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Abstract

During the period of 1960-1990, there has been much work on developing and
analyzing numerical methods for solving linear Fredholm integral equation of the
second kind with the integral operator K being compact on a suitable function space.

In this thesis we present some numerical methods for solving Fredholm integral
equation of the second kind, these include the degenerate kernel approximations such
as interpolatory degenerate schemes, and the projection methods where the main
aspects of the collocation and Galerkin methods are investigated including recent
work on solving Fredholm integral equations on surfaces in the Euclidean plane.
Convergence, error analysis, and stability of these methods are also given great

attention.
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Introduction

Over the past 20 years there has been a substantial increase in the use of
integral equation in the formulation of solution strategies for scientific and
engineering problems. In large measure this has been due to the work in the
engineering and mathematics communities in using integral equation techniques to
solve boundary value problems for partial differential equations as an alternative to
domain-based methods such as the finite element and finite difference methods.
Parallel to this, there have been many important mathematical developments in
establishing the convergence and stability of many numerical methods and in the
discovery of new solution techniques. We believe these have considerable potential
in increasing the efficiency of many current procedures.

In this thesis, some numerical methods are presented and analyzed for the solution of
Fredholm integral equations of the second kind.During the period of 1960-1990,there
has been much work on developing and analyzing numerical methods in this
direction.

Integral equations are most frequently solved by collocation or Galerkin methods.
Mathematically, these techniques are particular cases of projection methods.
Although the theory of projection methods has been understood for many years,the
analysis of discrete projection methods is relatively of recent origin. Most what is
known has been published in the past 10 years.

In chapter one, the main aspects of the theory of compact operators is presented,

including integral equations with compact integral operators, the Fredholm



Glossary of Symbols

Spaces
(a,b)  openinterval (a,b)={xeR:a<x<b }
[a,b] closed interval [a,b |={ xe R:a<x<b }
g n-dimensional real Euclidean space

Cla,b]  space of real- or complex —valued continuous functions on the
interval [a,b ]

" [a,b ] space of m-times continuously differentiable functions

L, [a,b] space of real-or complex-valued square- integrable functions

space of bounded sequences of complex numbers with ” X " = supx

i the vector space over C of all complex sequence x =(x, )

. « > 2 . .
which are square summable, ie. X | x, | <oo with inner product
n=1

(x,y)=i:1xn ;n

Norms
|- norm on a linear space
I-1, ¢, norm of a vector, L, norm of a function
I-1, £, norm of a vector, L, norm of a function
|-1. maximum norm of a vector or a function

(...) scalar product on a linear space




alternative theorem (A key theorem concerning conditions for the existence and
uniqueness of a solution) is also investigated.

Numerical methods for solving Fredholm integral equation of the second kind are
considered in Chapter two, these include the degenerate kernel approximations such
as the separable/ degenerate schemes.

Chapter three is devoted to studying other numerical methods such as projection
methods where the main aspects of the collocation and Galerkin methods are
presented including recent work on solving integral equations on surfaces in the
Euclidean plane. .

Construction of these methods , convergence and stability of the resulting linear
systems as well as regularization of solutions are also presented.

We give some illustrations which include three worked examples to compare the

performance of the methods which are presented in this work.

vi




Chapter One

Integral Equation with L, -Kernel

1.1 Introduction

1.1.1 Types of Integral Equations

In this thesis we are concerned primarily with the numerical solution for the Fredholm
integral equation of the second kind, but we begin classifying integral equations, we say,
very roughly, that those integral equations in which the integration domain varies with the
independent variable in the equation are Volterra integral equations, and those in which
the integration domain is fixed are Fredholm integral equations of the second kind.
1. Volterra integral equations of the second kind

The general form that is studied 1s
6(x)-Tk(x,y) p(yMy=1(x)  x2a (1.11)

The functions (x,y ) and f(x)are given, and ¢(x) is sought.




2. Volterra integral equations of the first kind

The general nonlinear Volterra integral equation of the first kind has the form
[k(xp)p(y)dy=1(x), xza (1.1.2)

The functions & ( X,y )and £ (x) are given functions, and the unknown is ¢ ( y).

3. Abel integral equations of the first kind

The general form of such an integral equation is

HEB0) g r(x), x50 (1.1.3)
o (x-y7)
Here O<a <land p> 0, and particularly important cases are p=1and p= 2 ( both with

a=+). The function H (x,y ) is assumed to be smooth ( that is, several times

continuously differentiable ).
4. Fredholm integral equations of the second kind

The general form of such an integral equation is
b
Ap(x)-Tk(x,p)p(y)dy = f(x),  asx<b, A%0 (1.14)

with [a,b ] a closed bounded setin R" , some m>1. The kemel function & (x,y )is

assumed to be absolutely integrable, and it is assumed to satisfy other properties that are
sufficient to imply the Fredholm Alternative Theorem ( see Theorem 1.3.1 in subsection
(1.3.2). For f#0 ,wehave 1 and f given and we seek ¢, this is the non homogeneous
problem. For f =0, equation (1.1.4) becomes an eigenvalue problem, and we seek both
the eigenvalue A and the eigenfunction ¢. The principal focus of the numerical methods

presented in the following chapters is the numerical solution of equation (1.1.4) with



/#0. In the next two sections we present some theory for the integral operator in

equation (1.1.4) We define 2 to be an eigenvalue of the operator K

defined as

Kqﬁ(.\')ﬁj:k(.\‘._l')¢(y)ufr (1.1.5)

5. Fredholm integral equations of the first kind

These equations take the form
b
[k(x, g(y)dy = f(x), a<x<b (1.1.6)

with the assumptions on K and [a,b ] the same as in equation (1.1.4) .
1.2 Compact Operators

Definition 1.2.1
Let X and Y be normed vector spaces, and let K:X — Y be linear. Then X is compact if

for every bounded sequence { 7, }< X , the sequence {K f, }has a subsequence that is

convergent to some point in ¥



Theorem 1.2.1

LetHbel.[a,h], andlet K bea degenerate integral operator

m

Kf=Y a,()[, 0 (y)dy

=1 a

K 1s a compact operator, if for all i ,a,(x) and b, (x) belong toL:[a,b] ;
Proof:

Consider a bounded set of functions {f, }

S n

K 1, (x)= £a,(0)fb,0)/, 0)dy

Clearly

‘ 15,1, ()

<| e slsm] 50)]

b
so that the sequence { j b.(y)f,( y)dy} is a bounded sequence of complex

numbers . It must therefore have a point of accumulation, and a suitable subsequence

will converge to that point of accumulation.

b
Let {/ , } be a subsequence of {f,} such that{ 16,0/ 0 (y)dy} converges to some
complex number, say ¢, . By the same argument we can now extract a subsequence 0}

b
of {fﬂ }such that{ [6,( y)fnm (v)dy } converges to, say ¢,. By extracting successive

subsequences we finally arrive at {f”."\ }with the property that



h
lim fb,(0)f,.(v)dy=c,
Since we have the inclusion
{f,, ',-D {fn..‘ }3 {f":,.}:x.. = {fnm}
we see that the above limit exists for all i.
Finally we note that the sequence {Kf‘n,,.: (x)}is a subsequence of {Kf,} andis also a

Cauchy sequence. In fact

lim Kf . = ic,a,(x)
n > izl

so that K is compact operator.

Theorem 1.2.2

Let K be a compact operator on the Hilbert space H , and L be a bounded operator. Then

both K L and L K are compact operators.
Proof:
Let {f,, }be a bounded sequence in H. Since K is compact then {f, }contains a

subsequence { £, } such that K[, } is a Cauchy sequence. Since L is bounded, we

see that

| LK f-LK £ || L | K £ -k £,

so that {L K i } is also a Cauchy sequence and 7. K is compact .

Now we consider the operator K . If {f, }is bounded, and 7 is bounded, then

wh



{L § } is again bounded .Since K is compact there exists a subsequence {L § }such that

{KL - } 1s a Cauchy sequence, so that K L is also compact.

Theorem 1.2.3

Let K and L be two compact operators on a Hilbert space H . then K + L is again compact,
andsoisa K for :zmy scalar o .

Proof:

Let { ¥ } be a bounded sequence in H . It certainly contains a subsequence

{ T } such that {K 7 } is a Cauchy sequence. . If a is any scalar then clearly {aK 2 }

will again be a Cauchy sequence so @ K is compact .

Now we can extract from {f,, } a subsequence {f,. } such that both {K £,.}and {Lf,. }are
Cauchy sequences. In that case {(K +L)f, }is a Cauchy sequence ,so that K + L is

also compact.

Corollary 1.2.1

Let {K " } be a finite sequence of n compact operators on a Hilbert space H, and {a" } aset

N
of scalars . Then ¥ «, K, is compact .

n=1




Theorem 1.2. 4

Let K be a compact operator on a Hilbert space H . and let {f,, } be a linearly
independent sequence of eigenfunctions corresponding to some nonzero eigenvalue 4,
thatis K7, = u [, for all n. Then {/, } contains a finite number of elements .

Proof :

We shall replace the set {f,, } by equivalent set {g,, } where all g, are again
eigenfunctions, but are orthonormal, so that

0
|

. m#n
(g,.8,)=

: m=

e ey

To accomplish this we use the well-known Gram-Schmidt process. Let

gt

A

o f—(f s,)e]

L (fng)e ]
fo-3 (frg )z

and it is easy to verify that both sets { £, £,.....f,, }and {g,, g, g, } span the same n

dimensional subspace of H . Furthermore, a simple inductive argument shows that if



(gl,gz,...,gj_l) is orthonormal, then for 7 < j

Jj-1

(f.2)-2(f,8:) (8e:8.)
(g,.8.)= ——=0

H Ii= JZ_ (fr’gk

so that the set {g, } is orthonormal . Note that non of the denominators can vanish,

otherwise the { f,,} would not be linearly independent . One can verify that

2_(gn’gm)_(gm)gn)+“ gm"2=2 ifn¢?n

| 2. -2a I =
Clearly, the set of eigenfunctions {g,, }is bounded. If it were infinite we
could select a subsequence such that {K g, }is a Cauchy sequence .Then
| K8 ~Kgu | =] 182 — 18 | =] 1| V2,
because the set {g" }is orthonormal. Since g # 0 the above can not be a Cauchy
sequence, otherwise | K g, —K g,, | could be made smaller than| 4 |\E for sufficiently

large n',m" It follows that of linearly independent eigenfunctions must be finite. The
requirement that 42 # 0 is clearly vital in the proof. For a degenerate operator it is easy

to verify that z = 0 is an eigenvalue with infinite multiplicity.

Theorem 1.2.5

Let {K g }be a sequence of compact operators on a Hilbert space H, such that for some
operator K we have

lim |[K-K,|=0




Then K is also compact.

Proof:
Let {f, }be any infinite, bounded sequence . We can select a subsequence
{f"m } such that {K S }is a Cauchy sequence. From the sequence Unm } we now extract a
subsequence {fn(,, } such that {K oS } is a Cauchy sequence .Proceeding in this fashion
we obtain a succession of subsequences
TAES N E AN CREL AT C
such that {K % % } is a Cauchy sequence for k =1,2,...,7.
Finally we select the sequence {fn(,, } ,which is a subsequence of every {f,,m },except
possibly for a finite number of terms so that {K oS } will be a Cauchy sequence for all k.
We shall now show that {Kf ) } is also a Cauchy sequence from which we can conclude

that K is compact. Now
| Kfyo - K S|

= | (K=K Mg + K S = Ko S + (K=K ) o |
S” K ~Ky “ I S ‘4‘“ K, fm _ka,,,{m) +|| K,-K " H S l

The first and the third term can be made smaller than Me ,if " L HSM ,andk > k(e) ;

and the middle term will also be smaller than & if n” andm™ are larger than N(¢) s0



that

| &7~k )

<(2M +1)e, k>k(e), n"\ m™ > N(e)

It follows that {kﬂ {2 }is a Cauchy sequence so that X is compact.

Example 1.2.1

Prove that if k (\ y ) iIs continuous for 0 < x, y <1, then the associated integral
operator on 7..[0,1] is compact.

Solution

The space Z.,[0,1] can be viewed as the completion of C [0,1] , with respect to

appropriate norm. In a similar manner we can view L, kernels as suitable limits. Then we

have

i [ | Kx3)~k,5) [eteay =0,

0o

where & (x, y )is an L, kernel and all &, ( x, y ) are continuous. If we knew that the
associated integral operators K, are compact, then the above statement is equivalent to

lim

n—yn

|K-Kw=o

so that K would also be compact.

Arzela Ascoli Theorem 1.2.6

Each sequence from a subset I/ —C [ a,b ] contains uniformly convergent subsequence

e, U is relatively sequentially compact, if and only if it is bounded and equicontinuous

10




1.e., if there exists a constant M such that

g (x) ‘SM forall xe[a,b |

and all gel/ , and for every £>0, there exists & >0 such that
| & (n)-g (v.)|<e

for all x,.x, e[a,bh |with | x, —x, |<o forall gel/.

Proof: | | Kr2] chap. 1 |

Theorem 1.2.7

The integral operator with continuous kernel is a compact operator on C[a,b ]

Proof:

Let UcC[a,b]bebounded: | ¢ | <C forall pel/ . Then
[(K)(x)|<C(6-a) max | k(x.y)]

forallxe C[a,b ] and allpel/ je K (U) 1s bounded .Since k is uniformly continuous

on the compact set [a,b ]x [a.b] for every >0 there exists 5> 0 such that

lk(x,z)—k(y,z)l< (bfa)

for aIIx,y,ze[a,b] with l X—y [<§.Then

[ (Ko )(x)-(4Ko)(y)|<e

11




forallx,y €[a,b] with | x— y|<Sandall peU ,ie., K (U) is equicontinuous .

Hence K is compact by the Arzela- Ascoli Theorem .

Theorem 1.2.8

Let k(x,y) be such that

I k(x,y) rdxa'y<oo.

O ey,
O Sy, —

Then the operator

Kf(x)=[k(xy)f(y)dy

ol—-.—-

is a compact operator on L, [0,1] ’

Proof :

As was remarked earlier, we consider an L, kemel k ( x, y ) as a limit of continuous

kernels, such that,

h_lg“ | k(x,y)-k,(x.y) [ dxdy=0
00

and we define

O Cm— —

.1” k x LY I dxdy—hm”l x y)l dxdy.

using the Cauchy -Schwarz inequality we see that

12




| (k-k,)r|=

{h k(x, y)-k,(x, ») ':dy“ () ‘2d}!j

S{“.'f k(x,y)-k, (x, ) rlrd}l Il

so that
“ Sl US {j-j, k(x,y)-k, (x,5) rdrdy} :

00

and

Since each K is compact operator, by theorem (1.2.6) it follows from theorem (1L.2.5)

That K is also compact.

Theorem 1.2.9

Let k(x,y) bean L, kernel on L,[0,0). Then the operator

Kf(x)= fk(x,)’ ) f(y)dy

1S compact.




Proof:

In order fork (x, ) to be an L, kernel we require that

an

1 4o [axay <o,

0 n

So far we discussed integrals over finite domains. Integrals over infinite domains have to
be treated as limits. We require that

lim [ f| k(x,5) | dxdy <co
and then this limit defines the integral over an infinite square.
Now we define the kernels
k(x,5)=k(x,y) 0<x,y<n

= otherwise

Evidently

lim| K -, }[ < lim j ]| k(x,y)-k,(x,y) |2dxdy =0

7"y
00

Inspection of K, shows that we can consider it as an operator on /., [O,n] ,and by theorem
(1.2.8) it will be compact. Consequently, it will also be compact on/, [ 0,% ), and by

theorem (1.2.5) K will be compact onL:[O,oc) a




1.3 Integral Equations with Compact Integral Operator

Most integral operators defined on Cla, b]or L, [a,b] fall into a class known as compact

operators.

Lemma 1.3.1

If K is a bounded ,finite rank operator on X into Y ;then K is compact.

Proof:
Let {x, }be abounded sequence in X and let X be finite rank and bounded. Then {Kx,}is

a bounded set in the (complete) finite dimensional space Range(K ) . By the standard

Hein-Borel theorem ,there is a convergent subsequence.

1.3.1" Integral Operators on Closed Intervals

Bip X =¥ :[a.b ]the operator

K ¢(x)=[k(x,y)p(y)ay ,a<x<bh ,pe Cla,b] (13.1)

a

is compact if it satisfies the following two assumptions:

(1) S"pj‘l k(x,p) |dy <o

cx<h
a-x a




(2) ljm“ k(.\'+()',}‘)—k(x,)')‘d)‘=0 AL x<h. (1.3.2)

A -»l)
Using these assumptions, the set

-i&8|[ o)<t}
is bounded, equicontinuous family of functions on the interval [a, b] . By the Arzela

Ascoli theorem, for every sequence in S | there is a uniformly convergent subsequence.

thus K is compact.

An alternative approach is to use the lemma.(1.3.1), if k( i y) is continuous and can be

written as

(x, )= Za (x)B (1.3.3)

witha, .....a, continuous, then the operator K is finite rank, and thus compact.

K8()= .00 0)ay =S o 9] 8,0)60)ay

and{a,,...,a, } spans Range(K ) Kemels of the form (1.3.3 ) are called degenerate or
separable kernels. If k(x, ¥)is continuous then there exists a sequence of degenerate
kernels k, (x, y)such that
' k(x,y)—k”(x,y)|$l, asx,y<b
n

use the Weierstrass theorem to obtain such a sequence with k,(x, ) being a polynomial

inx andy. Then the associated integral operators satisfy

AT =

16




by the lemma (1.3.1), Kis compact.

For a singular kernel like k& (x,y )= : O<ea <l ,define a sequence of

o

' X—=y

continuous kemnels &, (x, )by

k,(x,y)=

Then the associated integral operators ,

| K-k, |22 pe
-

which converges to zero as 1 —» o0 . By lemma (1.3.1), K is compact operator on

('[a,b].

1.3.2 The Fredholm Alternative Theorem

In early 1900s, Ivar Fredholm gave necessary and sufficient conditions for the solvability
of a large class of Fredholm integral equations of the second kind and with these results,
he then was able to give much more general existence theorems for the solution of

boundary value problems. Fredholm alternative theorem is the most important results that

he got .




Theorem 1.3.1

Let X be a Banach space, let K X —» ¥ be compact . Then the equation (A - K )qS:f,

A # 0 has a unique solution ¢ € X if and only if the homogeneous equation

1 )z = 0 has only the trivial solution z=0 In such a case, the operator
1-1 i
A=K:X —5 X has a bounded inverse (A-K ).

onlo

Proof: | [ Kr2] ,chap. 4 |

18




Chapter Two

Degenerate Kernel Methods

The degenerate kernel methods are well-known classical method for solving Fredholm
integral equations of the second kind, and it is one of easiest numerical methods to
define and analyze.

In this chapter we first consider again the reduction of a degenerate kemel integral
equation to an equivalent linear system, and we reduce the assumptions made in the
earlier presentation in the proof of theorem 1.3.1 in Chapter One. Following this, we
consider various ways of producing degenerate kernel approximations of more general

Fredholm integral equations of the second kind. We consider the integral equation

b

A¢(x)- .[k(x,y)gb(y)dy:f(x), as<x<b 2.1)

One of the most popular spaces for the Fredholm integral equation is space of real —or
complex — valued square- integrable functions/, [a,b ] The integral operator K of

equation (2.1) is assumed to be a compact operator on X .
The kemel function k is to be approximated by a sequence of degenerate kemel

functions
k,,(x,y)=ia,-_,,(x)ﬂ,-.n(y) , nzl 22

In such a way that the associated integral operators K, satisfy

19




lim[ K-k, [=0 (2.3)

n
n—pan 1l

Generally, we want this convergence to be rapid to obtain rapid convergence of ¢, to ¢,

where ¢ is the solution of the approximating equation
h

A, (_\');J‘ k,(x0)p (V) dv=f(x), a<x<b (2.4)

The two equations (2.1) and (2.4) can be written symbolically as
A-K)p=1 . (A-K)), =7 .
Equation (2.4) will be reduced to an equivalent finite linear system.

We now give a general error analysis.

Theorem 2.1

1-1
Assume A-K:X _3 X, with X is a Banach space and K is a bounded operator.

onto

Further, assume {K, }is a sequence of bounded linear operators on X" with

lim

n-»an

K=K, ]=0

Then the operators (4 — K )" exist from X onto X for all sufficiently large n, say

n>N,and

N (A_K")7I”< ” (/I_K) l”

< . n=N (2.5)
]‘HQ—K)WHK—K"

For the equation (A ~K)¢ = f and (1 -K, )4, = £, n> N, we have

20




l-0.1<] -5} | k-£)8] .

Proof :

(2.0)
Use the identity
A-K,=4-K+(K-K,) -
:(A—K)[I+(&—K)‘(K—Kn)] =
Choose N so that
1
K-K,|<——— , n2=N (2.8)
" ” ” (/?.—K")il“

By the geometric series theorem, the quantity 7 +(

A-K)' (K-
inverse, with

K, ) has bounded

1
| (2-k )" | | & -&, |

Using equation (2.7), this yields the existence of (4-K,)" and its bound equation (2.5)

” [I+(AﬁK)"(K—K")r “s

For the error bound equation (2.6), use the identity

-9,

(A-K)'f-(2-K,)' 1

(2-k,)' [K-Kk,](2 -k)" f
=(A-K

D Ké-K, 6]

The error bound follows immediately
A modification of the above also yields
|G=8)=(-k) || (2-) | | (4-5)" | | k-,

29)
From (2.3) and (2.5), this shows (4 -K, )" —->(2-K)"in Lx.x1

2]




Also, H(A—K,,)'”ﬁ”(i—h’)ju.

An important consequence of the convergence theorem (2.1) is that the speed of
convergence need not depend on the differentiability of the unknown ¢ |, since equation

(2.6) imples
lo-00<] @-&)] | &-.) Jis] @10)

If | KK, | converges rapidly to zero, then the same is true of U b—,

, iIndependent
of the differentiability of ¢

WithX =C [ a,b] we choose the degenerate kemel equation (2.2) so that the

functions e, (x) are all continuous and the functions £, (y)are all absolutely integrable

To apply the convergence theorem (2.1), note that

| K-K,

b
=Max [ | k(x,y)~k, (x,y)| dy @211)

With X =7.[a,b ], we require that all &, , 8, €L, [ a,b |. To apply the convergence
theorem (2.1), we can use

| k-, | s[ ] j !k(.r,}')—k"(x,y)l:dydx] 2.12)

22




2.1 Solution of Degenerate Kernel Equation

Using the formula (2.2) for &, (x, ¥ ), the integral equation (A-K, )‘7’;1 = f is uniquely

solvable forall f € C [d,b] becomes

n b

28,(0)- a,(x)[ 8,(0)8,(»)dy=rf(x), asx<b (2.13)

11 a

Then the solution ¢, is given by

@, (r) = )i f(x)+% [c, a, (x)+ st OL B (r)] (2.14)

with 5=l Bd)=] Bl

To determine {c G }, multiply equation (2.13) by 5, (‘t‘) and integrate over [ a, b ]. This

yields the system .
Ac, —Zc (a,.8.)=(f.8). i=l..n. (2.15)
with
b
(a,.8,)=] p.(x)a, (x (2.16)
Denote this linear systemby A¢ = § with

&= (6, 600ese,T
Thus we solve equation (2.4) by solving the linear system (2.15) and using equation

(2.14) which gives ¢, .
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It remains to show that equation (2.15) i1s uniquely solvable .

Theorem 2.2

1=t

Assume A-K:X _3 X, with 41#0and with X:C[a,b]or L:[a,b],and let K, have

onlo

the degenerate kemnel (2.2). Then the linear system (2.15) is nonsingular .

Proof :

The following proof is divided into two cases, depending on whether { 3, ,---, B, }is

an independent or dependent set of functions .

Case (1)
Let { B B, } 1s an independent set of functions . From the assumption that

(A-K,)" exists, we know that the linear system (2.15) is solvable for all right-hand

sides of the form

e (f‘lBt )
: : for some fel,(a,b) (2.17)

~
i
I

}’ﬂ (-f‘ﬁil )

A solution of equation (2.15) in this case is furnished by the coefficients in the
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expansion equation (2.14), with ¢, = ( A-K, )_1 /. Givenany yeR", we will show that
there exists fel,(a,b )for which equation (2.17) is valid.

Given y € R" | define

f(x)=305,8,(x) (2.18)

for some (&,.-++,8, ). These coefficients are to be chosen so as to have equation (2.17)

be true.i.e. 7, = (.4, ).i=1.--.n_This requires ( &,,--, 5, )to be the solution of the

linear system

n

Z‘SJ(ﬁ,ﬁ,):?., e (2.19)

J=1
The matrix for this system is called a Gram matrix, and we show below that the linear
independence of { B, } implies that equation (2.19) is nonsingular, thus making it

uniquely solvable for (5,,--. 8, ).

To show equation (2.19) is nonsingular, we consider the homogeneous system
Z@;(ﬁj,ﬁ,-):O, i=1,,n (2.20)
J=1

Multiply the ith equation by &, , then summing over all i we obtain:

n n

> > 6,6,(8,.8)<0

or equivalently,

(g,g)=0, g:zé-iﬂl
i=]
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This implies ¢ =0, and by the linear independence of {,[1', }, g =01mplies

0,=0, i=1,--,n.Since the homogeneous system (2.20) has only the zero solution,
the nonhomogeneous system (2.19) has a unique solution for every right-hand side & .
This shows that for cac].1 O €R" thereis fel.,(a,b )for which equation (2.16) is

valid. Consequently, the linear system (2.15) has a solution for every right-hand side § .

By standard results of linear algebra, this proves the system (2.15) is nonsingular.

Case (2) :

Assume{ B3, .-+, B, }is a dependent set of functions . We reduce this case to that of
case( 1), and then we cite its conclusion to obtain a similar conclusion for the present
case. Rather than proving the nonsingular of equation (2.15) for general n>1, we do a
simple case to illustrate the general idea of the proof.

Let n=3,let f, and S, be independent, and let A, =c, 8, +¢, 3, . The matrix of

coefficients for equation (2.15) is

’1‘(“1’/61) ‘(‘%aﬁ]) ‘(asaﬁl) -‘
A= —(a,, 2) A—(az,ﬂ:) —(a,,ﬂ,) \
‘(awﬁs) _(a:vﬁa) i—(a3,ﬂ3) |

1 @ 0 1 0 o0
P=[0 1 0 P'={ 0 1 o0
g € 1 —-c, —¢, 1
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to carry out elementary row and column operations on A . Doing this, we obtain the

following.

Add ¢, times column 3 to column |, and add ¢, times column 3 to column 2 :

A——((z, HE Bxs ,) —(a3+c:aj,/)’,) —(a;.ﬁt)
AP = ~(_a,+c,a_1, ) A—(a:+c:a],/)’3) 4((2;,[1'3)
CI;‘[ —((Il+6'!a;,ﬂ_‘) C'gfl_(a:'*'cja_]sﬁj) A’_(ai"ﬁ})

Then subtract ¢, times row | and ¢, times row 2 from row 3, and use f,=c, B, +¢, j3,

to obtain
A—(a1+c]a3,[f,) —(ac+c:a3,ﬁ,) —(a],ﬁ")
PlAP = _(al+cla3’ :) A‘(“:"“':“a:ﬁ:) _(asaﬂ:)
0 0 A

14

with A of order 2 x 2. Thus det (A)=A2 det (A ) _This matrix A4 is the matrix of

coefficients associated with the degenerate kernel

‘éz (x,y):[al (x)+¢ a,(x) ]ﬁl (J’)+[a: (x)+c a;(x) ]ﬁ: (»)

and this equals the original degenerate kernel &k, when £, has been replaced by

' ¢, B,+c. B,. By case (1), Ais nonsingular, and thus A 1s nonsingular. This proof can

be generalized to handle any dependent set { B, } by reducing the matnx of coefficients

A for equation (2 2) to a lower order matrix A for a rewritten form I;,, of k,, one that

fits under case (1) . ' (]
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In section (3.4) we will examine the conditioning of the matrix A .

Now we obtain a bound éor “ (A-K, )" “ . Let

At=le,].

Using ¢ = 4 '§ in equation (2.15)

6,0 W R (e02)10)y. asxsy
(2.21)
R (xy,4)=) Y, 8,(0a,(x
Thus in(‘[a,h ] :
| (2-x, )" |]s(/'—' L+max [ | R(x,,2)|dy (2.22)

2.2 Construction of Degenerate Kernel Approximation
Degenerate kernel methods are now reduced to finding good degenerate kemel

approximations to k (x, ). In this section we consider three methods for constructing

degenerate kemel approximations, and we consider the calculation of their coefficients.
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2.2.1 Taylor Series Approximations

Consider the one-dimensional integral equation

h

A (/)(.\');Jk ()W) dy=r(x), a<x<b (2.23)

a

Often we can write & as a power series in v

k(x,y):ix,(x)(yia)’ . (2.24)

=0

orin x

k(.r,)'):ix,(x)(x;a)" : (2.25)

=0
Let k, denote the partial sum of the first n terms on the right side of equation (2.24),

n-|

b (5)=E k(1) (r-a) 229
Using the notation of equation (2.2), k, is degenerate kernel with

a,(x)=x, (x), B,(»)=(y-a)', i=1...n (2.27)
The linear system (2.15) becomes

n

Ae;~T e } (y-a )"'.v(‘J () dy=’f FO)y-a)'dy fori= —F (2.28)

F=1

and the solution ¢, is given by

4, (I):;i fx +}l T cnx,(x) (2.29)

The error analysis
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|K-K,|=1 ;‘a.:'i Z k (x)(y-a) i dy

and this can generally be bounded.

Example 2.1

Consider the integral equation
b
}t¢(.\:)—j'e"""gé(y)dy:f(x) , D= x<b

Write

k(xy)=e =5 (32)

and define £, is the degenerate kemel

Tl b
Ae =2, [y Im dy=[ f(y) y"" dy

N N andun, ¥ E WY
R Ty erwrey B

and the solution ¢, of the degenerate kernel equation (1-K, )8, =

/1 =0

y (.\-):i[f(x)#%;' -_}

For the error analysis, let X =C[0,b |with I.]. . Then

30

(2.30)
(2.31)
=1, .000
(232)
[ is given by




b . n- ;
max | 5 (-\}') - (ﬂ!) o
Osxsb | is0 o i
= max lj) z (UI) dy
tex<bon | i-n 1!

T
h 2n+
- e’
(n+1)

This converges to zero as n — . By theorem (2.1), we obtain convergence of ¢, to ¢ ,

along with the error bound (2.6) [ or (2.10) ] whenever (/1 -K ) "exists.

It straightforward to calculate

b
| K f|= max [ k(x,y)|dy

¥

e*” |dy

b
=max |
Osx=b g

h:
e’ -1

b

If | A |>| K |,then (A-K )" exists by the geometric series theorem, and
; \
I [ S—— (2.33)
=67}

For values of n for which

TEANMETY @34
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Table 2.1. Degenerate kernel example :

b=1,.A=3

n & B, Ey B,

I 6.37E-2 9.57E-1 I.31E-1 8.07E-1
2 1.74E-2 2. 17E-1 433E-2 1.83E-1
3 3.72E-2 4.84E-2 1.0SE-2 4.08E-2
4 6.59E-4 941E-3 2.03E-3 7.93E-3
5 1.00E-4 1.56E-3 3.30E-4 1.31E-3
6 1.33E-5 2.23E-4 4 61E-5 1.88E-4
7 1.57E-6 2.78E-5 5.67E-6 2.35E-5
8 1.67E-7 3.09E-6 6.22E-7 2.60E-6
9 1.61E-8 3.09E-7 6.15E-8 2.60E-7
10 1.42E-9 2 81E-8 5.54E-9 2.37E-8
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Table 2.2. Degenerate kemel example

b=2, A=75
n E; B, E, B,
4 I 75E-3 1.92E-1
8 2.93E-4 1.07E+0 1.18E-2 I.11E+0
12 4.59E-6 9.48E-3 1.50E-4 9.87E-3
16 2.05E-8 4.22E-5 6.15E-7 4.40E-5
20 3.61E-11 7.53E-8 1.04E-9 7.84E-8

we can use the arguments of Theorem (2.1) to obtain the bound

|G- =) o

Use ¢ :( A-K )" Jf inequation (2.10) to obtain a computable error bound, with the
needed norms of inverses obtained from equations (2.35) and (2.33).
We give numerical examples for several values of A, b, and f in Tables 2.1 and 2.2.

For true solutions, we use

¢"(x)=e¢ ' cos(x), ¢::](x):\/; (2.36)

with the right-hand sides f defined accordingly. The tables contain the error
Iﬂ-j:"¢(')_¢,(,”||_ ) i:1,2
and the corresponding error bound (2.10), labeled as B, [ provided equation (2.34) is

satisfied | . The value A is so chosen that [| K |[ / [ A |is approximately constant.
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In Table 2.1, wath b =1, the error bounds are not too much larger than the actual errors,
and Table 2.2, with b = 2, there is a greater disparity between the true error bound, but
the bounds are still reasonable.

In Figure 2.1, we give the graph of the errors ¢’ —¢ "' for 5 =1and n =10, and in

Figure 2.2, we graph the errors as » varies, again with b = 1. This second graph shows

there is a regulanty in the behawvior of the error as » increases .
x 10
5

(8]]
2kl

W

0 0.2 0.4 0.6 0.8 1
-Errorsin ¢1 - Errorin ¢ 2

Figure 2.1. Errors in solving equations (2.30) and (2.32) for n=10and 6 =1.

10—
| :
8t - :
| oEmorin g 'Y _ox
<] 4 - 9 x
S st x Errorin ¢ %’ :
k] l 2 ‘
2 J -ox i
o 4 e i
o | ~ 4 l
| % ‘
2t . X ‘
| = 3t |
% 4
% 2 1 5 8 i0 2

Figure 2.2. nvs. —log ,, | 6-¢\"| .
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Table 2.3. Condition numbers of equation (2.32)

h=1 A=5 b=2 A=75
n cond (A) n cond (4)
4 1.47 4 1.32
6 1.51 8 6.14
8 1.54 12 3.47E+2
10 1.56 16 4.68E+4
12 1.58 20 7.68E+6
14 1.59 24 1.37E+9

The rate of change in the error is also independent of the differentiability of the

unknown ¢ .

2.2.2 Orthonormal Expansions

Let X =1L, [ a,b ] and let K: X — X be a compact integral operator. A very popular

degenerate kernel method for approximating K is based on using orthonormal

expansions of the kernel function 4 ( x, y ) .

Let the space L., [a,b | have the inner product
b ,
(f.8)=] w(x)f (x)g(x)dx

The weight function w(x)is assumed to satisfy the usual properties
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1) Formostall xe[a,b], w(x)=0.

2) Forall n>0,
h
I w(x)| x|"dy <o

3) If _fe('[a.h ] and is nonnegative on [a,b],then

8 —

w(x)f(x)dx=0= f(x)=0

Let {rp, B }be a complete orthonormal set in L, [a,b ]with respect to a
weight function i (x ). This means that
L. (¢,.0,)=0,,. for 1<m.n<w .

2.1f pel.[a.b]. we can write

(x)=2_ (4.9,)0,(x)
i=1
This 1s the Fourier series of ¢ with respect to {(p,, } and it converges in L, [a,b ] We

can apply this construction to the approximation of k ( X, ) , with respect to either
variable.

Expanding with respect to x , we have

k(x3)= 0,(x)5,(») (2.37)
with

B (y)=(k(.y ), )=§"’(-v) k(x,y)e, (x)dx = K" ¢,(y) (2.38)
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Define the approximating degenerate kernel by
kn(‘x’.v): Z (pl (x)ﬁl (-y) 2 {239)
i=1

The equation (A—K )é, = f is solved by

EPREYLE = ) 5
P, (-"):I b (-‘)*1 ;L, P, (\) (2.40)

From equation (2.15), the coefficients {c, } satisfy the linear system

7

" h b
A=Y ¢, [o,(0)B(y)dy=] B(y) F(y)dy fori=l...n (2.41)

If we write out the needed integrals more completely, we have

b

I W‘,(J')ﬂ, ()')d)’j‘ @_,(J')i H'(.r)i((x,y)qp, (x)dxdy

a

J 5.1 0)y=] £ (53, () way

For the error in using K, , we have

n?

1| =

AEAITIR
”K Kn“—lZ“/}f“:j

n+l

A bound For” (2-k,)" ” is quite complicated, and probably much too large.
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2.2.3 Interpolatory Degenerate Kernel Approximations

Interpolation is a simple way to obtain degenerate kernel approximations. There are
many kinds of interpolatton, but we consider interpolation using only the values of
k( x,y ). There are many candidates for interpolation functions ( including spline
functions ), and others. We give a general framework for all of these, and then we

illustrate these ideas with particular cases.

Let ¢,(x),-+-,,(x) be a basis for the space of interpolation functions we are using .
For example, with polynomial interpolation of degree <# , we would use

glx)=a™, Izigs (2.42)
Let x,,...,x, be interpolation nods in the integration region [a, b]. The interpolation

problem as follows : Given data f, ,---, £, , find
z(x)zz c,; qoj(x) (2.43)
J=1
with
z(x,)=f,, i=l,...n (2.44)

Thus, we want to find the coefficients ¢, ,...,c, by solving the linear system

i ¢, (pj(x, ):f;. , =1 . (2.45)
Jj=1

In order for the interpolation problem to have a unique solution for all possible data

{f ; }, 1t 1s necessary and sufficient that
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det(T, )#0, where T, :lqp‘, (x,)] (2.46)
is the coefficient matrix of the linear system (2.45).

With polynomial interpolation and the basis of equation (2.42),
L=l T
This called a Vandermonde matrix, and it is known that det (T, )#0 for all distinct

choices of x ..., Y

n-

To give an explicit formula for &, (x.y), we introduce a special basis for the
interpolation method. Define 7, (x) to be the interpolation function for which
(e (x,)=6,, i=l,..n

Then the solution to the interpolation problem is given by
(x)=3 ¢, ¢, (x) @47)
J=l

For polynomial interpolation, this is called Lagrange’s form of the interpolation
polynomial, and the functions ¢, (x) are usually called Lagrange basis functions. With

polynomial interpolation,

o

i=1 "'fs‘ ‘X,
12k

Interpolation with respect to the variable x

Define
kufxy)=y E.(x) k(xj,}') (2.48)
s B
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Then k”(.\',,}'):k(.\‘,,y) g i=1,...,n,all ye[a,b]. For the case [a,b ], with
k(x, y ) being considered on the domain [a,b ]x[a, b ], we have that &, (x. ) equals
k(x,y ) alongall lines x=x, .

The linear system A, ¢ =r associated with degenerate kernel method (A -K )p, =1 is

n b b
re =Y e, [ k(e p) 6, () dy=[k(x,9)f (y)dy, i=1,...n (2.49)
=1 a a

The solution ¢, is given by

l n

¢, (x)::{—{ S(x)+X e, 2, (x)} (2.50)
J=1

When analyzing this degenerate kernel method within the context of the space C [a.b ]

the error depends on

b
| K-k, “:{J\/I\a}’ I | k(x,y)—kn(x,y) | “dy (2.51)

Piecewise Linear Interpolation
Consider the 'mterval[a,b ] and let h= (b *a)/n X, =a+ih, i=0,,...,n
Given a function geC [a, b ] we interpolate g at the node points {.r, }using piecewise

linear interpolation. For i =1,2..... n, define

P, g(x)= (x—x)glx, )+(x-x,, )g(x,)

n o«

; y BpgBEXEX (2.52)

This defines a projection operator P,:C[a,b ] — C [a,b], with | 2, |=1. Note that we
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b

(7.5 )=f F()k(x.y)dy (2.56)

a

These must be evaluated over the entire interval [a,b |.

For the error in this degenerate kernel method, we apply equation (2.49) to obtain

% k(x,y)

8 a~x=b ex"

Ik -K, ]|s”—"(t-‘i){ fi

dy J 2.57)

Thus the error in convergence of ¢, =(1-K, )fl fisbounded by ¢k’ for some ¢ >0.

The above bound assumes & (x, y )is twice continuously differentiable with respect to x .

Finally, from equation (2.21) and equation (2.22),

b
]] Li~& ) “gﬂl[ 1+|}A4 IHM"Il k(x,y)]dy} (2.58)
with |4 1|:‘.1:ff?:’fi |, |
Example 2.2

Consider again the integral equation (2.23) with the unknown functions ¢ "'(x ) of

equation (2.36). Numerical results for varying » and » are given in Table 2.4 and 2.5.
The columns labeled “ Ratio” give the ratio of successive maximum errors. Recall the

notation
E=|¢-9,"], . i=1.2

We give error bounds B, that are based on equation (2.10), in the same manner as was
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done for the earlier degenerate kemnel example in Tables 2.1 and 2.2.

In addition, we give the condition numbers for the coefficient matrix A of equation

(2.49), and the reader should compare these results with those in Table 2.3.

Note that the condition numbers for b = 2 are comparable to those for b =1, in contrast

to the results in Table 2.3. Later, in Chapter Three, we give a rigorous justification that

the size of » does not affect the size of cond (4 )for the linear system (2.49) when using

piecewise polynomial interpolation.

Note that the errors “ A ¢,‘,') " are decreasing by a factor of approximately 4

whenever n is doubled, which is consistent with equation (2.57).

Table 2.4. Piecewise linear degenerate kernel

b=1, A=5
n E, Ratio B, E, Ratio B, cond (4, )
1 4.24E-4 232E-3 1.10E-3 1.95E-3 1.65
8 1.11E-4 38 5.79E-4  2.89E-4 38 4. 88E-4 1.72
16 2.83E-5 38 1.45E-4  7.40E-5 3.9 1.22E-4 1.77
32 7.15E-6 4.0 3.62E-5 1.87E-5 4.0 3.05E-5 1.80
64 1.80E-6 4.0 9.05E-6 4.71E-6 4.0 7.62E-6 1.81
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Table 2.5. Piecewise linear degenerate kernel

h=2, A=75
n E, Ratio B, Ey Ratio B, cond (A, )
4 1.45E-4 8.41E-1  2.84E-2 8.76E-1 1.34
8 5.59E-5 2/6 1.49E-1  8.69E-3 3.3 1.55E-1 1.36
16 1.73E-5 3.3 3.48E-2 24IE-3 36 3.62E-2 1.42

32 4.79E-6 36 8.55E-3  6.36E-4 38 8.91E-3 1.48

64 1.26E-6 38 2.13E-3 1.63E-4 3.9 2.22E-3 .52

Piecewise linear interpolation does not converge rapidly, but it illustrates the general
idea of the use of piecewise polynomial interpolation of any degree. For more rapidly
convergent method, use piecewise polynomial interpolation with polynomials of

degree p > 0. With such interpolation, it is straightforward to show that the error

” p-o, || is O (h” o ) provided and are sufficiently differentiable.
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Chapter Three

Projection Methods

To solve approximately the integral equation
b
Ag(x)- [k(x.p)p()dy = f(x), a<x<b (G.1)

choose a finite dimensional family of functions that is believed to contain a function

é (v )close to the true solution ¢ ( }) The desired numencal solution (}5- (y)is selected

by having it satisfy equation (3.1) approximately. There are various senses in which

5 ( y) can be said to ** satisfy equation (3.1) approximately “ , and these lead to different
types of methods. The most popular of these are collocation methods are formulated in
an abstract framework using functional analysis, they all make essential use of
projection operators. Since the error analysis is most easily carried out within such a
functional analysis framework, we refer collectively to all such methods as projection
methods.
We write the integral equation (3.1) in the operator form

(A-K)g=r1
and the operator K is assumed to be compact on a Banach space X . In practice, we

choose a sequence of finite dimensional subspaces X, c X ,n=1, with X having

and 1t can

W

dimension # . Let X have a basis {(pi — } We seek a function ¢, € X
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be written as

n

¢”(x):z cj(pj.(x), as<x<b (3.2)

=1
This is substituted into (3.1), and the coefficients {c, o }are determined by forcing

the equation to be almost exact in some sense to be specified below. Introduce

b

r(x)=26,(x)- k(x.9)p,(»)dy- £ (»)

:i X { ,lgoj(.\‘)—j k(x,y)p,(y)dy }—f(.r), a<x<b (33)

a

This is called the residual in the approximation of the equation when using p=¢, .
Symbolically,
r,=(A-K)$,~f
The coefficients {c, . }are chosen by forcing 7, (x)to be approximately zero in
some sense to be specified later in this section.

Let X' be a Banach space, and let {X,, > } be a sequence of finite dimensional

subspaces, say of dimension n. Let P, :.X — X, be a bounded projection operator. i.e. P,
is a bounded linear operator from X" to X', with
P ¢=¢ forall ge X,

2
ThenP, =P, ,

|7 1= 22

implies
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P =1 . (3.4)
The projection method for solving (A -K )¢ = f is: solve
(A-P,K)¢,=P.f . (3.5)
An equivalent formulation is: pick ¢, such that
P(A-K)¢. =P f, & ¢eX, . (3.6)
This says to pick that ¢, in X, for which "the components in X of (A -K )@, and f

will agree "

Theorem 3.1

1-1

Assume K:X — X 1s bounded, with X is a Banach space, and assume A -K: X _3y X .

onlo

Further assume

| K-P,K|—0 as n—o (3.7)

Then for all sufficiently large n, say # > N , the operator ( A —P, K ) exists as a

bounded operator from X to X . Moreover, it is uniformly bounded :

!(JfPK) ![ <® (3.8)

sup I

nxN

For the solutions of equation (3.5)and (1-K )¢ =1,

¢-¢,=A(1-P,K)' (¢-P,¢) (3.9)

ﬁ?‘ﬂ"‘ﬁ pol<|o-6,|<|4l|(2-p,K) |I#-P 8]  @10)
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Ths leads to ” ¢-o,

converging to zero at exactly the same speed as " ¢p—P ¢ ||
Proof :

(a) Pick N such that

&y =sup N A= K " <
n:N

1
[N
This inverse [ /+(A-K )" (K =FK ) | exists and is uniformly bounded by the
geometric series theorem

1

< =

i ”(;1—1()" ||

h [1+(2-k )" (k-Px )]’

Using

A-P,K=(1-K)+(K-P,K)
—(a-K)|1+(a-k ) (k-P,K)]

(A-P K )" exists,

(A-p,K)'=[1+(2-k)'(k-PK )" (2-K)

| (2-x)"|
oy

|(3-rk)"|

[

M (3.11)

=gy
This shows equation (3.8).

(b) For the error formula (3.9), multiply ( A-K )¢ = f by P,, and then rearrange to

obtain
(A-P,K)p=P, f+i(4-P¢)

Subtract ( A =P, K )¢, =P, f to get
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(A-PK)(9-¢, )=A(p-Pg) (3.12)
¢-4,=A(2-P,K)' (4-P,¢)
which is equation (3.9). Taking norms and using equation (3.11),
[¢-.|<|2|pt]6-r0] . (.13)
Thus P, ¢—> ¢, then ¢, > as n — x .

(¢) The upper bound in equation (3.10) follows directly from equation (3.9), as we
have just seen. The lower bound follows by taking bounds in equation (3.12), to

obtain

|2[1 #-P.o]<|2-P. k|| -9,

This equivalent to the lower bound in equation (3.1 0).

To obtain a lower bound that is uniform in n, note that for n > N =

|2-p. K |<] 2~k |+|k-P,K|
SN A-K ”+8|\.

The lower bound in equation (3.10), can now be replaced by

4]

Tk ey 197 22l<] -4,

Combining this and equation (3.13), we have

Bl e o Dt 2 »
Eerarrmiadd SRR PNy G.14)

This shows that ¢, converges tog if and only if P, ¢ converges tog .Moreover, if

convergence does occur, then | ¢—P, ¢ ||and | 44, | tend to zero with exactly the
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same speed .
To apply theorem (3.1),we need to know whether || K-P K ”-)0 asn-—»>ow .

The following lemmas address this question.

Lemma 3.1

Let X', ¥ be Banach spaces, andlet A,:X >V ,n>lbea sequence of bounded linear
operators. Assume { A, ¢ }converges for all¢ X . Then the convergence is uniform on
compact subsets of X" .

Proof :

By the principle of uniform boundedness theorem , the operators A, are uniformly
bounded:

M= sup“ A, H <o
nzl

The functions A, are also equicontinuous -

| 4, ¢-4, f|<M|é-1|
Let . be a compact subset of X . Then {A" } i1s a uniformly bounded and equicontinuous

family of functions on the compact set 5 ; it is then a standard result of analysis that

{4, ¢ }is uniformly convergent for g e § .
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Lemma 3.2
Let.X'" be a Banach space, let { P, } be a family of bounded projections on X with
P od—>¢ a8 n—oow, foral geX . (3.15)
Let K: X — X be compact . Then
|K-P,K| >0 a n—ow,
Proof :

From the definition of operator norm,

|K-P,K||=swp| Kg-BKg|= sup | -2,z
e zek(U)

with K (U )= {K ¢ I | ¢ <1 } The set K (/) is compact. Therefore, by the preceding
Lemma (3.1) and the assumption (3.15)

sup [[z-P,z| -0 as n—eo
zek(U)

3.1 The Collocation Method

Pick distinct node points x, ..., x, ela.b ] and require
r(x)=0, i=12,...n (3.16)

This leads to determining {c,,..., ¢, }as the solution of the linear system

a

i c{ Ao, (.\',)—Ik(x,,)')go_r (y)dy }:f(xr) . i=1,2,...n (3.17)
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As a part of writing equation (3.17) in more abstract form, we introduce a projection

operator P, that maps X =C [a,b ] onto X,. Given ¢eCla,b ] .define P, ¢ to be that

element of X' that interpolates ¢ at the nodes { X,e.., X, }. This means writing
[,u ¢(‘ ): Z a_; q); ('\-)
J=

with the coefficients {a_, } determined by solving the linear system

This linear system has a unique solution if
det |, (v,) |20 (3.18)
By a simple argument, this condition also implies that the functions { PP, @, }are

an independent set over [a,b ] In the case of polynomial interpolation for functions of

one variable, the determinant in equation (3.18) is referred to as the Vandermonde

determinant.
To see more clearly that P, is linear, and to give a more explicit formula, we introduce a
new set of basis functions. For each i, 1<i<n , let /, € X, be that element that satisfies

the interpolation conditions
By equation (3.18), there is a unique such ¢, , and the set { S— }is a new basis for

X, . With polynomial interpolation, such functions ¢ , are called Lagrange basis

functions.
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Piecewise Linear Interpolation

Recall the definition of piecewise linear interpolation given in and following

(x,-x) g )+ (rx,)(x,)

P g(x)=
' g(x) - :

Let [a,6 ] and #> 1 and define h = b-aln,

x,=a+jh, j=0,]

sl yeney

n

The subspace X', is the set of all functions that are piecewise linear on [a,b ] with
breakpoints {x,,x, ,...,x, }. Its dimension is »+1.

Introduce the Lagrange basis functions for piecewise linear interpolation:

£,(x)= (3.24)
0, otherwise

with the obvious adjustment of the definition for ¢ (x)and 7, (x). The projection

operator is defined by

P, #(x)=3 6(x,)1, (x) (3.25)

=0

5)
For convergence of P, ¢ ,

o(p.h), ¢eCla,b]

| )
|6-P, ¢ .
?W

-
an

peC*[a,b]

a0 2

This shows that P, ¢—> ¢ forall ¢ €C [ a,b ] For any compact operator
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K :(”[a,.b ]—)('[a__b ] Lemma (3.2) implies H K~P, K "—>0as n— oo . Therefore the
results of Theorem (3.1) can be applied directly for large 1, say 7> N , the equation
(A-P,K)p, =P, f has a unique solution ¢, foreach feC[a,b ] , and by equation
(3.13),

[¢-6, 1. <| 2|0 |go-P o

an

For ¢e(.':[a,b],

[ = 1. <]2]M ] ¢

’ (3.27)
The linear system (3.18) takes the simpler form
n b
}.66”(.\7, )_Z ¢H(xj).[k(xl’y)£_l (y)dy:-f(xl)f i:(),I,...,n (328)
J=1 a

The integral can be simplified. For j=1,..., n-1

xr

k(x,,y)fj(y)dy=:—’ Jk(xf,y)(y—x,-l)dy+% [*(x.9)(x,-p)dy (329

[ Se—

The integrals for j = 0and j = n are modified accordingly.
There is some interest in looking more carefully at the operator P, K . Using equation

(3.25), we write
b

P, K ¢ (x)= k, (x,)(y)dy (330)

a

ko (x,)=2 k(x,.9)e, (x) (331)

1=0

This shows P, K is degenerate kemel integral operator, and in fact, it is the degenerate
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kernel introduce in equation (2.34) . Using equation (3.30),
b

| K =P, K |=Max [ | k(x,y )k, (x,y)| dy (3.32)

If k( x,y )is twice continuously differentiable with respect to x, uniformly for a< y<b,

then
h Ozk(.\',y)
| k-1, K ﬂs?!'{kfﬂ | (3.33)
Example 3.1
Recall the integral equation
b
Ad(x)-fe” ¢(y)dy=f(x), 0<x<b (3.34)

which was used as a numerical example in section 2.2 .1 and 2.2.3 in Chapter Two.

We use the same two unknowns as were used previously,

" (x)=e*cos(x), @ (x)={x, O<x<b (3.35)
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Table 3.1. Example of piecewise linear collocation for solving equation (3.34)

n EY Ratio E® Ratio

2 5.25E-3 2.32E-2

4 1.31E-3 4.01 7.91E-3 2.93

8 3.27E-4 4.01 2.75E-3 2.88
16 8.18E-5 4.00 9.65E-4 2.85
32 2.04E-5 4.00 3.40E-4 2.84
64 5.11E-6 4.00 1.20E-4 2.83
128 1.28E-6 4.00 4 24E-5 2.83

The results of the use of piecewise linear collocation are given in Table 3.1.
The parameters are b =1, A=5, as in Table 2.4 in Chapter Two. The errors given in the

Table are the maximum errors on the collocation node points,
EY) =max| $®)(x,)-4(x,) |
The column labeled Ratio is the ratio of the successive of £*) as n is doubled.
The function ¢* (x)is not continuously differentiable on [0,6 ], and we have no reason
to expect a rate of convergence of O (h2 ) Empirically, the errors £ 12) appear to be

()(h"s). From Theorem (3.1) we know that u $ -4

' _ converges at exactly the same

speedas | 4% -P,47

_»and it can be shown that the latter is only O(h':"5 ) This

apparent contradiction between the empirical and theoretical rates is due to ¢, (x) super
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convergent at the collocation node points : for the numerical solution ¢,*',

; E
hm‘l — =) (3.36)

3.2 The Galerkin Method

Let X = L, [a,b ] or some other Hilbert space, and let (.,.) denote the inner product for
A" Require r, to satisfy

(r,.0,)=0, i=l,...n (3.37)
The left side is the Fourier coefficient of r, associated with ¢, . If {(p, ..... o, }are the
leading members of an orthonormal family ¥ = {go, S } that is complete in X |
then equation (3.37) requires the leading terms to be zero in the Fourier expansion of

r, with respect to ¥ .

To find ¢, , apply equation (3.37) to equation (3.3 ) . This yields the linear system

n

> e 42(0,.0,)-(k0,.0,)}1.0,) . i=1.... n (3.38)

J=1
This is Galerkin’s method for obtaining an approximate solution to equation (3.1).As a
part of writing equation (3.38) in a more abstract form, we introduce a projection
operator P, that maps X onto X .- For the general ¢ X | define P ¢ to be the solution

of the following minimization problem.

| 6-£,6 |=min | 4= | (3.39)
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Since X', 1s finite dimensional, it can be shown that this problem has a solution; and by
X, being an inner product space, the solution can be shown to be unique.

To obtain a better understanding of 7, , we give an explicit formula for P, ¢ . Introduce a

n?

new basis {u/, ..... v, }f‘or X, by using the Gram-Shmidt process to create an
orthonormal basis from {(p, ..... @, } .The elementy, is a linear combination of
{(p, ..... 0, } , and moreover

(w,,wl )=c)',_, ) e

With this new basis, it is straightforward to show that
Pp=> (¢.v,)v, (3.40)
i=1

This shows immediately that P, is a linear operator.

With this formula, we can show the following results.

Lol =l Pl +|o-Po | (3.41)
R =Z (pw,)|

(Pé.f)=(9.P.f)., ¢.feX (3.42)

((7-P,)¢.B,f)=0, ¢.feX (3.43)

Because of the result (3.43), P, ¢ is called the orthogonal projection of ¢ onto X', . The
operator P, is called an orthogonal projection operator . The first result (3.40) leads to
PARE (3.44)

Using equation (3.43), we can show
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-z =) g-P.g | +| Pp-z|, zex

This shows /°, ¢ is the unique solution to equation (3.39).
We note that

P.z=0 if and onlyif (z.¢,)=0, i=I
With P, , we can rewrite equation (3.37) as

[,H rll = 0

or equivalently,

P(A-K)p,=P,f, ¢,€X,

3.3 Regularization of the Solution

Consider the regularity ( that is, the differentiability ) of the solutions of the integral

equation

19(0)- [k (e )d0)y = /(). azxzb

(3.45)

(3.406)

(3.47)

(3.48)

Let k( x, y ) be m-times continuously differentiable with respect to x , forall ye[a,b].

Then for 1< j <m , the solution ¢’ [a,b ]ifand only if fe(,.‘f[a,b ]

From the equation

1 ]
¢_E'f+ZK¢
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we consider z =K ¢ as a new and smoother unknown function. If

¢=}(f+z) (3.50)

is substituted into the original equation (1-E )qi = [, then after simplication we have
(A-K)z=K f. (3.51)

but now the right —hand side of equation (3.51) 1s at least as smooth as the kernel

function k& ( Xy )when considered as a function of x . Then the formula (3.50) can be

used to obtain an approximate solution of the original equation.

Apply a projection method to equation (3.51),

(2-P,K)z,=P,K f (3.52)
and then define
b= {2, (3.53)
We begin by showing that
(A1-P,K)g,=f (3.54)

Substituting equation (3.53) into the left side of equation (3.54),

(2-L,K)p,=(2-P,K) > {+2,)

%[Afhlz"—Pan-PnKzn]

- Af-PKf+Az, -P Kz,
j— —_—
=R K[Sf
=

Thus to analyze the convergence of 5,, ,we can work directly with equation (3.54). We
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use the same hypotheses as assumed for the projection method, namely that

| K= P,K |0 as n—.As in Theorem (3.1), we can then conclude the existence and

uniform boundedness of (4 -7, K) " . For the error,

6-8,=(A-K)'f~(2-PK)'f
=(2-P,k)'[(2-P,k)-(2-Kk)](A-K)'f
=(A-PK)'[K-PK]¢

and
|6-3. <] (2-P k)" |1 K-RK [ 41

In this, the speed of convergence is apparently independent of the smoothness of ¢ .

3.4 Stability Of Linear Systems

In this section we assume that the integral equation (41— K )¢ = f is uniquely solvable

for all / in the appropriate Banach space X .

Letting { K, } denote a sequence of approximating integral operators for which

| K-K, |0, we can include both projection and degenerate kernel methods. Let
N (A) be a minimum value for which

| K-K, ||<;, n=N(41) . (3.55)

(=38

As in Theorem (2.1) and (2.2), this infers the existence of (A-K, ). We also assume

that N (4 )is so chosen that
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I'(/I*K,, ) ”SB, n>=N(2)

3

(3.56)
for some finite B .
Both the degenerate kernel methods and the projection methods reduce to equivalent
non-singular linear systems,
A g=§ (3.57)
witha and  column vectors of length n and A, a matrix of order n. We want to know
the effect on @ of small perturbations in 7 and A, . To do this, we will derive bounds
| 4" |<B,, n2N(4). (3.58)
The norm used will vary with each particular case.
To see that equation (3.58) is sufficient for the stability analysis, first consider the case
A(a+da)=7+57
in which y has been perturbed. Then 5@ =46 7,
||5‘aHsB,,||S;> |, nz2N(a), (3.59)
thus bounding the effect, of the perturbation in 7 . Now consider the system
A (a+da)=y (3.60)
in which A, is a perturbed version of A, . We further assume that
| 4,-4, fens (3.61)
Bn

Then A, exists since

A,=4,1-4;(4,-3,)]

63



1s invertible and then

ENIE ) HBA v n=N(4). (3.62)

The perturbation & @ of equation (3.60) satisfies

Sa=4'7-4" ;7:.4,,‘(,4,, -A, )A,,‘}’,
Sa=4"(4,-1,)a,

lsa]<| 4" [l 44121

54,4l
=B |44

|5a<

(3.63)

Obtaining equation (3.58) is therefore quite sufficient for saying a great deal, as in
equation (3.59) and equation (3.63). In addition, we see that the size of B, is important
in obtaining small perturbations.

Let d (4 ) denote the minimum distance of A from 0 and from the eigenvalues of X .

Then

| (2-k) |\zd(ll)_ (3.64)

To prove this, we assume the contrary and derive a contradiction. Having assumed

d(4)< :

|G2-)" |
There is a value 4, for which (4, — K ) does not have a bounded inverse on X and for

which
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d(A)=|A-4, |<.__l—_

| (-x)"|
If A, #0, then it is an eigenvalue, if 2, =0, then we know K ', if it exists, is an
unbounded operator on X . Also

1

|G-x7'|

and by using the following theorem ( Let X and Y be normed linear spaces, at least one

| A=K )-(4,-K)| =] 2= |<

of which is complete. Let §,7 € L[X,Y], and §7' e L[X,Y]. Also assume

T g e

|1

Then 7" exists as a bounded linear operator from Y onto X ,

I ey

-] s-T

)
|st-17|s|s* [AT-s1]" |

(4, —K )" exists as a bounded operator on X and Y ,contrary to the above restriction.
Having proven equation (3.64), we see that as A becomes close to zero or to an

eigenvalue of K , the bound of (A~ K )" becomes infinite,  i.e.
d(2)y> 0= | (A-k)' |>e. (3.65)

Thus the index N (E.) , based on equation (3.23), must also become infinite as d (A)—>0,

d(2)—> 0= N(A) > . (3.66)
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Even when n > N(2), if d(2) is quite small, then the bound B in equation (3.56) will
be quite large, we will find that the bound B, in equation (3.58) must also become

unbounded as d(4) — 0. Thus as d(4) becomes smaller, the system equation (3.57)
will become increasingly ill-conditioned.

To obtain equation (3.58) we will illustrate the necessary techniques by means of

particular cases .

3.4.1 Collocation Method

The linear system A, &=y takes the form

b
Za‘ {’W’J y, IK Yir¥ ‘P,(}’)d)’} S 1<i<n

refer back to the section 3.1 . The space is X =C[a,b ], as before.

Tobound A4, let y,,...,7, be an arbitrary set of constants. Let f be a function for

which
Hy=r, =ln ,
and
| f Jo=Max|y. |=| 7], -
Then the solution & of A, & =7 satisfies
4,()=Ya,p,(x) asx<b, (3.67)

66



and
(A-P,K)¢,=P, f.

Thus
AR VATV (3.68)

<82 ]17]..

Denote

matrices of order n. Recall that T, is non-singular by condition equation (3.5).

From equation (3.67),

@ =1,'8,. ¢, =8, (3 ) 8,0
Thus
lal. <|r.' | 1d.l.
with
[T |=Max > e, | (.69

Combining this with equation (3.68) ,
lal<slr | |17]..
and thus

|4 <Bln ]|

, (3.70)
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using for ” A ” the same norm as in equation (3.69 ). This matrix norm is the operator
norm induced by the maximum vector norm.

The bound equation (3.70) suggests we should pick our basis functions {qu (r)} with

considerable caution, the number

‘ ke “ can grow quite rapidly with a poor choice,
eg ¢ (x)=x"", 1<j<n in C[0]].If we use the cardinal functions for
)

interpolation,

n

El k]

. =C., i=12,..
with ¢, 7 defined as preceding equation (3.19), then I', is the identity matrix and
EEA @3.71)

For the polynomial interpolation in which P,¢ is the interpolating polynomial of degree
< n -1 on some particular set of nodes, it follows that

ll o Llaw as n—ow,

The choice for which this sequence grows most slowly is to use as nodes the zeros of the

n" degree Chebyshev polynomial on [a, b],

vl .r):cos[ncos ‘(—2—‘[)_“—_1’)} a<x<bh . (3.72)
—-a

These are

2i—1 .
X, =COos b1 N

Then

| £,

=0 (logn) . (3.73)
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Le. | 2, | is directly proportional to log n.

Since system (2.49) for the degenerate kemel formed by interpolation coincides with the

coefficient matrix of equation (3.19), we have for the system A a =y of equation (2.49)

the bound of equation (3.71). Thus the system is well-conditioned if | P, | is not large

and ” (2-K)' N is not large.

3.4.2 The Galerkin Method

We will first consider the linear system (3.38) with {y/, ..., v, }equal the orthonormal

family {9,,..., 9, }. In this case our linear system takes the simpler form

Aﬁ"iﬁ;(gfak9,-)=(_f,9, ). i=l..n . (3.74)

with

Symbolically, write the system (3.74) as H, f=f with
Ff-]’ 3[(.[,9‘ )’"”(f"gn ) ] =
The Banach space for solving (A~ P, K )¢, =P, f is X = L,(a,b), also

X, =Span {3,,..,8, }. The appropriate norms are

3= I|¢(J)|:€b ; ¢ei,:(a,b),
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[7].= ill;«,iz, 7 et (u).

Define Q:f“(n)— X, by

Q,j:i y, ¥, 7et(n) .
=
Then
le.7].=[7].. 7et(n).
and thus
lo.l=]e. |-
Tobound | H,"| . we bound the solution /3 of H, =7, for arbitrary 7 . Given 7 , let
7=0,7.Then ¢, =(A-P,K)" f ,using f=P, f,and j,=Q," ¢, implies
H'7=B=0;"(A-P,K)'0Q,7. (3.75)
Taking norms,

A

<|(2-p,k)"|<8, (3.76)
which says that H , is well- conditioned as long as “ (A -P K )_E “ 1s not too large, this
is true if “ (/1 -K )'I “ 1s not too large and n is sufficiently large.

To deal with general case of equation (3.38) in which {,,,,..., i, }need not be

orthonormal, we introduce some auxiliary matrices,

2, (w8} 7L (v.w,)} BT D
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The matrices 1), and B, are change of basis matrices for changing between

W\ ¥.....w, Jand the orthonormal basis {9,...., 9, }.

H

¥, =Z (U/, "gj )'91 ’ ‘9* :Z BJ! v,
J=1

¢ gl
The matrix I™ is well-known Gram matrix for {y/f,gfj,...,y/” }, and I is positive
definite. These matrices satisfy the following relations,

r.B,=D,, D,B,=I,, D,D]=T,. (3.77)
Let A4, be the matrix of system (3.16), we will bound the solution ¢ of 4, &= 7 for
arbitrary 7 . Using the above matrices, A4, @= 7 converts to

H p=B.¥, B=D.a& .

Combining these with equation (3.75), we get
4'7=a=(D;)'0, (2-R,K)' 0,87
Using equation (3.77), B, =D," and
4'=(D;)' @' (2-P,K)" 0, D;". (3.78)
Before taking norms, we need additional information on the matrix norm induced by

£*(n). For any square matrix M, the operator norm induced by £ > (1) is

IM =, (MM™) =\, (M M)
For any square matrix E, r_ (£ ) is the maximum magnitude of eigenvalues of E, is

called the spectral radius of E . Using the relation 12 D" =T, we obtain
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[(0:) =l o [=Am 5T - 0 )

Also,

£ (1! Je e -

Mininnm cigenvalue of T,

Combining these results with equation (3.78), we obtain

| 1 m | G-n) s 6
This result is basically the same as that obtained for collocation, equation (3.70), in our
present case, | P, ||=1, which is the only difference in the two results. We will illustrate
this stability result by letting X', be space of piecewise linear functions on [a, b ] Let

n>l, h=(b-a)/(n-1), _v_;=a+(j—l)h for j=1.....,n . Define

l(_\r+r’i' ), =hZx<0,
h

Alx)= ]l(h—x), O<sxs<h,
)

0 & |.\'|2h_

Alsolet ¢, =¢, :P ahd.¢.= —E— for j=2,...,n—1. Define
h y 2h

?, (.\'):cj A(.rky‘, ) asxsh, j=l...; n .

These trivially from a basis for the piecewise linear functions on [ a,b | with nodes

Vysons ¥, - The family is not orthonormal, although close to it. In particular,
|9 |=1. (=Ll et
72
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Appendix

Theorem A.1 ( Weierstrass Approximation Theorem )
Suppose [is defined and continuous on [a,b]. For each &£>0, there exists a

polynomial P(x), defined on [a,b ], with the property that

If(x)—P(x)]<g, forall x in [a,b].

Theorem A.2 ( Heine- Borel Theorem )
Let F be a closed and bounded set of real numbers. Then each open covering of
F has a finite subcovering. Thus is, if C is a collection of open sets such that

Fcl{0:0eC}, then there is a finite collection {0,,...,0, } of sets in C such that

Theorem A.3 ( Geometric Series Theorem )

Let X be a Banach space, and let 4 be a bounded operator from X into X, with

| 4]<1

Then I - A:X .l__; X is bounded linear operator, and

onto

| (- 4y | s

-] 4]

The series (/-A)"' =Y A

~.
I

Is called the Neumann series, under the assumption | 4 |<1, it converges in the

space of bounded operators on Xto X .
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Theorem A.4 ( Gerschgorin Circle Theorem )

Let 4be an nxn matrix and let R, denote the circle in the complex plane with center

a, and radius Y l a; |, that is
j=1

J=i

[]

R.= zeC:|z—a”|Si

a| b,

JE
Jj#

where Cis used to denote the complex plane.

The eigenvalues of A are contained with in R= L"J R..

i=1
Theorem A.5 (Principle of uniform boundedness )

Let {4,} be a sequence of bounded linear operators from a Banach space X to a

normed space Y . Further, assume

lim A4, x

n—x
exists in Y, for every x e X . Then

sup“ A, <o
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