n k2|05k|2—&2
Lo, <PV O T Y

Equality holds if and only if

ay =11 for k=12....n, where |7|=1

Proof: See [29, pages 243,244,245].

Theoreme 3.3.4:
With the hypotheses of Theorem 3.3.3 we have

) 1 n k2|ak|2—/12

Equality holds if and only if (3.25) holds.

Proof: See [29, page 246].

(3.23)

(3.24)

(3.25)

(3.26)



Proof of de Branges’ Theorem we can prove Biberbach’s conjecture and a little

more.

Theorem 3.3.5:
Suppose that f(z) € S and that

f2)Y _<
—= | =>a, ()" (3.27)
Z n=1
Then, if A >1,and n> 2, we have
I'(n—-1+22)
a () <d ,21)=—F=. 3.28
. () 2 da(20) =L om s (3:28)
Equality holds if and only if f(z)is the Koebe function
z
f(z) = (3.29)

1-2)*
Proof:

If A=1 a,(4)=a,, we obtain Biberbach’s conjecture.
=a,(1)=1a,=a, and a,(1)=A1a, +%1(/1 ~-Da’l =a,.
To prove (3.28) we deduce from Theorem 3.3.1 that (3.4) holds. Thus

(2 -eeigme)

z k=1

where

n

Z(k|yk|z —Ej(n ~k+1)<0, n

k=1

12,....



We apply Theorems 3.3.2 and 3.3.4 with 4 =241 instead of 1, and o, = Ay,

B =a,(4).

In order to apply Theorem 3.3.2, we need to check that, if

o, =0y (), k=12,...,N+1, x>2(3.17) and (3.18) are satisfied.
By our convention

Tl
()T (0)

Also o, >0 for 1<k <N, and by (3.23) for x>1.

ona=0d,(0) =

Fn _Aya()  T(u+N-k-1) T()I(N-k+1)

o, dy () TWI(N-k-1+1) [(u+N-K)

_T(u+N-k-)I(N -k +1)
 T(N=K)(u+N-k)

_ p(u D)+ N =k —1-D)T()(N —K)T(N - k)
(N —K)pe(u+2)...(u+ N =k =2)(u+ N —k =D (1z)

_ N-k

 u+N-k-1'

R T 07) _ N -k

<
Oy dy, () w+N-k-1
Thus (3.17) holds.
Next

1.

1-u 1-u }

o,—20,+0,, =0 -
o Tk e k{,u+N—k—1 1+N -k

_ u-Du-2o
(N—K+u-)(N-k+1) ~

Hence (3.17) and (3.18) are satisfied and we deduce that

If1<k<N.




L 2 4 SIPEZ
Z(k|7/k| _Ede—k(ﬂ):;[kT

k=1

P g
_E}N—k (22) :

2y Ka,|” — 427
ZZ( 2k

k=1

]d L (22)<0

Now (3.26), with 24 instead of 1, yields

|aN+1(}L)| =|ﬁN| <d,(24), ifN>1.
This is (3.28).

If N >1, equality is only possible if (3.25) holds. In particular we have
| =24, || =la,@)|=2.

Now it follows from Biberbach theorem that f (z) is given by (3.29).

Theorem 3.3.6:

If f,(2) =D a,,,2""" €S, then
=1

lay]” +[ag|” o+ AT <N L (3.30)

Proof:
The result was conjectured by Robertson [1936] and proved by de Branges.
Since f,(z) is odd and univalent, f(z)={f,(z"?)}is univalent. Thus

f (Z) jl/Z

z

f (21/2)
2 _ 2 _
l+a,z+a,2° +....= ST

Hence with the notation of (3.27) we can write (3.30) in the form



2

<N.

N

2.

k=1

2

To prove (3.31) we apply Theorem 3.3.3 with ¢, = %}/k and A =1.

n

|ﬁk| 1
:kz(;d @ = G drher dn(1+1)kz_1: K

d, (1+1)}.

Then it follows from Theorem 3.3.1 that

k=1

|ﬂk| 1 k|7’k|2 1
Zol() @i e Tk R

But

I(k +1)

d, (1) = and d.(2) =

= Zn:|ﬂk|2 <n+1.
k=0

n 2 2 g2 n 2
Z{k | -2 ]dnk(/1+1)_2{m—1](n—k+1)30.
k al| 4 k

3 rn+2)
rOrk+1y rrn+1)

(3.31)
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