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Summary

Because of the important role that the JFourier series and Iourier
transforms play in physics and engineering, we have therefore focussed our
attention in this thesis on the theory of IFourier series and its applications.
Convolution theory and its relation to the transform methods has been
investigated. Orthogonal and trigonometric system in two variables
together with double Fourier series for a function with different periods
have also been widely discussed.

Solutions to some boundary value problems in the field of heat flow and
wave propagation have been obtained using the separation of variables
method and the Eigenfunction_ expansion technique.

The lourier expansion with respect to the Bessel’s functions and Bessel’s
inequality have been used in the solutions of the boundary value problems.
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Chapter one
Fourier series on T

In this chapter we discuss the IFourier coefficients in section (1), the
summability in norm and homogenous Banach space on 7'in section (2),
the order of magnitude of I‘ourier series of square summable functions and
absolutely convergent [Fourier series in section (3), lourier series of square
summable functions and orthogonal and trigonometric system in two
variables in section (4), double Fourier series for a function with different
periods in x and y in section (5), absolutely convergent /“ourier series in
section (6) and Fourier coefficients of linear series in section (7).

1.1 Fourier coefficients

Let 7' be defined as the quotient R/2nZ group, where 2nZ is the group of
the integral multiples of 2m and we denote by L'(1) the space of all
complex-valued Lebegue integrable functions on /A

) | ;
For fel'(T") we define the norm of f by .= —Il.f(t)ldt
L) 2my

Note: If feL'(T") then j‘f(t) dt is defined on 7.

Definition (1.1.1):[20] A trigonometric polynomial on 7'is an expression
of the form

N ;
P(!) = a2 . (1.1.1)
N

n=—

The numbers (n) appearing in (1.1.1) are called the frequencies of P.
The largest integer (n) such that ( a,)*+(a-,) #0 is called the degree of p.

The values assumed by the numbers (1) are integers so that each of the
summands in(1.1.1) isa function on 7.

We can compute the coefficients (a,) by the formula

1 —1nt
s { i 1 1.1.2
a, =5 [f plt) e (1.1.2)

which follows immediately from the fact that for each integer J we have




_ | it J=0
—l—je"”dt= | (1.1.3)
2z , if J #0
Definition(1.1.2):([8], [9], [10] A trigonometric series on 7' is an
expression of the form

[ Za"einl (]!4)

H=—0

where n assumes integral values; however, the number of terms in (1.1.4)
may be finite and there is no assumption whatsoever about the size of the

coefficients or about convergence .

The conjugate S of (1.1.4) is the series

S= Y -isgn(n)a,e™ (1.1.5)
Hn=—ow
0 , if =)
where sgn (n) =
L ,if n=0
|n]

Let feL'(Y) be motivated by (1.1.3) we define the nth Fourier

coefficient of /by | _
fy=== [f(@) e™dl . (1.1.6)

2T 7

Definition (1.1.3): [9], [20] The I-ourier series S [f] ofa function_f‘eL'(T)
is the trigonometric series

S‘:wn' einlz-‘
[/] e =10 i

where f(n) is the Fourier coefficients of /.

The series conjugate to S [ /] will be denoted by S—[/] and is given in the
form

SLf1= - isgn(n)f(n) ™ (1.1.8)

H=-—0




This is also referred to as the conjugate /‘ourier series ol /.
Theorem (1.1.4): [12] Let f, geL'(7) then
(@) (f +g)n)=7m)+8Mn) |
(b) For any complex number &, (kf Yn) = kf (n) |
l

(c) If 7 is the complex conjegate of / then (75 =.f (-n)

—ina

(d) Denote jz"(t)=_/'(t-a), ael then an (n) =.f (n) e
. 1 :
@ |fe|ssflrolde=111, G,

Proof: B I I
(a) By definition (/ + g)(n)= -Z_JI—I(f + g)(l!)e_"ll dt

_ 1 cint g 1 T —int
= 2ﬁf(.f(f)+ g(n)e " dt 2jrjf(f)€ dt + 2ﬂf g(ne " dt

= f(n)+ &(n)
hence (f + gj(n) = _f'(n) + g(n).

(b) Let k be any complex number then

3 1 . —in 1 . —in 2
(kf)(n)=gfkf(1)e ‘dt=k§;I.f(t)e Yt = kf ()

hence (kf j(n) =k _f'(n) .

= ﬁ [ £ () ™

F(en)= 2—‘7; [/ ™di= 2% [F(e™dt =(f )

hence (/ )(m)=7(-n)
(d) fﬂ(!?) = 51;1-/:1(06_““ = _:zl;J‘ir(ir ) a)e—im dl

let u=1-a then du=dt and (=u' a thus




fa (H) _ _]_Jf(u)e..m(rwa)du = 5__ mnj /(u)c :mdu —ina / (!?)
/4
hence f (n)y=e™ f(n)
1 . —int 1 . ,—in
=E;“j(t)e dtls—zzﬂf(f)c Y| di

@ 17| =]§ [ Fe ™

l . —int ] .
=—[lfOlle™ |dt==[l/Oldt=111 |
27{[1 O | 27[] (0] | |IL, -
since  |e"™|=1 ,hence |f <IN oy -
Lemma(l.1.5):[12] Assume fyel'(1), J=0,1.2,... and [I1;-/oll, 1y, —0

then f ,(n) converges uniformly to fn;)(n)
Proof :

AL e dr, T (n)=——[ £, 0)e " di
f,(n)= -2;].[,()6 ' fo(ﬂ)—gffo(t)e

and

R I FAOREAOIE R

)

FAQRIAQIEE L3 | OEN QIR

1 —in
=2*Ij L1, 0- 1, ‘dr|< f— II 1,0~ 1, dt di < [0dt =0
then || jJ (n) - j;) (n)||— 0.

hence _f&(n)—)fi)(n) uniformly .

Theorem (1.1.6): [12] Let feL'(1), assume _f'(O) =0 and define

F@)= j f(u) du
0

~, |
then /' is continuous, 27 periodic function and F(n)= ;”“/ (), n#0.




Proof :
To prove the continuity, let ¢, ¢, €1, then

_(f)f(u)du - jf(u) du|= \T_f(u) du + (Jlf(u) du
0 0 0 i

|F(10) - F(t, )1 =

I
0
< _[] f(u)|du—0 ,as {;, >,
1
1
Hence [7(¢) is continuous and the periodicity follows from the fact that

‘0
j_/ (u)du

I

1+2m

F{+2m)=1°(1)= I_f'(r.z)du = 27[}?'(0) =0 ,

therefore [7(1 + 2) = 1°(1) .
and - 1 o= - —int
Fn)y=—=— [F@) e™dt
27 o

if we let u=1I(f), dv =e¢"" and using integration by parts formula, we
obtain

—_— 2” . ] ~
= e ma=—fn
27 ) —in in

Definition (1.1.7):[7] The l‘ourier transform of a function fel\(R) is
defined by

p | —inx
4 ()= _Z;_LJ (x) e"dx

for xeR.
Some of the basic properties of f(n) forevery j'el,' (R) are summarized
in the following theorem :

Theorem(1.1.8):[7] Let feL'(R), then the I‘ourier transform 7' (n)
satisfies:

(ay Fer”(R), with | Fla< 1171, , where /1= sup 1/(l

-00<Xx<00

(2) f(n) is uniformly continuous on R

(3) lf(n)—)() as n—>xow .




Proof:
(1) To prove the first property, we have by definition

Fony == [ 100 &7

by taking the norm
I70l= sup |—J f(x) e ™dxl< sup [l /(%) "]

—0D< N0 —00< <0 -t

= sup 5; _J;!_f'(x)I dx = E _‘Ll)f(x)l de=| f ””(R)

—00< <0

A- < .
= 1 1 1y g

(2) To prove the second property, let & be chosen arbitrary and consider
sup| Jn+8)-Fm)l= sup| I e (e 0% —1)f(x) dx]|

< fle s ~111 /)] dx.

Now, since

e 1] [f(0)] £ 21 /()] e L(R)

and |e7 ™ —1]>0 as § >0,
then when -0, the last integral —0. Therefore f is uniformly
continuous on K.

(3) Let n—>+oo, then for any £>0 we can find g such that g, g’el' (R)

and
1/ =8l <
therefore from (1) we have

| F)I< | F ()= g1+ 8 <11 f = &ll 3y +180D)]

<e+|g(n)| <€ + ] |g'(n)|>0 as n-—>to.
in

= Lim _f‘(n) =0 andhence felL'(R)

H—>

9




Remark: It is important to note that in the last part of thcorem (1.7)
A . A L

f (n) >0 as n—oo is not necessary that f (n)eL'(R). ['his can be
proved by the following example

1 , x>a
u,(x)= ;

where ae k.
Let

[(x¥)=e¢"u,(x) e /(R) then _f'(n) = ——l—f gl (R) .
| +in

Definition (1.1.9):[7] Let f{\(l?) eL'(R) be the Fourier transform of

A
some function fel'(R) . Then the inverse [‘ourier transform of f 1s
defined by

)= [ Fn) dn

1.2 Summmability in Norm and Ilomogenous Banach spaces on T

In this section we want to establish some of the main facts of the /“ouricr
A : ,
transforms. We shall see that / determines funiquely and we show how

A
we can find /° if we know [ -

Two very important properties of the Banach Space L'\(1) are the
following:

(a) If feL'(7)and aeT thenf(¢) =/ (t-a) elL'(7) and ||j2'|||L1(,].)= “f”LI(T)'
(b) The L'(7) valued function a—>_); is continuous on 7, that is for feLl('l)

and aje T, we have

||f;,_J;O|[ (1.2.1)

Lim /! ) il

a—+a0

We shall refer to (a) as the translation invariance of L'(’I);it’s an
immediate consequence of the translation invariance of the measure d/ ,

(where the translation invariance is Vi, €T and f defined on 7.
_[f(z —1,)dt = _[f(l)df . the integrals are taken over 7)) such that

10




/.= EIE“ fu—a)ld

let u=1-a, di =du then

BACE = 1) =11

In order to establish (b), we note that (1.2.1) is valid if fis contmuous
(the inverse is not true), and the continuous function is dense in L'(7).
(Where dense here means for an arbitrary € >0 and for every continuous

function / there exist geL L) with || f-gll <€ )
Let / be arbitrary function such that fel (1) and € >0 be given,
furthermore let g be continuous function on 7° such that || g-f]| < €/2 then

” f() ” ” fﬂ 5"0 ”L](T) ” L’ﬁu (gu ” [| :;-tu “

=1/ = 8)all ) +11 8a = 8oy 1 +11(8 =)y |

"o ™ L "u 1y

<&+8a=8ayll sy

Hence Timll fa = fu() I<& and & being an arbitrary positive number. This
proves (b).
Definition(1.2.1): [12] A summability kernel is a sequence {k;} of

27 -periodic continuous functions satisfying ©

(l)—l—jk,,(t)dt =1, n=1,23,...

(2) —I| k, (1)]dt < constant
2mr—-0

(3) Forall 0<&<nm,Lim j'lk,,(t)ldt

Hn—0

A positive summability kernel is a kernel in which k,(f)=0 forall £ and

n. For positive kernels the assumption (2) is redundant .

Lemma (1.2.2): [12] Let B be a Banach space, O is a continuous B-
valued function on 7 and {k,} a summability Kernel then

1 ’ .
Ll‘ﬂ??jk;r (T)YATHAT = Q(0)

H—>0

Proof: (see [12] page(10)).

11




Theorem (1.2.3):[6] (Uniqueness theorem) Let fel'(l) and assume

_f"\(n) =( for all n, then f=0.
This theorem can also be formulated as:
Theorem: (Uniqueness theorem): letf, g eL'(7) and assume

fA(n) = gA(n) for all n, then f =g .
Proof: Let j{\(n) = gA(n) , then
7 1 . —in 1 —in A
UOE ZJ [y e™™d =Ejg(t) e™dt=g(n) .
From the last equation we llavej(_/'(t)-g(t)) e Mdr=0, Vn=0,,..
we have that _[(f(t) —g())dt = I(f(t) —g(t))e™"di=0 and we obtain
[ (f()-g@) di=] (f(©)-g(t)cost dt =0, V1,

hence f(1)=g(l) .

Lemma (1.2.4): [6] (The Riemann _Lebegue lemma) Let fel,'('l') then
Lim f()=0.

|11 —o0

Proof: By definition
7 I : —int
f)y===[f() e™dtl then
o2

~ ] “ 1
Lim J (M) = Lim 2—7;I.f(f) e dl =§If(f)

[r7]—e0 |1 —>o0

| i
=2—7;I.f(t) (0)dt =0

since we integrate with respect to ¢ not to n.

im € !
|n|—o0

Hence [ m f(m)=0.

|n|—o0

Remark: If K is a compact set in L'(7)and € >0, then there exist a finite
number of trigonometric polynomials py,pa,....PN such that for every fek

there exist j, 1<J<Nsuch that | <Pyl <€ .

12




i P> max (degree of p ) then |_f{\(n)I < g forall feK and the

Riemann_Lebesgue Lemma holds uniformly on a compact subset of LNTY .

Definition (1.2.5): [20] For /el (1) we denote by Sy(f) the nth partial
sum of S[f], given by:
S, (N0 =8,(f0)=2 7 (), then
1
n+

is the arithmetic mean ol Sy( /), and S|/] converges in LYy and the

limit is /.

Oy (f) = 1 (S() (f) + S] (f) +ot Sn (/))

Definition (1.2.6): [12] A homogenous Banach space on 7" is a linear
subspace B of L!(7) having anorm | |z ||L',under which is a

Banach space, and having the following properties :

(@) If feBand TeT, thenf € B and || f7llg = I/ 1ls (wWhere f1(f) =/ (¢-T)).

(b*) Forall feB, 1,1,€1, Lim Il fy = /7 ;=0 .
0 751, 0

We note that condition (a') is referred to as translation invariance and (b’)
as continuity of translation.

We could simplify (b’) some what by requiring continuity at one specific
T,eT, say T =0, rather than at every T €T, since by (a")

1 Oty Ollg =W JOF Ol 0.

13




Examples of Homogenous Banach spaces on 7

(1) C (7) is the space of all continuous 2 -periodic functions with the
norm || f||oo=1n;€lX|f(r)| .

(2) C1) is the subspace of C(7) of all n-times continuously

differentiable functions (n being a partial integer ), with the norm
n

. | .
1/ ln= 3, —maxl f O

b= 0

(3) LE(1), 1 p <o, the subspace of 1,'(7) consisting of all the functions I
for which J| 7 (O] dt <o with the norm

171 ,=( -;; [ di Yo

Proof:
To prove (a') and (b*) in definition (2.6) for the first example by taking the
norm

1/ lleo= max| A0l

(a ) First we want || Trllo= 11/l

I /7 o= max | ol =11 /7 o= mflxlf(f o i

let u = t-7, this means that|| /.. ||.,= max | /(@)= |l s
u

(b") We want to prove Lim | f — .f}-ﬂ ;=0
gl

“ fT - fl() ” = IT]ED( | f] - fTO | = n]lax | f(f == 7) = f(f - ]0)[
thus 7im max| fu-T)y-f-1,)=0.
7—)70 !

(2) To prove (a’) and (b") for the second example, by taking the norm

n 1 " 1 l <
1= 3 7 ma 701 = %, 5 max] /70

J=o J! J=o J!
= /1l », where u =1-T.

To prove (b"), we take

14




. i n ] - WD)
| /7 —fTO IIC,,=J§(J!' m,ax|(fr —_/7-0 )

It is clear that 7y || /7 _fTO | =0.

—1 0

(3) To prove (a") and (b") for the third example, by definition
I

I
5 _ 1 : )’ ro_ ] . iy | P p
1171 = 1 O1 do) =([l7e=DF &), |
let u = 1-7. Thus we have
1
: 1 : y ; :
A A Cod A DN PR
(1) To prove (b")
1
: 1 .
" f'[' - fj'O "Lp = (Eﬂ f[(t) - fjro(t) |p dt)p-
If we take the limit, we obtain

1
1
; = =(—{]0}° d)? =0.
7]_1}1}:)“}‘; '/"0 ”Lp (er‘“ | )

1.3 The order of magnitude of Fourier coefficients

Definition (1.3.1): A sequence {a" }:L_wis said to be an even sequence if
and only if a=a,, Vn=0 1,2. -

The only things we know so far about the size of I"ourier coefTicients

{f'\(n)} of a function feL'(1) is that they are bounded by |[|/1|.! and

that f’(n) =0 , (The Riemann _Lebesgue Lemma).
|| —c0

Theorem (1.3.2): [12] Let {a, > be an even sequence of nonnegative

numbers tending to zero at infinity. Assume that for
n>0 5 a,,_|+a,,_,.1-2a,, & g} (13])

A
then there exists a nonnegative function feL'(T") such that f (n) = ay.




Proof: From the convexity condition in (1.3.1) implies that (a,- a,+) 18

monotonically decreasing with n, hence [,im n(a, —a,,)=0 and
H—»0

N
Z n(an—i + an+l - 20’") = aO = aN - N(GN - aN-H)

h=
converges to a, as N—o .
Let

£(0)= 20, +a,, = 2a,)k, (O (13.2)

n=I

where {k,(1)} is positive summability kernel which has the following

properties :
(1) For 0 <& <m, where

n i "
kn(t):JZ (]_ | |)€ : B

=—n n+1

Lim (sup k,(0) =0, § <t <2z -6 and k()= k(-1) -

I—>o0

(2) Since |lkpl(; 1 =1, the series (1.3.2) converges in L'(7) and all it’s

terms being nonnegative, it’s limit /" is nonnegative and

f(']) = ln(an—l + an+1 - 20” )/2"_1 ('])

Hn=

= i na,  +a,, - 2a, )[I — m)

n=lJ]+ n

—_—(JlJI.

We want now to discuss the basic difference between sine_ series
(a.,= -a,,) and cosine_ series (a-,= a,).

Theorem(1.3.3): [12] (Fejer’s theorem: LetfeLl(’l), assume that
Lim, (f(lo+h)+j(t0—h)) exists (we allow the values -co and +e0); then
c (S~ (1/2) Lim (f(tOJrh)an(t-h)).

In particular, if 7, is a point of continuity of £, then Gn(f( N -3f{t,) -

Theorem (1.3.4): [12] Lel‘feL'(']) and assume that f'\(lfvl) = —f(-lnl) >0
then

>, lj"'(ﬁr) <o

nz0) N
16




Proof: Without loss of generality we assume_/{\(O) = 0. Let

T
F(T)= [ f()du
with /e C(T). Weocan show that

n 1 - “ T i
[f(n)y=—f(n), n#0 , from [(n)= —]—_[ [ fGuydu e™ di
" 277 o

and integrating by parts letting
7‘ .
= If(”) du, dv= et
0

we can find

—int T

j £ (u)du 1 +———j o~ £(8)dt

A l e
F(n)=—
() e
=0+_—j'(n), n#0 .

n

Since /7 is continuous we can apply Fejer’s theorem(stated below) and
obtain

Lin 22( L Jf () _i(r0)= F(0)) , since f’(:")zo. (1.3.3)

N —o0

Corollary (1.3.5): [12] If a,> 0 and Z—— o then Zan sinnl is not a

n=1 N n=1
Fourier series .

Hence there exist a trigonometric series with coefficients tending to zero

which are not Fourier series .
&5 )inl . o _ 3
cosnt _ € is a FFourier series

Slogn 2 2log|n|

Examples: The series

while it’s conjugate series

@ sinmt < sgn(n)e™

n=2logn =2 2log|n|

is not .

. I
Theorem (1.3.6): |12] Il’feL'(T) is absolutely continuous, then f(n)= 0[;)

17




Proof: By theorem (1.3.2) we have /(n) = _—f '(n) and [rom Riemann_
Lebesgue lemma we have o

f'(n)—>0.

Note: If / is k-times differentiable function and f(k)el,’(’l), then

.hm:oﬂ%)%p¢+m. (1.3.4)
n
Theorem (1.3.7):[13] If f is k-times differentiable and f(k)el,'(’I) then
, 170,
| /(") £ min ——7“—”“ >
0<J <k | 1|

if / is infinitely differentiable function, then
(J)
1A
g -
2

Proof: To prove this theorem, we use the mathematical induction method.

|f( )| < min
0<J

Thus we start by showing that it’s true for k =1, in order to do so, we have
to prove that

_f'(n) = .lf’(n) , or f"(n) = (in)_f'(n) , S0 we have
in
7N L ' ,—int
Jy=o=[f) "t
= ij'(t) e™™ 4in ﬁj‘f(t) e M = (in) f (1)

17t

thus | .f'(”) | <
||

Suppose that
f'(n) = —17_/"'('])(;1) for j=.J ,wewanttoshow now it’s true for

(in)
k =J+1

using




~ _ 1 ".(J) ; £ _ (]) 1 (_]+|) )
I (H)———(m) /" (n) wehave f(n)= i) ,(/ (n)) = (m) (m)/ (n)
_ 2 (+) | fml | f”!.'(?') T 10
([n)J+l j (n) a'nd I f(”)‘ | nl —" ]n|k ] 925' oo
Fagd|
hence | f(n)|< min _}(t(ﬂ ;

0<J <k |n|

Definition (1.3.8): For a periodic function f define the total variation

m
(EETIDYVIEAENICMIL
Ak =
. "
with respect to all sequences (xk ):'L':O such that x, <x <......

f is of bounded variation if and only if V(f)<w.

<x0+2n then

Theorem (1.3.9): |6] If / is of bounded variation on 7, then

F )l ‘2’% T , wihere vai-(.f')=s%?|§| £ - )l

and (x, ) is the sequence given in definition (3.7).

Proof:
We integrate (1.1.6) by parts to obtain

var(f)

7r|n|'

| f(m)| = b j e ™ f(1ydl| < 5 I e Mdf (1)) <

Definition (1.3.10): [6] LetfeC(7), let W(/, h) = max | /(1 + h)-f (1) for
feL'(T) and Q(f, h) is the integral modulus of continuity of £, such that

Q(f, =S+ hyf Ol oy
then it’s clear that Q (£, h) < W(f, h) .

Theorem (1.3.11): [6] Forn=0, | f(n)|< %Q[fl—ﬂ—J
n

Proof: By definition (1.1.6) we have

—in(r +F )

N 1 ¢ g =g, ;
Fon=o-[ 1@ eMdi=—[f@e
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it’s clear that

r( I g T . —int
| ()] = | Z;j'(f(wg)—j(r))e di |

hence

~ | T
| f(n)|< EQ[‘f’_J :

]

1.4 Fourier series of square summable F'unctions

Definition (1.4.1):|8] A lilbert space is a complele inner product space.
Define L*(7) as a Hilbert space, it’s inner product being defined by

&)= [ 1020 1.4.1
(f.8y=>-]1(0g) d (1.4.1)

where f'and g are complex_valued functions .

Definition (1.4.2): |8] Let H be a complex Hilbert space:
(1) Let f, geH then f'is orthogonal to g if {(f,2)=0
(2) If Eisa subset of H, we say that feH is orthogonal to E if /' is

orthogonal to each element of E
(3) If E is a subset of H then E is said to be orthogonal if any two vectors

in E are orthogonal to each other
(4) A set E subset of H is said to be an orthonormal system if it’s
orthogonal and the norm of each vector in E equal 1. Thatis for every f,

geE, (f,2=0,f=gand (f,/)=1.

Lemma (1.4.3): [17] Let {Q } bea finite orthonormal system, let further

a,,a,,4; ,...,d, , be complex numbers, then

¥y o Mo
1Ya,0,I'=2la,1"

n=i n=1

Proof: Take a finite orthonormal system {Q }, then by definition of the

norm

N N

N 5 N N
|| Z aHQH " = < Z auQn 2 a"Q}I > = Z an <QM 2
| n=1

n=1 n=l n=

N N ’
!aQO> - Zanan i ZI a, | 3

m=
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Corollary (1.4.4):[12] Let {0, ¥, be an orthonormal system in H and let

{an) be a sequence of complex numbers such that Z| a, * <o , then

n=|
ZanQ,, converges in H .

n=|

Proof : Since H is a complete Hilbert space, we have to show that the
partial sums

N P
=Y a,0, forma Cauchy sequence in H.

=

Now for N > m, such that N, m are integers, we have

N N
u v 2 2 2
” L"N - LSm ” - ” ZanQn ” = Z' a, l —0 as m—>o.

m+l ml

Lemma(1.4.5):[17] Let H be a Hilbert space and let {0, },,_ be a finite
orthonormal system in H. ForfeHlet a,= (f.0,) ,

then

I F= Z%%H—WH—B%I (1.4.2)

n=i n=|

Proof: Let {Q } bea finite orthonormal system in H, then

I f- Zm,AI-(i mem/ Zmﬂﬁ

n=| =1 n=I|

= /I ZG,,(f )= Za,,<0,,,f>+Z|a,,

n=| n=l n=l

=|/II? Zla,,l since a, = (f,0,) and a,= {0,.1 )

n=I

Corollary(1.4.6):[17]( Bessel’s inequality ) Let H be a Hilbert space and
{¥, ) bean orthonormal system in H. For feH take a, = (f,0,)

then

Y 2 12

>la, "< fII°. » (1.4.3)
=1 ) ; .

Proof: Let feH and f=kZ_j[akQ,‘. then

F=Y( £,0.00,, where || fIP=( f.f ) = (XL L0001 )
Yia, 2 =Y/0,) QS ) =IO < IS IPNQ 1= 1117,
hence Y[(/,0,) *=Yla, </
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Definition(1.4.7): A complete orthonormal system in 11 is an orthonormal
system having the additional  property that the only vector inH
orthogonal to it is the zero vector .

Lemma(1.4.8):[12] Let {O } be an orthonormal system in H,

then the following statements are equivalent :

(@ {Q} is complete
(b) Forevery feH we have I fnz"_"Z(‘/-:
(C) f = Z(.faQn)Qu'

Proof: [see |12]] .

O

Lemma(1.4.9) :[12] Let {Q } bea complete orthonormal system in H
and let f, geH, then

CF8) =S 1.0 (On8) -

n=i

Proof : If /is a finite linear combination of {0 } then

N N
=30 1,0 0, f.8) = ( X 100008

n=i n=1

N
=Z=:l ( 1,00) (On-8) -

In general case if {Q } is a finite orthonormal system in H then

N N
( /=g> = ,i”?( Z( .faQ.::)Q;;ag) = _;H"Z( ./-:Qn> (er=g> .

—»0 n=i —00 n=l

Remarks : For H=L?*(1) the exponential { e™ },m form a complete
orthonormal s?/stem with

(e™ oMy = j‘ Mg =5 where
2

for n=m

2

nm
0 , for n=#m
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and

(fieMy = o] e = 1w = Fon

We want to introduce some information about orthogonal and

trigonometric system in two variables .
Let R be arectangle in the xy-plane described by a<x<b,c<y=< d.

Further more, let ¢, (x,y) be a system of continuous functions defined on
R,n=0,12,...,. Nonof ¢,(x,y)=0 isidentical. (1.4.5)

The system (1.4.5) is orthogonal if _f[jegf),,(x,y)qﬁ,,,(x,y)cirdy =0,Vn#m.

The norm of ¢, is given by

I lI=_[[[ 8, (x,p)dxdy (14.6)
R

The system is said to be normalized if [|g,[[=1,Vn= 0,1,2,3,... or

[[g. =1 , n=012,.,
R

Orthogonal system can often be normalized by multiplying each of ¢, ,

n=0,1,2,..., by |

Mu =
I ¢, |

To this extend we can associate the <ourier series with every absolutely
integrable function f'(x,y) defined on R, this means that:

F(x,3)~ ¢y (x,¥) + ¢, (X, )+ )y (X, 1)+t ¢, (6, y)+...., (1.4.7)

where ¢ _is the Fourier coefficients of /'(x,y) and is given by

| i S ) (x,y)dxdy | jj? 1%, )@, (x, y)dxdy

c, = = (1.4.8)
n 2 2
8, (x,)dxdy I ¢, |l
R
The basic trigonometric system in two variables are the functions
1,cosmx,sinmx,cosny,sinny ,..., COSmx cosny, sinmx cosny,...,
cosmxsinny, sinmxsinny,.... (m=12....n= 1,2,...) (1.4.9)

where -n<x<n -n<y<n ,or asx<at2n, b<y<b+ln and
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”l .cos mxdxdy = T dy Tcosmxdx =,
”l .sin mxdxdy = ”l .cosnydxdy = ”l sinnydxdy=0 and

T ¥4
f I (cosmxcosny)(cos rxcossy)dydx =( I cos mx cos rxdx)( jcosny cossydy) =0.
k - -

Ym#r,or %S

It can easily be shown that ||1]| = 2=, [|cosmx]| = ||sinmx|| = ||cosnyl|
= |sinny|| = (2)]/21t, and

| cosmxcosny||= || sin mxcosny|= || cosmxsinny||= | sinmxsinny||=7
And the Fourier coefficients of f(x, y)are :
[ [/ (x, y)dxdy
R 1

A =
" nE 4
_”f (x, y)cosmxdxdy |
R

-| J [ (x, y)dxdy

5 = z”_f'(x,y)cosmxdxdy Lm=123:)
|| cosmx|| TR

'[fjef(x’y) cosnydxdy |

mQ =

A = x, y)cosnydxdy,n=123,...
on | cosny ||* s ” F B IOOSHaRE}
Hf(x, y)sin mxdxdy 1
=X = f(x,y)sin mxdxdy,m=1,23,...
"0 || sin mx |2 '’ '[‘g[ (*.7) 2
” f(x,y)sinny dy dx l
B, =-= =——[[/(x,y)sinny dy dx , n=1.2,..
o | sin ny ||* y J’l
and (1.4.10)
a, = ” £ (x,y)cosmxcosnydxdy
r’
b L I f(x,y)sin mxcosnydxdy
x’
c, = ,¥)cos mxsin nydxdy
n’ R
dnm !n=],2,,’1=],2,, ..... (l4| l)
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The Fourier series of f(x,y) can be written more compactly in the
complex form

. & i(mx+ny) . I . —i(m.\'+ny)d d
)~ Yee T ,where  Cyn = [[f(x.y)e xdy

m =—o0 477-—2 R
m=0+142,...n=0,£1%2,..,

Fx,0)~ > A.la,., cosmxcosny + b, sinmxcosny +c,,, cosmxsinny +

m . n=()

d,,, sinmxsinmy].

1'(x, y) is a periodic function of period 27 both in x and y and the partial
sums of the double FFourier series is Sy, (x,y) , m=0,1,2,...; n=0,1,2,...

where .
m n |

5, (X, )= Zo Z;)/IH,_, (@, cos pxcosvy + b, sin pxsinvy + ¢, COS pxsin vy +
u=0v=
d,, sin gxsinvy )

.

L , for m=n=0.
4
A =<% , for m>0,n=0,or m=0, n>0
1 , for m>0,n>0
L

Where instead of A, we write (1/4)ay , m =0=nand
A A B . and B, equals (I /2)(1,"0,(1/2)00”,“/2)/)",0 and(1/2)c,,

m0>0n?" "m0

respectively
Smn (xa }") = _l_z Z z/lyv _Uf(‘,l’) COS/J(S = JC)COS V(l - y) dsdl
ZTop=0v=0 R |
= L} [[/(s.0) LI icosu(s = X) [l+ icos(t - y)}dsdt . (1.4.12)
TR 2 =l 2 v=l

We can obtain this formula by substituting (1.4.10) in equation (1 4.12) to

obtain
m n

S (X, ¥) = ;1; > Zol’w(”ﬂ"“) COS 45 COS VI COS f1x COS VY dsdll +

pu=0 v=

[[ £ (s,0)sin uscosvsin pxcosvy dsdl + [[ £ (s,1)cos pssin vt cos pxsin vydsdl

+ j _f £ (s,1)sin gssin v sin goesin vydsdt
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which equals

~

l m n o ' .
— > A (”.f (s,1) (COS 445 COSV COS (X COS VY + SIN LIS COS M SIN LLX COS VY
T7 p=0 v=0

+ COS 445 SiN VI COS 44X SiN VY + Sin 45 Sin v sin pxsin vy)dsdl.

By taking a common factor we obtain

-5 3 A, (J] £ (s.0(cos s cos px(cos vt cos vy + sin v sinvy) +
T u=0 v=0

sin zssin £oc(COS VI COSVY + sin v sin vy))dsd.

Which equals

—1; > A, (”(f(.s',t)(cos L1S COS LX + SIN £45'SIN £1X)(COS VI COSVY +

T u=0 v=0

m

sin vt sinwy))dsdl = —1; D i A (Hj'(s,t)cosp (s —x)cosv (I — y)dsdl

T u=0 v=0
= ] ”(f(s I){l +i cos u(s — x) ][l+icosv(t =) }lsdt.
7.72 I : 2 pu=0 2 v=0

1.5 Double Fourier series for a function with different periods in x and y

Let f(x, ) be periodic in both x and y with periods 2/ and 2/ then if we let
u = (nx/l) and v = (my/h) then f(x,y) = f ((lw/n),(hv/m)) = Ku,v) is periodic
If we have

o0
du,v)~ Y. Ayl cOsmucosny +b,, SiN M1 COSNY + C,, COSMUSIN AV +

m n=0

d sinmusinnv]
mn

then we obtain :

; = T /4 Bt /4 T
fee. = 2 At cosTm.x cos;ny +D,,, sin 7 mxcos;q—ny

m,n=0

T . T y .
+¢,, COS—mxsin—ny +d sin—mxsin--ny]
/ h mn / h
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where I i mr nir
a, =— x, y)cos——xcos— y dx d
" RI./ (x,y)cos— -y di dy

Thus the complex form of the l‘ourier series becomes:

_ " il (" ) .
fen~ e ! # with
==
1 _’”l( mx )+( ”)’) ]
_Uf(x,y)e P70 dedy, (m=041,42,....., n =0£12,..

C!HH =
alh 7

1.6 Absolutely convergent Fourier Series

Definition (1.6.1):]13] A Banach space is complete with respect to its

defined metric space.
Let A(7") be the space of all functions on T' having an absolutely
convergent [“ourier series, that is, for the function / for which

S F ()<

H=—o0

and the mapping f —>{j'(n) Yhez of A(T) into I' (the Banach space of
absolutely convergent sequences)is a one to one function and linear.

o0 oo} »
If Yla,|<e and g= Sa,e™ be uniformly convergent on 7'
-00

—00

then a,= g(n) .
If this condition is satisfied then the mapping f—}{j'(n)} of A(T) into ['is
isomorphism (one to one and onto) .

Let the norm of / on A(7) be:
1N yry= 2 F ()]

Lemma(1.6.2):[12] Assume that /, g eA(T), then fgeA(T") and
I/ &llacy < I ac - lgllacry -
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Proof : Let £, geA(1") then by using

F()=3 f(n) ™ and g(t)=2£&(n) ¢™  where both series converge
absolutely, then

:(A+m)r

FOWO =T X (k) e gme™ =X 3 fk)g(me

k m m

collecting the terms for which k+ m=n to obtain

f(t)g(t) = ;;f(k)g(n _ k) einl

(fg)() = ;.f'(k)g<f7 — k)

so that

hence

I (fg)m) I 2% | fU)| 1 &n-k)|= )3 fo)| QIR

1.7 Fourier coefficients of linear functionals

Definition(1.7.1): |8] the dual space of the space 3 is the set of all linear
forms on the space B and is denoted by B*.

Let B be a homogenous Banach space on T, let ¢™eB for all n and let
further B* be the dual space of B, then we have

Definition(1.7.2): The FFourier coefficients of a functional M eB* are:
M(n) ={" M), neZ

and the FFourier series of M is the trigonometric series

SIM]~ T M(n) €™ and M| <Ml e

int
n ”B -

If B =LP7), 1< p <o, B*is canonically identified with LY(T), where
= p/(p-1) and geL% (1) then the following function is a linear functional

[ f.8) =5 [fO0 duf L) and

n mnt _s. 1 —in n
(@ g =5 [ g @) di =3[ (0d = &)

Thus £(1) coincides with the nth Fourier coefficient of the function g .
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Theorem(1.7.3):]12] (Parseval’s formula) Let feB, MeB* then

g |n|
( f.M)= [im Z}\;(l ] ()M (n).

Now -

Proof:
For polynomials p(l) = Zp(n) ¢™ | we have

(p,M) = ( ZP(H) ™ M (1))
_ s a0 A (1)
= 27?_[2];‘/7(”)(, M (1) dt

N R ropmmgyin = W |
- ;I)(H)EIMU)C ‘"t = ZN p(n)M(n) .

In general case we can obtain by using theorem(2.11) in [12] that

[ = ]un &y (1)

—>UJ
in the B norm and since M is continuous we have

( /,M) —Ilm((f (f).M) —/HHZ( |}1| ] f(”)M(”)

Corollary(1.7.4):|6] (Uniqueness theorem) If M (n)=0,Vn then M =0 .
Proof:

Let M(n)=0,

then by definition M (n)= 2—171_—IM(t)e'i“l dt,vn, 0= jM(t) dt

= [M(t)e™dt = feost M (1) dt.

First 7=0and then n=1 and from the fact that the imaginary part equal

to zero we have

[M (1)t = [cost M(t) dt, then M (t)cos! =M (1),V!
Hence M (1)=0.
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Chapter two
Convolution of Functions

We will discuss here some properties of convolution function in section
one, approximate identities for convolution property and autocorrelation
function will be discussed in section two.

2.1 Definition and some properties of convolution

The convolution function ( feg)(x) is defined by the operation

. | "
(f *2)x)= Z;Iq:o./ (x—y) &) dy (2.1.1)

where fis bounded function and g is absolutely integrable function.

Note: All the integrals for convolution is defined on -eoto 0.
Lemma(2.1.1):[6] Let e,(x) = ¢"™ (neZ), then by the orthogonality
property, we obtain:

g™ _ if m=n

e" (x) - CIH ('x) = =
if m+#n

2

Proof : By definition we have

1
e” (JC) *e, (X) = Eje::r (x - y)(fn (y) dy

1 ¢ st TPy
— __J‘Cmr(.\ })emydy — __Iermxﬂ}(n m)dy
27 27
! _ - eimx . m=n
- _e:mtj‘cr_v(n—m)dy s
2z 0 ., m#n

Corollary(2.1.2):[6] 1If ((e,, *¢, )(11)) = &,,-8,,, then fig and (& )are
bilinear in the pair (f, &)

Proof: It’s clear that, if there exist f, &, f;» /5 &> gzeL', a and fare

constants then the following statements are true:
(D) ()8 =1 ,+8 + /148
(2) f +(g,+8,) = f+& 11+,

30




(3) (af)sg = a([+8)
)/ +(B&=P (/&) -

Properties of convolution: Iff, ge LY and _ﬁkgeL'(T) then
(Mgl <Al gl - (2.1.2)

Proof:
By definition we have:

. .- . | .
frg= 5‘; - Dg0d, then 17 *&l= 15[/ G= R

- L e e idy < L= RO by

| : 1
ggju(x—y)ldy.ﬂjlg(y)ldy

hence ||/ *gl </l -Il&l -

) [(feg NI <1/ () [ * [ &) (2.1.3)

Proof : |
By definition of convolution we have

(Frg)] = 51— [ fe-)20) dv| <= (| fx-)g0) dy
I S 2T
=l2]r [L7G=)1 180 dy=1 f@)]* £

(3) frg=g* (2.1.4)

Proof :
To prove the commutative property

1 o0
f*80)=o- [ 7(x= )20y,
let x—y = u=>gqt y=oo,u=-oo andaty= —0, u=020, du = —dy
Then

.f'*g=i2ﬂzf(u)g(x—u) "“:ﬁ zg(x—u)f(u) du=gnf.
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Hence fxg is commutative.
Theorem (2.1.3):]6] ( Fubini_Tonelli Theorem) For any functions f'and
, we have

1 —iny I N, —in(x=1) I —iny 5
R < ¥ P - el dy=—| o g n)d
(zzfa(y)e {Mjf(x y)e x} ly 27[[5()/) S (n)dy
-—-j'(r.r) g(n), VYneZz.
@) (S * &)y = [ (n).g(m) (2.1.5)
Proof: To prove this property, by using the definition, we have
. 5 l . —iny
(/> &)(m) = —[(f * &)(x)e " dix
27
I e | 1 %
=—|e "™ X— dy ¢ dx
. | {2;; _L S(x= e y}

= ( —I—) / Of ™" f(x = y)g(y) dx dy

2 e,

27

2 . . .
Ty ae—

1 —iny 1 T —in(x—y) }
=— 2 T — - Ve “dx d
o [g(y)e {2;{ | 7(x=y)e ly

—o0

Using theorem (2.1 .3) to obtain

| —iny 5., I —iny 3 e A
- Jeawe™ J(Mdy=——[()e™ fn)dy=j(m) g(n) .

(5) Convolution operation is associative, that is, (fkg)*h = J*(g*h), for

every f, g, heL'(T) .
Proof: Trivial.

Theorem(Z.l.4):[18] Let / and g be continuous functions then

i) If ﬂ S| dx converges and| g <M, then the integral /' * g converges ,
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( f+g) is continuous and | f*xglsM _[I f | dx .

(i) If J| ¥ *and Ilglzconverge, then jf(() g(x-t)dl converges, f*gis

continuous and
| frgl’s [ﬂfﬁ] (ﬂgIz].

i) If jl /1 and I|g|convcrge and g is bounded, then
-0

~00

Il / * g | converge to the value ( J' | £ .[I g|) and (f * gj £ f g.

(iv) If [| /1, [lg|and [Ig] all converges and g equals its [‘ourier
integral then
.8 A CRE R
(fg)=2m f*§ or [*g=--(/8).
2z
Proof:

(i) Since [| /| dx converges and| g|<M then [(f * g)dx

oD
converges uniformly and | /' * g| <M j | f| dx and from the uniform

-0

convergence of fxg, the continuity follows from the following theorem:

Theorem(2.1.5):[18] ((Let /(x, y) be continuous function in the region
a<x<w, b<y<c andif

_ff (x,y)dx converges uniformly for b<y<c then the last integral

is continuous function of y on that interval ) see [1 8]for the proof ) .
(ii)The uniform convergence of the integral for fxg follows from

Schwarz inequality
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2

[ f(ng(x—nad <(flrne dr) ([l g(x—1)|*dr)

Ir|>A
= ( JL.f(’)|2 dr) ( [lg(s)Pds)—> 0,as A —> =,
ltl> -
independently of x .
B o B «
(iif) IAI [/()gQe—ndt]dus | [I/(Oglx=0ldt dx
-A -0 ~A -

0 B o ) o0 0
= [1701 JlgCr =0l di < I/ flgee=0lde=([1/D (Jl&D

SO ojﬁ f*g| converges and bounded by ( I 1 fD ( I| gl .

The change of order of integration is justified by a complement of the

theorem(2.1.5) in part (i) which isif _[f(x,y)dx converges uniformly
for b< y < ¢ then 4

al b

T[T .f'(x,y)dy} dx = j[T.f‘(x, y)dx] dy

and converges . Hence (/f * gj = fg is proved .

;o A 1 F ~ : 1 1 %%, R
v * S i _ A d i i i(n y)xr} d d
(iv) /&) 2”_L/(n PRy == zﬂ_!o JJ(")" 8(y)dx
1 TF, —inx ~ ivx 1 % —inx 1 - 3
= [ [f@e gy dyde=—— [ [(x)g(0) € “dx=—(/g)
47T _00-00 277:—00 27[

since g equals its [ourier integral .

Theorem(2.1.6):|6] Suppose that ] <p <o andp isthe conjugate

exponent
of p defined by (1/p)* (1/p") =1 such that ifp'=1 then p = and if
p = 1 then p' = oo. If fel’and gelP, then fxgis defined every where ,

continuous and
1| fegll, < 1L/l N gl - (2.1.6)
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Proof: (Holders inequality ( A&l 1L el where fel.” and

gel”)shows that the function y—>/{x-y)g(y) is in this case integrable
for each x, so that f¥g(x) is defined for all x and

|7 g7 eI 1L/ =Nl

where in the first factor /(x-y) is regarded as a function ofy.
By translation invariance, I/ Geyll= 11 |, whence the stated

inequality. To show that f¥g is continuous, we may suppose that p <oo,

then use
Feg= -y and 1S vgls /e
thus the inequality just established to obtain
| 7./ *&)-f*gl, =llaf *8~= 1> gl,=| @.s-+e
<|rs -1, 0el,

[0}

where 7,(f(x))=f(-a x) and T,(f*g) = (1,f)*g since

o 1 e
T,(f*g)= ﬂf.f (—a+x—y)g(y)dy = —2;J.f (—a+x— y)g)dy
=T (fY*g -

Hence ||1y/ -/ ll, >0 as a—>0 whenever felrand p < oo .

Theorem(2.1.7):[6] Suppose that feLl and that g is absolutely
continuous, then f* g is absolutely continuous .

Proof: For any two real numbers a and b we have

((f * 2)(b) - (f *g)@) g 5‘; (17O | gb =) - gla=yldy
2.1.7)

and since g is absolutely continuous, then for any € >0 there exist a
number N = N(g) > 0, such that

;;l gh)-gla,)l =€
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For any sequence ([ak by ];=1) of non overlapping intervals [ak,bk] for
which Y (b, —a;) = N . But then under the same conditions on
=
these intervals
;l gb, - y)-gla, -\ <&
For all y and so (2.1.7) shows that
kZ_ll RN ATCAI PANCE

this shows that f¥g is absolutely continuous.

2.2 Approximate identities for convolution

We note that there is no identity element for convolution(¥) in L', Crand

LPfor 1€p <.
Thus we are going to consider and seek the next best approximate
identity. By approximate identity (for convolution) we shall mean a

sequence (k"):;] of elements of 2! with the following properties

(1) supl| kylly<e0 , V' =1,2,... (2.2.1)
|
(2) Lhn—“_[kn(x) dx =1 (2.2.2)
oo 27T
(3) Lim [k, (x)| dx=0 where < |x| <7 (2.2.3)

for any sequence (k )of nonnegative integrable functions (2.2.2) and

L,-,,,jk”(x)dx =0, the integral on & < lx| < for each fixed & satisfying

n—roo

0 < & < &, we might take for k, (n=1,23,......) which is defined on [-7,7].

o0

Theorem(2.2.1):[6] Let (k,,)”=, be an approximate identity then

tim &% f=Flo=0 (feC)

H—0

and
];fﬂl“kn*f‘—f”p:() 4 fel,”, 1S[7<00 .

n—»0
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Proof: The first statement will follow from the uniform continuity of f* in

the following way

K, * f(x)- f(x)—zl; [ky () = -2'; [y (LS (= 3) = F(X)1dy

]
ne o, =— k dy "
pulting @, 2:rj L()dy | gives

; ; I  aw
Ik, * [ —a,f HmSEIH kO NS =l dy=1 (2.2.4)

Let &> 0 be given, choose and fix 8 satisfying 0<8 <, so that

T,/ llosE for | y| <& then

1 -t 1 .
= Ik, DTS =l dy=7 [k, NTyS = f o dy

T |y|<s
| o oo
r— [ kWIS = o dy (2.2.5)
T s<ylen
and we have
(2.2.6)

L [l 11T, Sl dy < 65— [lk,IdysMe

T |_\’i<5

since sup |||, <o and M is independent of n, then

175 - f o < 2 11/ 1o

for all y, the second integral is majored by

il IIIk,,(y)ll-llT,f—./'Ilmdy52ll.f|!m-51— fll,ldy 227)
T §<|ylsn

27 5 <l <n

keeping € and & fixed.

We find that (2.2.3) to (2.2.7) show that
Lim Sllp” k}?*f'an f”oo <M.e.

=1 by (2.2.2) it follows that

Since £ >0 and arbitrary and Lim@»
H—0
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Limllky * /= [ lw=0 whenever f is continuous .

Hn—»o0

To prove the second statement, given felPand €>0, choose f*eC
such that || /- /[, <€, 8 /=1 (n)
is a continuous homomorphism of L' onto the continuous field and by
(2.2.1) we have
|| k-t Hllp < [l kil & < Me (2.2.8)
where M is independent of 1, by what has been established, there exists
ny=ny(€) so that
lkof - Hlw<e  for n>ng

then ke #f T Hll, <€ forn>ng

and therefore

ko -/ |l, < 2& for n>ng (2.2.9)
and ||k, =/ |l, <Me +2¢ for n >n thus

Lim |fky+f|l,= 0, feLP, which completes the proof .

n —»n

we will discuss a very important tool in [ourier analysis. In
approximate identity, il a function del'(R) exists such that fxd ~ f

holds, then from the fact that
(f *)m)=F(mEm).
We hav f'(n) (.?(n)zlf'(n), where  f e L'(R). that is dn)=1.

We see that for such a family {d }c LY(R) that seeks to approximate the

identity is c?a (m)~1, neR, as a—0. And we may use the
normalization

d, (0)=1,0r [d,(x)de=1. (2.2.10)
Let us define a family of Gaussian functions
)
.~ 2.2.11)
> (%) = e - @0 e
8o (X) oa
Theorem(2.2.2):|7] LetfeL'(R), then
(2.2.12)

Lim (f * 84 )(%)= J(x)

a—-0t
at every point of x where /* is continuous.
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Proof: Let / be continuous function at x and arbitrary given ¢ > 0. We
select a> 0 such that

| fx-y)-f@)< &, VyeR with |yi<a,

then in view of (2.2.10) with d =g _,we have

(%2, )0 = F(0)] =1 [Lfx=3)= )] &) D]

<[l f(x=0) =T (X)] 8a(¥) dy+ [ 1fx=» =T gady

[} 'IZH

IA

& [g, () dy+ll/ 1 max e+ /| | 8.00) dy

|vlza

IA

& [2.0) dy+ll [ g(@+ f@] | &)

vzalva

e+ [ ga(@+ S | &) dy.

I_V|2(1/ va

Since both g (a) and the last term obviously converge to zero as a—0",

this completes the proof of the theorem.

We will introduce the definition of the FFourier transform of functions in
1.2 (R) and we need to define the autocorrelation function.

Definition (2.2.3):|7] The autocorrelation of an feL? (R) is defined by
1= [ S+ () dy. (2.2.13)

Lemma (2.2.4):[7] Let [ be the autocorrelation function of _f'eL2 (R).
Then
M | F@II/IG, YxeR

(2) F is uniformly continuous on R.

Proof: (1) To prove the first statement we use the Schwarz Inequality
C 1zl /1L g ) . Thus we have
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el < [ 17N TTDdr s ¢ | fx+ P dyy I

=1/

(2) To prove the second statemen
a and apply the Schwarz Inequality to obtain

t, we consider an arbitrary real number

(Fx+a+y)—fx+ O dy |

ey, 8

| F(x+a)—-F(x)| = [

8

< ([ Ifx+ra+r =S+l dyy" I f 1,

Il

([ 1/+ray=rr ™Il

Since feLz(R), the integral inside the braces, which is independent of x,

tends to zero as a—0 .
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Chapter three
Applications
Dirichlet’s problem and Poisson’s theorem

In this chapter we want t0 consider some applications of the l“ourier
series. To this end, we discuss the differential equation concerned with
disk, the Poisson’s theorem and its proof in section (1), some assumption
about Poisson’s theorem in section (2) and some applications about
Poisson’s theorem in section (3).

3.1 Dirichlets problem and Poisson’s theorent.

We want first to finda differential equation governing the solution of the

heat problems.
Since we are concerned with a disk, the natural coordinates are polar and

the temperature at each point (,0) of the disk is u(r,0), to find the heat

equation, let
0<ry<r<r<l, 0,<0<0, (3.1.1)

figure(3.1)

(3.1) is a circular disk with radius r.

Since we are considering steady state temperature distribution, the rate at
which heat flows into this section must be zero, otherwise the average
temperature would change with time. Thus the rate at which the heat
crosses a curve C is proportional to the integral along C of the normal
derivative owon  of the temperature distribution, where owon is the
derivative of u with respect to arc length along any curve perpendicular to
C . When C is the side 0=0, of the portion given in (3.1.1), we can take
these perpendicular curves to be given by = constant. Then since the
length of a circular arc is the angle times the radius, hence the normal

derivative along 0=0, s
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ou u(r,0,+h)—u r,0 i
— = Lim ( )-u(r6) _, u, (r,0,)
on  h-0 rh

and the rate at which heat flows into the cross section in figure (3. 1) along

the boundary 6= 6, is

N
k It‘_lug (r,0)dr , k isthe conductivity.

"0
By adding corresponding expressions for the other three boundaries and
setting the net flow equal to zero, we have
g b
.
jl [ug (r,0,)—u, (r,()o)] dr + I [r]u,.(rl,a) - rUu,.(rU,O) ] do =0
4
0
(3.1.2)

o

Dividing equation (3.1.2) by 0,-6, and taking the limit when 6,—6,, we

obtain

I'l
Ir"'uw (r,0,)dr + 1,1 )= ra, (1y»00) = 0 )
"0

if we divide equation (3.1.3) by ri-ro and find the limit when r—7r9, W€ get

1
T”(}u (19,00) + (ru1,),(y,0,) =0

0

Since 7, and 6, are the coordinates of any point inside the disk, except the
center, we have the equation

ar 61.4) o

_or 1% 0, (r«0) (3.1.4)

or ro0°
The solutions to this equation are called harmonic functions .
Let u(r,0) be a continuous solution for 0<r <1 and
(3.1.5)

u(r,0+2n) = u(r,0) .
To have a unique solution we complete the last equation by specifying the

temperature distribution on the boundary » =1, given by

u(1,0)=1(0) =/ (0+2n). (3.1.6)
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The problem of finding a function u satisfying (3.1.4 __3. 1.6) for a given
function f is called a Dirichlet’s problem. The solution of this problem
can be found by the separation of variables method, let u(r,0) =R (r)0(0),

then we have
SRR 0"
’- + — | —
R R 0
we then obtain
)= 34, (.17
and u(1,0) = ZA,,(:”'G =f(0) (3.1.8)

which yields

1 T
A =— | [(0)dO 519
0 27[ -J;r/( ) ( )
7)™ =ZA,,e"(”-N)e 5.1.10)
L . 3.1.11
A, =— [ 1(0) " dO (3.1.11)
27 x
Then
ll(l’,@) — i A”’.Inleine - i rlnlein() _21__ _[f(l)@—im n
fi=—% n=—om0 T
= i j‘517_7:_,.Inler'u(@-;)f.(l)ahr _

o0
’ n| in(@—t : . ’
For r <1, the series Z?‘I "0 converges uniformly in and if we

J1=—00

integrate it term by term we obtain

1 J’ irlniein(ﬂ—f)f(l) di

u(r,0)=—
2T Spn==
For r <1, (we have a geometric series) and we can find
[oa) | . )_J(U—:)
n o in(0-1) I -n_in(@-1) re
r" e e il & = o
| — m:((i—r) o | — re i(g-t)

n=0
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thus

] re_'w_')

i || in(€—t)
Pg = : + :
1_ 1(6'—1') 1-_ re—r(@—!)

H=-0 re

="

B 1—2rcos(@—1)+ r?

by substituting in u(r,0) we obtain

|~ ,1
i(r,0)=— ; o)
u(r,0) o _[[ 1009(9—1)+t J [(dt, r<l (3.1.12)

this is the Poisson’s integral with the Poisson’s kernel

{ei®

27 (1-2cosg + r?)

P(r,¢)=

3.2 Assumption of boundary values Poisson 's theorem

Theorem (3.2.1): |18] If / is a periodic, continuous function of period 27

and
p?

2005(9 —0)+r
Lim u(r.0)=1(©)

u(r,0) —51—]5 =f()dt,

then

Proof: Given £> 0, We must find < 1 so that, for all 7 in re<r<l,
lu(r,0)-f (0)| < & holds and

&+

P, 0 -0lr)- 1) d

u(r,0)- 1(©0) \

O+

< [P(ro-n1f(O-7©O)d!.
0-n
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This inequality above uses the fact that p = 0. Since / is continuous, we
can make |f (1)-f(0)| small whenever ¢ is near @ and formulate P(r,6-1),
we can also make 2 small by taking # close to 1 when ¢/ is not near 0.

This suggests breaking the integral above into two parts and using the two
effects separately to have for any number &, with 0 <& <, that

@+m

\u(r,0)— fO)I< [P(r,0 =D f()~[(O)]dl
-

= + _[ =1,+1, ,
@—ilss  S<|@—tl<m

where [ is the integral for |- (|< & and 7, is the integral for 5 <|0-1 | <z .

Since /* is continuous there, then we can choose ¢ such that
| £(0)-f(0)| <&/2, whenever |0-1]<5,

thus

e 89+n’
ILs [Pro-)zdi<< [ P(r.0-t)dt=
V-0l<5 2 292

M| M

considering the remaining term, we have

1-r° . : _
[(f(@©)- 1)) dt, since

2= 2(1— 2rcosd + 12
w(l—=2rcoso +1 ) S<izOl<n

-7

27(1 —2rcoso + r?)

max Pr.@0-1)=

d<lt-0Ol<nm

Now for a fixed & between 0 and 7, we obtain

; ] -2 =
Lim = (O dt =0
ro1 27(1-2rcosd +r J,;' F0-70)

So that there is an o<1 such that when ry<r<1 this expression is less
than €/2, making 1,< g/2, then finally for ry<r <1 we get

lu(r,0)- f(@)|<e and Lim u(r,0)=/(0)
r—
hence \u(r,0)— [(O) <1, +1, < 1;- + -;3 =g,
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Theorem (3.2.2): [16] If / and g are continuous functions of period 2n and
if they have the same [“ourier coefficients, then f=g.

Proof: By assumption we have
[f@)e™do=| g(@)e ™" do=a,.

Then by theorem (3.2.1), the function

@0 .
u(r,0) = Zf'l"lanc“'(;

H=.-00

converge to f(6) and to g(&) as r —1, thus /(@) =g(9).

Corollary (3.2.3): [18] If f is continuous function of period 27 and if the
Fourier series of f converges uniformly to some function g, theng=/ .

o0
L - ing
Proof: Let a, be the FFourier coeflicients of fand &= D.a,e”,

H=—00

since this series is uniformly convergent by assumption, then we can
calculate the Fourier coefficients b, of g by

—

l —im@ < nt
b,=—|e > a,e"do
27[_,-;- n=-0
I

T
- a ei(n—m)()dgza
Vit ":Z_:m n :[r m
The function g is the sum of a uniformly convergent series; thus g is
continuous and by theorem (3.2.2) we find that f =g .

Theorem (3.2.4): [18] If [ (0 )isa continuous periodic function and if
v(r,0) satisfies the conditions (3. 1.4 ...3.1.6) and v(r,0) =/ (6) uniformly
as r—>1, then v(r,@ ) is identical with the solution given by the Poisson’s

kernel {ip?
P(r>¢) i 5 2
27(1—2rcosg+ 1)

Proof: For each fixed <1, v(r,@) has a I'ourier series given by

S a,(r) " 3.2.1)

H=—00
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with _ ; : né)
a,(r)= EEI v(r,0)e™ (32.2)

Taking into account that v(r,6) satisfies the equation

ou
0
(r ar] 1 o*u
: ={), r#0, 3
or Ty 00 (3:2.3)

differentiating equation (3.2.2) to obtain

]r .
(@,(r) = 5'; [v,(r,0) ¢™0d0 (3.2.4)

multiplying (3.2.4) by r and differentiating with respect to r 1o obtain
! | & 0 —ing
ra. Y =— [ — (v, (r,0))e """ do
(ra, ) =2 [ 5,0 (O™
1L ity (3.2.5)
o S o 66
Integrating by parts and remembering that v(r,0-7)

(ra ’)'— :-l—v (r,0)e""? o lv e ™?dg
" 2ar ¢ L e’

” .
o G [ A 2 0
27 g ¥

in P O E —ind
= ——w(r.0)e +— | =v(r,0)e do
[2 Sh i|._,, 2r 'Lr el

2
=" (3.2.6)
r
From (3.2.6) a,, satisfies the ordinary differential equation
(3.2.7)

J n’
(ra, ¥ =()a,
¥

which leads to a,=A, ”"+B,r" for some constants 4, and B, (n # 0),

since v(r,@) is assumed to be bounded, we see that
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la, (1= 5'— [v(r,0)e™0d0 |<2max]v| (3.2.8)
T -«

so that the coefficients B, above must be 0 and a,(r) = A", for A,
constant and ay(r) = 4, , to evaluate 4, by letting r—>1 as follows

"

no_ _I_ f y ,—in@ jr
A ryr = 27[ J;TV(' ,0)(, (f() (329)

when

r—=1, v(r,0)— f(0)

uniformly, so that the integral in (3.2.9) converges 0
2 Tf(()) e do
27

as r—1 and we find

e ZL [ £@@) ™ do

w
for each fixed r <lI, the Ifourier series of v(r,0) is precisely the series for
u(r,@), the solution of the problem constructed through the Poisson’s

kernel, since this series converges uniformly to u(r,8).
The last corollary asserts that u(r,0 )= v(r,0), which is exactly what we

wanted to show.
Thus we can say that the temperature at the center of a disk with a steady

state distribution is the average of the temperatures on the boundary, since
l n
u(0,)=A,=—1/(0 do
(0.0)=4y=7— j /0)
and u(r,0) is the only solution of the heat problem.
3.3 Some applications of Poisson 's theorem
Theorem (3.3.1): [18] Let /* be continuous function of period 2m, then for

every € > 0 there exists a trigonometric polynomial
N _
- Za”rwemﬂ

n=—N
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such that
1P (0)—f(0) <e forall @ .

Proof: By Poisson’s theorem (3.2.1) there is an <1 such that
u(r,0)/(0) <2,

where
- Wl in6
u(r,@)= Y. a,r"e"
H=-00

and

I T . —inf)
a, =— d) e d
o B J./( ) ¢

w

since |a,| < max | /| we have

I‘N
< 3 | —
_2ma*<|f|]_r . (331)

Z(J‘”f‘lnlemg

7=

If we choose N very large we obtain

N
2max | f|——<¢/2
1-r

from (3.3.1) we have

1) - Za,,f'lnlb'ma < | /(9) —u(r,e?)[+£ ZE
[n|<N 2

Theorem (3.3.2): |18] Let a,, be the [Fourier coefficients of a continuous

N -
function f of period 2m and sy (0)= Za,,e'"g then
-N
1) [lsy@) -f@Fdo—0 as N - o (3.3.2)
in@ (333)

N
Q)If 1,(0)=2 b,e
N

with arbitrary coefTicients b,, , then
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[ly @) = f(OF do > [lsy(©0) - [0 d0 (3.34)
unless b, =a, for -N<n<N .

Proof: We begin the proof of (3.3.4) by letting

n T N __ . —
[ley @) - f(©@)1°do = I([ ) A{J,,e”"’ - .f'(O)} [ ZL’""’_""H - .f'(G)DdG

- n=- m=—

22y )by P - 223, — 27X by + [ O

then substituting a,, for b, yiclds

V.3 N
[Isy@- /@1 do =]/ > d0-2n >l an ?

n=-

and

[l @) - £ do - [l5,0)~ f(©) > do

= 21(S by 12 =S byan = T by + 2l ?)
=23 (b, — a, )b, —a,)>0

unless b, =a, for -N<n< N.

n .
In the last proof we use the fact that Ic’(""”)‘gdg -0, when n#=m.
9T

(2) To prove (3.3.3) let >0 be given and choose a tri gonometric

polynomial N
P(g) = Zh”eme .
N

n=-

with “,_f|2<_£_
2

then by theorem (3.3.1) and from (3.3.4), we obtain

_[|.s'N(t9)—f(9)|2 do < [ |P@)- 1O do <& .
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Chapter four

The eigenfunction method and its application to [‘ourier series

In this chapter we will discuss method of solving boundary value problems
in particular solving partial differential equations in two variables. The
boundary value problems and a method of solutions will be discussed in
section (1), the eigenfunctions and their orthogonality in section (2),
examples on heat equation and vibrating on membrane are discussed in
section (3), the sign ofthe eigenvalues and [ourier series with respect to
the eigenfunctions in section (4) and the eigenfunction expansion method

in section (5).
4.1 The boundary value problem and the method of solutions

In this section we will consider the linear partial differential equations
[19], [21]

p D ‘li + R R + Qu = ?—li- (4.1.1)
ax" dx at-

AL L, Y ou (4.1.2)
dx° 0 x ot

where p,R and Q are continuous functions of the variable x and u(x,7) is the

solution of the problem.
(4.1.1) is the equation of mechanical vibrations of the string and (4.1.2) Is

the equation governs the heat flow in a metallic rod.
Let u(x,1) be the solution of (4.1.1 ), defined on a<x<b and =0 which

satisfy the boundary conditions

2 uta,iy+ g 28t g
ox
ou(b,t) _
y u(b,l)+5——a;——~0, (4.1.3)
with @, B ¥ and 6 are constants and u(x,!) satisfies the initial conditions
ou(x,0
u(x,0) =1 (x), —-La—’—l = g(x) 4.14)
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where f'(x) and g(x) are continuous functions and neither a, B nor y,0
vanish simultaneously. This mean

a’+p#0 (4.1.5)

7 L8 el
To solve (4.1.1) by separation of variable method, let u(x,r) = ¢x)1{¢) and
obtain

pg"+ Rp'+op _T" _ (4.1.6)
@ T
Thus we have
pp+ R +op =-Ap @417
T"4+ AT =10 (4.1.8)

To have u # 0 and u satisfics the boundary conditions, we obtain

ap (a)+ pg'(a) =0
yp (b)) + 6¢'(b) =0 (4.1.9)

then there exist an infinite set of values A, Aps Ay, Y W for which the

boundary value problem has a solution, provided only that p= 0. Every
value of A for which the boundary value problem has a solution ¢ #0 is
called an eigenvalue and the solution ¢ corresponding to A is called an

eigenfunction.
We have an infinite set of eigenvalues k(),ll,?\.z,...,?\,”,..., with

corresponding eigenfunctions

¢U(x),¢l(x),¢2(x),....,qﬁn(x),. - (4.1.10)
(4.1.10) form an orthogonal system on [a, b] with a certain weight 7.
Ifa > 0, n=0,1,2,..., then we have

T (t)= A, cos /A, t + B, sin iy, @.1.11)

where 4 and B, are arbitrary constants. Then each function
u (x,0)= ¢ ()T (1), (n=0,1,2,...) will be a solution of (4.1.1) satisfying
the boundary conditions (4.1.3).
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respect to u and its

f linearity and homogeneity ( with
f solutions of (4.1.1) 1

Because ©
every finite sum o

derivatives) of equation(4.1.1),

also a solution.
The same is also true of an infinite series

u=3 u,(x,10)= S 7,08, (x) (4.1.12)

n=0 n=N0

If u is uniformly convergent series and twice differentiable with respect to

both x and ¢, then we have

o1 au 0%u
- R—+ Qu = —5
ox Qu = ot’
2 8 un = 61: & °  9%u
= Z =l Q Z u, — Z 2"
n=0 n=0 = n=0 Ot
- 2
_ 5 u,, . p9Un ou,, O, — 6 un ) = Z (0) =
n=0 ox n=0
With the initial condition
u(x,0)=f(x)= Z?fn(a\)/n(o)
ou(x.0) = (4.1.13)
u(x
T g(\) = Z¢JT('X)7M' (0)
From (4.1.13) we have
f(.X) = Z ¢n()‘)7n (0) Z n¢’n (X)
g(x)= Z d P (X) (4.1.14)
(4.1.15)

r©)=c,, 7, ©)=d,, n=0,1.2,...

In order to find the constants in (4.1. 15) we apply the initial conditions

u(x ,0) = f()‘) = Z An‘;én()‘)

n=>0

au(ax 0) _ o (x) = ZBn 74, (x) (4.1.16)

n=_0
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we can casily see that J
A4 =¢c. B =—=, n=012,..

n n? n i
Lemma (4.1.1):]21] If we assume p # 0 in (4.1.1) and if we multiply
(4.1.7) by non vanishing function then (4.1.7) neither loses nor gains
eigenvalues and eigenfunctions and we can transform (4.1.7) to

(pp') +qp =-Ar1¢ (4.1.17)

where p is a positive function with continuous derivative, ¢ is a positive
continuous functions on [a, b] and r is a positive function .

Proof: First we assume that P >0 (this can be done without loss of
generality) since otherwise we need only to multiply all the terms of (4.1.7)

by —1 and replace -A by A~". Then we solve the system
p=rP, p=rR (4.1.18)

and we obtain

r X X
£~=£*, lnp=f£dx, p = exp jﬁdx y p=L
P P % P P P

where X is some point belong to the interval [a, b]. (we take the constant

of integration to be zero). Since p > 0, p’is continuous and > 0, we need
only to consider the differential equation

rPp"+ R ¢ +1Q ¢ = —Arg (4.1.19)

and set
qg—rQ

then, according to (4.1.18) we obtain
pp' + p'¢' +qp=-Aré

which is the desired equation (4.1.17) .
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4.2 Eigenfunctions and their orthogonality

Theorem (4.2.1):[3], [21] If Ain (4.1.7) is an eigenvalue then there exist
unique eigenfunction ¢ (x) .

Proof: Suppose that ¢ (x) and y (x) belong to the same eigenvalue A, then
by a familiar property of linearly independent solutions of differential
equation we would have

gp(x) ¢'(x) 4.2.1)

v (x) w'(x)

# 0

every where on [a, b] and in particular at x = a, but according to the first
conditions (4.1.9)

ag (a)+ p¢'(a) =0
ay (a)+ By '(a)=10

(4.2.1) would imply that & = 0 and =0, which contradicts the hypothesis
of (4.1.5), then there exist only one cigenfunction corresponds to each

eigenvalue .

Lemma (4.2.2): [1], [21] Let
_d 4
L(¢) = T (p I )+ q¢ (4.2.2)

where ¢ is a function depending on x (if ¢ also depends on other variables
such that 7, we write the partial derivative with respect to x)
then the identity

gL(y) - yl(9) = %[ﬁ(aﬁw’—qﬁ'w)] (4.2.3)

holds for any twice differentiable functions ¢ and .
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Proof:
By (4.2.2) L(¢) and L(y) are equals, that is

_d dy _4d. . da¢
L(w)—dx (p dx)+qw,L(¢)— dx(p dx)+q¢-

Substituting L(¢) and L(y) in the left-hand side of (4.2.3) to obtain

6 L) —w Lig)= ¢(—(p~>+qw> w(—(p ¢’>+q¢)

d d¢
¢.. dr) b (pi)
= r/ﬁ:j;(pw’) - w:{;(/nﬁ')
¢ (py"+ Py -v (p¢"+P'¢)
—ppy"+opy -wpd -y e
and the right-hand side of (4.2.3) equal

_[ﬁ(¢v/ _ =Py = P+ py =P - ¢'v)
_pgy' - PPy + pdw + py" — pd'y — PV
=p'oy = p'¢'w+ppy"+ PV
=¢ Lw)-v 1P

From the last simplification, we have the right-hand side of equation 4.2.3)
equal the left- hand side.

Lemma (4.2.3): [1], [21]If ¢ and  satisfy the boundary conditions (4.1.9)
then

[py' — @'V ea =V — W]y =0 - (4.2.4)

Proof:
The numbers a and g which don’t vanish simultaneously according to

(4.1.5) satisfy the homogenous system

ag(a)+ pp'(a)=0
ay(a)+ py'(a)=0
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this is valid only if the determinant of the next system vanish, this means

b F@|_ L o
= —QVYly=a =
va) v@
and
ag(b) + f'(b) =0
ay(b)+ Py'(b)=0
thus

g(b) ¢'()

— by —wg)_, =0
vy wey 8 P

Lemma (4.2.4): 3], [5], [21] Any two eigenfunctions ¢ (x) and v (x)
corresponding to different eigenvalues 4, and 4, respectively are orthogonal

on [a,b] with weight r.

Proof:
Let ¢ and y satisfy the equations

=279
L(y) = "11“//

with the boundary conditions (4.1.9).
If we multiply the first equation by ¥ and the second equation by ¢ to have

= % oyl (4.2.4)

o wd =yL(P) 4.25)
— Jyryd = pL(y)

Subtracting equation (4.2.5) from (4.2.4) and using lemma (4.2.1) to obtain
[p(gy' — "W =(4y — A1 ey

Therefore we have . b
[p(py’ — F ) = (A = A rdw d (4.2.6)
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by lemma (4.2.3) we gel

Loy’ —¢'v)Za =0
so that (4.2.5) implies that

b
(A = A)|rew dx=0
a

since }\U # Al it follows that

ijrqéy/dx =0

a

then ¢ is orthogonal to y with weight r.

Theorem (4.2.5): [1], [2], [21] The eigenvalues of the boundary value
problem (4.1.6) are real .

Proof: Let L =u + iv, (v # 0) is an eigenvalue for an eigenfunction
¢ (x)=Q (x)+iy(x) then by substituting in (4.1.17) we obtain

[p(O' +iy") +q(Q +iy)=—(+i)r(@Q+iy)

which yields
(PO — iy +q(Q— i) =—~(u—i)rQ~iv)

This means that A= u-iv is an eigenvalue and that the function
P(x)=0(x)—iy(x) is an eigenfunction corresponding to A,

But this implies that
b

J‘rq,’@dx = ]Zr(QZ +yp?)dx#0

a a
which is impossible since ¢ ¢ must be orthogonal since 1 = A
4.3 Applications to Fourier series and eigenfunctions method

we want to consider examples about the eigenfunctions and eigenvalues
method, first we want to introduce some information about frourier Bessel

series.
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7 0 N VRS PO the positive roots of the equation .J,(x) = 0,

(p>-1) where ® (- l)m (x/2)1)+2m

J (%)= >

) 4.3.1)
A= Cm+DC(p+m+1)

with
C(m +1)=mI(m)=n!

The functions
JP(zllx),Jﬂ(/lzx),...,.]p(/l"x),....

forms an orthogonal system on [0,1] with weight x. ([ 5]).

The graphs of the functions Jy(Ax), J1(Ax), J1(A3x) on the interval 10,1 Jare
given in figure (4.1)

~

y = Alhr) 1 yrhlrgs) - yz.{,(x,:\

1 — ——
|

0

(a) (b) (c)
figure (4.1)
(a) Bessel function at Ay , (b) Bessel function at A,, (¢) Bessel function at A3 .
The graph of the functions Ji(AX) , n=34,...,0on[0,1] become more and
more complicated.
For any function f (x) which is absolutely integrable on [0,1], we can form
it’s IFourier Bessel series with respect to the system

J (A0 (AX)secisd] (A, %)5e-05 (4.3.2)

as
fx)~cJ (Ax)+ ¢, , (A %)+ ..., (4.3.3)

where the Fourier —Bessel coefficients ¢ of f(x)is given by  [22]

ljxf'(x)Jp(A,,x)dx 5. )
= ol (/l)fxf (), Axdx (434

c

n

= 1
[xJ, (A,x)dx

In order to show that we write
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f(x)=cJ (4x)+ ¢, (A %)+ ooess 4.3.5)

then if we multiply both sides of (4.3.5) by xJ,(Ay¥) and integrate over the
interval [0,1] with respect to x, we get

1
[x],(A,%) f (x)d =
0
1
(57, (Alerd p(Agx) + g (i) oot € () -l

0

then term by term integration and using orthogonality condition yields

| 1
[xf (x)] (A X)elx = ¢, [x%p (A, x)dx >
0 0
hence
1
IJ‘I}('(-’C)JP (/’{‘,,X)dx
0 2

1
. a J (A.x)dx [3].
Cu 'I[x'] 2[} (/1 x)d_x J 21,“ (/1") E[Xf(X) ’,( ”x) X [ ]

0

The orthogonality with weight x of the functions of the system (4.3.2) can be
regarded as ordinary orthogonality of the functions

NETRCR IR LI W EV RV R, (4.3.6)

In order to make a series expansion of the function f (x) with respect to the
system (4.3.6), we can first make a series expansion of the function

Jxf(x) with respect to the orthogonal system (4.3.2) obtaining
Jx ()~ eNxd (Ax)+ X (Ax) + ot s (4.3.7)
It’s clear that the coefficients of (4.3.3) and (4.3.7) are the same.

1. The first example is a special heat equation which is temperatures along
cylinder

Let the lateral surface p = ¢ of an infinitely long cylinder, or a circular
cylinder of finite length with insulated ends, be kept at temperature zZ€ro with
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initial temperature distribution be a given function of only the variable o,
the distance from the axis of the cylinder.

We want to derive an expression for the temperature u(p,t)in the cylinder,
assuming that the material of that solid is homogenous.

~k
b Pl p=e
PSS

|
I
” ]
r }__l___

i

u=0

figure (4.2)
Figure (4.2) is a circular cylinder.
In the cylinder situated as shown in figure (4.2) the heat equation and the
boundary conditions are

ou o’u 1 ou

—aT=K(ap—2+ ;5;} (0<p <c,t>0), (4.3.8)
u(c,t)=0 (1>0), (4.3.9)
u(p,0)=1(p) (0<p <c). (4.3.10)

also, when the function u(p,1) is to be continuous throughout the cylinder and

on the axis p=0 .
Any solution of the homogenous equations (4.3.8) and (4.3.9) that are of the

type u(p.1)=R(p)I(0) (separation of variable method) must satisfy the
equation [3], [4]

RT' = K’]‘[R" pa R’] , R()T()=0
P

and we have

_T'_‘ = l R" + iR' =—A,_A isthe separation constant.
KT R o,

then we have
pR"(p)+ R'(p)+ ApR(p) =0, R(c)=0 (0<p<c), (4.3.11)

and
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T0)+AK 1(1) =0 (t>0) (4.3.12)
(4.3.11) is Bessel’s equation with parameter A, it is a Sturm-Liouville

problem with eigenvalues Aj (where 4, =a; (j= 1,2,3,...) and a;are the

positive roots of the equation

Jo(@c)=0; (4.3.13)

and the corresponding eigenfunctions
Ri(p) =Jyla;p )

the solution of equation (4.3.12) is

So the desired products are

—a 2K
u; =R,(p)T,()="J,(a;pe U, (J=123,..) (43.14)

and the generalized linear combination of these functions,

= ~a2K1
u(p,l)= Z]A;'Jo (a;p)e J
_’:

which satisfies the homogenous conditions (4.3.8)and (4.3.9), it’s also
satisfies the non homogenous initial condition (4.3.10) and the coefTicients Aj

are such that .
f(p)=24,J.(a,p) (0<p<c)

If the coefficients have the values

2 .
= J p)d, i =1,2,3,... 43.15
J Czl.jl(ajc)]ztj)pf(p) o(ap)dp ( ) (43.15)

then f (p) is a Fourier-Bessel series representation.

The formal solution of the boundary value problem (4.3.8 —4.3.10) is given
by equation (4.3.12) and the coefficients are given by (4.3.13).

The temperature formula u(p,?) can be written as

2w Jy(a,p) -adki G
()= — _—¢ sf(s8)/ s)ds .
u(p,1) CZ; [.1,(ajc)]2" i 5/ () (@ ;) ds
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7 The second example is the heat transfer at the surface of the cylinder.

Let us replace the condition that the surface of the infinite cylinder in
example (1) be a temperature zero by the condition that heat transfer take
place there into surrounding at temperature zero.

The equation we want to solve is

Kup(c,t)=—Hu(c,l) (K >0,H >0),

where K is the thermal conductivity of the material of the cylinder and 1 is

its surface conductance.
The boundary value problem for the temperature function u(p,t) is  [23]

|
I[I(p,f):k[ll‘)‘o(p'f,)-&_'_p_up(p’f)jl O<p<C,l>0), (43]6)
cu ,(c,t) =—hu(c,0) (t>0), (4.3.17)

u(pso):f(p) (0<p<C) (4318)
We have written 4 =c H/K ; and allow the possibility that the constant h be

zero, in this case p — ¢ is insulated.
By using separation of variable method let u = R(p)1(f) then we have

PR"(p) + R'(p) + ApR(p) = 0, hR(c)+cR'(c)=0,0<p< ¢) (4.3.19)
if h >0 the eigenvaluesare A, = af , (j=123,..)wherea, are the positive

roots of the equation

hJ y(a c)+ (e c)Jy(a c)=0 (4.3.20)
and since 7(¢) + AkT(¢) =0 , the solution of (4.3.16) is
2

Al =y *
uj.=Rj(p)1j(t)=J0(aJ.p)e $ U=l

the formal solution of the boundary value problem is

o0 —a2kt
u(p,l) = ZI Aidy(a;p) ¢ 4 (4.3.21)
=

according to the initial condition(4.3.18)

2052. ¢
= ! (p)J.(a.p)d, il 2 ) (4 8,
' (afcz +’72)['10(aj6‘)]2i[ £ 347) O(ajp) P Wt J(4329

If h = 0, the boundary conditions in our problem becomes 1 (¢) =0, with
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a; (j=12,...)arc the positve roots of the equation J| (& ¢) = 0, or

Ji(@c)=0. (4.3.23)
Noting that J (a,p) = 1, then we have
u(p )=4+ ,i A y(@;p) i (4.3.24)
where
4 :%T p f(p) dp , (43.25)
c 0 e

2 [4
= (o Mo(a,p)dp (=2 43.26
: czl./o(a,c)]z(j)p fp)oap ) dp (j=2.) (4.3.26)

3 The third example is the vibrating of a circular membrane .

A membrane stretched over a fixed circular frame p = c in the plane z=0, is
given an initial displacement z = f ( p,¢ ) and released at rest from that

position .
Let z(p,¢t) be described by the continuous function that satisfies this

boundary value problem [15], [22]

1 1
Zuzaz[zpp+—[;zp+?z¢¢] (4327)
z(c,p,1)=0 (-w<¢p <7, 120) (4.3.28)

2p,8.0)=f(p.9), z(p.$.0)=0 (O=p =¢ -7 <¢ <m) (43.29)

where the function z(p,¢,) is periodic with period 27, in the variable ¢.
By using separation of variable method z = R(p) X P)1(1) satisfies the
equation (4.3.27) if

™ 1 1 | @
e | R"+—R'|+——=-4, — A is any constant
22T R( P ) p2 5 y (4.3.30)

let @7 @®=-M then we have
P R"(p)+ pR'(p) + (Ap* -M)R(p)=0, R(c)= 0 (4.3.31)

D"(f) + MD($)=0 , O(-7m)=P(7) @' (-m)=D'(7) (4.3.32)
iftM=n?,let 1 = 0:31. (j=123,..) where a, are the positive roots of the

nj
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equation
] Jn(a C)=0 (”20,1,2,...) (4333)

where
R(p)= J,,(a”jp) and 7'(1) = cos(a,y.at) :
The generalized Linear combination of our functions R®T' is

] @
2(p,¢,1) = 5}5_;1 An‘,"]o(a()jp)cos(a()ja’)

(4.3.34)

+ Zl Z .],,(aw.p)(A,y cosng + B, smn¢ )cos(awat)
n=1 =l

from the initial conditions, we have
. 1 =
/ (p’¢) = EZ Anj']n(au_,p)
J=1
" o 4.3.3
+ {[ZAy ] (e, p):lcoanb + [Z B,/ (a, p)]sm nqﬁ} ( %)
=

n=l

when 0<p<c, -m<Ppsm.
For each fixed value of p, series (4.3.35) is the FFourier series for f(p,¢) on

the interval -t < g<m if

3. Ay (ag0)= | Spprcosndg (=012
J= -
$ By, =~ | [(ppsinng dp  (1=12..)
. T x

-~
Il
—

For every fixed /7 and we have
2
= J,(a cosng d¢ d,
T RN {p (@,,P) I /(p.p)cosng dp dp

2
b= d¢ d
= f,,H(a,,,c)]%I) pJ,(@yp)| S(pp)sinng df dp

4 The fourth example related to the vibration of a disklike membrane .

The eigenvalue problem is [24]

Au+AK(xu=0 in R" (4.3.36)

in the space
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D= {u|u is mesurable, I K(| x l)uzdx < oo},
RN
where n >3 and A €R is a parameter. Let the weight function K(r), = | x|
satisfies
K(r)>0 on (0,0)
K(r)e C ((0,»))
rK(r)e L'(0,0) .

All the eigenfunctions can be expressed as a product of the Bessel functions
and functions of the argument O. Moreover they form a complete

orthonormal basis.
Since the weight K is radially symmetric, (4.3.30) can have radial solutions

u = u (#) which are obtained as asolution of the initial value problem

u, + Ellu,_ + A K(Pu=0, r>0
4 (4.3.37)

u(0)=1.

We note that (4.3.37) has a unique solution for any A >0 under the
assumption (K ). Under a stronger condition than (K ), Natio [12] shows the
existence of the smallest eigenvalue A > 0 for which (4.3.37) has a positive

solution satisfying lim __ 7 n2 < oo,
Recently Kabeya [11] obtained the following result concerning the existence
and uniqueness of radial eigenfunction .

Theorem(4.4.1): [11], [24] If n>0 then there exist a unique monotone
increasing
such that the solution of (4.3.37) has exactly j zeros and

Sequence {4, }‘;’zo

satisfying lim p"? <o,
r—>0
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4.4 Sign of the eigenvalues; and Fourier series with respect 1o the
eigenfunctions

Corollary (4.4.1): [3], [21] If » >0, g <0 and if the boundary conditions
imply that

[Pd¢'liza <O @40

then all the eigenvalues of the boundary value problem for the equation
(4.1.17) are nonnegative.

Proof:
Let A be an cigenvalue and let ¢ (x) be the corresponding eigenlunction,
if we multiply (4.1.17) by ¢ (x) and integrating over the interval |a, b] to
have

h b b
[(pg'ygedx + [qp*dx =] rd*dx .

Integrating by parts we obtain

h b b
[pod'1ioh — [ pg"dx + [apdx= ~A[rgid (4.4.2)
a ! .
since ¢ <0 thus the left-hand side of (4.4.2) is <0, therefore A >0 and

moreover, A = 0 is possible only ifg=0,and ¢'= 0 , that is to say only if
(4.1.17) has the form

(pg") =-Arg

and the function ¢ = constant is an eigefunction .

Definition (4.4.2): [21] The Fourier series of an absolute integrable
function /(x) on [a,b] is  f(x) ~C, P, (x)+cl¢l(x)-l'cz¢2(x)+....
where

80, 4,00 o (s (4.4.3)
are the eigenfunctions for arran ged increasing order eigenvalues
l(},ll,ly...,?\.",...,.
And to have a normalization, let

h
[rg, (dx=1 n=012,.. (4.4.4)

a

and b
¢, = [rf (), (x)dx =012, (4.4.5)
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4.5 Does the eigenfunction method always lead to a solution of the
problem

If the problem can be written as a Sturm_Liouville problem then it can be

solved by eigenfunction method.
Theorem (4.5.1): |21] Let the function u(x,f) be a continuos solution of

(4.1.1) in the region a =x=< b, 1 >0, satisfying the boundary conditions
(4.1.3) and the initial conditions (4.1.4) then

o0
u(x,t)= Z()’l',,(t)qﬁ,,(x) (4.5.1)
n=
where ¢ (x) are the eigenfunctions associated with the boundary value
problem such that the eigenfunctions are normalized. The functions 7' (/)

can be found from the equation

I

" wAT =0 , n=012,. 4.5.2)

H n-n
subject to the initial conditions
r©0=c, ,I,0)=d, ,n=0]l..
where the quantitics ¢, and dnare the Fourier coefficients of /(x) and g(x) ,

g(x)= @%@ with respect to the system of eigenfunctions ¢ (x). (It is
s

assumed that the derivatives ou/ot  and o4u/or?  are continuous and
bounded in every region of the form a <x < b, 0<t<t).

Proof: If we multiply equation (4.1.1) by the function
1 s K P

r=—exp{j —dx}=—
j o P P

then according to (4.1.18) and (4.1.19) we obtain

o*u  ,0u o’u
+p ——+(]ll=r"aT'2‘,

e 57 ox

2(7@j+fll_r“aili
P P R PV

By (4.2.2) the last equation can be wrilten as
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ou
Lu)=rog (4.5.3)
and instead of (4.1.17), we can write L(§) = -\r¢ .Therefore the relation
I(p)=-Ayr,n=01.2. .., (4.5.4)
holds for the eigenfunctions of the boundary value problem.

eorem [and by theorem (2) in reference

Then by the hypothesis of this th
b and every ¢ >0 the function u(x,f)can

(21) page 261] we have fora<x<
be expanded in a series of the form (4.5.1) where

1,(0)= ?f'lt(x,t) 4 (x)dx , n=0123,.. (4553)
It follows from (4.5.4) lh;t
b, =—=-L(#,)
Ay
so that
()= ——;:—Iu(x,i)l,(g/i,,)d\‘
or by (4.2.3) )
v=h
T,()= _ﬂgﬁ,,(x)[,(u)dx + ﬂp(gx, = a]m}xza

the last term vanishes because of lemma (4.2.3) , so we obtain

b
I,(1) === [ o (DL ()dx (45.6)
ﬂ"na
whence using (4.5.3), we gel
12 8%u
T ()=——|Fr—=9,(X)ax '
A()==7 | p» B,y (X 4.5.7)

n 4a

on the other hand, differentiating (4.5.5) twice with respect to { gives

Lot ot (4.5.8)
T, (=] r57¢,,(x)dx =
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where the differentiation behind the integral sign is legitimate because of
our hypotheses concerning ou/ot and &*u/ot*. Comparing (4.5. 7) with
(4.5.8), we obtain (4.5.2) furthermore, since u(x,f) is continuous in the
region a< x<b,120 and since

Lim u(x,t) = f(x)
it follows from (4.5.5) that

Lim (0= f,mj Fu(x, 1), (x)dx

t-) a

:Ir_f'(x)qﬁ”(x)dx=c” 2 n=0,l,..., (459)

where the ¢ ’s are the Fourier coefficients of the function f(x). Since the

function 7° (t) is continuous, this is equivalent to the relations

T(0)=c, (#=0,1.2,...)

similarly, we show that

'(0)=d, , (1=0,1.2,...)

where the d_are the Fourier coefficients of the function 2(x).

Theorem (4.5.3): |21] Let
u(x,1)~ Zl,,(l)¢,,(X)

n=0

be either the exact or the generalized solution of equation (4.1.1) subject to
the condlllons (4.1.3)and (4.1.4),also if

Lim J’[/(x) ,,,(X)]zdx

m—o g

b
= Lim [r1g(x) - g, ()] dx=0 (4.5.10)

m—w g

and 1f

ur}r(x=t) Z]HHI(’ )¢H (x)

n=0
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eralized solution of the equation (4.1.1),

is either the exact or the gen
(4.1.3) and the initial condition

subject to the boundary conditions
: ou,,
u m(x,O) = .fm (‘x) 1_-aT(x90) =8m ("x)
then u_(x,f) converges to u(x,t) in the mean as =20,

Proof: [see [21]]

We now discuss the inhomogeneous problem

o%u o o0%u _
e s R =t (X
P2 L (x,0) (4.5.11)

ox

subject to the same boundary conditions (4.1.3) and (4.1.5).
In vibrations problem, equation (4.5.11) corresponds to the case of forced

vibrations and when multiplied by the function

then (4.5.11) gives

2
L) = r%f—?— + (L) - (4.5.12)

(4.5.11) has a solution and /(x, /) has a series expansion in

Suppose that
f the boundary value problem for the equation

terms of the eigenfunctions o
L(¢) = -Ar¢ then for > 0, we write u(x,7) as the series

u(x,l)= ZO’/',,(!) ¢, (X) (4.5.13)
where
h
’]‘“(I)=Iru(x,t)¢,,(x)dx . =012 (4.5.14)

then by using the proof of theorem (4.5.1) we can obtain

b
1,0 == [#, (LG
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or

j 2
__J'r atij (x) lx—;l—_[il (x,0) @, (x)dx (4.5.15)

17.(t)=—
H() A”a

n a

where (4.5.12) has been used.
Assuming that du/dr  and Q*u/or* are bounded derivative, then by
differentiating (4.5.14) twice relative to ¢, we get

HU)JfZ%uwr
and if we set

F0) = 3 F (08, () (45.16)

with =i

b
() = [rF(x,08,(x)dx -, n=0.l,...

then (4.5.15) gives

|
i
A

"

T + AT +F,=0,n=0].. (4.5.17)

n n-n

n n

or

then using the proof of theorem (4.5.1) we find
7.©)=c,, T, ©)=d,, n=0l. (4.5.18)

where ¢ and d are the Fourier coefficients of the functions f(x) and g(x).

Remarks: All considerations for (4.1.1) are also applicable to equation
(4.1.2) with the same boundary conditions and with the initial condition

u(x,0) =/ (x), thus by separation of variable method

u('x l) Zyll(’)gb” (x)

n=0

where ’1‘”‘5 are found from the first order differential equation

T +AT =0, T,(0)=c, ,n=012,..

n n-n

and ¢ s (n=0,1,2,...) are the Fourier coefficients of f(x) .
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