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Abstract

We studied a special kind of generalized inverses of an mX»n matrix
on a real or a complex field, which is the Moore-Penrose inverses.

The existence, uniqueness and the basic properties of such inverses
also studied.

We discussed the generalized inverses and their relation in solving
linear systems.

Furthermore, we discussed some methods for finding the Moore-
Penrose inverse of any matrix.

Finally, we studied two fields of applications of the Moore-Penrose
inverses. The first finds minimum least-squares solution of a linear sys-

tem, and the second in statistics.
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CHAPTER ONE

Preliminaries

This chapter contains definitions theorems and ideas that we shall
need in the following chapters; which consists of three sections, some
basic definitions and theorems are listed in the first section, section two
‘about singular value decomposition of a matrix. One sided inverses dis-

cussed in the third section.

(1.1) Basic definitions and theorems :

Definition (1.1.1) :
A square matrix A is said to be Hermitian if and only if A=A" ,

where A" =(A)" (the conjugate transpose).

Definition (1.1.2) :
A square matrix A that satisfy the equation A*=A, is said to be

Idempotent matrix, or (Projector).

Theorem (1.1.1) :
If P is an idempotent matrix, then :
(a) I- P is idempotent;
(b) Im(I - P) = KerP;

(¢c) Kerd—P)=ImP;

Proof : (a) since I-P)?=1-2P+P*=1-2P+P=1-P ,so I-P is idem-

> ent.




(b) if yeIm(I-P) then there exist xe F* such that (I- P)x= y. Hence
Py=P(I-P)x=(P-P)x=0, so yeKerP. Conversely if Py=0 then
- (I-P)y=y,s0 yeIm(I-P), Thus Im(I- P)= KerP.

(c) This part can be proved in a similar way as part (b).

Definition (1.1.3) :
For an idempotent matrix P, the idempotent matrix Q =1- Pis called

the complementary projector to P.

Theorem (1.1.2) :

If Pis a projector, then
KerP+ImP=F"
where F" is the space on which P acts

Proof : Letx € F” then x=x, +x, where
x=(-PxEKerP and =x,=PrSImPF.

on the other hand if xe KerP+ImP then xe F", hence F" = KerP+ImP.
Now we need to show that the sum is direct, if xe KerP~ImP then
x€ KerP or Px=0, and xe ImP then xe Ker(I-P)or (I- P)x=0, hence by

these two conclusions we have
Pxt(l=Fjx=0 or a=0
and so the sum is direct, or F" = KerP+ImP. O

Note : We can say that the idempotent matrix P performs a projection of

the space F" onto ImP along KerP.




Definition (1.1.4) :

A matrix P < F" is said to be orthogonal projector (or projection)if

it is hermitian idempotent matrix.

Definition (1.1.5) :

A matrix U € F™ is said to be unitary or orthogonal if U*U =1 and
vut” =1.

Definition (1.1.6):
A symmetric matrix A is positive definite if for every nonzero vector
X 3

x Ax >0
and is positive semidefinite if x"Ax=0.

Theorem (1.1.3) :

If A and B are two matrices such that ahe matrix product AB are
defined, then

rank( AB) < min(rank A, rank B ).

Lemma (1.1.1) : [1]
. If Ac F™ then

rank AA" =rank A =rank A"A .

Definition (1.1.7) :

Let £ be a finite dimensional linear space over the field # and let
x ye £. A binary operation (x,y) from £x£ to Fis said to be an inner
roduct on £ if the following properties are satisfied for all x,y,ze &,
id o, fe F:

._ (x,x) >0 and (x,x) =0 if and only if x=0,




(b) (ox + fy,z) = afx, z)+ B(y.z),
(c) (x,y)=(y,x) , where * denotes the complex conjucat.
- Theorem (1.1.4) :

If Ac F™ , then (x,Ay)=(A’x,y) for allx,ye F".

Definition (1.1.8) :

Let x be an nx1 vector then the Euclidean norm of x is

(S

Definition (1.1.9) :
A nonzero square matrix P is called a permutation matrix if there is

exactly one nonzero entry in each row and column that is 1 and if the

rest are all zeros.

Definition (1.1.10) :

mxn

A matrix in F,"" is said to be in Hermite normal from (or reduced

row echelon from) if:

(1) Each of the first » rows contains at least one nonzero element ;
the remaining rows contain only zeros.

(i)  The first » columns of the identity matrix I, appear in the first

r columns.

Theorem (1.1.5) :
For any mxn matrix A there exist a nonsingular mxm matrix Pand a

nonsingular nxn matrix v such that PAV is one of the matrices

I 0], {IO} {IO gjl (where r=rankA), and I, (if m=n).




(1.2) Singular value decomposition

Theorem (1.2.1) :

The eigenvalues of the matrix A*A are real and nonnegative.

Definition (1.2.1) :

Let A be mxn matrix, (m=>n), then the eigenvalues of the nxn

symmetric matrix A'A are denoted by o7, i=12,...,n, where o>

0, 2---202, Then 0,,0,,...,0, are called the singular values of A.

Theorem (1.2.2) :[13]

Let A be mxn matrix and let {o.}, be the nonzero singular values of

A.Then A can be represented in the form
A=V,

where Ue F™and Ve F™ are unitary and the mxn matrix £ has o, in

the i,i position (1< < r)and zeros elsewhere.

The representation A =UzV" is denoted as the singular value decomp-

osition of A.

Note : The columns of the matrix V are orthonormal eigenbasis
of A’A, and the columns of U are orthonormal eigenbasis of AA" that

can be obtained by solving the eigenvalue-eigenvector problem for the
matrices A°A and AA".




(1.3) One sided inverse

In this section we shall introduce a generalization of the inverse matrix
not only for nonsingular (square) matrices but for singular square and
rectangular matrices as well; which is the notion of one sided invertibility

of matrices.

Definition (1.3.1) :
A matrix Ae F™" is said to be left (respectively, right) Invertible if

there exists a matrix A;' (respectively, A3') from F™ such that

AZA=T [respectively, AA: =1 ) (1,31}

A matrix A;' (respectively, A}') satisfying equation (1.3.1) is called a left

(respectively, right) inverse of A.If m=n and A is a nonsingular matrix
then

AL—I :AR—I :Aml

Theorem (1.3.1) :

Let Ae F™, then the following statements are equivalent:

(a) the matrix A is left invertible;
(b) m=nandrank A=n;
(c) the columns of A are linearly independent as members of F™;

(d)  KerA ={0}.
Theorem (1.3.2): Ae F™, then the following statements are equivalent:

(a) the matrix A is right invertible;
(b) m<nandrank A=m.




(¢) Therowsof A are linearly independent as members of F";

(d) ImAeF".




¢
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CHAPTER FOUR

Applications of Moore-Penrose inverse

(4.1) Least-Square Problem

Consider the system Ax =b, where the matrix A is nonsquare or sin-
gular. In such cases, solutions may not exist at all; in cases where there
are solutions, there may be infinitely many.

In these cases, the best we can hope for is to find a vector x that will

make Ax as close as possible to the vector b. In other words, we seek a
vector x such that Hr(x)"2 =||Ax-b|* is minimized, which is the sum of

squares, and it is clear that minimizing [Ax-b|* is equivalent to mini-
mizing |Ax-b|. When the Euclidean norm | . |, is used, this solution is

said to be the Least-squares solution to the system Ax=b. The problem
of finding least-squares solutions to the linear system Ax=b is known as

the linear least-squares problem.

Theorem(4.1.1):[3], Least-squares Existence and Uniqueness theorem

If A is an mXn matrix (m>n) there always exists a solution to the
linear least-square problem. This solution is unique if and only if A has
full rank. If A is rank deficient (or rankA <n )then the least-square

problem has infinitely many solutions.

Remark: The solutions mentioned in the previous theorem obtained using

the singular value decomposition of A =UzV" , by solving the systems




b'=Ub and

b :
= % if o, #0
Y =40 and
arbitrary , if 0,=0
x=Vy,
where v'= [B] 5, - b.F and y=[y, », - »F

Lemma (4.1.1): [3]
x is a least-squares solution of the system Ax=b if and only if x
satisfies

A'Ax=A"b

minimum Least-Square solution

Theorem(4.1.1):

Let Abe an mxn matrix, if A is of full rank, then the unique least-
square solution is given by x=A"hb. Else, there is a unique element x
among the infinite solution set of minimal euclidean norm and this

element is given by x=A"b.

Proof: This can be proved by showing that x=A"b is a solution of the
least-square problem, or that the given x satisfies A"Ax=A"b. Let
A=UzV’ be the singular value decomposition of A, then the Moore-
Penrose inverse A™=VEZ'U" ( as mentioned in chapter three ); now since

22 =% | we find that



This shows that x=A'b is a solution of the least-square problem (by

Lemma (4.1.3)) .

To prove the next part. Let rank A=r<n . Using the same notation as
carlier. we have seen that The least-square problem have an infinite set

of solut-ions, we can get the solution x of minimal Euclidean norm, from

y with minimal norm where x=Vvy , y =l » - »[I,and
_i- ] I.T 0-1' F 0 p
Y%
arbitrary , if o,=0

such y obtained by putting y, =0 for each i=r+1,r+2,....n. This cho-
ice of y can be written as y =X'b’. The minimal norm solution is given

by
x=Vy=VZ'b'=VE'U'b=A"'b O
Example(4.1.1):

Solve the linear least-square problem to the system Ax=b using the

singular value decomposition where




and find the minimal least-sguare solution .

Solution: first we find the singular value decomposition for the matrix

A, the square oot of the eigenvalues of the symmetric matrix A’A are

/30, so
V30 0

=1 0 0
Qi

bl

and by finding the orthonormal eigenbasis of A°A and the orthonormal

eigenbasis of AA" we get that

N6 N2 5 :
L : _| 25 5]
pEy s REs

Next we solve the linear problem

V6 -1/\6 2/\6 [ 47 [24/46
b=Ub=|1/v2 142 0 |[-4|=| o
B —i/\5 —1//53| 8 0

M

now y ={
Y

} where y, is given by (4.2.1), so

24 4
ylz—-‘\/?-:— 3 =f and



2
finally
=15 7
:{(—(i:fg)s/S]

which is the family of all solutions of the given linear system.

The minimal least-square solution is

x=A'b
=V 'b

S

0
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(4.2) Moore-Penrose inverses in statistics :

In this section we’ll discuss some of the statistical applications for the

Moore-Penrose inverses .

Random vectors and some related statistical concepts:
We review some of the basic definitions and results in distribution

theory which will be needed later.

Definition (4.2.1):
Let x,,...,x, be n independent random variables, then

is called random vector (i.e a vector-valued function on a probability

space).

Definition (4.2.2) :

The vector of expected values of the x,'s is the mean vector of x,

denoted by p_; that is,

Hy E(x)
B = F(x) =]
M, E(x,)

Definition (4.2.3) :

A measure of the linear relationship between x, and x; is given by
the covariance of x. and x,, which is denoted by cov(x,,x;) =0, and is
defined by

o, =cov(xi,xj):E[(xl. — ) x,— )], (4.2.1)
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Definition(4.2.4):
The matrix ©_ which has o, as the (i, j)th element, is called the

variance-covariance matrix of x which is denoted by var(x) or cov(x,x)

such that
Q =var(x) = E[(x—p)(x—p)°].

Note that this matrix Q_ is symmetric because o, =o, (by (4.2.1)),

and Q is diagonal if the x,'s are independent.

Suppose now that y is an m -dimensional random vector defined by a

linear transformation on x:

y = Ax
where Ais an mxn matrix of constants (m < n), then

1, = E(y) = E(Ax) = AE(x) = Ap. . ey
Q, =var(y) = E[(y -p, )y —p,) 1= E[(Ax—p (Ax—p )]
= E[(Ax—Ap,)(Ax—Ap,) 1= E[Ax—p )(x—p ) A"]

=AE[(x—-p )(x—p, ) ]JA"=AQ A", (4.2.3)

The covariance matrix is positive semidefinite, that it is symmetric
and since the variance is always nonnegative then for any vector of

constants t=[r, --- ¢ | we have
UQt =t E[(x—p)(x—p) Tt = E[t" (x - p)(x—p)"t] = var(t 'x)) 20,

hence Q, is positive semidefinite .




We denote the uniy » normal distribution by N(u,,0*) where u is

the mean and ¢ is the variance of the distribution, which may be zero.
We define multivariate normal distribution as follows.

Definition (4.2.5) :
Let z,...,z,be independent N(0,) variables and define the vector

variable
X=p, +7z (4.2.4)

where x and p, are the p -vectors, T is pxk matrix and 2" =[;, - z,].
the distribution of x defined by (4.2.4) is called the p-variate normal
with mean vector p, and covariance matrix Q_=77T" which is represented

by N,(n,,Q,).

Theorem (4.2.1) :

Let the px1 random vector x have a p -variate normal distribution of
rank k with mean p, and covariance Q,. There exists a kx p matrix B

and a kx1 vector b such that the kx1 vector z defined by z = Bx+b has

the standard k -variate normal distribution, that is, z is N L(0,1) .
Proof: Since x has a normal distribution of rank k, then rank Q =k and
Q, =TT" where T isa pxk matrix of rank k. Now define B to be T* and
btobe T'p_,then

z=Bx+b=T"x-T'p =T (x-p,)

S0




and covariance matrix
var(zZ)=BQ B =T Q () =T'1T'(T")Y =T'TT’T)

but since T has a full rank, thenT'T =1 (by theorem(3.2.3),(h)), and

hence

var(z)=1, (4.2.6)

Using (4.2.5) and (4.2.6) we get that z is N,(0,1). 0

Definition (4.2.5) : The chi-square distribution

Let x,,...,x, be n independent normal variables with zero mean and
unite variance (or var(x,) = 0). Then the distribution of the statistic g x! 18
known as the central chi-square distribution with » degrees of freedom,
and that of é(x,. —v,)* is known as the noncentral chi-square distribution

with »n degrees of freedom and noncentrality parameter 6§ =% v/ .

The Moore-Penrose inverse is useful in constructing quadratic forms,
in normal random vectors, so that they have chi-squared distributions.

It is desired to determine whether or not the mx1 parameter vector
p,=0, for a sample statistic t~ v (p,,Q,), where Q

, 18 positive

definite, now let 7 be any mxm matrix satisfying 77" =Q,, and define

u=T"t, then by (4.2.2)
Ew)=ET't)=TE(t)=T"'n,

and by ( 4.2.3)



BT ) =T (IT")(T") =1,

$O u has m-dim multivariate normal distribution with mean

vector T-'p, and coM ¢ mafrix I, or that w~N (T 7'p,,1,). Con-
sequantly, u,.u,,....u_ are independently distributed random variables.

Consider the statistic

and so

v =t Q=" T ) T t=u"u= z u’

has a chi-squared distribution with m degrees of freedom. Which is

central if p, =0 and noncentral if p, # 0, but if Q, is positive semidefinite
(may be singular), the construction of v, above can be generalized by
using the Moore-Penrose inverse of Q,. Now let rankQ, = r, then sincer
Q, is symmetric then it’s singular value decomposition is Q, =UZU", we

: S i ! : 5
can write Q, as [U, U,] S ol =U,ZU;, where U, is mxr matrix,
2

U, 1S mx(n—-r)matrix and X, is the nonsingular rxr matrix then

QF =UZ'U; . Define w =220t , since

E(w) = E(Z°Ut) = 57U E@®) = 27U,
and

var(w) = X,°U  [varOU, 2 = Z°0; U2, UU L7 =1,

then w ~ N (Z;°Un,.1,), thus since the w,s are independently distributed

normal random variables,

v, =t QEEEEEE Rt — t UL, "2 VU t=w'w=3 w’

i=l



b

has a chi-squared distribution. with r degrees of freedom, which is centr-
al if 57207, =00




