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Abstract

Analytical solutions to the two — dimensional, viscous fluid flows through
porous media in the presence of a magnetic field are obtained for some flow
situations. The governing equations are based on the Darcy — Lapwood —
Brinkman model of flow through porous media . The medium is assumed to be
traversed and aligned by a magnetic field .

Solutions are obtained for Riabouchinsky-type flows, however with a modified
solution algorithm that is developed in this work to handle the type of flow
considered while reducing the number of arbitrary constants arising. Solutions
obtained are then classified into different types.
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Chapter one

Introduction

L1 Importance of flow through porous media

- The study of flow through porous media has many applications in the basic and
applied sciences, including the study of groundwater flow movement in the
porous earth layer, irrigation problems, the prediction of oil reservoir behavior,

and the biophysical sciences, where the human lungs, for example, are modeled

85 porous layers [14].

me of the particular importance to the current study is the flow through porous
dia in the presence of a magnetic field. This type of flow may find some
applications in the design of filtration systems, in addition to the
of lubrication mechanisms wherein the load carrying mechanism is
meed through the introduction of porous lining into the mechanism and Vthe
tion of a magnetic field in a transverse direction to the flow. Other
‘ to this type of flow include the occurrence of this type of flow in
Typically, the magnetic field is available everywhere on earth; hence,

¢ of any natural flow phenomenon mandates taking into account the
fic effects in the flow equations.

and various other applications emphasize the importance of
g studies in the field of flow through porous media in the presence of
field. This mandates a need to properly model the flow at hand,




taking into account the effects of the porous material and the magnetic field on

the flowing phase, and provide solutions to the resulting models. It is the
intention of this work to adopt a model that has received some success in

lubrication theory, and seek analytical solutions to this model.

1.2 Overview of Previous Work
~ In this study, there are four interdependent fields of fluid dynamics namely:
general ‘ﬂuid flows, flow through porous media, magnetohydrodynamic flow,
and analytical approaches to flow problems.

- In the field of general fluid flow, an enormous amount of work has been carried
“out over the past two centuties, and many aspects of fluid flow theory are well-
=veloped [6] and in their study of inviscid aligned flows ,by complex
‘fechnique .However , they assumed Fyx, ») to be constant throughout the flow .

arious aspects of magntetohydrodynamic flow have been studied, and many

models have been developed to study the interactions between the magnetic
the electric field, and how they interact with a flowing fluid. Analyses of
is type of flow have been provided by many famous authors [8]. Some
ational and irrotational viscous incompressible aligned plane flows were
ussed, [9].

 per fluid flow through porous media, interest in the field dates as far back as
56 by Darcy and currently one finds various models governing different
s of fluid flow in various porous structures. The main types of single —
flow models have been developed and reviewed by various authors [178].
€rux of the problem in this field is to pfoperly model the interactions
ween the solid matrix and the flowing fluid, in addition to finding solutions
sitial and boundaly. value problems, and experiments (including numerical
i ents and simulation) to validate the models.

many models of flow through porous media are available, and
pus others are continually being developed, a model of particular
e to this work is the Darcy- Lapwood —Brinkman model [15]. As will

ed in chapter two, this accounts for both viscous shear and inertial




effects of flow through porous media. As such, it has received considerable

attention in the literature due to its many applications and implications. We will
use a modified version of model in our current analysis, with the exception that

a magnetic field is imposed on the flow field

1.3 * Overview of analytical solution to fluid flow problems
The conservation of mass and conservation of linear momentum principles
~ govern the steady flow of an incompressible viscous fluid. In the absence of

sources and sinks, conservation of mass principle takes the following form

Y.V =0 (1.1)

where ¥ is the velocity vector, while conservation of linear momentum is

given by the Navier- Stokes equations of the form

7 vy =Y, Yy ' (1.2)
p P |

v;here p is the pressure, v is the viscosity coefficient, and pis the fluid
density,[22](see appendix 1). The nonlinearity of the Navier —Stokes equations
render the supefposition principle inapplicable, and introduces a large degree of
 difficulty in obtaining analytical solutions to it. This difficulty resulted in the
majority of the analytical solutions being obtained for parallel laminar flow

problems for which the Navier — stokes equations can be linearised . The

source of this nonlinearity is the convective inertial terms which , as Taylor [1]
‘moted , vanish when the vorticity is afunction of the Stokes stream
: function , and the flow is two — dimensional . Taylor [1] obtained an exact
solution for the Navier-Stokes equations by taking the vorticity proportional to
‘the stream function .His solution represents a double infinite array of vortices

aying exponentially with time.



In an extension to the method proposed by Taylor was also Kovasznay [3],
who linearised the Navier-Stokes equations by taking the vorticity to be
proportional to the stream function perturbed by a uniform stream. The two —
~ dimensional solution that Kovasznay obtained represents the flow downstream
" of a two-dimensional grid. Lin and Tobak [12] obtained further solutions by
 extending the approach of Kovaszany. Their two solutions represent the reverse
flow over a flat plate with suction and blowing. Extension of the method
followed by Line and Tobak [12] was implemented by Chandna [20] to obtain
exact solutions for nonparallel flow governed by the Navier-Stokes

. Various other authors have also obtained exact solutions to the

vier —Stokes equations for special types of flow [ 17].

For the case of flow through porous media as governed by the Darcy-Lapwood-
kman (DLB) equation, exact solutions are rare and some of the methods
are applicable to the Navier-stokes equations are not readily
pplicable to the DLB model (as we shall see in this work). However, a
ew exact solutions to the DLB model have been obtained for special
3 ;..\ of flow .These are summarized as follows:

When the vorticity distribution is given, three analytical solutions have
obtained for DLB model . The resulting flow fields have been identified

ath varying blowing or suction.

When the flow is a Beltrami-type, analytical solutions are possible, with the
flow pattern representing an impingement of an oblique uniform

am with an oplique rotational divergent flow a porous layer[16],[19].

extension of the method used by [3] has been employed by [19]to
a solution to the DLB model and the Brinkman equation , and
the effect of permeability on the resulting flow. As anticipated by




1 ~ Kovasznay, the resulting solution represents the flow behind a two dimensional
- grid.

A compatibility equation is obtained for steady plane transverse MHD flows
as an example , solutions are obtained for radial flows. The geometric

“ jmplication, when . the compatibility equation does not hold, is also

dete mined,[7].

14 Scope of the current work

In this work we consider single — phase fluid flow through porous media in the
sresence of a magnetic field. The flow model adopted is that of the Darcy-
aps ood —Brinkman model; however, modified to better handle the presence
" the magnetic field. The aim here is to analyze the nonlinear model equation
y an attempt to find possible solutions corresponding to a particular form of
i stream function. The choice of the stream function in this work will be one
at is linear with respect to one of the independent variables . This type of
wr is referred to as the Riabouchinsky flow. Riabouchinsky flow has received

siderable attention in the literature due to its application in boundary layer

[4].

his case, the two dimensional Navier-Stokes equations, written as a fourth
partial differential equation in terms of the stream function, may be
aced by two coupled fourth order ordinary differential equations in two
own functions of a single variable. Solutions to the coupled set are then
based on the knowledge of pafticular integrals of one of the
A different type of flow may then be studied with the
ledge of one of the functions .

hinsky [2] assumed one of the functions to be zero and studied

sesulting  flow which represents a plane flow in which the flow is




separated in the two symmetrical regions by a vertical or ahorizontal
plane . In addition to the study of Navier-Stokes flows and their
applications [1], Riabouchinsky flows have also received considerable
attention in the study of non —Newtonian flows [10] and in

‘magnetohydrodynamics [13].

The approach used to solve the resulting coupled set of ordinary differential
uatioﬂs suffers from some limitations, among which is its dependence on the
kinowledge of the particular solutions of one of the equations . In addition ,
resulting solutions involve a number of arbitrary constants, the
Jetermination of which wusually involves making many restrictive
ssumptions on the flow. A major disadvantage of the previous traditional

approach is its inapplicability to the analysis of the DLB model.

this work, a modest modification of the previous approach is employed, and
. methodology that is capable of handling a wider class of flow problems is
eveloped. The developed methodology overcomes some of the disadvantages
| the traditional approach used for the Navier-Stokes equations, and is

a powerful technique in handling Brinkman —type flow problems in

wous media.

Organization of the thesis

 this chapter, a general introduction has been given to provide an
erview of the scope of the current thesis. In chapter two, we will
asider in details the model equation used, and provide a brief overview
| the method of solution. Chapter three will provide details of the
giion on methodology as carried out to solve the current problem , while
four we consider the plane aligned or parallel flow ,we also consider
utely electrically fluids and in this chapter the governing equations in

two are transform into more convenient form for this work by




"'f

‘employing the definition of aligned flows ,we use an alternative approach to

the Riabouchinsky method conducting and give

some analysis of the
solutions

obtained and we will summarize what has been accomplished in
this work.




Chapter Four

Plane Aligned Flows

4.1 Equation of motion

The modification introduced in Chapter three is capable of handing a wider
class of flow problemé. The developed methodology overcomes some of the
disadvantages of the traditional approach, andis also a powerful technique in

handling Brinkman - type flow problems in porous media. In this Chapter, we

will employ the modified methodology to analyze aligned_fluid flow through

porous media in the presence of a magnetic .

Magnetohydrodynamics ~ (MHD) plane flows are said to be aligned or parallel
flows if the magnetic field (H) is everywhere parallel to the velocity vector
field (¥ ) and all the flow variables are functions of x, yonly.

From the definition of aligned ﬂowé H and 7 are related by

H (xy)=Fx) 7V (4.1)
Where
(V.V)F=0 (4.2)

The steady flow of a viscous, incompressible, electrically conducting fluid
through porous media in the presence of a magnetic field is governed by the

following system of partial differential equations:

V.V =0 (4.3)

p(V VYW :—Verﬂ.le;’»%I?-kkz (V xH )xH (4.4)

1




Vx(V xH) —-ki- Vx(Vx H) =0 (4.5)
o

2

V.H =0 (4.6)
where ¥ is the velocity vector field, # is the magnetic vector field, p is the
pressure, o is the electrical conductivity, %, is the medium permeability to the
fluid, %, is the magnetic permeability, x4, is the fluid viscosity , u, is the
viscosity of fluid in the porous medium and p is the fluid density. It is required

to solve this system for the unknowns 17,}17 andp.

4.2 Simplifying the governing equation
In this section we will consider the case of two — dimensional aligned flow x

and y with the velocity field ;=(u,v,0) ., amagnetic field f?:(0,0,H)—ar;dr

? = 0.Using equation (4. 1) into the governing equation gives
(V xH ) x H=

[— ]731-'(vI *yy)— VIEF, TV EE R i, - u, YtuvFFE —y? FE ,OJ (4.7)
substitute (4.1) into (4.5),we obtain

Vol 5 H)=p ' | S

and if —1 50 then -
k,o

Vx(VxH)= viy = V2 (F ), 92 () ,0] =0
or
VE(Fu) =V (Fy)=0, (4.9)
Employing equation (4.1) into equation (4.6) , we obtain
uF +vF, =0 (4.10)

using the results (4.7) - (4.9) into the equation (4.4) yields
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!
=

.
L=

i-' :
E
E
F

P {qu} HV(Vruy)} =-p,+mV 0 —%* u
x 1

-+, {—sz(vx«—uy)-—szFx+quFy] (4.11)

1 H
P {[qu] iy uy)} =P, MV oy R
i 1

e [F2 u(v, —u, Y+uvFF, -u’ Bl ] (4.12)

where ¢’ =27 +v? is the square of the velocity field.

Substitute equation (4.10) into the equation (4.11) and (4.12) yield the two
equations

1 X
P {[qu] —V(Vruy)} = taV —% u

+le, [—Flv(vz —u}_)—(uz +v2)FFx] (4.11)

1 o
P {{quj StV uy)} = =

1

ke, [qu(vx Huy)~(v2+u2)FF_‘,] ' (412) :

and equation (4.3) take the formu_+v =0, (4.13)

then the system of equations (4.3) to (4.6), we find that the flow equations
governing the motion of a steady plane aligned flow of a viscous
incompressible fluid of finite electrical conductivity , in the presence ofa

magnetic field , are given by the equations (4.13),(4.11), (4.12) ,(4.9),
(4.10)and (4.1).

In the case of infinitely electrical conductivity flow ( k—l— — 0) the diffusion
(o

2

equation (4.9) is identically satisfied .However | for finitely electrical

conductivity flows , the functions F ,u and v must satisfy-thi_as. additional
conditions (4.2).




4.3 Vorticity — Stream function form of the equations
To derive the compatibility or integrability equation for aligned flows by
employing the flow equation for the flow in section 4.2 , where the stream
function is linear with respect to x or y.
Introducing the vofticity function w(xy) and the pressure function h(x,y)
defined respectively by

oEy)= v .~ u, (4.14)

1
hery) =p + 2 pa? , (4.15)
then equations (4.11) and (4.12) take the following forms respectively,

h,-pve = gViu- -‘gz—u +k, [—sza)—(u2+vz)FFx] (4.16)

1

h, +puw =4 v? V—%V'sz [qua)u(v2+uz)FFy] (4.17)

1

from equations (4.13) ,(4.14) the last two equations respectively yields

h, -pve = wo, — %u +k, [—sza)—(u2+v2)FFx] (4.18)
1
h, +puow=pao, - %v+k2 [F2 uw — (v’ +u2)FFy] (4.19)

1
Now , letting y(x)) be the stream function defined in terms of the
components as
wv,=uand y =-v . , - (4.20)
:_l“hen we can see clearly that the continuity_ equation (4.13) is identically

satisfied since

U v, = yy-y, =0
and the vorticity equation (4.14) becomes
T =-Viy (4.21)

and equations (4.18) , (4.19) will be, in terms of the stream function as

follows




h, =py, V- u(Vy), - % v, -k, [Py Vi -, vy 2 JFF|  (422)

1
h=pw, Yyt (V) L2y, [Py Vi -, vy FF | (a23)
1

A compatibility equation can be derived from equation (4.22) and (4.23) by
using the integrability condition: &, = h,, . Thus, differentiating equation (4.22)
with respect to y, and equation (4.23) with respect to x and using the
integrébi]ity condition we obtain the following compatibility equation

- 2 (v, v?v) o\ vyl F

p ALV Y) iy 2 QWL Aol 7] )ﬁﬁvzw+ﬂ,‘74w =0 (4.24)
a(x,y) o, ) oxy) k-

where V* =6_+9,,V*=0_ +20_, I

4.4 Reduction of the governing partial differential equations to
ordinary differential equations

Thus, once equation (4.24) is solved for y (x,3) , the vorticity function can be
calculated from equation ( 4.21) ,the pressure function h(x,y) can be obtained
from equations (4.18) and (4.19) , while p(xy) from equations (4.15) and the
velocity components can then be obtained from equation (4,20).

- Since the compatibility equation (4.24) is very difficult to solve and order to
provide a solution for equation (4.24) , assume that the stream function y(x,y)
is linear and has the form berole

vixy)=/x) +gx) (4.25)
where fx), g(x) are four times differentiable arbitrary functions of x
substituting equation (4.25) into (4.24) and equating the coefficients of similar

E

power of y ,ead to the following coupled set of fourth order ordinary
differential equations

™ - pﬁk"’—f”f(p—kfz) T (4.26)




ulg‘”)—f)‘;—g%(p—k.ﬁ) [2'F ~fe =0 " (4.27)

1
For the particular case of aligned flows , recalling equation (4.6) for the case
k, >
B(F ; y/) s
aAxy) .
tie solution of equation (4.28) is either

(4.28)

F(x,y) = ¢ ,where c is arbitrary constant or F(x,)) =F(y ) .

The case F(x,y) = ¢ ,equations (4.26),(4.27) ,(4.22) and (4,23) take the
following forms respectively

mfP -k L1 f —ff71=0 (4.29)
mg"+p—ke) (g’ f - fg" 1=0 | (4.30)
h, = pv, Vv -1 %), X, [v.V] (4.31)
h,=py, Viy+u (Vi) +k, [ v, V. (4.32)

4.5 An alternative approach to the Riabouchinsky method

Using the alternative approach present in chapter three, two choices for the
function g(x) can be considered .

4.5.1 The first choice

when g(x) =g, (x) = a x’,where « is a constant .
Substituting in equation (4.30) we obtain

f)=cx ' +c,x° ; (4.33)
where ¢, and ¢, are arbitrary constants that can be determined by substituting

in equation (4.29) and then equating the equal powers of x , to give the

constants
e, =0 and e,= —L‘z
(p—kc”)
Hence (4.33) gives
F69) =-—H (4:34)

(p—kc*)




The corresponding stream function, vorticity, and velocity components take the

following forms, respectively

wlx,y)= _(pgzc—z)x"ly-l-axg' (4.35)
wlx,y) :.ﬁcT)x'z’y—Gax (4.36)
u(xy) =l—ﬁ7)~x“ (437)
v(x,y) = —(pf—';‘lcz)x'zy— Zax. (4.38)

We see clearly that this solution does not involve any arbitrary constants.
However, depending on the choice of « , different flow patterns may be
obtained .

The pressure function h(x,y) can be obtained by using (4.31) and (4.32) to get :

G 2
h(x,y)= ——"ﬁ}‘T"_z +__1_8_ﬂ1_2x_4y2+2(p_klcz)azx4
(p—kc™) (p—Fkc?) 2
3 it 2 36#12 -4
—_ X +3axy—36 + ———x". 4.39
(p_klcz) y y )ulqy (p _klcg) ( )
and '
o 5N 36#12 -9 361”12 T 36ay, 2.4

q = Yy +9%a’x

(4.40)

T £ +
(p—kic®)’ (p-kic?)? (p-kc*)

then

7 182
1 o Hy o

pxy) = - ot v+ (p-kcHa
(p-ke®) (p—ke?) ‘
3u, 2.2 2 36u; S
Sporesaiest e =S RFEN P3O0 b X
(p—ke?) — (pke)

2
18 pu; 2 Bog . 1Bpay

g T S MR e

LR
(p—kc®)? (p—ke®)’ (p—kic?)




4.3.2 The second choice

When g(x) =g,(x) =a ¢”* where o, are constants , then substitute in

equation (4.30) gives

f”fﬁ%f :.—ﬁij' (4.42)

whjchlhas the following general solution

[(x) =t to. ey ip_Lkﬂc—z—) (4.43)

to find the constants ¢, and c, substituting equation (4.43) into equation (4.29)
to give

¢, =0 and ¢,# 0 where c, is an arbitrary constant .

Hence f{x) =c,e?* + —ﬂlﬂT : (L)
(p—kc)

The arbitrary constant ¢, appears in the above Jf{x) can be determined by
imposing one condition on the stream function ¥, or by assigning various
values to produce different flow patterns.

The corresponding stream and vorticity functions are given respectively by

mp

yf(x,y) =L e Ax g )y +ta e’ (4.45)

(p—klcl)
0(x,7)=~pfa+cy]e” . “ o (4.46)

The velocity field components u(x, ¥), v(x,y) and the pressure function /(x,y)

are given by:

uGey) =y, ()= oe 11+ P (4.47)
A (p—k,c”)

vxY) =-y (5.y)= - la+cy]e. (4.48)




1
h(x’y) == tulﬁ g _5(p_k102)a2ﬂ232ﬁx+ (p—klcz)c, aﬂz e zﬁzy

+(p‘klcz) gl H ety (4.49)

Then

26‘,#;}3 e;ix_,_ ;Ulzﬂz 42 ﬂzezﬁxyz
(p—kc?) fp=kety: o0t

+2¢, B ae 7y o potic (4.50)

- q2:.c]282ﬂr -

and
i 1
p(xy) = - ampPel® —Eoo—klcz)azﬂzezﬁ”+ (p—."c,c:z)c1 apf’ ey

+(p—klcz)cf BreFry clefry chﬂlfi plix
(p_klc )

202
P
: (p—lkcz)z oL B2 Y 42e, Brae? F y+ o pretir
1




