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Introduction

The matrix polynomial or a A-matrix is a matrix-valued function of a complex
variable of the form A(A)= 4 A + 4, A" +---+ 4, where 4,4, ,---, A4, are mxn

matrices of complex numbers. Matrix polynomial is a generalization of the matrix
polynomial A/ — 4 of degree 1, A/ — A is very important in finding the eigenvalues

and eigenvectors of the constant #xn matrix 4.

We can also write the matrix polynomial A(4) in the form A(4) =[a, (A)]},,, so
that when the entries of A(A) are evaluated for a particular value of 4, say 4 =4,

then A(4,)eC"™" and if we take n =1, we get a scalar polynomial a(d).

In chapter one we study the notion and the kinds of a matrix polynomial, the
condition which is necessary for the matrix polynomial to be invertible and the
operations on the matrix polynomial.

In chapter two we turn our attention to the invariant polynomials. The importance
of the invariant polynomials developed in this chapter allows us to obtain a canonical
form of a matrix polynomial without using the elementary row (column) operations
to obtain a canonical form. We also study the generally invertible matrix polynomial,
generalized inverse, right inverse and left inverse of a matrix polynomial.

In chapter three, we study a factorization of selfadjoint matrix polynomial of the
form A(A)=(M(A))"D(A)M(A), where D(A) is a constant matrix or a matrix
polynomial and M (4) is a matrix polynomial.

The study of factorization of a selfadjoint matrix polynomial is very important in

several applied problems, such as filtering, see [1], chapter 9.
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Factorization of matrix polynomials was developed by many researchers as: V. A
Jakubovic, see [9], I. Gohberg, P. Lancaster, and L. Rodman, see [6] and A. C. M.
Ran and L. Rodman, see [15].

In chapter four, standard triple and Jordan chain for a matrix polynomial are used

I . ) 5
to solve the differential equation of the form ZL, x(f) = f(t), where L, eC"™",

i=0

i=0]---.,1, f(t) is a vector-valued function.

In appendix A, we study the Jordan canonical form for a constant matrix and the

exponential of a square matrix.

Remarks:

(i) We will use the following system of notion:
Equation j of chapter i in section k is denoted by (i%.j), similarly definition j of
chapter i in section & is denoted by definition (i£.7) and similar conventions apply

to theorems, corollaries and lemmas.

(i) Here, we mean by a scalar polynomial a polynomial with scalar coefficients not

a polynomial as p(A)=a, aeC.




CHAPTER ONE
MATRIX POLYNOMIALS

This chapter contains definitions, theorems and ideas that we shall need in the
following chapters. It consists of three sections, section one is about the notion
of a matrix polynomial, in section two addition and multiplication of matrix
polynomials are introduced and section three about division of matrix

polynomials.
1.1 The Notion of a Matrix Polynomial

Definition 1.1.1: A matrix polynomial is a matrix-valued function of a complex

variable of the form
A(A)= A4 + AHA"‘ e+ AA+ A,

where A4, A,, -+, 4, are mxn matrices of complex numbers.

Example 1.1.1: The followings are examples of matrix polynomials

@) 44 =

[ Badel =242
24 B81=1

_[1 1}2{1 —1}“{1 2}
0 1 2 -3 0 -1

(i) B(A)=1,A- B, where I, is the identity matrix and Be C"™".

(z1i) C(4)=C, where C e C™", i.e. matrix with constant entries.




Definition 1.1.2: The degree of a matrix polynomial A(4) (denoted by deg A(4)) is

the greatest degree of the scalar polynomials appearing as entries of A(A4).
In example 1.1.1 deg A(1) =2, degB(A)=1 and degC(4)=0.

We call a matrix polynomial A(A)

(i) monic if the leading coefficient 4, =7,
(if) comonicif 4, =1,

(#7i) regular if det A(1)#0,

(iv) unimodular if det A(4) is a nonzero constant independent of 4.

Example 1.1.2:

(i) If det 4, # 0 then 4, exists
A7 AR = A7 AN + A A+t AL+ 4]
T A+ A A et AT AL+ AT A,
Therefore 4, A(A) is a monic matrix polynomial.
(i) If det 4, # 0 then A;' exists
A AA) = A TAA + A, A7+ + A A+ 4]
=AJ AN + AT A AT e A AAHT

Therefore A;' A(A) is a comonic matrix polynomial.

mmm%ﬁﬂ




Since det A(1)= 4* +140, then A(A) is a regular matrix polynomial.

1 4 <24
) AA)=l0 1 &
0 0 1

Since det A(4) =1, then A(A) is unimodular matrix polynomial.

We can transform a comonic matrix polynomial into a monic form, as follows:

Let A(A) be a comonic matrix polynomial, thatis 4, =1,
B(A)= A A1)
= A4, + A4, (A ++ 447 +1,]
=47+ A A+ v 47 +1)]
=A +A_ A+ -+ A +1 A
=1 )+ AA" ++ A A+ A.

Therefore B(A) is a monic matrix polynomial.

Definition 1.1.3: An nxn matrix polynomial A(A) is invertible if there exists an
nx n matrix polynomial B(A) such that A(4)B(A)=1,.

We denote B(A) by (4(4))".

Theorem 1.1.1: A matrix polynomial A(A) is invertible if and only if it is

unimodular




Proof:

If A(A) is invertible then there exists B(4) such that, 4(4)B(1)=1,.

By taking the determinant of both sides, we obtain det A(1)det B(4)=1.

The product of the scalar polynomials det A(4) and det B(4) is a nonzero constant.

This is possible only if they are both nonzero constants.

Therefore A(A) is unimodular.

Conversely, if A(4) is unimodular then det A(4) = const. #0.

The entries of the inverse matrix are equal to the cofactors of A(A4) (i.e. the minors
of A(4) of order n—1 multiplied by 1 or —1) divided by const. # 0.

Therefore the inverse matrix is a matrix polynomial in 4. So B(1)=[4(A)]"' is a

matrix polynomial. ie. A(A) is invertible. (]
1.2 Addition and Multiplication of Matrix Polynomials

Definition 1.2.1: Let A(A)= 44+ A A"+ -+ AA+ A, and

B(A)= B,A"+ B, A"'+ -+ BA+ B, be two matrix polynomials of the

same order »n, then

[.1 m
D(4+B)X+> BA if I<m
i=0

i=I+1

A(A)+ B(A) =1 r:2"'(,4,. +B)A if I=m

n !
SU+BYE+ DS AX  if I>m

L i=0 i=m+i




The sum of two matrix polynomials of the same order n can be represented in the
form of a matrix polynomial whose degree does not exceed the larger of the degrees
of the given matrix polynomials. This fact coincides with the case of scalar
polynomials. We mean by a scalar polynomial a polynomial with scalar coefficients

not a polynomial as p(4)=a.

Definition 1.2.2: Let A(l)= AA+ A4 A"+ -+ A4+ 4, and
B(A)= B,A"+ B, A"+ -+ BA+ B, betwo matrix polynomials of the
same order n, then

A(A)B(A) = A B, A" +(AB, ,+ A B )1 +--+ (4B, + A,B)A+A,B,.

The product of two matrix polynomials is a matrix polynomial whose degree is less

than or equal to the sum of the degrees of the factors.

This fact differs from the case of scalar polynomials, since if 4, #0 and B, #0

then 4,B,,, may be a zero matrix.

2 2 4% —6A
Yk 130 T apel® ™ % | od po=  then
2 44 +1 ¥

A(A)B(A) = { o = 6’12] s

-24 34

We note that deg(A4(A1)B(4)) < deg(A4(4)+ B(4)).



Note that if at least one of the two leading coefficients 4,, B, is invertible, then the
degree of the product is always equal to the sum of the degrees of the factors.

Let deg A(A) =/ and deg B(4) = m, this implies that 4, #0 and B, #0

Let B, be invertible. Then if 4,B, =0 then (4,B,)B, =0B,'. Thatis 4 =0,

which contradicts the assumption. Therefore 4,8, = 0 and deg(A(A)B(4))=1+m.

1.3 Division of Matrix Polynomials

1 m
Definitions 1.3.1: Let A(1)=> AA and B(1)=) BA be two nxn matrix
1=0

t=0

polynomials of degree / and m respectively, and let B,, be invertible.
(i) We shall say that the matrix polynomials O(A4) and R(A) are the right
quotient and the right remainder of A(A), respectively, on division by B(4) if
A(A) = Q(A)B(4) + R(4)
and if the degree of R(A) is less than that of B(4) or R(4)=0.
(i) Similarly, we shall call the matrix polynomials O(A) and R(A) the left
quotient and the left remainder of A(A) on division by B(A4) if
A(2) = B(O(A) + R(4)

and if the degree of R(A) is less than that of B(1) or R(A)=0.

6



! m
Theorem 1.3.1: Let A(A)=> A4 and B(A)=) BA be nxn matrix
i=0 i=0

polynomials of degree / and m, respectively, with detB, # 0. Then

(/) there exists a right quotient and right remainder of A(4) on division by B(4),

and

(17) there exists a left quotient and left remainder of A(4) on division by B(4).

Proof:

(i) If I <m, then A(A)=0B(A)+ A(1) ie. Q(1)=0 and R(A)= A(1).
If /> m. Then,
AB A "B(A) = A B A-"[B A" +B, A" +..-+B,]
ABIA"B(A)= A X + ABB, A+t A BB A"
The term of highest degree of the matrix polynomial 4, B,'A""B(4) is 4,4,
from the previous equation, we get
A X = AB A "B(A)-[4,BB, A +-+ ABB A™]
AQQ)=A A + A4, A+ + 4,
= A,B;' A" B(A)-[4,B; B, A7 ++-+ A B]B,A™"]+[4,_ A +--+ 4,]
= A B2 A" B(A) + AV (1)
where
AV (A)=[4,_ A" ++A4,]-[4B]'B, A" +--+AB'B,A™]
A®(A) is a matrix polynomial of degree =/, </-1.

1 5L-1
AP@) = APX + AT 4t AP, AP 20, <L

If /, > m , repeat the process on AV (1), to get



AV(2)= APB, A" B(A)+ 4P (2).
AP ()= AP X + AP I 4 b 4D, 4P 20,1, <.
In this manner we can construct a sequence of matrix polynomials
A(A), AV(A), AP (A), ---, whose degrees are strictly decreasing, and after
a finite number of times we arrive at a matrix polynomial 4 (1) of degree
[, <m with[ _, 2m.
Write A(4)= A (4)
AV (L) = A,(:}B;‘A"-"'"B(A) FAD(L), s=12,0r
A = (4B A" v APBI ™ et A DB TYBA) 1 A,
The matrix in the parenthesis is a right quotient of A(4) on division by B(A)
and A (A) is right remainder.
(i) AT(A)=AT A + AT A+ + 4T A+ 4],
B"(A)=BIA"+Bl_ A" +--+B A+ B!.
Since det B] =detB, # 0 thenby part (i): A" (1)=Q,(4)B"(1)+R,(1).
Take the transpose of both sides, we obtain
A(2) = B(A)Q[ () +R[ (4)
Let O(4) =0/ (1) and R(4) =R (1)

Then A(A) = B(A)Q(A) + R(4).



] m
Theorem 1.3.2: Let A(A)=> A4, B(1)=) B,A be nxn matrix polynomials

pary i0
of degree / and m, respectively, with detB, # 0. Then the right quotient, right
remainder, left quotient, and left remainder are unique.
Proof:
(7) Right quotient and right remainder are unique.

Suppose that there exist matrix polynomials Q(4), R(4) and Q,(4),R,(4)

such that

A(2) = Q(A)B(A)+ R(A), A(4)=Q,(A)B(A)+R,(4),

where deg R(4) <m and degR, (4) <m . Then

O(A)B(A) +R(4) = @, (D)B(A) + R, (1),

Q) -G (ANB(A) = R, (A) - R(4).

If O(4) # Q,(4) then deg(Q(4) - Q,(4)B(4) =2 m,

but deg(R, (1) - R(4)) < m, this is a contradiction,

then O(4) =Q,(4) and R(4)=R,(4).
(i) A similar argument can be used to establish the uniqueness of the left quotient

and remainder.

Example 1.3.1: Find the right quotient and remainder of

b | 2,13+,12}

A(R) =
i [-a‘-zfﬂ 3P +A

on division by

24 +3 —/12+1}

B(4) =
“) [—A"—l A +2




Solution:

1 2]3 {0 1}2 [1 o} [o o}
A(A) = A+ A+ i
-1 3 -2 0 0 1 10
(2 -1], [3 1
s W 1]}” J{—l 2}

[2 -1
deth = detl =1#0
(=] X -

AD(A) = A(A)- 4,B; A" B(A)

[ 2+a 22+ 7 1 21 112/12+3 - A +1
|mA-22241 3842 -1 31 2[]-A-1 A2+2
[ =32 A2-132
222 -2+1 -114

AP (1) = 4°(2)- 4B, A" B(A)

[ -3 2-a] [o 1Tt 1T22+3 -4+
e -A+1 —ma | (-2 0f1 2|-2-1 A*+2
[-34-1 -134-5
| -A+5 -112+46]

Right quotient Q(4) = 4,8, A" + 4B, 11"

1_12111+0111_3ﬂ.+15).+2
Q()_-13 i @ <8 o1 2l |2i=2 S4=2
=Bl-1 =131=%)

Right remainder R(4) = [ 145 —114+ 6J :

10




Example 1.3.2: Find the left quotient and remainder of

L4+ +d=1 P+ +4+2
an=|""7 :
204 -4 2A4°4+24

on division by

BM)___[AZH 1 }

A A+i
Solution:

AP () = A(A)- B(A)B A

A+ +A-1 B+ A2 el A 1 0][1 Of
241 -4 247 +24 A A+A[l0 1]{0 0

[ a-1 B+2+4+2

14 =2 F+ii

AP (2) = 4V (A) - B(DB, 4 40 "

_[a-1 Z+#+as2] [£41 1 |1 o]0 1],
- 2P i F+allo 1jlr o

ol A +2
-2 -4 A+24

AP (1) = AP () - BB, AP A"

[ -1 22 241 1 1 ojfo 1] o o
=t =4 P23 i d+allo 1ll=t 1| |0 »

Left quotient O(1) = B,'4,A™ + B, A,‘l‘)/?f‘ * A,(;m’z""

é(l)z{l o][l 0}1”[1 o“o 1}1{1 0}{0 1}:{/12 ,1+1}
0o 1jl0o o o 1j{1 o]" [0 1]{-1 1] |a-1 1

11



P 0 0
Left remainder R(A) = { 0 0} 3

Therefore A(A) = B(A)Q(A).

Example 1.3.3: Find the right quotient and remainder of

0 0
wfl ]

on division by

3 1
o=l 1]

Solution:

AD(A) = A(A)- 4,B A" B(A)
[o o] [o o
11 ol |1 @

0 0
Right quotient Q(4) = {3 = 11
7 1

2 ==

0 0
Right remainder R(4) = [O O}

Definition 1.3.2: If A(4) is a matrix polynomial and B e C"™", we defining the right

value A(B) of A(4) at B by
AB)=AB' +A_ B+ + 4,

and the left value 4(B) of A(4) at B by

12




AB)=B'A, + B4, +-+ A4,

Theorem 1.3.3: The right and left remainders of a matrix polynomial A(A) on
division by A/ — B are A(B) and A(B), respectively.

Proof:

AMI-B' =(A' I+ X 7*B+++AB"* +B’")(Al - B)

Premultiply both sides of this equation by A, and sum the resulting equations for

Jj=12,-+,1. Then

I !
S 4,4 =Y 4,B =CA)NM -B)
Jj=1 J=1

where C(A)=A,(X°)+ A,(U + By +-+ A, (A T+ A7?B+--+AB">+B"") is a

matrix polynomial.

Z,:Aj/lf -ZI:AJ,B’ = z‘:Aj)tf _iA;‘Bj

ja1 J j=0 j=0

thus A(1)— A(B) = C(A)(A - B)

Then A(A)=C(A)(A - B)+ A(B)

Since the right remainder is unique, this implies that A(B) is the right remainder on
division of A(4) by (U - B).

AI-B =(A —B)(/'L""I+A’."2B+---+ AB™* + B’

Postmultiply both sides of this equation by A4, and sum the resulting equations for

j=1g el

| 5




! 1
Then Z Ajlj -ZB’AJ. = (A - B)C(A) where C(A) is a matrix polynomial.
j=1 j=I

S AN - BIA, = (A - BC(A)

=9
A(A)- A(B) = (A - B)C(2)
then A(A) = (A - B)C(A)+ A(B).
Since the left remainder is unique,

this implies that A(B) is the left remainder on division of 4(1) by (4 - B).0

We note that:

() Because of the noncommutativity, we have to distinguish between representation
A(A) = Q(A)B(A) + R(4) {1.3.1)
(which will be referred to as riéht division) and the representation
A(A) = B(A)O(A) + R(4) (13.2)
for some matrix polynomials Q(/’L) and R(A), where the degree of R(A) is less than
the degree of B(1), or is the zero matrix polynomial. Representation (1.3.2) will be
referred to as left division. In general, Q(4)# O(A) and R(A)#R(A), so we
distinguish between right J(4) and left Q(;L) quotients and between right X(A4) and
left R(A) remainders.
(i) The division is not always possible. The simplest example of this situation
appears if we take A(4)= A4, as a constant nonsingular matrix and B(4) =B, as a

constant nonzero singular matrix. If the division is possible, then (since the degree of

14




B(A) is 0) the remainder R(A) and R(A) must be zeros, and the (1.3.1) and (1.3.2)

take the form
A, =0Q(1)B,, 4, =B,0(A) (1.3.3)
respectively. But in view of the invertibility of A, neither of (1.3.3) can be satisfied

for any Q(4) or O(4), so the division is impossible.



CHAPTER TWO
INVARIANT POLYNOMIALS

In this chapter, we shall introduce the concept of invariant polynomials and
elementary divisors of matrix polynomials.
In order to do this it is necessary to introduce and examine the elementary row
(column) operations on matrix polynomials.
Also, we shall define the generally invertible matrix polynomial, the generalized

inverse of the matrix polynomial and the one-sided invertible matrix polynomial.
2.1 Elementary Operations and Canonical Form

This section is devoted to the elementary row (column) operations on matrix
polynomials, and using these operations to transform the matrix polynomial to its

canonical form.

Definition 2.1.1: An elementary row (column) operation on an nxn matrix
polynomial A(A)= [a,.j (2')]:,-:1 is any one of the following operations:

(i) Interchange rows (columns) i and j of A(A).

(i) Multiply row (column) i of A(A) by ¢ #0, where ceC.

(iii) Add b(A) times row (column) i of A(A) to row (column) j of A(4), i<j.

16



The elementary row operations (i), (i/), and (iii) are equivalent to a multiplication
of the matrix polynomial A(A) on the left by the following square matrices of order

i

and

1
E (A)= W
BA) we 1

L 1]
While the elementary column operations (i), (ii), and (iif) are equivalent to a
multiplication of the matrix polynomial A(A) on the right by the following square
matrices of order », respectively; £, E,, and

1

[ s BED

S

(4) :
1

17




Definition 2.1.2: A canonical matrix polynomial is a diagonal matrix polynomial
of the form

Ac (A) = diag[l,la ikt ala a, (2’)1 a, (A)a Sy ak (1),0,0, v :O]a
where each a;(4) is a monic scalar polynomial of degree grealer than or equal Lo

one and is divisible by a, (1), j=23,---,k.

Theorem 2.1.1: Any matrix polynomial A(4) over C of order » is equivalent to a
canonical matrix polynomial 4, (4).

Proof: See [11] page 257.0

The following example explains how to transform the matrix polynomial A(A) to its

equivalent canonical matrix polynomial A, (4).

Example 2.1.1: Find the canonical matrix polynomial A (A1) of the matrix

A 20
polynomial 4(A)=|4 A 0
0 0 21
Solution:
A A0 A X 0 A 0 A
PP olStesmly F-ar 4|2l 9 F-2
0 0 22 0 0 22 0 24 0
A0 0 A 0 0
aren, 0 0 -4 |25y |0 24 0
0 22 0 o 0o r-2

18




; A0 0
AEZ5i0 3 B
o 0 -4
A 0 0
Therefore A.(4)=|0 4 0
o0 A-24

2.2 Invariant Polynomials

In the previous section, the matrix polynomial was transformed to its canonical form
by elementary row (column) operations, but now we want to develop another method
to transform the matrix polynomial to its canonical form, which is dependent entirely

on the minors.

Definition 2.2.1: The rank of an nx» matrix polynomial A4(4) is equal to the order

of its largest nonzero minor.
The rank of diag[a, (A),a,(A),*+,a,(4),0,0, --,0] is equal to r.

A A+1

Example 2.2.1: The rank of L} PR R

] is equal to 1.

Definition 2.2.2: Two matrix polynomials A(A) and B(A), are said to be
equivalent, if B(4) can be obtained from A(A) by a finite sequence of elementary

operations, or equivalently,

19




B(4) = P(A)A(A)Q(A)

where P(A) and Q(A) are matrix polynomials with nonzero constant determinants.

Theorem 2.2.1: Equivalent matrix polynomials have the same rank.
Proof:
Let A(A) be equivalent to B(A), then there are unimodular matrices P(4) and
Q(A) such that

B(A) = P(A)A(A)Q(A). (2.2.1)
By applying the Binet-Cauchy formula' twice we obtain:

b(A) =Y p,(Aa,(A)q,(2) (2:22)

where b(A) is a minor of order j of B(4), a,(A) are minors of order j of A(4),
p.(A) are minors of order j of P(4) and ¢,(4) are minors of order j of O(4).
If 5(A) is a nonzero minor of B(4) of the greatest order 7, that is, the rank of B(4)
is 7, then it follows from equation (2.2.2) that at least one minor a,(4) (of orderr)
is a nonzero scalar polynomial. Then

rank B(A) < rank A(4) (22.3)
By multiplying equation (2.2.1) from the left by [P()]" and from the right by
[Q()]™ then A(4) =[P(A)]" BIOIQ(D)] " . Thus

rank A(1) < rank B(A) (2.2.4)

' Binet-Cauchy formula: Let A and B be mx 1 and nx m matrices, respectively. If m < n and
C = AB, then
1 2 o #\li B - Jj.
detczzp{, , | JB(‘]' o ]
T ML B ded il B = o

20




Equation (2.2.3) and equation (2.2.4) imply that rank A(4)= rank B(4).

That is, the equivalent matrix polynomials have the same rank. []

Let A(A) be a matrix polynomial of rank ». We denole by d;(4) the monic greatest

common divisor of all the minors of order j in A(4), where, j=12,---,r.

Since any minor of order j can be written as a linear combination of minors of order

j—1, j=23,-+-,r by cofactor expansion, then each of
d,(A)d, (D), d,(A),d, (A) =1

is divisible by the succeeding one.

Definition 2.2.3: The following scalar polynomials

dl(;”) i (i):dz(i) S (;{): dr(;“)

WA= D 4.’ 4.

are called the invariant polynomials of the matrix polynomial A(4).

Example 2.2.2: Find the invariant polynomials of the matrix polynomial

i F 0
A =|2 ¥ 0
0 0 24
Solution:
We can easily find that

d, (1) =1,d,(A) = A,d,(A)= A* and d,(1)= 1 - 1.

Then
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=@ T
_dy(A) _ A _
L T
i,(A) = d(D) _A-& =4 -1

d,(A) '

Example 2.2.3: Find the invariant polynomials of the canonical matrix polynomial

A_(A) = diaga,(A),a,(A),+++,a,(4),0,0,---,0].

Solution:

Let d,(4) =1,d,(4) = a,(4),d,(A) = a,(D)a,(A), -, d,(A) = a,(D)a,(1)+-a,(2).

Then
i\(A) = :1 3; L
i (/1) = dz(l) — al(’l)aj'.(/l) =-a (‘1)
A a(d) '
= d,(A) _ a(da,(A)--a,(d) _ a.(3).

d_(A) a(da,(A)-a,,(A)

Theorem 2.2.2: Let the matrix polynomials A(4) and B(4) be equivalent. Then the

monic greatest common divisor d,(4) of all minors of order j of A(4) and the

monic greatest common divisor A (1) of all minors of order j of B(A) are equal,

(J=12,-,1).

22




Proof:

From equation (2.2.2) in the proof of theorem 2.2.1, we obtain that any common
divisor of minors a, (4) of A(A) of order j, (1< j<r) is adivisor of 5(4). Then
A (4) is divisible by d,(4).

Also from equation (2.2.4) in the proof of theorem 2.2.1, any common divisor of
minors b (4) of B(4) of order j (1< j<r) is a divisor ol a(4). Then d (1) is
divisible by A (4).

Since d,(A) and A () are monic, then d,(4) =A,(4), j=12,--,r. 0

Corollary 2.2.1: Let d,(4) be the monic greatest common divisor of all minors of
order j of the matrix polynomial A(4) of rank r, j=12,-+-,7 then

d;(A) = i,(A)iy (A)--i,(4),
where i,(4), i,(4),..., i;(4) are the invariant polynomials of’ A(4).

Proof:

LA)= ;" (3) then d,(4) =d, ()i, (A)

Jj-1

i\ (A)= g!"—((% then d,_,(4) = d,, ()i, (4).

j-2
From the previous equations we obtain:

d,(A)=d,_ (A A, (A).

d;,(4)
d

=3

i ()= then d, ,(A) =d,_, ()i ,(4).

Hence
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dj(A)=d (A, (A, (i, (4).
We proceed in the same manner to obtain:

d,(A) = dy (A, (A)iy ()i, (A) = i, (AYiy (A)-++i, (4) . O

Corollary 2.2.2: Let i ,(4) (j=2,3,-+-,r) be the invariant polynomials of the matrix
polynomial A(A) of rank r then i;(4) is divisible by i, ,(4).

Proof:

By theorem 2.1.1, A(4) and 4_(A) are equivalent, where A_(A) is the canonical
matrix polynomial of A(4).

Let d,(4) be the monic greatest common divisor of all minors of order j of A(4)
and A (4) be the monic greatest common divisor of all minors of order j of 4 (4).
Then d,(A)=A,;(4) (j=12,---,r) by theorem 2.2.2. Also

rank A(A)=rank 4_(A)=r by theorem 2.2.1.

d() AR a@ad)a )

VOB D a@a a3

a,(4)

d_(A) AL(Q) a(da,(A)-a ()
d ) AR a(a(d)-a ()

i (A)= a;,(4)

since a,(A) is divisible by a; ,(4) then i () is divisible by i, ,(4). 0
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Theorem 2.2.3 (Smith Canonical Form): The matrix polynomial A(A) of rank r is
always equivalent to the canonical matrix polynomial
diagli,(1),1,(4),+-,i,(4),0,0,--,0], where 7,(4), i,(3), ---, i,(A) are the invariant
polynomials of A(A4).

Proof:

Let 4.(4)= diag[al (4),a, (/?,),---,a,(i),0,0,---,O] be the canonical form of the
matrix polynomial A(A).

Then by theorem 2.2.2 and example 2.2.3

d (A)=a,(Aa,(A)---a,;(4).

_d,() _ a@a,(d)-a,(A) _
d, (D) a,(Day(A)-a,,(4)

i (A) a,(d), j=12r

Then A(A) is equivalent to di"ag[ir',(,«?,),i2 (ﬂ),---,ir(l),0,0,---,O]. (]

Example 2.2.4: Find the Smith canonical form for L(4), where

L(A)=[ﬂ(l—l) 1 ]

0 A(A-1)

Solution:

d,(A)=1d,(A)=1and d,(1) = A (A-1)°
Then

=22 o oy
d,(4) 1

dy(2) _ 2(A-1)’

a1 rel

iz(/l)=

Therefore the Smith canonical form is diag{l, A*(1—1)"].
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Corollary 2.2.3: The matrix polynomials 4(4) and B(A) are equivalent if and only

if they have the same invariant polynomials.

Proof:

Let A(A) and B(A) are equivalent, then d (1)=A;(4), j=12,---,r, where
d;(A) is the greatest common divisor of all minors of order j of A(4) and A, (4)

is the greatest common divisor of all minors of order j of B(4).

_ 4, A4

=@ B

k,(2)

where i,(4) is the invariant polynomial of A(4) and k,(4) is the invariant
polynomial of B(4).

Conversely, suppose that A(41) and B(4) have the same invariant polynomials
i(4), i,(A), ..., i,(4), then A(4) and diagli,(A),i,(A); -+,i,(7),0,0,++-,0] are
equivalent, and also B(4) and diag[il(it),iz(/?.),---,ir(i),0,0,---,O] are equivalent.

This implies that A(4) and B(A) are equivalent. [J

Corollary 2.2.4: If AecC™". Then the sum of the degrees of the invariant
polynomials of A7 — A4 is n.

Proof:

The determinant of the matrix polynomial A/ — A is a scalar polynomial with degree
n, and the coefficient of A" in this scalar polynomial is det/ =1#0.

Then A — A is regular, and this implies that the rank of A7 — 4 is equal to #.

By Smith canonical form A/ — 4 is equivalent to a"iag[il (4.1, (/1),---,1'"(1)].

Thus,
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there are unimodular matrix polynomials P(4) and (A1) such that
PN - AQ(A) = diagli, (2),i, ()i, ()]

det P(ANA - A)Q(A) = detdiagli, (A),i,(A),-+,i,(A)]

¢, det(Al — A)e, =i,(A),(A)++i,(A)

since deg(c, det(A] — 4)c,) = n, then deg(i, (A)i,(4)--i,(A)=n.

That is, the sum of the degrees of the invariant polynomials of A/ — 4 is n. [

2.3 Elementary Divisors

In this section we want to define the elementary divisors of a matrix polynomial.
Also, we show how to find the elementary divisors from the invariant polynomials
and conversely how to find the invariant polynomials from the elementary divisors if

the rank of the matrix polynomial is known.

Theorem 2.3.1: If A, BeC™" . Then A and B are similar if and only if A/ — 4 and

Al — B are equivalent.

Proof:

Suppose that 4 and B are similar, then there is a nonsingular matrix § such that
A=SBS™", and this implies that A/ — 4 =S(A/ —B)S™', this equality proves the
equivalence of A/ — A4 and A/ -B.

Conversely, suppose that A/ —A and A/-B are equivalent. Then there are
unimodular matrix polynomials E(A) and F(4) such that

E(A)UIA- AF(A)=1i-B. 2.3.1)
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Consider the division of (E(4))™ on the left by /41— A and the division of F(4) on

the right by /A — B, then we obtain
(E(A)" =(IA-AS(A)+E,, {232)
F(A)=T(AYIA-B)+Fj. (2.3.3)
Substituting equation (2.3.2) and equation (2.3.3) into equation (2.3.1) we obtain
(IA-AT(AYIA-B)+ F,)=((IA-A)S(A)+E,)IA-B)
(A= A)S(A)-T(A))IA-B)=(UA-A)F, -E,(IA-B).
If S(A)# T(1) then the degree of the left hand side is at least equal to 2, while the

degree of the right hand side is equal to 1, we obtain a contradiction.
Hence S(4)=T(A) and (IA- A)F, = E,(IA-B), that is
FA-AF,=EA-EB.

So F, =E, and AF, =E B, then AE, = E,B.

If we prove that E, is a nonsingular matrix, then E;'AE, = B,

which means that 4 and B are similar.

To do this divide E(4) on JA— B from the left, we obtain

E(A) = (IA-BYU(A)+R,

I = (E(A)" E(A) = (IA - A)S(A) + E, (U4 - BYU(A) + R,)
= (IA - A)SQAUIA - BYU(A)+ (T4 - A)S(AR, + E,(IA—BYU(A) + E,R,
— (1A= DS(AUA - BYU(A) + (IA - AS(AR, + (A~ AF,UA)+ E,R,
= (IA— A){S(A)UIA - BYU(A)+ FU(A) + S(A)R, } + ER, .

Thus S(A)(IA-B)U(A)+F,U(A)+S(A)R, =0 and E,R, =1,

That is E, is a nonsingular. [J
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Theorem 2.3.2: If A C"" and the invariant polynomials of A/ — 4 of nonzero
degree are i (A), i,,(4), ..., i (4), then the matrix A is similar to the block-
diagonal matrix

C, =diag[C, ,C,

G,
where C,.k denotes the companion matrix associated with the invariant polynomial

i,(A), (s<k<n).
Proof:

By corollary 2.2.4 the matrix C, is nxn.

The matrix polynomial A/ —C,.k (s <k <n) is equivalent to the diagonal matrix
D, (A) =diag[1,1,-+-1,i,(4)]. This implies that A/ —C, is equivalent to the matrix
polynomial D(A) = diag[D,(4),D,,,(A),"+,D,(A)].

Thus A7 —C, = P(A)D(A)Q(A), where P(A) and Q(A) are unimodular matrices.
Since by the elementary operations, the matrix polynomial D(4) can be transformed
into diag[l,-+,1,i,(A),"++,i,(2)].

Then AI —C, and diag]l,--,1,i,(4),--+,i,(4)] are equivalent,

hence 1,---,1,i (4),---,i,(4) are the invariant polynomials of both Al -C, and

Al — A, which implies that 4 and C, are similar by the previous theorem. [J

Example 2.3.1: Find C,, which is stated in theorem 23.2 for the matrix

3 -10
A=|-1 3 0
1 -1 2
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Solution:

dl(l):l’ il(ﬂ’)zl
d,(A)=4-2,1,(A)=4-2

d,(A)=(A1-2)>(A-4), i;(A)= L -61+8

2 0 0
c,=l0 0 1.
b =8 &

Let A(1) be an mnxn matrix polynomial with invariant polynomials

i(A), i,(A), ---, i.(A) wherei (1), ,i.,(4), --+,i (A) are nonconstant. Then,

i,(D)= ([ (f, )" (S, () % j=s,s4Lr (2.3.4)
where £, (4), f;2(4)-, f},,}_ (A1) are irreducible and pairwise relatively prime

nonconstant monic scalar polynomials.

Definition 2.3.1: The elementary divisors of A(1) are the collection of factors

(/s (AN = 1,2,+-,k,,j = 8,5 +1,-,r) of i,(4) where each factor is repealed as
many times as it occurs in (2.3.4).

The positive integer «, is called the order of the elementary divisor (/ (A))a" '
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Example 2.3.2: Find the elementary divisors of the matrix polynomial

1 0 0 0]

0 A 0 0
A =0 0 A(A-2) 0 0

00 0 A(A-2)P(A+5) 0

0 0 0 0 0
Solution:

d(A)=1,i(A)=1

d,(A)=4,i(A)=2

d,(A)= 2 (A-2), i,(A)= A(A-2)

d,(A)= B(A-2)°(A+5), i,(A) = L (A-2)'(A+5)

The elementary divisors are: 4,4,4’,4~2,(4- 2)° and A+5.

In example 2.3.2, we show how to find the elementary divisors from the invariant
polynomials, but now we want to show how to construct the invariant polynomials
i,(A),i,(A), i, (4) from the knowledge of the elementary divisors of A(A) and of

the number 7 of its invariant polynomials or the rank of A(A4).

Let 4,4,, .4, be all the different complex numbers thal appear in the elementary
divisors, and let (A—A)M,(A-A), o (A=4) 1@ =12-,p) be the
elementary divisors containing the number A, , ordered in the descending order of the
degrees a, 2, ==, >0.

The number r of invariant polynomials must be greater than or equal to

Max{k, k,;.k,}
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Under this condition, the invariant polynomials i (A),1,(A), .,i () are given by the

formula
2 a :

i,(A)= [Ta-4 hrttd | j =127
i=1

where we put (44, Y9 =1 for j>k,.

Example 2.3.3: Determine the invariant polynomials of a matrix polynomial of order
5 having rank 4 and elementary didisons A Al s A=2,A~ 2)*,A+5

Solution:

By ordering the elementary divisors in the descending order of the degrees, W€ get
2, A4

(A~ ) S

A-S5.
L a

By using the formula ij(A)zr[(A—i') et §= 1L,
=1

where p is the qumber of the different complex numbers that appear in the

elementary divisors and r is the rank of the matrix polynomial, we obtain
()= (- )™ (A= A) " (A )™ = OmM =1

()= (A-2)" (A~ 2,)°3 (A= 4)= =(DOO= A

() =(A-4) (A »1;)“22 (A=4)"= =(WA-DD = MA=2)

i(H)=@A-)"@A- 1) (A-4)" = E(A-2"(A+5).




Note that in the matrix polynomial A(A4), the elementary divisors can be founded
from the invariant polynomials as in example 2.3.2 and vice versa the invariant
polynomials can be founded from the elementary divisors if the rank of A(A) is
known as in example 2.3.3.

Now, from corollary 2.2.3 we obtain

Theorem 2.3.3: The matrix polynomials A(4) and B(A) are equivalent if and only

if they have the same elementary divisors.

Corollary 2.3.1: A and B are similar if and only if A/ — A4 and A/ —B have the

same elementary divisors.

Theorem 2.3.4: Let A(A) and B(A) be matrix polynomials, and Ilet
C (A)zdiag[A(,l), B(A)], a block diagonal matrix polynomial. Then the set of
elementary divisors of C(A) is the union of the elementary divisors of A(4) and
B(4).

Proof:

Let the Smith canonical form of 4A(4) and B(4) be given by

A(4) = E,(A)D,(A)F,(2) and B(A) = E,(A)D,(A)F,(4),

where E,(4),F,(4),E,(4) and F,(A) are with constant nonzero determinant. Then

4(4) 0 | _[EMDWFE @A) 0 }

[E@ o ][ o |[K@&) o}
Lo EMW| 0 DMW|L 0 F@&
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= E(A)diag D, (4), D, (D) (2)
where E(A) = diag|E, (1), E,(4)] and F(1) = diag[F, (1), F,(2)]
and det E(A)=const. # 0 and det /(A1) =cons.# 0. Let
(A= Ag) (A= 2)2 o (A = 2)7, (A= 2) A, (A= 2) 2 oor (A~ 2) "
be the elementary divisors of D,(4) and D,(A4) respectively, corresponding to the
same complex number A4,.
Arrange the set of exponents a,,a,,"**,a,, B, B,,**, B,, in a nondecreasing order:
{60 B Bai s By =41 ¥as ¥ g b
where 0 <y, Sy, £--S¥,.,-
In the Smith canonical form D =diag[i,(A).i,(A),-+,i,(4),0,0,-+-,0] of
diag[D, (%), D,(A)], the invariant polynomial i,(4) is divisible by (A-4,)"7"7 but
not by (A-4)7"", i,,(4) is divisible by (A-4,)"" but not by
(A-4,)7""" and so on.

D, (4)

It follows that the elementary divisors of C(4) and { 0 D)

:\ corresponding
to Ay, are (A=Ay)",(A=4) %, (A= 2,) .0

Example 2.3.4: Determine the elementary divisors of the matrix polynomial

d=1 0 0
CA)=| 0 2+1 A2+1
0 =1 P
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Solution:

Let C(A) = |:A(2) v :l

0 B(A)

=

AP +1 )EHJ

where A(4) = [/1-—1], B(ﬂ):[ 1 A -1

By theorem 2.3.4 the set of elementary divisors of C(4) is the union of the
elementary divisors of 4A(4) and B(4).

The elementary divisor of A(A) are:

dA)=4-1,i(A)=4-1.

The elementary divisors of B(A) are:

d(A)=1, i(4)=1

d,(A)= (X +1), i,(A) = A (A+i)A1-1).

So, the elementary divisors of C(4) are: A - LA, A+i,A~i.
2.4 One-Sided and Generalized Inverses

In this section we introduce and examine the notion of one-sided and generalized

inverse of the matrix polynomial A(4).

Definition 2.4.1: An m xn matrix polynomial A(A) is called generally invertible if

all its nonzero invariant polynomials are constant one.
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Definition 2.4.2: An nxm matrix polynomial N(A) is called a generalized inverse
of the m x n matrix polynomial A(A) if the followings hold:
A(A)N(D)A(A) = A(4),

N(A)AA)N(L) = N(A).

-2 —A+2
Example 2.4.1: Show that the matrix polynomial A(4)=| 0 1 is
0 0

generally invertible and find its generalized inverse.
Solution:

dA)=1,iA)=1

d,(A) =1, i,(A)=1.

Therefore A(A) is generally invertible.

By the Smith canonical form we can write A(4) as

-~ 4 &1 8
% 7
A(A)=01210101_
o o Lllo o
2

The generalized inverse of A(A) is

11 -1 4 2%
e e itl 99

NA)=|2 2 { } 0 1 -44
0 1 010

0 0 2
N-L L 1z _piap
=|"2 2
0 1 _44
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Theorem 2.4.1: Let A(A) be mxn matrix polynomial. Then A(A) is generally
invertible if and only if 4(A) has a generalized inverse.
Proof:

Suppose that the matrix polynomial 4(A) is generally invertible and has a rank r.
. . .41, 0 ;
Then by Smith canonical form A(A) = b(i)[o Oj|F (A1), where E(A) and F(A4)

are mxm and mxn matrix polynomials, respectively, with nonzero constant
determinants. Let

| ]" 0 -1
NA)=F(A) 5 B E(A)™.

Then
o -1 ]r 0 ~ -1 ]r 0 -~ -1 Ir 0 - -1
N(A)A(A)N(A) = F(A) [ 0 O}h(/l) E(i)[ 0 O]P (A)F(A) { 5 O}E(ﬂ.)
L. 0
= F(»‘t)"[ ; O}Ew“ = N(A),

and

nlide 5 ol L O dspadds D
A(Z)N(A)A(A)zh(ﬂ){o O]F(/l)f' (A) {0 O]E(i) b(/l)[o O}F(A)

I, 0
:E(ﬁ.)[ - O}F(A)zA(A).

Therefore A(A) has N(A) as a generalized inverse.
Conversely, suppose that A(A) has a generalized inverse, ie. there is a matrix
polynomial N(A) such that

N(AAAN(A) = N(A), AG)N(DAA) = A(A).
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By using the Binet-Cauchy formula twice, any minor a,(4) and n, (A1) of order &
can be expressed as

a,(2) = a,(Mn,(Aa, () and n,(2) =Y n,(Da, (D, (A), k=12,--r.

Let d, (4) be the greatest common divisor of all minors of order # formed from
A(A) and p,(A) be the greatest common divisor of all minors of order k¥ formed
from N(A), then d,(4) is a divisor of p,(4) and p, (A) is a divisor of d, (1) .
Since d,(4) and p,(A) are monic scalar polynomials, then d, (1) = p, (4).

d, (A)=d}(A)a(A), where a(A) is a scalar polynomial, then there are two cases:
Case 1. d,(4) =0, and this is a trivial casc, ie. A(A) is a zero matrix.

Case2: d, (1) =1

d,(A)=d, [(A)=--=d,(1)=1

44 _

=1
d,,(4)

i, (4)=

(D) =i, (A)=--=i(2)=1
i.e. all the invariant polynomials of A(4) and N(A) are constant ones. Therefore

A(A) is generally invertible. []

Definition 2.4.3: An m xn matrix polynomial A(A) is said to be left (respectively,
right) invertible if there exists an #»xm matrix polynomial A4;'(1) (respectively,
Ay (A)) suchthat A;'(1)A(A) =1, (respectively A(A)4;'(A)=1,).

A matrix polynomial 4;'(4) (respectively, A;'(A)) is called a left (respectively,

right inverse) of A(4).
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Theorem 2.4.2: An m xn matrix polynomial A(A) is a right invertible if and only if
all the invariant polynomials are constant one (in particular m < n)
Proof:

Suppose that the m xn matrix polynomial A(A) is a right invertible, then there
exists an #xm matrix polynomial N(4) such that A(A)N(A)=1,.

By using the Binet-Cauchy formula:

detl,= Y A[] " ),JN{J' T ,1] (2.4.1)

s W L o L 1 2 o om

Let d,,(A) be the greatest common divisor of all minors of order m formed from
A(A).

From equation (2.4.1) we obtain 1=4d,,(4)a(4) where a(Ad) is a scalar polynomial,
this happen only if d,,(4) is a constant, since d,,(A) is monic, so, d_ (4) must be 1.
d,(A) is divisible by d,_,(4), d,_,(4) is divisible by d, ,(4), and so on, so,
d,(A)=d_,(A)=--=d,(A)=1.

i,(A)=i, ,(A)=-+=i(A)=1 ie all the invariant polynomials of A(1) are
constant 1.

Conversely, suppose that all invariant polynomials of A(A) are constant 1.
By the Smith canonical form A(1)= E(A)[I, 0]F(A), where E(A) and F(1) are
mxm and nxn matrix polynomials with constant nonzero determinants. Let

I
N(A) = F(l)"{ 5}13(,1)" .

Then
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g
AN (A) = EA)1,, OIF(A)F(A)“[ S}Eu)" =1,.

Therefore A(A) is a right invertible. []

Theorem 2.4.3: An m xn matrix polynomial A(A) is left invertible if and only if all
the invariant polynomials are constant one (in particular n < m).

Proof:

We can prove theorem 2.4.3 similar to the proof of theorem 2.4.2.
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CHAPTER THREE

FACTORIZATION OF SELFADJOINT AND SYMMETRIC

MATRIX POLYNOMIALS

In this chapter we shall discuss a factorization of selfadjoint and symmetric matrix
polynomials. This factorization is developed by Ran and Rodman. See paper [15].

This chapter consists of three sections; in the first section we shall discuss some
definitions which are necessary to the subsequent two sections. Factorization of
symmetric matrix polynomials over a general field F is introduced in section two. In
section three we introduce the factorization of selfadjoint matrix polynomials on the real

axis.

3.1 Definitions

In this section we want to state some definitions which are necessary to the subsequent

sections.

Definition 3.1.1:

(i) An nxn matrix polynomial A(A) is called selfadjoint if A(1)=(4(1))", ie.
A(A) is a selfadjoint matrix polynomial if the coefficients are Hermitian matrices.

(i) An nxn matrix polynomial A(A) is called symmetric if A(A) = (4(A)" or

A(A) = (A(-2))".
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We note that: If 4(4)=(4(A))" then the coefficients are symmetric matrices, while if

A(A)=(A(-A))" then the coefficients are symmetric matrices if the powers of A are

even and skew symmetric if the powers of A are odd.

Example 3.1.1: For any 7xn matrix polynomial M (A4):

(i) If DeC™ is a Hermitian matrix then A(1):=(M(4))'DM(A) is a selfadjoint
matrix polynomial.

(@) If DeC™ is a symmetric matrix then A(4) = (M (A))" DM(A) is a symmetric

matrix polynomial.

Let A4eC™ is a Hermitian matrix'; we denote the number of positive eigenvalues of

A by v, (A), the number of negative eigenvalues of 4 by v_(4), and the number of

zero eigenvalues of 4 by v,(4). Hence v, (A)+v_(4)+v,(4)=n.

Definition 3.1.2: For a Hermitian matrix A the signature of A, written sig4, is the
difference between the number of positive eigenvalues and the number of negative

eigenvalues (counting multiplicities, of course), that is sigd = v, (4)-v_(4).

Definition 3.1.3: A selfadjoint matrix polynomial A(A) has a constant signature if the

signature of the selfadjoint matrix polynomial A(4) does not depend on A .

' The spectrum of a Hermitian matrix is real.
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In the previous chapter we defined the rank of a matrix polynomial A(4) as the order of

the largest nonzero minor, which is equivalent to the following:

Definition 3.1.4: The general rank of the matrix polynomial 4(4) (denoted by r(4)) is

defined by r(A4) = max Aoec{rankA(/l{,)} .

The points A, € C for which rankA(A,)=r(A4) are called regular points of A(4); all
other points A, € C are called singular points of A(4).

We note that the set of singular points is finite. To prove this, suppose that r = r(A4).
By Smith canonical form A(4) is equivalent to diag[i,(4),i,(4),++,i,(4),0,0,---,0]
where i,(4),j=12,---,r are the invariant polynomials of A(A), A, €C is a singular
point of A(A) if rankA(A,) is less than r, and this occurs if i (4,)=0 for some
j=12,---,r ie. A, isazero of the polynomial i (1), for some j=12,-,r.

The number of zeros of the invariant polynomials is less than or equal to r/ where / is
the maximum degree between the degrees of the invariant polynomials. Therefore the

number of singular points of A(A)<r/, that means, the set of the singular points of

A(A) is finite.

3.2 Factorization of Symmetric Matrix Polynomials

Over a General Field

There are some conditions which are necessary to factorize the matrix polynomial A(A)

into the form A(A)=M,(A)DM(A), where D is either a constant matrix or a matrix

43




polynomial, and M (A) is a matrix polynomial, these conditions and others such as the
notion of M,(A4) are examined here.

We know from abstract algebra that an automorphism o : F—F is a mapping from a

field F onto itself such that o is one to one, o(x+y)=o(x)+o(y), and

o(xy)=o(x)o(y) forall x,yeF.

I ' i
Let a(4)=Y a,#, be a scalar polynomial over F, let a.(4)= > o(a,)s’ A, where

Jj=0 Jj=0
g =+1and o*(x) = x forall xeF. Then a.(4) is also a scalar polynomial over F.
For an mxn matrix polynomial X (4) =[x, (4)]", over F, define X.(4)= [% (D]~

ij-l i, j-1

where X;;(4) =[x, (1)]..

Theorem 3.2.1: Let X(4) and Y(4) be matrix polynomials with appropriate order.

Then

) [XAY (D] =T (D)X.(4),

@) [X(AD]. = X(1),

(i) [x(AD)X(A)+ y(ADY (D], = [x(D]X.(4) +[y(A)LY.(4) where x(4) and y(4)
are scalar polynomials,

(iv) If det X (1) = const.# 0, then (X.(4)) ' =[(X(4)"]..

Proof:

() Let X(A) bean mxI and Y (A) be an /xn matrix polynomials, also let

ZLA) = X{A)F(4).
The (j,i)th element of [X(A)Y (A)]. is [z, (A)]. :[Z’:xj,, (ADyy (D]

where

44




© m e o .l
X, (A)=xat+xa A+t x i A*, Yy (A)=y ,+y A+t y A

Lo m) @ ey
[2; (D). :[;(x,k+x.-,,/1+---+ Xk VWYt Yy A+t y A
=1
L@ O L I ——
=Y [o(xu)o(py)++0( x &)a(y g *A**] (3.2.1)
k=1

The (j,i)th element of Y,(1)X,(4) is

Z_:[yh (D))e[x (D]

(© (

) m) _— (0) (m,)
Pg)teta(y yle*A* Yo(xu)+--+0(

k
% )5 EAY)

= Z_)(o(

(0) ) () (m)

1
=Y [0(yy)o(xu)++0(y Io( x a)e™ A ™] (3.2.2)
k=1 .

From (3.2.1) and (3.2.2) we obtain [X(A)Y(A)], = V. (A)X.(1).
(ii) Let X (A)be an m x n matrix polynomial.

The (i, /)th element of X (4) is

© 0
x,(A)=xy+x5 A+t x4 4. (3.2.3)
The (i, j)th element of [X(4)].. is
© ) ) :
[, (Do =[0(x ) +0(xy)ed+o+0(x,)8 X 1.
©) 5 - B
=g(o(xy))+o(o(x;))e"A+-+o(o(xi))e™ 4
© 0
=xy+ X5 A+t xy A (3.2.4)

From equation (3.2.3) and (3.2.4) we obtain [X(4)].. = X(4).
(7ii) Suppose that X(4) and Y(4) are m xn matrix polynomials. The (i, j)th element

of [x(A)X(A)+ y(A)Y (). is
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[x(D)x;(A) + y(A)y ; (D] =[x(D)L[x; (D] +V(ADLLy ;D] (3.2.5)
The (i, j)th element of [x(A)], X.(4) +[¥(D)].Y.(4) is
LT [x s (D] + D)Ly ()]
From equation (3.2.5) we obtain that
[x(A)X(A) + y(DY (D] = [x(D]. X () + V(LY. ().
(iv) Since det X (1) =const.# 0 then X (A) is an nxn invertible matrix
polynomial i.e. it has an inverse (X(4)) ' and (X(4))" is a matrix polynomial.
Thus X (A)(X(A))™" =1,, and then. [X(A)(X(4))"']. =1..
By (7),
(XA LX) =1, (3.2.6)
also (X(A4))" X(A) =1, and then [(X(4))" X(4)]. = /., hence.
XX ' =1 (3.2.7)
From equation (3.2.6) and (3.2.7) we obtain that

(X" =[xA)"'L.0

Theorem 3.2.2: Let L(A) be an nxn generally invertible matrix polynomial such that
L(A) = L.(A),
and let r be the general rank of L(A). Then L(A) can be factorized in the form
L(A)=M,(A)DM(A),
where M (1) is an rxn right invertible matrix polynomial and D is an rxr constant

matrix such that D = D,.

46



Conversely, if L(A)=M,(A)DM(A) holds for an rxn right invertible matrix
polynomial AM(A) and a constant matrix D =D,, then L(A)=L,(4), L(4) is
generally invertible, and has general rank 7.

Proof:

We first prove the converse statement.

Since M(A) is an rxn right invertible matrix polynomial, then all the invariant
polynomials of M(A) are constant one. By the Smith canonical form
M(l)zﬁ(ﬁ.)[lr O]ﬁ(ﬂ.,), where E(A) and F(A) are rxr and nxn matrix
polynomials with nonzero constant determinants.

L(A) = M.(A)DM () = (E(DI, OJF(4).DEI, 0JF(4)

- I e = -
= F.(A) O’}E.(A)DE(A)[!, 0JF(4)

=

-~ [Ew o Ip ol[Ew) o |~
L 0 I.gllo o)l © L.,
Since
= E, 0
det| F,(A) £(4) =const. # 0
0
and

det[[E(i) v }IN (A)J =const. # 0.
0 I

(n-r)
Then by the uniqueness of the Smith canonical form, all the nonzero invariant

polynomials of L(A) are constant 1.

Therefore L(A) is generally invertible and has general rank r . Also
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For n=1 it s trivial. Suppose it is true for n—1. Then A4(4) can be rewritten as

0 a,
AD=L A}

where 4, = 4. is (n—1)x (n—1) matrix polynomial.

Since det A(A) = const. # 0, then it has an inverse (A4(1))"'. Let (4(4))"' be written as

(A = {" f:}

where C, =C,, is (n—1)x(n—1) matrix polynomial.

| Yy X
Put y=5(l—c.Alc), x=-Ac-ay, and Y:L I(H):|.

Since

= G 1 0
A A@y =| G | =L,
ay+Ac ac,+AC, 0 7

1 1
then, a,c=1. Now x=-Ac—-ay=-Ac—- Ea + Eac,Alc = —la - lAlc

X, = —lc,A1 ——1—a. and then
2 2

X,C = —lc.Alc = la,c =—=C,Aic——
2 2 2 2

x.c=y-1.

Now,

I -x]ft 0 [y—xx 0}_P o}
B Tl =2 L o 7| |0 1]

We conclude that det} =1. Let

rapr=|" 7
-()—OLD,
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where L,(A) is an (n—1)x(n—1) matrix polynomial.
Since L,(A) is (n—1)x(n-1) matrix polynomial, then by mathematical induction.

L,(4) = MW (A)D,M, (1)

1 0
Y.AA)Y :[o M. (A)DM () |

[t 0 10}1 0
10 Mu(A)||0 D, |0 M,D)]

YAAY =X (ADLA)XAY .

Therefore L(A) = M,(A)DM(A), where

1
M(A) =[

- i _l 0
0 MO(A)}Y (X(A))” and D_{O Do]

Case (ii) if r <n.

Then by the Smith canonical form L(A)=E(A)D,F(A), where E(A) and F(A) are
nx n matrix polynomials with nonzero constant determinants.

Let Z(A) = (F.(A)) ' L(AXF(A))". Then

L) =[F) LyFE@) | = E@) LFE@) =14,

Therefore L(A) = L.(4).

L(2) = (F.(A))" EQIDFAYFA)™ = (F.() " EGA)D, (3.2.8)

Since L (A1) = Z_(A), then the last #—7 rows and the last »—r columns of (A1) are

ZETO0s.
From equation (3.2.8) E(A)D, = F.(A)L(A), and hence

E(A)D,F(A) = F.(A)L(A)F(A). That is
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L(A) = F.(AL(AF (4)

N © I,

=1a(1){ , O}F(A)=F;(i)[oi|N(ﬂ,)[l, 0JF(A)

where N(A) is an rxr matrix polynomial formed by the first » rows and the first r

columns of L(A) and from equation (3.2.8) det N(A)=const.#0, Thus, the rxr
matrix  polynomial ~N(4) satisfies the conditions in part (/). Hence

N(A)=M,.(A1)DM (4)
Then L(A) = F. (/’L)[IO’ }MI.(A)DMI()»)[I, 0]JF ()

=M, [, o] F(WLoMm,(lI, olF(2)
Let M(A)=M,(A)[I, 0JF(1), then M(A) is an rxn right invertible matrix

polynomial. []

If L(A) is not generally invertible, then the following example shows that the
representation L(A) = M,(1)DM (1) with D having the size equal to the general rank

of L(A) is not always possible.

A+l A+1
Example 3.2.1: Let /(A1) = L i dé J be a matrix polynomial. Then
+

d(A)=4+1, i(A)=4+1and i,(4)=0.
Therefore L(A) is not generally invertible. Take & =1, then L,(4) = L(4).
The general rank of L(4) =1. Suppose that L(4) = M.(1)DM (1) .

Then M(A)=[m, (1) m,(A)] and D =[d,,], since r(L)=1
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(my, (4)).

L{A)=
“) [(mu ).

[ dm,co) .o

A+l A+l | (my (A))edmyy (A)  (myy (A)).dymyy (4)

A+l Ax1] [(my (D)ediymy, (A) - (s (A))oddyymys ()
If m, (A) =0, then (m,, (A)).d,m (A)=0=A+1

If m,,(A) =a where a is a constant, then (m,, (1)).d,,m, (1) = o(a)d, a, the last term

is of degree 0 and not equal to A +1 of degree 1.

If m,,(A)=a+bA, a,b are constants, then
(m, (A).d,,m,,(A) = (o(a)+o(b)A)d, (a+bA), the last term is of degree 2 and not
equal to A+1 of degree 1.

Therefore L(A) cannot be factorized as M ,(4)DM (4).

Even if we omit the requirement that A (A) is right invertible. We can, however, obtain
a factorization result for not generally invertible L(4) if we allow D to be a matrix
polynomial (with special properties).

Before we state this result we shall give the following notes.

Note 3.2.1: If f(A) is monic scalar polynomial then f,(4)=:g"“¢’® £,(1) is monic
scalar polynomial.

Proof:

Let f(4)=a,+a,A+--+a,A, a, =1, be a monic scalar polynomial.
f.(AD)=0o(a,)+o(a)eid+-+o(a, )" A" +o(a)e'X, o(a)=1.
f (D) =P f () =¢'[e'X +0(a,_)e™' A7 +--+0(a,)]

=2 +o(a,_)e" ' A" +---+&'o(a,)
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Therefore f.(A) is a monic scalar polynomial. []

Note 3.2.2: (f,(4)/,(A), = £, (D) f,.(4)
Proof:

ONINO! o @ @
Let fl(/”L):ao+a:,1+---+ml)r.‘ and fz(/l):ao+a1)b+---+afz,13 be scalar

polynomials.

m @ m @ @ o @ g
f](tl)fz(/l)=ao ao+(aoar+a ao)&+---+a;l air, AL

D), =& (o lanio (o) s-—rola, Jolay)d e 4)

. 1 A @
=g'{o(ao)+--+o(ay)e' A e {o(as)+--+o(a,)e A}

- gdegfl()l)j-l. (]»)Edcgfz(’t)fzt (/1) = ﬂ+ (/?.)fz_,_ (:&) 5

Theorem 3.2.3: Let L(A) be an nx»n matrix polynomial such that
LA y=1L.(4)

and let r be the general rank of Z(A) . Furthermore, let
D, £,(D)2 -, f, ! (A)aq} be the collection of elementary divisors of L(A). Then
L(A) admits a factorization

L(A) = M (A)D(AHM (1),
where M(A) is an rxn matrix polynomial and D(A)= D,(4) is an rxr matrix
polynomial. Moreover, the collection of elementary divisors of D(Z) is {/,(1), j € J},

where the subset J of {1,2,---,q} consists precisely of those indices ; for which

degfj(l)

fi(A)=¢ J+(4) and alj is odd.




Proof:

As in the proof of theorem 3.2.2, we can assume that r =n.

Let L(A)=E(A)D,(A)F(A) be the Smith canonical form for L(4), where
D, () = diagli,(A),i, (A),-,i (A)], i ;(4) (j=12,---,n) are the invariant polynomials
of L(A). Since L(A)=L,(A), then L,(1)=F,(A)D.(A)E.(1), where
D\.(A) = diagli,.(A),in(A),++,i,n(A)].

By the uniqueness of invariant polynomials, i,(4),i,.(4),-+,i,.(4) are the invariant
polynomials of L,(4).

© @ a4, ap
(D)= +ijA+i; A4+ 1 ;A7 where i;=1,

while

. © ™ - I o .
in(A)=0(i;)+o(i;)eA+o(i )e A" +--+o(i )e’A’, where o(i ;)=1

Since L(A)=L.(4), then we have i (D) =z =" i (A) (j=12,,n)

degi (4) . 2degi (A) ,
J i 7

i,(D)=¢ ~A)=¢ i, (A)=i,(3).

Replacing L(4) by (F.(A))"'L(A)(F(A)) ' then

(F.(A))" E(Q)D, (AF(AXF(A)™ = (F.(A) " E(A)D,(4) =T(A)D,(4)
where T(1) = (F.(4)) 'E(4).

tn(j-) [ln(l) ’.1(’1) 0 t“(ﬂ.)i,(l) tln(ﬂ')in(ﬂ')

L) = { 3 S S : . : .
ta(d) - A 0 - i (D] a(DHA) - 1,40, (1)

The jth column of L(A) is divisible by i (1) (j=12,---,n). By symmetry the jth

row of L(A) is divisible by 7 .(4).
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Let the nonconstant invariant polynomials of L(4) be i (4),i,, (4),---,i (4) and factor

them. Then

kj & kj "
A =T1G) " =T]Un@) " (=ss+1-n),
=l =1
and by the uniqueness of the decomposition, the set {f, (1), f ), f #; (4)} must

consist of selfsymmetric scalar polynomials (f,(4)= f,,(4)) and/or of pairs of
mutually symmetric scalar polynomials fj,l(/l)= fﬂz* (A) in this case necessarily

a, =a,

7 £y

Let £, (1),}’]2(1),---,]1,?1 (4) be selfsymmetric and

f],pjﬂ (A) = (fj,Pj+2 (ﬂ))f 5fj,PJ.+3(j‘) = (f_,l,pj s4(ﬁ'))+1-“$f_r,pj&2qj--] (/1) = (fj‘pj o?_qj (2'))+
where p, +2q, =k,.
Let j, be the smallest index such that & s > 1 forsome /e {l,2,--, p,}.

Say, a;,>1 (if no such j, exists, we put)

i Crpadt
By =[1 o) "™ (=554 1000 m).
=1

aj_p +21

5
DEﬁne hj :H(_fj'}.];:)](z)) ¢ L] J’ :S,S+1,"',-j0 _1
=]

aj,p.+2!

i
h; = fy (ﬂ)]_[(fj,pﬁy 0 B 8 Y R
=l
Where we assume that the elementary divisors are numbered so that f a(A)=1 X (A)

for j=j,+1,j,+2,--,n

We define also 2, =1 for j=12,---,5-1
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The divisibility relation among the 7,(1)'s implies that whenever 'ffnfl (D=f i

(4)

where j, < j,, then @, Sa, . It follows that 4, divides &, (j=12,---,n-1)
i(A)=h.gh, (j=12,,55+1,n)

where g =1for j=12,+,5s-1

Pj o
g, =t [(F (A7 for j=s,s+1+,j, -1,
f

g, =(f; (i))a’l_zle(fﬂ (AN for j = jo,jo+10.
The sign + or —in g, is chosen so thal g, is monic.
g, divides g, for j=12,---,n-1.
_fHFi) fu(ﬂ?i,(ﬂ) ’m(ﬂ).f},(/l)_

L) =|1,(4) - fm(i)i,(/i) 1, (A, (4)

_[n] (;“) e tns (‘2')1.1 (ﬂ‘) =g tnn (A)I" (/1)_

i r]1 (’1) e tls (A)h.t"gs R t] n (A‘)hn"‘gn ]
£,(2) ' 1, (Ah,.g,
L(A)=H.| h, 1, (g, e H
1, 1 (g '
o i M " k.. & t (A
o o kAN

n n

where H =diag(l,---,1,h_,---,h]. Let

-111 (’1) R Il|1.'i (A)hs‘gs — tln(ﬁ')hn*gn ]
1,() ' t, (Ah,.g
- s aw LR cee o TmEn
Ly=|"n, (A8, 0.
tn;}(’i‘) Ve tm (A];)hs"gs rnn (A)gn
L s e
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Then L(A)=H.L(A)H for some matrix polynomial L () = L.(A).
Let i (A),7,(4),---,7,(A) be the invariant polynomials of L(A). By using the Binet-
Cauchy formula: we find that, the determinant of every /x/ submatrix in L(4) is a

linear combination of determinants of / x/ submatrices in L(A) when the determinants

1
are multiplied by l—[ (hh)).

i=1

!
i, (A)iy(A)-++i,(A) divides 7 ()i (A)--5,(A)] [(h,.h,) for 1=1,2,--,n.

il
Since i,(A) =h,.g,h, (j=12,~+-,n) then g,g,---g, divides 7 (A)7,(A)---7, ().

On the other hand, for the (j,/)th entries p,(4) of L(A) and p;(4) of L(4), we
obtain 7, (4)=hp, (k" =h.p, (A (A)h.g, and since (assuming j</) both
p,(A)i;' (A1) and h,h, are scalar polynomials, p,(4) is divisible by g,. Also,
P, () is divisible by g, (because g, divides g, if j</).

We see that p,(4) is divisible by g_.. ., . Therefore, the determinant of every /x/
submatrix of Z(A) is divisible by g,g, g, Consequently, ?;(i)?;(l)---?;(i) divides

81828

Comparing this result with the previously obtained opposite divisibility relation, we
conclude that g,,g,,-++, g, are the invariant polynomials of L(A).

We repeat the procedure given above with L(A) replaced by L(A), and so on, until
(after a finite number of steps) we obtain a matrix polynomial D(A) with the properties

required in theorem 3.2.3. [
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3.3 Factorization of Selfadjoint Matrix Polynomials

On the Real Axis

In this section we consider the selfadjoint matrix polynomials L(A) over C, that is,
matrix polynomials with the following property:

L) = (LAY, A eC.

Theorem 3.3.1: Let L(A) be a selfadjoint #»x» matrix polynomial. Then L(A) admits
a factorization
L(A)=(M(4))' DM(4),

where D is an mxm constant Hermitian matrix and M(4) an mxn matrix
polynomial, if and only if

mz=m,
where m, = max ,_, v, (L(4)) + max ,_, v_(L(4)).
Moreover, in all factorization -L(4) = (M (1)) DM (A) having the minimal size m, x m,
of D, the matrix D is uniquely determined up to congruence’, that is, D has

max v, (L(A)) positive eigenvalues and maxv_(L(A)) negative eigenvalues

(multiplicities counted).
Proof:
The direct statement can be easily proved as follows:

Suppose that the selfadjoint matrix polynomial ZL(4) admits a factorization

L(A)=MA) DM(A).

* Two square matrices A and B are said to be congruent if there exists a nonsingular matrix # such

that A= PBP".
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Let A, and A, be real numbers for which v _(L(4,))=max, v, (L(4)) and
v_(L(A,))=max , . v_(L(4)). Then
L(4,)=(M(4,))' DM (4,) =¥, DY, and
L(4) = (M(4)) DM(4,) = ¥;DY,
where ¥, =M(4,) and ¥, =M(4,).
The Hermitian matrix D must have at least v _(L(A4,)) positive eigenvalues and D
must have at least v_(L(4,)) negative eigenvalues®.
m2v _(D)+v_(D)

2v, (L(4,))+v_(L(4,))

= max ,.q v, (L(A)) + max , v_(L(A) = m,,
Thatis, m=>m,.
If D is an m,xm, then, the least number of positive eigenvalues of D is
max , . v,(L(4)) and the least number of negative eigenvalues of D is
max ,_, v_(L(4)).

Next we shall prove the converse statement after introducing the following lemma and

proposition:

Lemma 3.3.1: Let L(A) be a selfadjoint nx»n matrix polynomial with detLZ(4)#0

and let m, > n be defined by m, = max ;_, v, (L(4))+max ;. v_(L(4)).

Then there exists an m, x m,, selfadjoint matrix polynomial L(A) such that

“let A and B be mxm Hermitian matrices. If A =MBM ~ for some matrix M . then
v.(A)=v, (B), v_(4) =v_(B) and v,(A) = v,(B) . See [11] page 187.
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L) {L(i) o}

0 *
and such that
max ., v, (L(4))+max ., v_(L(A)) = m, .

Proof: See [15] page 853. 0

Theorem 3.3.2: [4]
Let L(A) be a selfadjoint nxn matrix polynomial with detZ(4)#0. If L(4) has
constant signature, then

L(4) = (M (2))"DM(2)
where M (A) is an nxn matrix polynomial and D is an nxn nonsingular Hermitian
complex matrix.
Proof:

We use induction on & =degdet L(4). We shall show that the assertion is true in the

nonzero constant case, that is, for § =0, see [13]. We consider the case for § > 0.

Let L(A)=E(A)D(A)F(A) be the Smith canonical form of L(4), where E(4) and
F(A) are of nonzero constant determinants and D(A) =diag[i,(4),i,(4),-+,i,(4)] is
the diagonal matrix whose diagonal entries /,(4) are the invariant polynomials of
L(A) . Thus i,(A) are monic polynomials and i, (4) divides 7,,,(4) for k <n.

As L'(1)=L(A), the polynomials i, (4) have real coefficients. By replacing L(4)
with (F (1) 'L(A)F(A)", we may assume that L(A)=T7(4)D(4), where

T(A)=(F(A))"EA).
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As 6 >0, i,(A) is not a constant. Let A, be a root of i, (4). The last column of L(4)
is divisible by A—4,. Since L'(1) = L(A), the last row of L(A) is divisible by A —4,.
Hence if either A, #4,, or 4,=4, and (A-A4,)° divides i (4), we have a
factorization
L(A) = M} (1)D,(AM, (A)

where D,(A) is an nxn selfadjoint  matrix  polynomial  and
M () = diag[l,--- 1, A—- 4,].

Since D,(A) has constant signature and detD,(4) has degree § —2, we can use the

induction hypothesis to obtain the assertion in this case.

It remains to consider the case in which 4, €R and 4, is a simple root of i,(4). For

AeRlet f:C"xC"—> C be the Hermitian form® defined by

fxy)=y Li4)x.
The radical X of f° is the nullspace of the matrix L(4,). If r is the rank of L(4,),

then the last »—r columns of L(4,) are 0, and so K consists of all vectors in C”

whose first » coordinates are 0. Let v, be one of these vectors in C”, then
- - - -

fi,vi)=n L4)n =0.

Now, let g:K xK —C be another Hermitian form defined by g(x,y)=y L'(4,)x,

where L'(A) is the derivative of L(A) with respect to 4.

Then g(v1,v1) = v1 L'(A,)v1 =0.

- - - -

S f.C"xC"—>C isin Hermitian form if £(x,y) = (f(y,x))’

 The radical K of f isdefinedas {x : f(x,y)=0 forallyeC"}.
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Choose a complex unitary matrix ¥ having v, as the first column, and set

B(A)=V LAV . As ;1 € K, the first column of B(4,) is 0, and consequently also

*

the first row of this matrix is 0. Since ;1 L'(An);, :g(;,,;;) =0, the first entry of
B'(4,)=V"'L'(4,)V is 0. Hence all elements of B(A) in the first row or column are

divisible by 4A-4, and the first element is divisible by (1-4,)". It follows that we
have a factorization

B(A)= M3 (1)D,(AWM,(4),
where D,(A) is an nxn selfadjoint  matrix  polynomial and
M ,(A) =diag[A - 4,,1,-++,1].
Since D,(A) has constant signature and detD,(4) has degree & —2, we can use the

inductive hypothesis to complete the proof. []

Proposition 3.3.1: Let L(A) be a selfadjoint nxn matrix polynomial with
det L(A) # 0 such that
max , ., v, (L(A))+max . . v (L(A))=n
then L(A) admits a factorization
L(2) = (M(4))" DM(4)

in which D is nxn.

Now, we want to show that this proposition is equivalent to the previous theorem.

Suppose that L(A) has a constant signature.
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Let 7.4 R such that v (L(4)) =max ,, v, (L(A)) and
v_(L(4,)) = max ., v_(L(4)).

v, (L(4)) = v_(L(4)) = v, (L(4,)) - v_(L(4,))

then v, (L(4))+v_(L(4,)) = v, (L(4,)) +v_(L(4))

Since det L(4) # 0 then there is no zero eigenvalues.

v (LA +v_(L(4)) =n

V. (L(4,)) +v_(L(4,))=n

By summing the two previous equations we obtain:

v (L)) +v (L(A,) +v_(L(A4) + v, (I(4,)) = 2n

v, (L(4)) +v_(L(4,)) + v, (L(4)) +v_(L(4,)) = 2n

Then v, (L(4))+v_(L(4,))=n ie max, v, (L(A))+max v (L(4))=n.
Conversely, suppose that max ,_, v, (L(4)) + max ;. v_(L(4)) =n

Let v, (L(4)) = max ., v, (L(4)) and v_(L(4,)) = max ., v_(L(4))

v, (L(4))+Vv_(L(4,)) =n, since det L(4) £ 0

max ;. v, (L(A) +v_(L(4)) =n.

Now v_(L(4,)) = max ;. v_(L(4))

Then v, (L(4,)) +v_(L(4,)) = n, since det L(1)#0

V. (L(4,)) + max ., v_(L(4)) =n.

Thus v, (L(4,)) = max v, (L(4))

ie. the maximum number of.positive eigenvalues occurs at 4, and A, and also the
maximum number of negative eigenvalues occurs at 4, and 4,.

If we take any point A different from 4 and A,,

then v, (L(A))+v_(L(A)) = n, since det L(1) 0.
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If max ., v, (L(4)) does not occur at any A €R, then v_(L(A)) at this point is greater
than max ,_, v_(L(4)), and this is a contradiction.

Similarly, we can arrive to a contradiction in the case max ,_, v_(L(4)). 0O

Now we can easily finish the proof of theorem 3.3.1. Given a selfadjoint matrix
polynomial L(4) with detL(1)#0, construct (1) as in lemma 3.3.1 and apply
proposition 3.3.1 to L(A4):

L(A) = (N(2))' DN(2),
where D is a constant m, x m, Hermitian matrix. Then L(4) = (M (4))" DM (A) holds

for M(A) formed by first » columns of N(4). [

Definition 3.3.1: An nxn selfadjoint matrix polynomial AM(A) will be called

elementary if (M) =1 and M (A4) is positive semidefinite for all real A .

Lemma 3.3.2: M(A) is elementary if and only if Af(4) is of the form

M) = ;(A)(;(Z )" where ;(/1) 0 isan nx1 column matrix.

Proof:

Suppose that M (A) is elementary, then »(AM)=1 and M(A) is positive semidefinite
for all real A ie. M(A) is a Hermitian matrix and all its eigenvalues are nonnegative

for all real 4. By corollary 5.5.2in [11]

7 A Hermitian matrix // € C™” of rank r is positive semidefinite if and only if it is congruent to a

' 0
matrix of the form y
O(n—r)
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I, 0 _
M(A)=P(A)[ - }(P(A))

(n-1)

1 @ em 0)pes -
B@) = R, o o [B@® - B@

Pnl(l) o Pm(ﬂ') 0 (;) ": 0 13111 A

(B (DB,(X) - B, (DP,(X)

| Py(DB(A) -+ Py(DP,()

G I
-l ¢+ |[B@® - B@)
_Pnl()“)
= x()*(2)",
where x(4)= : #0 is an nx1 column matrix polynomial, Since x(4)=0
P G0

implies M (A) is a zero matrix.

Conversely, suppose that M(A)= x(A)(x(1))" where x(4)#0 is an nx1 column
matrix, since ;(/1) +0 then M(4) = 0.

M(4) = X(A)], (x(A))" = P()D(P(D))’

We choose P(A) as follows:

X, 0 -« 00
a2 1 = 06
Ifx, 20, PA)=| : & . i |, D=diagfl,0,-0]
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1 0 0 - 0
0 = 0
0 x; 1 0
If x, =0 and x, 20, P(1)=|, :3 _ .|, D =diag[0,1,0,---,0].
Q 2.5 0 0
g ¥ 9 0 1]

where P(A) is an mxn matrix polynomial with columns to be chosen such that
det P(A) =const. #0 and D has 1 positive eigenvalue, 0 negative eigenvalue and 0
zero eigenvalue. Therefore M (A4) is elementary by Smith canonical form and theorem

33.1.0

Theorem 3.3.3: Any selfadjoint #x»n matrix polynomial (4) admits a representation
LAy = i'lSJMJ 1)
=
where &, =+1 and M (A) are elementary matrix polynomial. The number m of terms
in L(A)=Zm:£jM ;(4) is greater than or equal to m,, where m, is given by
=

m, =max ,_, v, (L(4)) +max ,_, v_(L(4)). If m=m,, then exactly maxv, (L(4)) of
g,'s are equal to +1 and exactly v_(L(4)) of &;'s are equal to —1.

Proof:

Theorem 5.5.1 in [11] implies that any Hermitian #x#» matrix is congruent to the

I, 0 0

matrix | 0 -/,, 0 | where r is its rank and s is number of its positive
o o0 o0,

eigenvalues.

Then by theorem 3.3.1, we obtain:
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L(2)=(M (1))’ DM ()

M, (2)" - M, @A) |[e, - 0][M,(A) - M, Q)
M, (A)" -~ M, AN |0 - &, |[[M (D) - M, (A)
(A)

[(?c’](I))‘ (}’m(;f))‘} diagle, - £,]|
Xm(A)

where x:(2)=[M, (1) - M, (D), i=12,...m

LA =&, ()" ¥1(A) +&,(x2(1))" X2(A) ++-+ &, (xm(1)) Xm(A)

L(A) = ingj(A)

where M () = (; (A ; i(A), j=12,-,m, each polynomial matrix M (1) is
elementary by lemma 3.3.2, also m > m, .

If m=m, then D has max ,_, v, (L(4)) positive eigenvalues, each of which is equal to

+1 and max,_, v_(L(4)) negative eigenvalues each of which is equal to —1. 0

Corollary 3.3.1: Any selfadjoint #x» matrix polynomial admits a factorization

L(Z) = (M(Z))' DM(A), or a representation L(4) =Y. &,M (A), where m <2n.
Jj=1

Proof:

Let m,=max, v, (L(A)+max, v (L(4)), since max,,v (L(4))<n and

max ,_, v_(L(A)) <n,then m, <2n.
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By theorem 3.3.1, the selfadjoint »x» matrix polynomial admit a factorization

L(A)=(M(A))'DM(A) at m=m,<2n, also by theorem 3.3.3, L(A) admits a

factorization L(4) =Y &M (A) at m=m, <2n.[]
j=1

There is a selfadjoint matrix polynomial, which doesn’t admit a representation

L(A) = (M(A))' DM (A) or L(A) = i.s}Mj(i) with m < 2n.

J=

The matrix polynomial [L(A)=A/ does not admit a factorization
L(A)= (M (L))" DM (A) or L(A)= ZEJ‘MI(A) with m < 2n.
Jj=l1

A B « 0
L(A) =
0 0 - 2
max ;_p v, (I(A))=n and max ,_,v_(L(A))=n.
m, =2n. The smallest value of m=2n, so L(A) doesn’t admit a factorization at

m<2nbutat m=2n or m>2n.
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CHAPTER FOUR
JORDAN CHAIN AND DIFFERENTIAL EQUATIONS

The main goal of this chapter is to solve any constant-coefficient-matrix differential

equation of order / given by
L 3O + L, 2@ +e-+ L x(0)® + L, x(0) = £(1),
where L,,L,,---,L, €eC™", detL, #0 and the vector function }(1) is piecewise

I
continuous. If L(A) = LA + L, A" +--+LA+L, =Y LA, then the last equation

=0

can be written as
d 1 d . B =
L(Et-)x(t)_él‘j(g) x(t)=f().

First, we begin with the notion of a standard triple and a Jordan chain of a matrix

polynomial.

4.1 Standard Triple

1
If a(d)= Zaj).f is a monic scalar polynomial then the related /x/ companion
Jj=0

matrix is
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_a(} —a‘ e see _af—!_

1
while if L(4)= L A, is a matrix polynomial with detZ, # 0 then the related

J=0

InxIn companion matrix is

o I, 0 0 |
o 0 I
C.=f § @ & 0
P I,
s — Jfio - f‘l = L"t—l i

where I:J. = L}'LJ for j=0,1,-++,/-1

L) o0

Theorem 4.1.1: The matrix { } is equivalent to the matrix A/, —C,

[(l -1)n
Proof:

Suppose that

-Al I 0O .- 0

F)=| 0 -a 1, .
s X W e B
0 0 - 1, ]
and
Bl—l (’1) Bt-z (A) i Bl (/1) Bo(i)
_] 0 ses 0 0
EQ)=| .’ s & : :
0 0 e =] 0

n
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where B,(4)=L, and B,,,(1)=AB,(A)+L,,,, r=0]--,1-2.
By using Laplace’s theorem' we find that det £(A) = det, and det F(1) =1

[L(A) 0 0 - 0]
_,U Vi 0 0

n

EQAXA-C)=| 0 -AI 1, :
: 3 .. 0
| 0 0 - A Iﬂ_
and
(L(A) 0 O 0]
[L(i) 0 } -l I, 0 . 0
F(A)y=| 0 -4 1, 7 :
0 Ty i : A - 0
| 0 0 -~ I, ]
That is
L(A) 0
E(AA -C))= 0o I F(A).
(-Dn

Since det F(4) =1 then (F(4))" is a matrix polynomial

' Laplace’s theorem: Let A denote an arbitrary 72 x n matrix and letany p rows (or columns) of

n
A be chosen. Then det A is equal to the sum of the products of all (
P

J minors lying in these rows
with their corresponding complementary cofactors:
A i i, - 1
detA:zA[f S A7 KR |
;i gt dx ™ Jdi S J2 Ty

b/
where the summation extends over all [
p

(1< j, < j, <+++<j, <n.Or, equivalently, using columns

i i T | i i L i
Y L ?]A“‘. 2 }
i jl Jl jp J’l J?. Jp

where 1 < i) <i; <++<i, <n.

] distinct sets of (column) indices jy, j,,***, J,
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[LE)’D IO ]=E(A)(H—CL)(F<1))".D
(-1)n

From the definition of C,, it is clear that det L(A) = det(A/ — C, )(detL,).
In particular, the latent roots of L(A), that is the zeros of detZ(4) and the

eigenvalues of C; are the same.

Theorem 4.1.2: Let ;=L J,.L;' for j=0,1,--+,/—1, and define the InxIn matrix C,

by:
0 0 0 8 =8|
1 00 § =L
C.=in I 0 0 =L

000 . I -L,

_LI Lz L3 Ll’-l Ll—
g & L E I
S.o=\b L L = O 0
L, 0 0 0 0]

then S, is nonsingular and C, =§,C,S,".
Proof:
First, we show that S, is nonsingular.

We shall prove it by mathematical induction,

forl=2
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SL=[L‘ Lz].
L, O

By applying Laplace’s theorem on the columns of L, , we obtain:

i i s Fo i I ST |
detS - S n+l n+2 2n ¢ n+l n+2 2n
= Z‘ L(nﬂ n+2 == 2n] \n+l n+2 = 2n

=SL(1 2 e nj(_l)SSL[l R nj"

n+l n+2 - 2n n+l n+2 - 2n
=(-1)°’(detL,)* #0.

Suppose it is true for / =k .Thz;t is,

detS, =(-1)*(detL,)" #0

forl=k+1

L, Ly w0 Ly Ly
L, Ly - L, 0

Lig 0 s 0 0
By applying Laplace’s theorem on the columns of Z,,, , we obtain:

i i ee I i i o i
detS = S nk+1 nk+2 n(k+1) Sc nk+1 nk+2 n(k+1)
‘ Z,: L[nk-i—] nk+2 - n(k+1) “nk+1 nk+2 - n(k+1)

1 2 e n s ' .
=8 1S,
nk+1 nk+2 --- n(k+1) nk+1 nk+2 - n(k+1)
= (-1)"(det Ly, ) det(L,.,)" = (-1)" (detL,.,)"" #0.

Therefore S, is nonsingular.
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[-L, 0 © 0 0]

8 L. L e
Ch:.=| 0 L I I, ©

0 L 0 0 0]
and

(-L, 0 O 0 0]

O LZ L3 1-1 L!
RO, = s I, L 0

0 L 0 0 0]
That is

C.¥, =8,C, and hetiew C, =5.C, 8.0

Definition 4.1.1: Three matrices (I/,T,V") are said to be admissible for the nxn
matrix polynomial ZL(A) of degree / if they are of sizes nxIn,InxIn and Inxn,

respectively.

Definition 4.1.2: Two admissible triples (U,,7,,V,) and (U,,7,,V,) for L(4) are
called similar if there is an invertible matrix § such that

U, =U,8, T=8"T8 V.=85%,

Note that if P, =[1, 0 - 0]”‘ln and R, = 0 , then the triple (7,,C,,R,) is
o

Inxn

admissible for L(4), where C, is the companion matrix of L(4).
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Definition 4.1.3: Any triple similar to (#,C,,R,) is said to be a standard triple for

L(A).

In the following theorem, we give another characterization of a standard triple.

Theorem 4.1.3: An admissible triple (U,7,V) for L(A) is a standard triple if and

only if the following conditions are satisfied:

U

" ur | . ;
(¢) The matrix 0 =| . is nonsingular,

@) LUT' +L, UT"™ +--+ LUT+LU =0,
@iii) V=07'R,.
Proof:

Suppose that (U,T,V) is a standard triple for L(4)

A
ks [ I
ey
iy U
& ur
UT_S =l T, B =0 '=]..
UTI—.IS—1 UTI—I
Therefore Q is nonsingular and O = §
L,PiCi . LI(PICII:])CL ZLI[O w1 I](L =["' Ly =Ly w» —LI~I]
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A
-1

‘ &L
ZLJ'P:Ci:[Lo by e LI-]] lf"L :[Ln Ly e L:-l] (4.1.2)

J=

RC;"

!
If we add equation (4.1.1) to equation (4.1.2), then we obtain: ZI‘; B =0

Jj=0

U=PS, T=S'C,S, V=5"R

1 1
> LU =(Q L,ACI)S=0.
J=0

j=0
Therefore condition (i7) is satisfied.

WV=5"R=K
since Q is nonsingular from condition (i), then ' =(Q7'R,. Therefore condition
(7if) is satisfied.
Conversely, suppose (U,7,V) is admissible for L(A) and satisfies conditions

(i), (ii) and (iii).

Ur Ut

UT* L
PQ=U,QT=|". |andC,Q=| . |,

ut* iy i

since Q7 =C,Q and Q is nonsingular, then 7= Q'C,Q. Therefore (U,7,V) is a

standard triple. []

Definition 4.1.4: A standard pair for L(A4) is the first two members of any standard

triple for L(4).
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The following corollary follows from the last theorem.

Corollary 4.1.1: (U,T) is a standard pair for L(4) if and only if the followings

hold:

() Q= : is nonsingular.

UYI"I‘—]

Gi) LUT' +L_UT"™ ++-+ LUT+ LU =0.0

Theorem 4.1.4: If (U,T,V) is a standard triple for L(4), S, is the symmetrizer for

L(A), and if Q and R are defined by

U
ur

o=| . | R=p ™ . 1Y),
Uj:l—l

then RS,0=1.

Proof:

By theorem 4.1.2 we get

G =08 and T, =8"C.5;

C/R =S5;'CJ(S,R)=S;'CiP" where C; isthe jth powerof C,

R c.r - cHrl=s'[T A - cP'R]=s;

Since (U,T,V) is a standard Itriple, then there is a nonsingular matrix S such that

U=PS, T=S"C,S, V=5"'R,,then

e




and
R:S—l[Rl CLRl C1_1R1]=S_'S£].
Hence,

RS,0=(S7'S;Hs,8=1.0

4.2 Jordan Chain

In this section we define the Jordan chain and introduce the notion of Jordan pair for
a matrix polynomial L(A). The Jordan chain of a constant matrix can be found in

appendix A.

Definition 4.2.1: A standard pair (X,.J) is called a Jordan pair if J is in Jordan

canonical form.

Since any constant matrix is similar to a matrix ./ in Jordan canonical form, then we

conclude that the InxIn matrix C, is similar to a matrix J in Jordan canonical

form, that is there exists a nonsingular matrix § such that J=S57"'C,S.Let X =PS

then (X,.J) is a Jordan pair of the matrix polynomial L(4).
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Now, suppose that (X,J) is a Jordan pair, where ./ is a diagonal matrix and

x; €C" isthe jthcolumnof X for j =12, In, then from theorem 4.1.3 we get

X
XJ
=
i i
is nonsingular matrix, and
LX) +L XJ" ++LXJ+L X=0 (4.2.1)

If x; =0 forsome j=12,---,In then Q has a column of zeros, and this contradicts

the fact that Q is nonsingular matrix. Therefore x i +0 forall Jj=12~-1n.

—

Definition: 4.2.2: If x is a nonzero vector such that L(/lj.);:o

(ie. xe ker L(4,)). Then x is called a latent vector of L(A) corresponding to the

latent root 4.
Note that 4, is a latent root of L(1) if and only il det L(4,)=0.
We note that if (.X,./) is a Jordan pair and J is a diagonal matrix then every column

of X is a latent vector of L(A). For: Pick out the jth column of each term of

equation (4.2.1), then we obtain

LA % +L A x4 +LA x+L ;=0
1Ay XjH LA X tLA X+ Ly X, =
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That is, L(4,)x; =0 and since ;cj # 0, then x; (jth column of X) is a latent

vector of L(4) corresponding (o the latent rool 4.

% -

Definition 4.2.3: The set of vectors xu,;cl,---,;k , with ;o # 0, is a Jordan chain
of length #+1 for L(A) corresponding to the latent root A, if the following & +1

relations hold
L(A4)x0 =0

L(A,) %1 +%L“>(,10);,. =l)

=

L(;Lo);z+%Lm(lo);|+%[‘(2)(jn);n -0

T L ) Rt L ()R 4 O () o = 6

L(z’l,,)x;;+---+(k_2)! D)

where L%’(4,) means the jth derivative of the matrix polynomial Z(4) at 4,.

In the following, we show that if (X,J) is a Jordan pair of the mxn matrix
polynomial Z(4), then each column of X is made up of Jordan chain for Z(1):
Let J = diag[J‘,JZ,---,J‘], where J, is a Jordan block of size n;, for j=12,,s.
Form a partition X =[Xl X, - X,], where X is nxn; for j=12,-+,s.
Now for r =0,1,2,---, we obtain

X =l Jr Xy s X

Thus,
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Sy G S s L

O:LI[XIJ: X/, s
- I I
o=[LxJ I,X,J!.

this implies:

LX I # ke X pessn EXF # LK, =0

LX L, X T peted Ko o Ly =0

LXJ +L X J " ++LXJ +L,X, =0.

Thatis for j=1,2,---,s

LX,J;+L X J! ++LX,J,+L,X, =0

2 =l

Let the columns of X, be denoted by xi,x2,-,

J

= | ) i
X. = X1 Xg eue xnj .

Let [r]i;."’ =0 if r < p, then
P

T r r-n_+1
A b o A 7
Belg & ©
i d n, -2 /
o o i

using (4.2.2) and examining the columns in the order 1,2,---,

X I et L LR, X,

L:Xs‘]:]“'”"*' [LOX] L, X,

L BT+ X

(4.2.2)

-

Xn, that is

n,, a chain of the form

in definition 4.2.3 is obtained with A, replaced by 4, .
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s 1 7 -
L(A;)x, +FL(])(/1j)xl =0

i 4
g l m N :
L(A)x, +5L0()%, o + +(,,J,_1)!

(n 1) -4
L7 (4)x =0.

Thus, for each j, the columns of X, form a Jordan chain of length n,

corresponding to the latent root 4.

Example 4.2.1: Consider the following matrix polynomial

o[y ey Sl A )
- A+l AHA-1)

Then,
detL(A)=2(A-1)=0

The latent roots are: 4, =0 and 4, =1.
01, ;

{ :| is a latent vector corresponding to 4, =1.
o

—

0 %
Xo = [ } is a latent vector corresponding to A4, =0. Now we find x;:
a

e+ @ =l" “lze® P |]9|=|°
1 o' |1 -1|la] |O

Then ;1 = {;} , where f is any complex number.

To find x,:
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2 om diame [0 0] [0 0]a Loy o
LO)x2+ L@ 1+ L (0)"0“[1 o}‘”[l —JM{O I}M_M

-2a+ f3
¥

- 0 - 1 - =
Take @ =1, B =y=0 then xo = b xlzo, Xy = 5 |

[1

Then x, :{ :I, where y is any complex number.

0 01 -2

Therefore X =
1 1 0 0

}and.f:

(= R = [ o5
Lo i A - A

Example 4.2.2: To find a Jordan pair for the matrix polynomial

AP-24-2 A+2

L(A) =
& [ A+2 A -24-2

} we first find det Z(4).

det L(A) = (#* -24-2)* - (1+2)* =0.

The latent roots of Z(A) are —1,0,1.4 .

3

¥ 4 1
L{-1)= |i} J, then L J is a latent vector corresponding to 4, = -1

-2 2 I
L0} = { 3 2} then [ } is a latent vector corresponding to A4, =0,

—

-3 3 1
L{ly= [ 5 3}, then []:l is a latent vector corresponding to A, =1,

6 6 1
L(4)= [6 6:|’ then I: ]:l is a latent vector corresponding to A, = 4.
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-1 000
1 1 0O 00 O
Therefore X = b = .
-1 11 -1 0O 01 0
0O 0 0 4

4.3 Homogeneous Differential Equations

Consider the constant-coefficient-matrix differential equation of order / given by
Lx(O® + L, %)%+t L 2@ + L, x(t)= 0 4.3.1)

where L,,L,,---,L, eC"™ and detL, #0.

1
If we consider the matrix polynomial L(A) = Z LA’ with detL, # 0, then equation

Jj=0

(4.3.1) can be abbreviated to the form:

do> . & dx
L& =3L,
@PHO=2L

In the next theorem we see that, the properties of the solution of equation (4.3.1) are

closely related to the spectral properties of L(4).

Theorem 4.3.1: If detZ(A)#0 then the solution space of equation (4.3.1) has

dimension equal to the degree of det L(4).
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Proof:

Since detL(4)#0 then L(A)=E(A)D(A)F(A), where E(A),F(A) have nonzero
constant determinants and D(A) = cﬁag[i, (A),i,(A),--, in(i)].

Equation (4.3.1) can be written in the form:

d
dt

d > B i i - __,
L(c_i;)x(t)_E( )D(dr)F(dt)x(t)_O'

If we let ;(z) =F (—j;);(t) and multiply the above equation from the left by £ (—57)

then we obtain:
d d d. | .4
diag| i, (—),i,(—), i (— =l .
lag[rl( dt)”“( d:) .4 dt)Jy()
. ;
That is, i, (E)y* =0, fork=12,---,n.

The scalar differential equation i, (g) Y, (1) =0 has exactly d, =degi, (1) linearly

independent solutions. Thus the dimension of the solution space of equation (4.3.1) is
d,+d, +--+d,, where d, =degi, (1), k=12,--.,n.

From the Smith form: we conclude that
det L(4) = ydet D(4) = 7] [, (A),
k=1

where y = det £(4)det /(1). Hence

deg(det L(A)) = deg(det D(A)) = deg(ﬁ i,(4)= i degi, (1) = idk .
k=l k=] k=1

Now, ;(1) can be easily found from ;(l) = (gt-);(l).
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Therefore, the dimension of the solution space of equation (4.3.1) is equal to the

degree of detL(4). O

dix, (1)
dt

+x2(’)20:

dx(l)

X, (1)+ =0.

1
The corresponding matrix polynomial is £(1) = ‘il )LZJ.

By computing the Smith canonical form for a matrix polynomial Z(1), we obtain:

1 o1 o J[4 1
LM):[AZ 1][0 f-]M—l o}

Then, the system becomes:

L Ot 8 VA il =
L—)x(r)_ £ o £yl =0,
a dr* arJ|-1 0

r + d '
where x(r) _l '(( )J Let y(1)= "Z ]} x(7) and multiply the above equation from
2 -1 0

-1

0
the left by [d ; ;| then we obtain:

da* |

: d}O {yl (t)q ” [O:I
0 Z 0] (o]
'yl()

where ;(r) —| 0]

Then
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yl(f)ZO,

d’y, (1)
—d;}— ~y,(0=0.
The linearly independent solutions of the last equation are:

—1+r‘-f3r -1-id3,

}’z,l(t):er:yz.z(t):e : ,_}’2,3(0:6 3

The general solution is

mULNER i3,
yo(t)=ce' +c,e * +ce ?

2 ,l, .:-Jst oy :lJSz
=0¢ +0.80Ve* 4poptp 2

1 1
= i 1 o :
=ce' +c,e 2l(a::cos%«/iﬂ-isln E\/gt)+c3e 2 (cos—?lz-«/it+ism—-;--\/§l

1
—t

: 1 ot 1
=ce' +(c, +¢;)e 2 cos—2-J§r+(icz —icy)e 2 sin Eﬁt

1

. 1 1 )
=Ce' +C,e ? cos—z—ﬁt+(?'se 2 sm-;-\/?:t,

where C, =¢,, C, =c¢, +¢, and C, =ic, —ic,.
Thus, the linearly independent solutions of the system are:

~1+1J§‘ —1—;'45{

....ef - 2 —e 2
e |’ _1+i£e_‘l+;~ﬁ, | =186 ==
2 2

Theorem 4.3.2: Let xo,x1,x2,+-,Xs1 be a Jordan chain for L(A) at 4.

Then the & functions

— -
uo(t) = xo el‘)r
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()= xo+ x;)el“‘

A
]

Zz(!):(;—lxo+fXI+;z)€iUt
= k-1 t} =%

wea(t)= Q. —xea;)e™
o J!

are linearly independent solutions of equation (4.3.1).

Proof:

Since (%)J(ZO(:)) " (%)f 256% = Al 2o then
- ! . : - ; ==
L)o@ =3 Ly Goe) = LA, ) 50e™ =0,
dt - |l

Therefore l_;u(t) = ;o ¢’ is a solution of equation (4.3.1). Also
d -4 d W gy =
= ADuo(t) = = A xo e™ =0,
(%— AD)un(t) = %— A D)t o+ x1)e™ = Xo e
That is.
& 4D =u)

da e
and hence

(%—/101)2 n(f)=0.
By using Taylor expansion of L(4) about 4, we obtain:

L) = L)+ 3LV Go)A= 20) + L2 Uy YA~ 4 oot 2 LBy A= )
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d 1 d 1 d 1 d
()= I(A) + = LD (A == D) + = 1P (A W= = A1) + -+~ 1D (AN~ 4 1)
5= ) o RSty Jigrs alep = Agl) demcb o )~ Al)

Since (%- A1) ui(f)=0 for j=23,--- then
Lya 0= L)@+ 219G - 1 nm
di T
= Ly (0419 (G io (1)
= LU N o+ 1)e ™™ +%1,<1>(,10)I._, ™
= (L(A,) %o )t +(L(zn)x',+%/}”(z,0)§n)e‘°‘ =0,
Therefore ;; =1 ;u-l- ;l)e“" is a solution of equation (4.3.1).

(57-,101);7,’(:) . (%— AI)E X0+ x1)e™ = wa(r)

(%—401)32(:) » (%—%1)(2%!’ Yo+t X1+ x2)e™ = (1 20+ x1)e ™

That is
B Tty = )
dt
Hence
d - -
(5—%1)3 u:(t)=0
By using Taylor expansion of L(4) about A, we obtain:

LA = Lo+ L0 GoXd= 1) + 2 L2 (YA 2 + 192, )

bt 2O (YA
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L(—) L(4,)+ L‘”(l)( gl f‘”(ﬂo)( —/11) /“’(l)(——lf)

l (O] i_ I
bt 2 L= A])
Since
(-———Anl)" u 2(0) = 0 for j=3,4,-
Then
d -
L(E)"z(f)
= L) ua )+ LGNS = 2Dyt () + L 19 (A )%= 21 2 ()
. 1l " ' 2! da ° ’

= Loy 2 @)+ L0 Gy Yir 1)+ 12 (a1

<, )(%:2 Xo+lx1+x2)e™ +%L‘”(AO)(1;H+ x1)e™ +%L<”(;LO)§E{, '
1 Yy 2p% 2 L O S -

= 51 L) ¥ 4 (LAY 11+ 10 () ¥ ie™ + (LA %o+
boasiaso o baman o2 o g

EL (%)xﬁal‘ (4) x0)e™ =

— 1 — —. — : ; i
Therefore u2(f) = (-i-'t2 Xo+ix+ xg)e'z‘f is a solution of equation (4.3.1).
In this manner we deduce that:

k-1 J - I
i () = (Z_Xk i-7)e’ is a solution of equation (4.3.1).
Now, we show that

;n(t), ;](t), ,;z(i),---, ;k—l(t) are linearly independent: If

- — - - -
O=a,uo()+a, mi()+a,u(t)+-+a,  ui i (r)
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- — ‘ —» - ' 1 — - -
0=a, xo e +a,({xo+ x1)e’ +a2(512 Xo+ix1+ xz)e'l”' 4ot

g Yo+ 2 x4
k-1 (k—2)! (k—3)!

> -
= '3
3 Xt et xpg)e’™,

., (

By equating the coefficients of powers of 7 and canceling e™, since e™ 20, we

obtain
(k—_ﬁa,,_, xo=0

and a, , =0, since xo = 0.

<y l -3 'l > —»

MQFI xﬁmak_z Xo = (7{*7)!0!*‘? Xo=0
a, , =0, since ;‘o £0.

- -» > ‘l =¥ »
—, Kt —— @, Xy, X = ———a, X9 =0
(k—3)! (k—3)! (k—3)! (k-3)!

-

=
a,, =0, since xo #0.
In this manner we deduce that:

a,=a,=a,=-=a, ,=0.

Therefore u,(1), ;1(1), uz(t), -+, wuia(t) are linearly independent. [
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» -3 -3 -y i
Theorem 4.3.3: Let xo,x1,--+,xs €C" with xo # 0. If the vector-valued function

t.l'—l = k-2 = =Y - 101
Xo+ Xi+--+fXxe2+Xe)e” 1S a solution of equation
(k-1)! (k-2)!

wea(t) = (

(4.3.1), then A4, is a latent root of /(4) and ;0,;],"',;1:—1 is a Jordan chain for
L(A) corresponding to A, .

Proof:

Let uo(t) = xoe™
i (t) =(txo+x1)e™
o l 2—> - - ’!0‘
llz(l) =(51 xu+tx1+x2)e

e P 5 " »
*=2) Xo+ =) X1+ +1Xe-3+ Xi-2)e

uea(t)=(
d 7 =% :
(E =AY wpa{t) = ws-p1(0) for j=012,--

da,_ 1w i_ 1.0 d 2 0 d I
L(dt)—fa(io)+”fa (ﬂo)(dt /Iof)+2!fa (lo)(dt A1) +-"+;!~fa (%)(Eﬁiﬁf)

Since u-1(7) is a solution of equation (4.3.1), then

- v
0 =Lz )ur1(0)

75 O (t)+%[f”(l0);k-z (:)+% }"’(,10)?},,_3(:)+---+%1,<’>(,10)Z*;, .

Equating the vector coefficients of powers of 7 to zero, we obtain the Jordan chain. []
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Example 4.3.2: Solve the following system of differential equations:

d’x, <
dr*
d-? +£—ﬂ2—+xl =0
dt dt dt
Solution:

3~
Lt x=
X3
lO->mt+O 0-*“’{ 0 O} _6
8 0] _— ()"'1 Ox(f)—

the corresponding L(A4) = o ¥
g o “lasl P-4

' 0
By example 4.2.1, there are a latent roots 4, =1 with latent vector []} and 4,=0

0 1 -2
with latent vectors L} [0:] and { 5 i|.Then

vo(f) =| _ |e'is the solution corresponding to 4, and

- 0 — 1 - — &+ .
uo(t)=| |, m(t):L} and uz(t):{ llz ] are the solutions corresponding to
2

.
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4.4 Nonhomogeneous Differential Equations

In this section we want to find the solution of the constant-coefficient-matrix

differential equation of order / given by

L) + L, x(©)" 4+ L x()® + L, x(1) = £(2) 4.4.1)
where L,,L,,--,L, e C™", detL, # 0 and the vector function _?(l), whose values in
C", is piecewise continuous.

Let xo(f) = x(f), % (0)=x(0)®, -, x11(t)= x(t)*", then equation (4.4.1) can

be rewritten as

L %&zi(f))'f' Ly ;r—l (D)t L, ;' O +L, ;”(l) B }(l) ?

Define
;n(l') i 6 '
0= 0O goy=| ° |
_;J—l(t)_ ,_L;l ?(’)_

the above equations can be condensed to the form

dif’) —C, 7O +2(), (4.4.2)

where C, is the companion matrix for L(A).
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The solution” of the equation (4.4.2) is:
3?(1‘) =et 24 jeCL(H) g(r)dr, zeC".
0

Consider the standard triple (7,,C,,R,) for 7(A1), where

I, 0 . 0
0

0 I, 0
, 0
P=[1r 0o - 0, c,=| 0 0 o -
- - I' In :‘]
s . ] I

__Lo _Ll = wilay _LH_

and 1':1 =IL;'L,, j=0]l-,7-1,thus

i ;0 )

BE@t)=[1 0 - 0] ;'_(f) = x(0).

_;I—I(I)J

Then

- - b -3

x(f) = Pe " z+PlJ'(.’C"-('_T)R1 f(o)dr.
0

From the above discussion, we conclude the following lemma.

=
*If f(2) is a piecewise-continuous function of 7 with values in C", #, €R,and A €C"", then
cvery solution of the differential equation
=y
d x(1)
dt

= Ax()+ f(0)
has the form
— rrr — ! —
x(t) - eA(t ) e J‘ed(r'—t) f(Z')dT )

rII

- —>
and Xo = x(7,). See [11] page 339.




Lemma 4.4.1: Every solution of  the following equation

LX) + L, x(®)%" ++ L, () + 1, () = ()

has the form

x(f)= Pe ' z+ PljeCL“_r)R, flg)dr .0
0

Theorem 4.4.1: There is a unique solution of the differential equation

—» — - — -
Lx()P + L, x(0)"" +--+ L x()® + L, x(r) = f(r) satisfying initial conditions

o)

Y O=%; j=0Lssl~1

- - -

for any given vectors xo,x1,---,x;q €C”. This solution is given by
—3 - t —
C, (t—
x(t)= Be z+ P, [e“L“ R, f(r)dr
0

with

s =

-
Xo

->

z=[r cr - cHR]s|®

—

_II—E i

and S, is the symmetrizer for L(4).
Proof:

¥(0) =Pz,

-

x (0)=PC,z,
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-(2) -
X (0) = })iCLZ z >

N

x (0)=PC,"Z.

50 | [ 4 1
x (0) | pC, |
ORI % o aiDe
x (0) ‘F:CL z=Qz
Lo RC,"
Lx  (0)] i

Recall the proof of theorem 4.1.4, we note that 0 = § and R=§7'S;".

Therefore QRS, = SS7'S;'S, =1

*(0 = ]
4(1§ ) ir)
x (0) & .r X
4(2) - o =) -
20 |722=0R & - RS
_,(H:) x
| x (O)J | Xi-1 ]
Xo ;0
X1 X1
=QRSL :\:: - ;2
_;i’uj _;’-U

Therefore x(¢) satisfies the initial conditions. Since Q 1s an invertible matrix then z

1s unique. [J
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Appendix A

1. Jordan Canonical Forms

Definition (1): A matrix JeC"" is in Jordan canonical form if it is a block

diagonal matrix. That is,

g ® 0
g & 0
J= ;
0 0 &

in which every diagonal block J,;7=1,2,---,k is a Jordan block. That is,

(4, 1 0 0]

0 4 1 :
=13 *~ 4 0
LT |

|0 0 4]

Definition (2): Let A be nxn matrix. A vector x, €C" is a generalized

eigenvector of type m corresponding to the eigenvalue 4 for the matrix 4 if
(A= AT)" ¥m =0 and (A= AI)™" xm#0 (1)
The chain propagated by ;.,. , a generalized eigenvector of type m corresponding to

-»> - -+
the eigenvalue A for 4, is the set of vectors in C" {xm,Xm1,"-+,X1} givenby
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PRI
Xmz = (A=) Xma = (A=) Ym

¥ms = (A=A Xma = (A=) Xn @)

x1 = (A= A)x2 = (A— D)™ xa

In general, for j=1,2,---,m—1

%= (A= AD)¥ju = (A= A)" %n (3)

Theorem (1): The jth vector in a chain, x; as defined by (3), is a generalized
eigenvector of type j corresponding to the same matrix and eigenvalue associated
with the generalized eigenvector of type m that propagated the chain.

Proof:
Let x. be a generalized eigenvector of type m for a matrix 4 with eigenvalue A .

Then, (A—AI)™ xm = 0 and (A— AI)™ x. # 0. Using (3), we conclude that
(A=A %, = (A= AY[(A=AT)™ ¥m]=(A=AI)" Xm=0
(A=) %) = (A= A [(A-AD"™ Xu]= (A=) xu#0

Thus, x; is a generalized eigenvector of type j corresponding to the eigenvalue A4

for 4.0

Theorem (2): A chain is a linearly independent set of vectors.
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Proof:

— - -3 =3
Let {Xm,Xm1,---,X1} be a chain propagated from x., a generalized eigenvector of

type m corresponding to the eigenvalue A for 4. We consider the vector equation

- - - —

E. . XutC, Xnatrtig X1 =0, (4)
To prove that this chain is linearly independent, we must show that the only solution

to (4) is the trivial solution ¢, =¢, , =--+=¢, =0.
We shall do this iteratively. First, we multiply both sides of (4) by (4 —AI)™"'. Note
that for j=12,---,m—1,

(A=AN)™'¢, x; =c,(A= A" [(A- A) x,]

=¢,(A= A" "'[0]=0.

Thus, (4) becomes ¢, (A—AI)™" x» = 0. But x, is a generalized eigenvector of

type m , so the vector (4 — AI)™" ;m # 6 It then follows that ¢, = 0.

Substituting ¢, =0 into (4) and then muitiplying the resulting equation by
(A—AI)", we find, by similar reasoning, that ¢, , =0.

Continuing this process, we find iteratively that ¢, =c, , =---=c¢, =0, which

implies that the chain is linearly independent. [J

y
A generalized eigenvector x. of type m corresponding to an eigenvalue A of an

nxn matrix 4 has the property that

(A= AI)" ¥m =0 and (A= A1)™ xm % 0.
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Thus ;m is in the kernel of (4—A/)™ but not in the kernel of (4—-A)""'. 1If

;c) e ker[(A—AI)™"], then -J; e ker[(A— AI)"]. Consequently, the dimension of
ker[(4 — AI)™ '] is less than the dimension of ker[(4 — A7)™] or, in terms of the rank
rank[(A— AI)™ "> rank[(4A - A)™].

The difference

P = rank((4—AI)"" 1-rank{(4— AI)" ] (%)
is the number of linearly independent generalized eigenvectors of type m
corresponding to A and its eigenvalue A. The differences p,,,m =1,2,--- are called

index numbers.

Definition (3): A canonical basis for a matrix 4eC"™" is the set of » linearly

independent set of generalized eigenvectors of type 1,2,---,m.

How to create a canonical basis?
For each distinct eigenvalue of a matrix A4 do the following:
Step 1: Using the index numbers, determine the number of linearly independent

generalized eigenvectors of highest type, say type m , corresponding to 4.

X - = -
Determine one such set, {vi,va,-=-,v,}.

Step 2: If m =1, stop; otherwise continue.

— -
Step 3: For each vector vi,i=12,--,r, calculate (4 - A7) v,, the next vector in its

chain.
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Step 4: Using the index numbers, determine the number of linearly independent

generalized eigenvectors of the type m —1. If this number coincides with the number

of vectors obtained in step 3, replace v; by (A—Al)v;,i =1,2,---,r and go to step 6;
otherwise continue.

Step 5: Find additional generalized eigenvectors of type m—1 so that when these

new vectors are adjoint to the set {(A4- A/) 1:.-,1':1,2,---,1"}, they form a set of

linearly independent vectors.

Step 6: Decrement m by 1 and return to step 2.

4 § =1 =]

-4 2 2 2
Example (1): The matrix 4= : " has an eigenvalue 2 of
2 -1 -2 0
multiplicity 4.
2 0 -1 -1
-4 0 2 2
A-21 = , rank[(A—-21)]=2
2 1 0 o

0 000
0 000
A=2D% = , rank[(A-20)*1=0
( ) e [( )]
0 0 0 O]
[0 0 0 0]
0000
A-2D) = , rank[(A-21)°]1=0
( ) 680 6 [( )]
0 0 0 0
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The associated index numbers are:

p, =rank[(A—21)°]1-rank[(A-21)]=4-2=2,

P, = rank[(A-2I)]-rank[(A-21)*]=2-0=2,

p, = rank[(A—21)*]-rank[(A-21)’]=0-0=0.

Corresponding to A =2, A has two linearly independent generalized eigenvectors of
type 1 and two linearly independent generalized eigenvectors of type 2.

To find the two linearly independent generalized eigenvectors of type 2, we solve
the equations:

(A=21)* x2=0 and (A-20)x1 #0.

Therefore the two linearly independent generalized eigenvectors of type 2 are:
¥:=[1 0 0 0 and y,=[0 1 0 of.

The two linearly independent generalized eigenvectors of type 1 are:

2 0 =1 =liil 2
> = -4 0 2 2|0 |-4
x1=(A-2)x2= =

1 0 01|10 2

2 -1 -2 -2]|0 2

and

o

-4 0 2 2

o

nw=MA-2)y, =

2 =1 =2 =2

Therefore

oo O M
O O N =
O N O O
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Note (1): In a canonical basis, all vectors from the same chain are grouped together,

and generalized eigenvectors in each chain are ordered by increasing type.

2. The Exponential Function

The exponential of a square matrix A4 is defined as:

P o0 k A AZ A3
R i Buio T SR

e = _
o K o2t 3

A matrix J is in Jordan canonical form if it has the block diagonal pattern

J, 0 0

0 J 0
J = &

0 0 P,

A 1 0 - 0

0 4 1 °
Jo=[t .4 .0
i, T, 1
0 0 4

n=n

Any matrix A€ C"™" is similar to a matrix ./ in Jordan canonical form. That is, there
exists a nonsingular matrix A such that
A=MJ/M™" and e* = Me’'M™.

Now, we find e’

since
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ge_| 0 J3 0
0 0 W
Then
i B 0
y =i J* _ i 110 J; 0
k=0 k' k=0 k! E
0 0 W i
o gk g
4 0
k-0 k!
o0 k
_| o -2 0
- kzu'k!
. w: "
0 0 I,
L. k=0 k! J
e 0 0
10 e’ 0
0 0 e’r

Since all Jordan blocks have superdiagonal element, which are all ones, fora pxp

Jordan block, we can show by direct calculations that each successive power has one
additional diagonal of nonzero entries, until all elements above the main diagonal

become nonzero. On each diagonal, the entries are identical.

If we designate the nth power of a Jordan block as the matrix [a; ], then the entries

can be expressed compactly in terms of derivatives as

1d’ ., . . ,
a.". — }H'-dj," (AJ) for .] = 0:1:”',mln{n=p-l}
ii+j . i
0 otherwise
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then,

-

y 111 1
o2 3 (p-1)!
o1 1 1 . _1
12 (p-2)!
: 1 1
et = 0 0 1 = e E
1 (p-3)!
O 0 0 1 - :
(-9
000 0 « 1 |
3 2
Example (2): Compute e* when A=(-1 3 2
1 -3 -2
Solution:
3-4 2 1
det(A-A=|-1 3-2 2 |=-2+424-41=0.
1 -3 =-2-A

The matrix A has two different eigenvalues:

A, =0 with multiplicity 1 and A, = 2 with multiplicity 2.

(A-00)x1 =0

A-2I=|-1 1 2 |, rank[(A-2D)]=2,
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0o 1 1
(A-2D?*=|0 -7 -7/, ramk[(A-21)*]=1,
0 11 11

-2 =2
(A-20)=|0 14 14 |, rank[(A-21)’]=1,
-22 -22

|

p, = rank[(A-21)"] —rank[(A -20)]=3-2=1,

p, = rank[(4—21)]-rank[(A-21)’]=2-1=1,

p5 = rank[(A - 2I)*]1- rank[(A-21)’]=1-1=0.

There is one generalized eigenvector of type 2 corresponding to 4, =2 and one

generalized eigenvector of type 1 (that is, there is one eigenvector) corresponding to

A, =2

(A4=21)* v2 =0 and (A—20)v: %0

0 1 11]a] [0 1 2 17[a] [o
0 -7 -7||&|=|0|and|-1 1 2 |[|b|=|0
0 11 11]e| |0 1 -3 -4f|lc| |o
va=[i 0 of

1 2 1 1 1
vi=(A-2Dv2=|-1 1 2 [|0]|=]|-1
1 -3 -4]|0 1

o 1L 1
1 1 1 4 4
M=|-7 _10,M-1=oiﬂ__7
4 4
11 1 0 i 5 ;.
L 2 2]
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I [z] [201} :[Jl o}

o 2|| LO
eAr :MeJrMAI
e =[1]
eU2 =e2l 1 ! _ ell tez:
01 b &%
1 0 0
Jo_ eJlr 0 |_ 0 e 2t
e = " ejzf = e te
0 0 e*
o 1L 1
1 1 111 O 0 4 4
At 2t 2i _11 _7
e =|1-T7 -1 0110 e fe 0 T T
11 1 0l|0 0 ¥ ] 5 3
L 2 2]
_eh:_i_tezr _e2:+51 2 l_l 2’+31‘ez’
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Symbols

B i S A TS S T the set of real numbers
s R A R R RS the set of complex numbers
T i R S R S AT R R SR RS field
B S b b s B e A R matrix polynomial
a(d) . <eeeereenen. SCalar polynomial (polynomial with scalar coefficients)
.S S identity matrix of order »

= veereeen.. X matrices with complex entries
B iR R e SR R T degree of A(A)

UBCHERY ool s atem B st Rt e ot st determinant of A(A)

PRI i S T s the inverse of A(A4)

BRRIE, s i e e R R e A constant (i.e. element from C)
B B e ot R PRy et s e oo the transpose of A(A)

i) s sl e A e g canonical matrix polynomial
diag[ | ..o diagonal matrix
det A(4)# 0 cvreveeeene.. the determinant of A(A) is not identically zero
B TRY s a matrix polynomial satisfies A;'(1)A(4)=1,

F oy ¢ ) P ————— a matrix polynomial satisfies 4(1)A4;' (1) =1,

A[ 1 . m ;AJ ............. minor of order m of the matrix polynomial A(A)

hHh )2 S m
L T S e conjugate transpose of A(A)
A comarvsmemmensaonssenssssnyssasysmsmasnnomnns s fann s aanmmnsmsssasssssassnss GODJUEAE O 1
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DR ooy Ok e A e the number of positive eigenvalues of A

BAA S i e AT AN Shsccsun the number of negative eigenvalues of 4
Pl cicsonis somnsnimmnssmsnens sermsavanmies LIRS Tmbes of Zero elgenvaines of 4
B i s i s Ao s R S S L R e signature of 4
Bl i B IS - RS the general rank of A(A)
RN csoivivion s A S R G T T S T BT D i SRS (coo)(x)
TR ooy i e i S A R s sy gL (A
0 the vector x(1) ie. x()=[x,(t) x,(t) - x,O)f
I i e B i s the ith derivative of x(7)
Eay ey o R the /x/ companion matrix of the scalar polynomial a(4)
o ——— the InxIn companion matrix of the matrix polynomial L(A)
B s R e R K nne symmetrizer for the matrix polynomial Z(4)
BBEAAG) cosmnmmonams sssnmsenmonsntis the kernel of the #xn constant matrix L(4,)
g . R — the 7th derivative of the matrix polynomial L(A4)
[rj .......................................... the combination of r over p ie. -
P - (r=p)p
C:t}; viveeiinnn. the jith derivative of ;(t) with respect to ¢
B o i S S S the exponential of a square matrix A4
BARS <is v the monic greatest common divisor of all minors of order j of B(4).
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