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Introduction 

Matrix polynomial is an important part of linear algebra, and has important applications in 

differential equations, boundary value problems, numerical analysis and other areas.  

Problems concerning matrix polynomials initially introduced in early 1933, later the matrix 

polynomial appeared as a topic of research in 1976 by Gohberg, Lancaster, and Rodman. 

In the thesis we consider some types of regular matrix polynomials 

1) Monic matrix polynomial. 

2) Self –adjoint regular matrix polynomial. 

3) Symmetric (skew symmetric) regular matrix polynomial. 

Since 1976 the matrix polynomial has received the attention of mathematicians. However, 

the theory of matrix polynomial has been extensively developed in the last 40 years.  

Also in fact there are few specialized books appeared in the subject, such as Gohberg, 

Lancaster and Rodman (1982). 

In 2003 M. Fiedler introduce a new family of companion matrices associated to scalar 

polynomials see [6 ].And in 2004 E. N. Antoniou and S. Vologianidis apply the same idea 

used in scalar polynomials for a matrix polynomials to introduce a new family of 

companion matrices for  regular matrix polynomials, see [1]. 

 

This research consists of four chapters: 

Chapter one: contains the main concepts, definitions and preliminary basics that are 

essential for the rest of the research. 

Chapter two: introduces the meaning of linearization, standard triples and pairs and the 

definition of Jordan chains. 

Chapter three: contains the definition of division process of matrix polynomials, a recent 

results about the method of finding and the number of these solvents. 
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Finally, 

 Chapter four: contains recent results about companion matrices and gives a method for 

constructing different forms of companion matrices for a regular matrix polynomial. 

 

Prologue to the reader 

We refer to each one of theorems, corollaries, facts, definitions and examples by triple 

(A,B,C), where  

A: refers to the chapter number. 

B: refers to the section number. 

C: refers to the number of theorem, lemma, corollary, fact, definition or example. 

Each category of theorem's, lemmas, corollaries, facts, definitions, or examples has its own 

sequence. 

Also, we refer to most of equation by triple (A, B, C). Where A, and B as defined above 

and C refers to the number of equation. Equations has own sequence of numbering in each 

section. 

Each proof starts with the word "proof ", and ends with ■. 

 

Throughout the research we mean by a constant matrix, a matrix with complex entries and 

by constant or scalar polynomial, a polynomial with constant coefficients.  

Also, when we write  A s we mean a matrix with polynomial entries or a matrix 

polynomial, and A  mean a matrix with constant coefficients. And when we write a matrix  

I  we mean the identity matrix of proper order.  
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Chapter One 

Preliminaries 

1.0  Introduction 

In this chapter we will give some basic definitions, notations and results related to matrix 

polynomials, which will be used in the rest of this manuscript. 

Section 1.1, introduces the definition of matrix polynomial, gives a classifications and 

some properties of matrix polynomials. Section 1.2, gives the definition of the canonical 

form of matrix polynomials and some applications. In section 1.3 we introduce the 

definition of invariant polynomial to a matrix polynomial. and section 1.4, gives the 

definition of the elementary divisors and some theorems. 

 

1.1 The definition of matrix polynomial   

In this section we introduce the definition of the matrix polynomial and some other basic 

definitions. 

By a matrix polynomial we mean a matrix- valued function of a complex variable of the 

form       
0

,
l

i p p

i i

i

A s A s A 



                                                                            (1.1.1)   

Where 0 1, ,..., lA A A   are pp  matrices of complex numbers, p called the order of  A s  , 

and lA  is called the leading coefficient. 

  Also, we can write a matrix polynomial as a matrix with polynomial entries.  

 

Example 1.1.1: 

1)  
2

2

0 1 2

0

i

i

i

A s A s A A s A s


             
 

Where , 0,1,2.p p

iA i         
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 2)  
2

3 2

3

0 0 1 0 0 1 1 01

1 0 0 0 0 0 5 55 5

s s
A s s s s

s

         
             

         
. 

Definition 1.1.1: A matrix polynomial  sA  is said to be invertible if there exists a matrix 

polynomial  sB  such that 

          A s B s B s A s I                                                                                         (1.1.2)                                              

And we call  B s the inverse of  A s denoted by  1A s                                                                                  

Definition 1.1.2: The degree of a matrix polynomial  sA  is defined to be the greatest 

degree of the polynomials appearing as entries of  sA  and is denoted by  sAdeg .  

The determinant of a matrix polynomial is defined in usual way for matrices and is denoted 

by  sAdet . 

Definition 1.1.3: Let     
, 1,2,...,ij i j n

A s p s


 be an n n  matrix polynomial ,choose k-

rows, 11 ... ,ki i n    and k-columns, 11 ... kj j n    , in  sA , and consider the any 

kk   submatrix of   sA , say  sAk , then the determinant  sAkdet  is called a minor of 

 sA  of order k  and is composed of the k-rows  and k-columns of  sA .  

Taking another set of columns and rows, we obtain another minor of order k  of  sA . 

Definition 1.1.4: A matrix polynomial  sA  is said to be unimodular, if the determinant of 

 sA  is a nonzero constant. 

Definition 1.1.5: Let    1
i j

ij ijA s M


  , where ijM  is a minor of  sA  then  ijA s  is 

called the cofactor of the element ija of  sA . The transposed matrix of cofactors of  sA  is 

called the adjoint of  sA and denoted by  adjA s . 
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Theorem 1.1.1 [9]: If det 0A  then  

               1 1

det
A adjA

A

                                                                                          (1.1.3) 

Proof: Note that the result of the product AadjA is a matrix with the number det A  in each 

position on its main diagonal and zeros elsewhere, that is  

detAadjA I A , so that  1 1

det
A adjA

A

  ■ 

 

The basic operations of addition, subtraction and multiplication of two or more matrix 

polynomials are defined in exactly the same way for scalar matrices. 

  Also, there are many theorems in usual matrices that still true in matrix polynomials but 

with new notations. For example in usual matrices we know the condition on a matrix to 

have an inverse is the nonsingularity of the matrix, and in matrix polynomials we have 

approximately the same condition as shown in the following theorem. 

 

Theorem 1.1.2 [9]:  An n n  matrix polynomial  sA  is invertible if and only if  sA  is 

unimodular. 

Proof: Let  sA  be n n  unimodular matrix polynomial then   0det  csA , for some 

constant c , then by Theorem 1.1.1  1A s exists. 

 

Conversely, if  sA  is invertible, then there exists another matrix polynomial  sB  such 

that     IsBsA  , so that     1detdetdet  IsBsA .Thus the product of the determinants 

of the matrix polynomials  A s  and  B s  is a nonzero constant. And this occur if they are 

each nonzero constants, so that  sA  has a nonzero constant determinant, and hence it is 

unimodular matrix polynomial, and this complete the proof ■ 
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Example 1.1.2: Consider  

 
 















12

1
2

s

ss
sA  

 Then       121det
2

 ssssA , so that  sA  is a unimodular and hence  sA  is 

invertible, where    
 

1

2

1

2 1

s
A s

s s


 

  
   

. 

Definition1.1.6: A nonzero matrix polynomial  sA  of dimention n m  is said to be of 

rank r , if r  is the largest positive integer such that not all minors of  sA  of order r  are 

identically zero. 

A zero matrix polynomial is said to be of rank zero. 

Matrix polynomials can be classified into many types, where the classifications depend on 

determinant, leading coefficient and other properties. 

If  
0

l i

ii
A s As


 is a matrix polynomial, then we can classify any matrix polynomial as 

follows: 

a)  Monic matrix polynomial: 

Which is a matrix polynomial with l pA I , where pI  is the pp identity matrix. 

Otherwise    . ,l pi e A I A s is said to be nonmonic. 

b) Regular matrix polynomial: 

A regular matrix polynomial is a matrix polynomial with  det 0A s  , except for finitely 

many  s .  

c) Self-adjoint matrix polynomial: 

The adjoint of  A s  denoted by  A s
 is defined by  

0

l
i

i

i

A s A s 



 , where TA A   

means the operator adjoint to  A s .  
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A matrix polynomial is said to be self-adjoint if    A s A s . 

Example 1.1.3: 

  a) Consider   2
1 0 0 1 1 0

0 1 0 0 0 0
A s s s

     
       
     

 

       Clearly 2

1 0

0 1
lA I

 
  
 

, which is monic. 

  b) Let   
2

2 5

s s
A s

s

 
  

 
, we see that   3 2det 5 2 0A s s s s    , for almost every                                    

Cs , so that  A s is regular. 

  c) Consider  
2

2

5 1

1 5

s s
A s

s s

 
  

 
, 

we see that    A s A s , so that  A s is self-adjoint. 

 

1.2 The canonical form of matrix polynomial 

In this section we will introduce the elementary row and column operations on matrix 

polynomials and the definition of the canonical form of matrix polynomial. 

The elementary row and column operations on matrix polynomial are given as follows: 

1) Multiply any row (column) by a nonzero Fc . 

2) Interchange any two rows (columns). 

3) Add to any row (column) any other row (column) multiplied by an arbitrary polynomial 

over F . 

Clearly these operations are the elementary operations for scalar matrices except that in (3) 

the word "scalar" was replaced by " polynomial ". 

Definition 1.2.1: An elementary matrix is a matrix polynomial obtained by applying a 

single elementary operation to nI , and it is unimodular. 
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Definition 1.2.2: Two matrix polynomials  sA and  sB  are said to be equivalent if there 

exists unimodular matrices  sP and  sQ such that  

                                    sQsAsPsB                                                                           (1.2.1) 

and we write    A s B s .  

Theorem 1.2.1 [9]: Any unimodular matrix polynomial is equivalent to the identity 

matrix. 

Proof: If  sA  is unimodular, then      IsAsA 
1

, and hence    
1

I IA s A s


    , where  

     
1

P s I and Q s A s


      ,see (1.2.1), which are unimodular . So that  A s I ■ 

Definition 1.2.3: Let  

        sasasadiagsA n...,,, 210                                                                                    (1.2.2) 

Where  sa j  is a zero or monic polynomial, nj ...,1 , and  sa j  is divisible by 

  njsa j ...,,3,2,1  , then  0A s is called diagonal matrix polynomial and a matrix 

polynomial with these properities is called a canonical matrix polynomial. 

 

Note that, "if there are zeros among the polynomials of  sa j  then they must be placed in 

the last positions of the canonical matrix, since a nonzero polynomial is not divisible by a 

zero polynomial, and if some of the polynomials  sa j  are nonzero constants then they 

must be equal to 1 and be placed in the first positions of the canonical form" [9]. 

 

Theorem 1.2.2 [9]: Any matrix polynomial over F of order n  is equivalent to a canonical 

matrix polynomial. 

Proof: The proof is given in the following four steps, also this proof gives a method for 

finding the canonical form to any matrix polynomial  sA  of order n . 
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The theorem is true for   0A s  .So that, without loss of generality, we assume   0A s  .  

Step1: Since we assume   0A s  ; then there is an element   0saij  of minimum degree 

of  sA , by proper interchanges of rows and columns, one can bring this element to the 

(1,1) position in  sA  to become the new  sa11 . For each element of the first row and 

column of the resulting matrix, we find the quotient and remainder on division by  sa11 : 

       1 11 1 1 , 2,3,...,j j ja s a s q s r s j n     

       1 11 1 1 , 2,3,...,i i ia s a s q s r s i n     

Now, for each i and j , subtract  sq j1  times the first column from the jth column and 

subtract  sqi1 times the first row from the ith  row. Then the elements    sasa ij 11 ,  are 

replaced by  sr j1  and  sri1 , respectively , 2,3,...,i j n , which must be either the zero 

polynomial or have degree less than that of  sa11 . If the polynomials are not all zero, we 

interchange  sa11  with an element  sr j1  or  sri1  of least degree. Now repeat the process 

of reducing the degree of the off-diagonal elements of the first row and column to be less 

than that of the new  sa11 . Then by this step we obtain  sA  in the form 

  

 

   

   

11

22 2

2

0 ... 0

0 ...

0 ...

n

n nn

a s

a s a s

a s a s

 
 
 
 
 
  

   
                                                                                    (1.2.3) 

Step2: In form (1.2.3), there may now be nonzero elements   njisaij  ,2, , whose 

degree is less than that of  sa11 . If this is the case, we repeat step1 again and arrive at 

another matrix of the form (1.2.3) but with the degree of  sa11  further reduced. Thus by 

repeating step1 a sufficient number of times we can find a matrix of the form (1.2.3) that is 

equivalent to  sA  and for which  sa11  is a nonzero element of least degree. 
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Step3: If we complete step2, and there are nonzero elements that are not divisible by 

 sa11 , say  saij , we add column j  to column 1, and we find remainders and quotients of 

the new column 1 on division by  sa11 , and go on to repeat steps 1 and 2, to obtain the 

new form of (1.2.3), again with  sa11  replaced by a polynomial of smaller degree. Then 

we get the form:   

                     

 

   

   

1

22 2

2

0 ... 0

0 ...

0 ...

n

n nn

a s

b s b s

b s b s

 
 
 
 
 
  

   
                                                                  (1.2.4) 

Step4: Now in form (1.2.4), if all  sbij  are zero, then this form is the canonical form of 

 A s , and the theorem is proved. If not, the form (1.2.4) may be reduced to the form: 

 

 

   

   

1

2

33 3

3

0 0 ... 0

0 0 ... 0

0 0 ...

0 0 ...

n

n nn

a s

a s

c s c s

c s c s

 
 
 
 
 
 
 
 

    

                                                                           (1.2.5) 

 

where  sa2  is divisible by  sa1  and the elements   , 3 ,ijc s i j n  , are divisible by 

 sa2 . Continuing the process, we arrive to the form: 

 

 

 

1

2

0 ... 0

0 ... 0

0 0 ... n

a s

a s

a s

 
 
 
 
 
  

   
                                                                                          (1.2.6) 

where  ja s is divisible by  1 , 2,3,...,ja s j n  , and this complete the proof ■ 

 

 

Example 1.2.1: Consider 
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 
























4732334

834262

423

222

232323

ssssss

sssssssss

sss

sA  

Using the steps described in the proof of Theorem 1.2.2 we get:  

 

1 23 2 3 2 3 2

2 2 2

3 2 4

2 6 2 4 3 8

4 3 3 2 3 7 4

C C

s s s

s s s s s s s s s

s s s s s s



   
 

      
 
       

    

       

2
2 1 3 1

2
3 2 3

2 1 3 1

2 12 3 2 3 2 3

2 2 2

1
12 4 3 2

2

1 2 4 1 2 4

2 2 4 3 8 0

1 3 2 3 7 4 0 0 2 2

1 0 0 1 0 0

0 0 0

0 0 2 0

R s R and R s R

C s C and RC s C and C s C

s s s s

s s s s s s s s s s

s s s s s s s

s s s s

s s

  

    

      
   

     
   
           

 
 

  
 
  

20 s s

 
 
 
  

 

    And so   

















 ss

s
200

00

001

  is the canonical form for  sA . 

 

Finally we give the following definition. 

Definition 1.2.4: Let  sA  be an n n  matrix polynomial, then we define the zeroes of 

 det A s  to be the latent roots or eigenvalues of  sA , and the set of latent roots of  sA  is 

called the spectrum of  sA  which denoted by  A . 

 And if a nonzero nv  is such that   0A s v  , then we say that v  is a right latent (or 

eigen) vector of  sA .  
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1.3 Invariant polynomials 

This section contains the definition of invariant polynomials and some related theorems. 

Definition 1.3.1: If A is an m n  matrix, then the determinant of a p p  submatrix of  

A   ,p min m n , obtained from A  by striking out  m p  rows and  n p  columns, is 

called a minor of order p  of  A . Or, if the rows and columns retained are given by 

subscripts  1 2 1 21 ... , 1 ...p pi i i m j j j n           respectively, then the 

corresponding p p  minor is denoted by  

1 2

1
1 2

...
det

...

pp

ik jk k
p

i i i
A a

i i i 

 
     

 

                                                                                             (1.3.1) 

Theorem 1.3.1 [7]: (Bient-Cauchy formula). Let A and B  be  m n  and n m  matrices, 

respectively. If m n  andC AB , then  

1 2

1 2

1 ... 1 2

1 2 ... ...
det

... 1 2 ...
m

m

j j j n m

m j j j
C A B

j j j m    

   
    

   
                                                              

(1.3.2) 

For the proof, see [7]  

Theorem 1.3.2 [8]: Let  sA  be an nm matrix polynomial. Let  kd s be the greatest 

common divisor of the minors of  sA  of order k , if not all of them are zeros, and let 

  0sdk , if all the minors of order k  of  sA  are zeros. Let   10 sd  and 

        0,...,0,0,...,,, 21 sisisidiagsD r                                                           (1.3.3) 

 be the canonical form of  sA ,then r is the maximal integer such that   0sd r , and  

 
 

 1

, 1,2,...,
l

l

l

d s
i s l r

d s

       (1.3.4) 

 Proof : First we will show that if  sA1   sA2 , then the greatest common divisors  sdk 1,  

and  sdk 2,  of the minors of order k  of  sA1  and  sA2 , respectively, are equal. Now, 
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since  sA1   sA2 , so there exists two unimodular matrices  sE  and  sF  such that       

       sFsAsEsA 21               (1.3.5) 

then by Theorem1.3.1, we can write the minor of  sA1  of order k as a linear combination 

of minors of  sA2  of the same order that is  

1 2

1

1 2

...

...

k

k

j j j
A

k k k

 
 

 
 

 
1 2

1 2

1 2 1 2 1 2

2

1 ... 1 2 1 2 1 2
1 ...

... ... ...
, 1,2,..., ,

... ... ...
k

k

k k k

m k k k
n

j j j
E A F k min m n

k k k  
  

    

        
    

     
     

     
             (1.3.6) 

so that  sdk 2,  is a divisor of  sdk 1, . Also from (1.3.5), we obtain 

       1 1

2 1A s E s A s F s  , so again by  Theorem 1.3.1, we can write the minor of  sA2  

of order k as a linear combination of minors of  sA1  of the same order. Hence  sdk 1,  is a 

divisor of  sdk 2, . So that     sdsd kk 2,1,  . In the same way we get that the maximal 

integer 1r  such that  
1 ,1 0rd s  , coincides with the maximal integer 2r  such that 

 
2 ,2 0rd s  . Now applying this observation for  sA  and  sD . From the structure of 

 sD  its clear that      1 2 ... mi s i s i s , rm ,...,2,1 , is the greatest common divisor of the 

minors of  sD of order m , so        1 2 ...m md s i s i s i s , rm ,...,2,1 , and the proof is 

complete ■ 

Definition 1.3.2: The polynomials      sisisi r,...,, 21  that appears in Theorem 1.3.2 (which 

is the diagonal elements of the canonical form of  sA )  are called the invariant 

polynomials (factors) of  sA , and the canonical form (1.3.3), is known as the Smith 

canonical form of  sA . 
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Theorem 1.3.3 [9]: Let the matrix polynomials  sA  and  sB  of rank r  be equivalent. 

Then the invariant polynomials of  sA  and  sB  coincide. 

Proof: Let  sA   sB , then there exists a unimodular matrices  sP  and  sQ  such that 

       sQsAsPsB  , express the minor  sb  of order j  of  sB  in terms of minors  sam  

of  sA  of  the same order as follows: 

       m m m

m

b s p s a s q s      (1.3.7) 

So that any common divisor of minors  sam  of  sA of order  rjj 1,  is a divisor of 

 sb , hence the jth  invariant polynomial of  sB  jk s  is divisible by the jth  invariant 

polynomial of  sA  jd s . But again, the equation           11 
 sQsBsPsA  implies that 

 jd s  is divisible by  jk s . Where    ,j jd s k s  are the jth  invariant polynomials of 

 sA  and  sB , respectively, and since both polynomials are assumed to be monic, we 

obtain    sksd jj  ■ 

Example 1.3.1: Consider the matrix polynomial: 

 


















s

ss

ss

sA

200

0

0
53

2

.   By row and column operations we obtain  

2
2 3 2 32 1 2 1

2

2

3 5 5 4

1

5 42

0 0 0 0 0

0 0 0 0 0

0 0 2 0 0 2 0 0

C C and R RR s R and C sC

and R

s s s s

s s s s s

s s s s

  

     
     

       
         

 

So the equivalent Smith canonical form is  
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















 4500

00

00

ss

s

s

, and so the invariant polynomials of  sA  are  45

321 ,, ssisisi  . 

 

1.4 Elementary divisors 

In this section we introduce the definition of elementary divisors and some related results. 

Let       sisisi n...,,, 21  be the invariant polynomials to a matrix polynomial  sA , and if we 

decompose these invariant polynomials into irreducible factors over F such that: 

       

       

       

       

1 2

1 2

1 2

1 1 2

2 1 2

1 2

...

...

...

m

m

m

c c c

m

d d d

m

l l l

r m

i s s s s

i s s s s

i s s s s

  

  

  

            
            




             


, 0, 1,2,...,k k kc d l k m                   (1.4.1)                                        

 

Where      sss m ...,,, 21  are all distinct factors irreducible over F , then we have the 

following definition. 

Definition 1.4.1: Let  A s  be an n -square matrix polynomial over  F s , and suppose 

that the invariant polynomials are given by (1.4.1), then the factors       ml

m

c
ss  ,...,1

1   in 

(1.4.1) such that   1, 1n s n m    , are called the elementary divisors over  F s of 

 A s .  

Example 1.4.1: Consider    

 

2

2

0 0

0 2 1 0

0 0 1

s

A s s s

s

 
 

   
  

 . 

Then the Smith canonical form of  A s  is given by 
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   
22

1 0 0

0 1 0

0 0 1 1s s s

 
 
 
 

   

 

And hence the invariant polynomials of  sA  are  

         
22

1 2 31, 1, 1 1i s i s i s s s s     ; 

So the elementary divisors of  sA  are 

    
22 , 1 , 1s s s  . 

From the preceding definition we see clearly the important relation between the elementary 

divisors and the invariant polynomials of any matrix polynomial. In fact, the invariant 

polynomials of  sA  determine its rank, and its elementary divisors. And the rank  and its 

elementary divisors determine its invariant polynomials. 

 

Example 1.4.2: Suppose  sA  be a matrix polynomial of order 6 with rank 5, has the 

elementary divisors,      
2 2 23 2, , , 1 , 1 , 1, 1 , 1s s s s s s s s     . 

Then, since  sA  has an order 6, so there exists 6 invariant polynomials to  sA , 

also,   5srankA , so that   06 si , and we form  si5  from the lowest common multiple 

of the elementary divisors. . .i e      223

5 11  ssssi , and to form  si4 , we remove the 

elementary divisors used in  si5  from the original list and form the lowest common 

multiple of those remaining, ...ei      11
22

4  ssssi , and continue with the same 

procedure as before, to get,    13  sssi , now we note that the elementary divisors are 

exhausted so that     112  sisi . And hence the Smith canonical form of  sA  is given by  
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 
   

   

































000000

0110000

0011000

000100

000010

000001

223

22

sss

sss

ss
. 

 

The following theorem gives a method for computing the elementary divisors of a block-

diagonal matrix polynomial. 

Theorem 1.4.1 [9]: Let    sBsA , , be matrix polynomials such that       sBsAdiagsC ,  

is block-diagonal matrix polynomial. Then the set of elementary divisors of  sC  is the 

union of the elementary divisors of   A s and  B s . 

Proof: Let  sD1  and  sD2  be the Smith canonical forms of  A s and  B s , 

respectively. Then    
 

 
 1

2

0

0

D s
C s E s F s

D s

 
  

 
, where  E s and  F s are a 

unimodular matrix polynomials. Let     pssss


00 ...,,1  and     qssss


00 ...,,1  be 

the elementary divisors of  sD1  and  sD2 , respectively corresponding to 0s . Arrange the 

set of exponents qp  ...,,,...,, 11 , in a nondecreasing order: 

   1 1 1,..., , ,..., ,...,p q p q       , where qp  ...0 1 , so that in the Smith form 

   1 ,..., ,0,...,0rD diag d s d s     of    1 2,diag D s D s    ,there is r such that the 

invariant polynomial  sd r  is divisible by   qpss 


0  but not by    sdss r
qp

1

1

0 , 




is 

divisible by   1

0
 qpss


 but not by   1

0
1 qpss


, and so on. It follows that the elementary 

divisors of  
 

 







sD

sD

2

1

0

0
 corresponding to 0s , are just    1

0 0,..., p qs s s s
    and the 

proof is complete ■  
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Example 1.4.3: Consider 

 
























3232

2

211

22

22

ssssss

ssss

ss

sA        and  




















100

0120

00
2

2

s

ss

s

sB   

Then the smith canonical form of   A s and  B s  are  

 

 















100

010

001

ss

   and 

   















 1100

010

001

22 sss

, respectively.  

So that the elementary divisors of  sA are 1, ss  and the elementary divisors of  sB  are 

 
22 , 1 , 1s s s  . 

Now if       sBsAdiagsC , , then the elementary divisors of  sC  according to  

Theorem 1.4.1 are given by:  

  
22 , , 1 , 1s s s s  .  
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Chapter Two 

Standard triples and pairs of matrix polynomials 

2.0 Introduction 

In this chapter, we introduce the definition, some results related to the concept of the 

companion matrices of a matrix polynomial and linearization, and the definition of 

standard triples and pairs. 

In section 2.1, we give the definition of linearization of a monic matrix polynomial, and its 

companion matrix. In section 2.2, we will generalize the definition of companion matrix of 

a monic case to a matrix polynomial with invertible leading coefficient. Section 2.3 gives 

the definition of standard triples. Section 2.4 introduces the definition of standard pairs of a 

matrix polynomial and some related results. And section 2.5 introduces the definition of 

Jordan triples, pairs and chains of a matrix polynomial. 

 

2.1 Linearization of monic matrix polynomial 

This section introduces the definition and some basic results about linearization of monic 

matrix polynomial. 

The word "Linearization" to a matrix polynomial, in fact, comes from the linearization of 

differential equations. Consider the following system of differential equation with constant 

coefficients 

 
1

0

,
l jl

jl j
j

d x d x
A f t t

dt dt





                                           (2.1.1) 

Where  f t is a given n-dimensional vector function and   x x t is the unknown 

 n-dimensional vector function. Then we can reduce this equation to a first order 

differential equation by using the substitution  
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0 21
0 1 2 1, , ,..., l

l

dx dxdx
x x x x x

dt dt dt


                                                                           (2.1.2) 

and rewrite (2.1.1) in the form  

 
1

0 1 1 1
...

l l

ll l

d x dx d x
A x A A f t

dt dt dt



 
              (2.1.3) 

Then using the above substitution and rearrange the terms in (2.1.3), we get the equivalent 

first order differential equation 

 1
1 1 1 1 0 0...l

l l

dx
A x A x A x F t

dt


               (2.1.4) 

where  

0

1

1l

x

x
x t

x 

 
 
 
 
 
 


, and each , 0,1,...,ix i n  is an  n-dimensional vector ( .i e we increased 

the dimension of the unknown function, which becomes ln ).  

This operation of reducing the lth order differential equation (2.1.1) to a first order 

equation (2.1.4), is called a linearization. 

Definition 2.1.1: Let  
1

0

l
i

i

i

A s A s




 , be a monic matrix polynomial of order n , then we 

mean by a linearization of  A s , to find a linear matrix polynomial of the form  Is B , 

which is equivalent to  A s . 

We note that we cannot find a linearization to  A s if we consider a linearization of order 

equal to the order of  A s (which is n ), so we will extend the order of B in the 

linearization  Is B  to n p , where p  is some integer greater than or equal to zero. 

In this case we consider instead of  A s , a matrix polynomial 
  0

0

A s

I

 
 
 

, where I  is 

the p p   identity matrix, now we arrive at the following definition. 
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Definition 2.1.2: Let  A s be an n n  matrix polynomial of degree l  with nonsingular 

leading coefficient. A linear matrix polynomial ( or some times we call it  a matrix pencil), 

Is A of order   n p n p  is called a linearization of the monic matrix polynomial 

 A s if    

Is A 
  0

0 p

A s

I

 
 
 

            (2.1.5) 

Also the matrix A of order  n p  in (2.1.5) is called a linearization to  A s . 

Note that: the equivalence in (2.1.5), means that 

 
 

    
0

0

A s
E s Is A F s

I

 
  

 
, 

 where  E s  and  F s  are two unimodular matrices, and so 
 

 
0

det det
0

A s
A s

I

 
 

 
, 

and          det det det detE s Is A F s m Is A   , where m  is a nonzero constant. 

So    det detA s m Is A             (2.1.6) 

Comparing both sides of  (2.1.6), and letting  A s be n n  matrix polynomial of degree l , 

we conclude that  det Is A  must be a polynomial of degree ln , since ;   det A s  is of 

degree ln , so any linearization of  A s must be of order ln , that is (2.1.5) becomes: 

                        Is A 
 

 1

0

0
l n

A s

I


 
 
  

, where A  is an ln ln matrix. 

For any monic matrix polynomial  A s , we can find a matrix A  such that A  is a 

linearization to  A s , and the following theorem shows this result. 
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Theorem 2.1.1 [8]: For a monic matrix polynomial of order n ,  
1

0

l
l i

i

i

A s Is A s




  , define 

the ln ln   matrix                                                                            

1

0 1 1

0 0 0

0 0 0

0 0 0

l

I

I

C

I

A A A 

 
 
 
 
 
 
    





    





              (2.1.7) 

Then 1Is C   
 

 1

0

0
l n

A s

I


 
 
  

. 

Proof: Want to show that, there exists two unimodular matrix polynomials say  E s  

and  M s , such that 
 

 

    1

1

0

0
l n

A s
E s Is C M s

I


 
  

  

. 

For this purpose, define the two matrix polynomials  E s  and  M s by: 

   

     1 2 0

0 0

0 0
0

, 0

0
0 0

0

l l

I
B s B s B s

sI I
I

sI I
M s E s I

I
I

sI I

 

 
  

       
     
  
  
    

   








   

  




   

 Where    
     0 1 1,

0,1,..., 2

r r l r

n

B s I B s sB s A

for r l and I I

     


   
        (2.1.8)  

Now, since  M s is a block lower diagonal matrix polynomial, so  det det 1M s I  , 

and so it has a nonzero constant determinant, so its invertible. 

Also, for  E s , to compute its determinant we make the following operations: 

Replace each column 1mj   of  E s  by the column mj , for 1,2,..., 1m l  , and replace the 

first column 1j  by the last column lj , then we get : 
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   det 1 det
l

E s  

       0 1 2 1

0 0 0

0 0 0

0 0 0

l lB s B s B s B s

I

I

I

  
 

 
 
 
 
  





    



, since  0B s I , 

so      det 1 1 det 1
nl nl

E s I    , so that  E s  also is an invertible matrix polynomial. 

Now, we see that: 

  1E s sI C 

     1 2 0

0 1 1

0 0

0 00 0

0

0 0

l l

l

sI IB s B s B s

sI II

I

sI I

A A sI AI

 



   
   

   
   
   

   
      





   

  



 

                       

     1 0 1 2 1

0

0

0 0

l l lsB s A B s sB s A

sI I

sI

sI I

       
 
 
 
 
 
 
 





    



                     (2.1.9) 

And if we use  (2.1.8), we get  

 1 2 1 1 1 0l lB sB s A A A        , and the other entries of the first row of  (2.1.9)  also 

identically zero, so that from (2.1.9) we get  

  

 

1

00

0

0

0

0 0

A s

sI I

sI
E s sI C

IsI

 
 
 
 

   
 
 
 
  



    
, Also  

 

 
 

 

 

0 0

00 0

00 0

0

00 0

0

I

sI IA s

sI IA s I
M s

I

II

sI I

 
 
 
 

 
            

 
  
 

 





     




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  00

0

0

0

0 0

A s

sI I

sI

IsI

 
 
 
 

  
 
 
 
  



    
,   

  So that,    1E s sI C 
 

 
0

0

A s
M s

I

 
 
 

. 

Assume that    1F s M s ,  

so 
 

    1

0

0

A s
E s Is C F s

I

 
  

 
,  

and the proof is complete ■ 

 

Definition 2.1.3: The matrix  1C  in  (2.1.7)  is called a first companion matrix of  A s . 

Example 2.1.1: Consider the matrix polynomial given by  

 
2

2

2

2 2 3 1

3 5

1 0 2 3 2 1

0 1 1 5 3 1

s s s
A s

s s s

s s

    
  

   

       
      

     

. 

Then the associated companion matrix is given by 

1

0 0 1 0

0 0 0 1

2 1 2 3

3 1 1 5

C

 
 
 
 
 
   

,    

and by Theorem 2.1.1 we have 
 

1

0

0

A s
sI C

I

 
  

 
 , and 1sI C is a linearization for 

 A s . 
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2.2 Linearization of Matrix polynomials 

In this section, we will generalize the definition of linearization of matrix polynomial and 

give some related theorems. 

A matrix polynomial   i
l

i

isAsA 



0

 can be transformed to a monic matrix polynomial if 

and only if the leading coefficient lA  is nonsingular, since in this case we can multiply 

 sA  by the inverse of lA  and the resulting is a monic matrix polynomial. 

Example 2.2.1: Consider: 

      










































32

10

01

10

30

01

332

1 2

2

2

ss
ss

ss
sA .   

Then  sA  is nonmonic since 2

1 0

0 3
lA A I

 
   

 
, but 2A  is nonsingular, 

and















3

1
0

01
1

2A , let    sAAsB 1

2

 . Then 

 

2

2

2

0 1 0 1 1
1 0

1 2 1 2
0 1 0 1 1

3 3 3 3

s s

B s s s
s s

    
                  

      

,    which is monic matrix 

polynomial. 

Definition 2.2.1: Let   0det,
0




l

j

l

j

j AsAsA  be nn  matrix polynomial then the matrix  

0 1 1

0 0 0

0 0

n

n

A

n

l

I

I

C

I

A A A 

 
 
 
 
 
 
    



   

  

          (2.2.1) 

where  1
j l jA A A  for 1...,1,0  lj           (2.2.2) 
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is called the first companion matrix for  sA . 

Example 2.2.2: Let   













sss

s
sA

2

2

23

11




























03

11

11

00

20

01
2 ss  

 

so 1

2 2

1 0
1 0

1
0 2 0

2

lA A A

 
          

 

, so that 

1

0 2 0

1 1

3
0

2

A A A

 
  
 
 

  

1

1 2 1

0 0 1 0

0 0 0 0 0 1

1 1 1 1 0 0

2 2 3 1 1
0

2 2 2

AA A A C

 
 

   
       
   
     

  

 . 

Note that,  

 



















22

3

2

1
11

2

2

1

2
s

ss

s
sAA  , which is monic and the companion matrix                                 

in this case is, according to Definition 2.1.3 is given by      

                      

0 0 1 0

0 0 0 1

1 1 0 0

3 1 1
0

2 2 2

AC

 
 
 

   
 
   
  

.        

Definition 2.2.2: The matrix 

          

0

1

2

1

0 0 0

0

0

0 0 l

A

I A

C

I A 

 
 

 
 
 
 
  




    



          (2.2.3) 
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is called the second companion matrix of  
0

,det 0
l

j

j l

j

A s A s A


   where jA  as defined 

in (2.2.2). 

Theorem 2.2.1 [9]: Let  
0

,det 0
l

j

j l

j

A s A s A


  , then the ln ln  matrix polynomials    

 

 1

0

0
l n

A s

I


 
 
  

and ( ln AsI C ) are equivalent, where AC  is defined in (2.2.1). 

Proof: We can use similar procedure in the proof of Theorem 2.1.1 with lA  now assumed 

to be nonsingular ■ 

Definition 2.2.3: An nn  matrix polynomial  sA  is said to be similar to a matrix 

polynomial  sB  of the same order if there exists a unimodular matrix polynomial  sT  

such that         1A s T s B s T s . 

 

Theorem 2.2.2 [9]: Two matrix polynomials    sBsA ,  are similar if and only if the 

matrix polynomials AsI   and BsI   are equivalent. 

For the proof, see [9]  

Theorem 2.2.3 [9]: Any matrix A  is a linearization of  
0

,det 0
l

j

j l

j

A s A s A


  , if and 

only if A  is similar to the first companion matrix AC  of  sA . 

Proof: First, Let A  be an ln ln  matrix which is similar to AC , then there exists an 

invertible matrix T , such that 1

AA T C T  , so   1

AsI A T sI C T     , so that AsI   and 

ACsI   are similar, and since 
 

 1

0

0A

l n

A s
sI C

I


 
  

  

 , so  AsI   and  diag    1
,

l n
A s I


 
 

 

are equivalent. So A  is a linearization for  sA . 

Conversely: suppose that A  is a linearization for  sA , then  
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 

 1

0

0
l n

A s
sI A

I


 
  

  

 . But by Theorem 2.2.1,  ACsI    
 

 









 nlI

sA

10

0
  

And so that AsI A sI C    (by transitivity of the equivalence relation) and by Theorem 

2.2.2, A and AC  are similar ■  

 

2.3 Standard Triples  

 This section introduces the definition of standard triples of a matrix polynomial, which is 

an important concept of matrix polynomials and its applications. 

Definition 2.3.1: Let   
0

,det 0
l

j

j l

j

A s A s A


   be an nn  matrix polynomial, then the 

matrix-valued function   1
sA (defined for all  As  ), (see definition (1.2.4)), is called 

the resolvent of  sA . 

Theorem 2.3.1 [9]: For every complex  As  ,     1

1

1

1
RCsIPsA A


 , where 11, RP  are 

the matrices of dimensions nln  and nnl   respectively, defined by 

  





















1

11
0

0

,0...0

l

n

A

RIP


           (2.3.1) 

Proof: By Theorem 2.2.1, we have 
 

  







 nlI

sA

10

0
and ( ln AsI C ), are equivalent, or 

           
 

 

 
1

0

0A

l n

A s
E s sI C M s

I


 
   

  

          (2.3.2) 

for some nonsingular matrix polynomials  E s and  M s , 
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Then, if we multiply both sides of (2.3.2) by  
 

 

1

1

0

0
l n

A s

I





 
 
  

    from the left, and by 

  
1

AE s sI C


       from the right we get 

   
 

 

    
1

1 1

1

0

0
A

l n

A s
M s sI C E s

I



 



 
  

  

         (2.3.3)  

Then use the definition of  E s in (2.1.8), and compute   1E s R  to get 

 

 

 

since      0 1 1,l r r l rB s A B s sB s A     ,  for 0,1,..., 2r l  , nI I  and 

       1 1

0 l l lB s A s A s A s I   . 

So that the first  n  columns of   
1

E s


 are equal to 1R . Also from the definition of 

 M s in (2.1.8) and 1P  above, we see that the first n  rows of   M s are equal to 1P , so that 

if we use  (2.3.3) , we get     1

1

1

1
RCsIPsA A


 ■ 

Definition 2.3.2: Three matrices  , ,U T V  are said to be admissible for the n n  matrix 

polynomial  
0

,det 0
l

j

j l

j

A s A s A


  of degree l , if they are of dimensions ,n ln ln ln   

and ln n   respectively. 

 

Two admissible triples for  A s , say   1 1 1, ,U T V  and   2 2 2, ,U T V  are said to be similar if 

there is a nonsingular matrix G  such that  

 

     1 2 0

1

1

0

00 0

0 00

00 0

l l

l

IB s B s B s

I

E s R I

AI

 



     
     

     
      
     
     
         







   


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   1 1

1 2 1 2 1 2, ,U U G T G T G V G V              (2.3.4) 

Definition 2.3.3: Any admissible triple for  
0

,det 0
l

j

j l

j

A s A s A


  , which is similar to 

 1 1, ,AP C R   is said to be a standard triple for  A s . 

Note that, the triple  1 1, ,AP C R  is a standard triple for  A s , since if we choose G  in 

(2.3.4)  to be equal to I  then 1

1 1 , A AP PI C I C I  and 1

1 1R I R . 

Also from Definition 2.3.3, we see that the second member of any standard triple, say T , 

for  A s is always a linearization for  A s , since T  is similar to AC   because 

1

AT GC G , and by Theorem 2.2.3  T  is a linearization for  A s . 

Theorem 2.3.2 [9]: If   , ,U T V  is a standard triple for a matrix polynomial 

 
0

,det 0
l

j

j l

j

A s A s A


  , and  s A , then     
1 1

A s U sI T V
 
  . 

Proof: Let  , ,U T V  be a standard triple for  A s  then it is similar to  1 1, ,AP C R , and 

there is a nonsingular matrix G  such that  

 1 1

1 1, ,AP UG C G TG R G V      

And so, 

              

     

       

    

1 11 1 1 1

1 1 1
1 1 1 1

1 11 .

AsI C sI G TG sG G G TG

G sG G TG G sG TG G sI T G

sI T G G G sI T G

    

  
   

 

    

     

   

 

That is,     
1 11 .AsI C G sI T G
     

 So by Theorem 2.3.1, we obtain  

     
1 1 11 1A s UGG sI T GG V U sI T V
        ,  

and this completes the proof ■ 
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Lemma 2.3.1 [9]: Let   , ,U T V  be a standard triple for  A s  and define  

    

1l

U

UT
Q

UT 

 
 
 
 
 
 


                (2.3.5) 

then Q  is nonsingular and the first companion matrix AC  of  A s  is given by  

1

AC QTQ . 

Proof: From the definition of 1P  and AC  in (2.3.1) and (2.2.1), respectively, we have  

              

1

1

1

1

A

ln

l

A

P

PC
I

PC 

 
 
  
 
 
 


            (2.3.6) 

Now, since  , ,U T V is a standard triple for  A s , so the relation (2.3.4), is satisfied and 

we can substitute 1 1

1 1, ,AP UG C G TG R G V     in (2.3.6),  to get  

                
 

1
1

1

11 1
1

1

A

ll

A

ln

l

UGP

UGG TGPC

PC UG G TG

UG

UTG
QG I

UT G



 



  
  
      
  
    

 
 
   
 
 
 





.   

So that Q  is nonsingular and 1Q G  , hence 1 1

AC G TG QTQ   ■ 

 

Clearly, from the definition of standard triple, every standard triple for  A s  is admissible, 

but the converse is not necessarily true and the following example explain this fact. 
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Example 2.3.1: Consider 

 
2

2

3 2

5 5

s s
A s

s

  
  

 
, then if we choose the triple:  , ,U T V  such that  

0 0 0 0

0 0 0 0
U

 
  
 

  ,  

1 0 3 2

0 0 1 2

1 0 0 1

3 2 1 0

T

 
 
 
 
 
 

 

1 2

1 0

1 1

3 2

V

 
 

 
 
 
 

 . 

 Then this triple cannot be a standard for  A s  since there is no invertible matrix G  

satisfies the equality 1P UG . But if  1 1 1, ,U T V  is a standard triple clearly it must satisfy 

the definition of the admissible triple. 

 

Example 2.3.2: Let  

 
2

20

s s
A s

s

 
  
 

 , then 

0 0 1 0

0 0 0 1

0 0 0 1

0 0 0 0

AC

 
 
 
 
 
 

,  

so the triple  1 1, ,AP C R  is a standard triple for  A s  

Now,  
1

1 A

P
Q

PC

 
  
 

ln

1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1

I G I

 
 
    
 
 
 

and 1

A AC QC Q . 

 

The following theorem gives necessary and sufficient conditions when the admissible 

triple forms a standard triple for  A s . 

Theorem 2.3.3 [9]: An admissible triple  , ,U T V  for a matrix polynomial  A s  is 

standard if and only if the following conditions are satisfied:  

1) The matrix Q is nonsingular.  
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2) 1

1 1 0 0l l

l lAUT A UT AUT AU

      

3) 1

1V Q R  

Where 1R  and Q  are given by (2.3.1) and (2.3.5), respectively. 

For the proof, see [9]. 

    

2.4 Standard pairs 

In the present section, we give the definition of standard pairs. From Theorem 2.3.3, we 

see that a standard triple is completely determined by its first two members, and this leads 

to the following definition. 

Definition 2.4.1: A standard pair for a matrix polynomial  A s  is the first two members 

of any standard triple for  A s . 

By Theorem 2.3.3, we conclude that  ,U T is a standard pair of  A s  if and only if 

conditions (1) and (2) of the Theorem are satisfied. 

Theorem 2.4.1 [9]: If  ,U T  is a standard pair for  A s , then  ,U T  is also a standard 

pair for any matrix polynomial of the form  BA s , where det 0.B    

 Proof: Let  ,U T be a standard pair for  A s , then there exists a matrix  V such that 

1

1,V Q R  where 1R  and Q are given by (2.3.1) and (2.3.5) respectively, such that 

 , ,U T V  is a standard triple for  A s . 

To show that the triple  , ,U T V is a standard triple for the matrix polynomial  BA s , 

we will check the conditions (1) and (2) of Theorem 2.3.3. 

For condition (1): Let  

   
0 0

l l
j j

j j

j j

A s s A BA s B s A
 

                                                                                (2.4.1)  
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and 
1Q  and 

2Q  be given by (2.3.5) for  A s  and  BA s , respectively, then from the 

equality (2.4.1), we get: 

2 1Q B Q , but  , ,U T V  is assumed to be a standard triple for  A s , so by Theorem 

2.3.3, 1Q  is nonsingular, also by the assumption B is nonsingular, so that 2Q  is 

nonsingular and condition (1) of Theorem 2.3.3 is satisfied. 

Now, consider the equation in condition 2 of Theorem 2.3.3 that is: 

1

1 1 0... 0l l

l lA UT A UT AUT A U

               (2.4.2) 

is satisfied for  
0

l
j

j

j

A s s A


  

So for the matrix polynomial   
0

l
j

j

j

B A s B s BA


  , want 

    1

1 1 0... 0l l

l lBA UT BA UT BAUT BA U

      

But 

1

1 1 0...l l

l lBAUT BA UT BAUT BAU

       

               1

1 1 0... 0l l

l lB AUT A UT AUT AU

                                                     (2.4.3) 

By Theorem 2.3.3 condition (2), since  , ,U T V  is a standard triple for  A s . 

Hence, condition (2) of Theorem 2.3.3 is satisfied and so the pair  ,U T  is a standard  

pair for the matrix polynomial  BA s ■ 

Theorem 2.4.2 [9]: Let  , ,U T V  be an admissible triple for  A s and assume that 

   
1 1

A s U sI T V
 
             (2.4.4) 

Then  , ,U T V  is a standard triple for  A s . 

For the proof, see [9]. 

Corollary 2.4.1 [9]: If  , ,U T V is a standard triple for  A s  then  , ,T T TV T U   
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is a standard triple for  
0

l
T j T

j

j

A s s A


 , and  , ,V T U    is a standard triple for 

 
0

l

j j

j

A s s A 



 . 

Proof: Let  , ,U T V  be a standard triple for  A s , then by Theorem 2.3.2, 

   
1 1

A s U sI T V
 
             (2.4.5) 

Take the transpose for both sides of (2.4.5)      1 1
T T

A s U sI T V
 

    

       
1 1

1
TT TT T TA s V U sI T V sI T U

 
       

    
, and so by Theorem 2.4.2 the 

triple  , ,T T TV T U is a standard triple for  TA s . 

And if we take the conjugate transpose to both sides of (2.4.5), then  , ,V T U    is a 

standard triple for  A s ■  

 

2.5 Jordan chains 

This section contains the definition of Jordan triples, pairs and chains of matrix polynomial 

and gives some basic theorems. 

Before we define the Jordan triples and chains we will introduce the concept of Jordan 

normal form for scalar matrices. 

Definition 2.5.1: A Jordan block is a square matrix whose diagonal elements are equal, 

whose super diagonal elements (those immediately above the main diagonal) all equal 1, 

and whose other elements are all zero, it has the form 



 36 

                               

1 0 0 0

0 1 0 0

0 0 0 0

0 0 0 1

0 0 0 0

s

s

s

s

s

 
 
 
 
 
 
 
 
 







     





 

 

 

A matrix B  is in Jordan normal form if it is a diagonal matrix or if it has one of the 

following two partitioned forms 

                        

1

1 2

2 3

0 0

,

0 0k k

D J

J J

J J

J J

   
   
   
   
   
   
      

 

 

 

Where D  denotes a diagonal matrix (whose diagonal elements need not be equal), and 

, 1,2,...,iJ i k  represents a Jordan block. 

 

Theorem 2.5.1 [8] : If n nA   and Is A  has t  elementary divisors 

  , 1,2,...,ip

is s i t  , then A is similar to the matrix  1 2, ,..., n n

tJ diag J J J   , where 

iJ  is the i ip p  Jordan block corresponding to    , 1,2,...,ip

is s i t  ,  

1 0 0

0

0

1

0 0

i

i

i

i

s

s

J

s

 
 
 
 
 
 
  





              (2.5.1) 

 

For the proof, see [8]. 
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Example 2.5.1: Let  

                                     

5 4 2 1

0 1 1 1

1 1 3 0

1 1 1 2

A

 
 

 
 
  
 

 

 

Then, the eigenvalues of A are 1,2,4,4   so that,    

               1 2 3

4 1
1 , 2 , ,

0 4
J J J

 
    

 
 

and the Jordan normal form of A is  

                                     J   

1 0 0 0

0 2 0 0

0 0 4 1

0 0 0 4

 
 
 
 
 
 

. 

By the above theorem and since any matrix which is similar to AC  ,(given by 2.2.1), 

 is a linearization for  
0

,det 0
l

j

j l

j

A s A s A


  , we conclude that there is a matrix in 

Jordan form that is a linearization for  A s  and this leads to the following definition. 

Definition 2.5.2: Let  , ,X J Y  be a standard triple for   
0

,det 0
l

j

j l

j

A s A s A


  , and let  

J be the Jordan normal form of  AC , then the standard triple  , ,X J Y  is said to be the 

Jordan triple for  A s , and the pair  ,X J , is said to be the Jordan pair for  A s . 

Note that any Jordan triple (pair) is standard triple (pair), the matrix    

1l

X

XJ
Q

XJ 

 
 
 
 
 
 


             (2.5.2) 

is nonsingular and 1

AC QJQ ,  (see Lemma 2.3.1). 
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Definition 2.5.3: Let    r
A s  be the matrix polynomial obtained by differentiating 

 
0

,det 0
l

j

j l

j

A s A s A


  , r -times with respect to s . Thus when  A s has degree l , 

    0
r

A s   for r l . The set of vectors  0 1, ,..., kx x x , with 0 0x  , is a Jordan chain of 

length 1k   for  A s  corresponding to the latent root 0s  if the following 1k   relations 

hold: 

 

     

         

0 0

1

0 1 0 0

1

0 0 1 0 0

0;

1
0;

1!

1 1
... 0;

1! !

r

k k

A s x

A s x A s x

A s x A s x A s x
k



 

 





    



                      (2.5.3) 

Lemma 2.5.1 [3]: The vectors 0 1, ,..., kx x x  from  n , with 0 0x  , form a Jordan chain for  

 A s  corresponding to the latent root 0s  if and only if  

1

1 1 0... 0l l

l lA XJ A XJ A XJ A X

      

Where   0 1 ... kX x x x , and J  is the Jordan block of order k  with 0s on the main 

diagonal. 

For the proof, see [3].  

Example 2.5.2: Consider the 2 2 matrix polynomial of degree 2  

 
 

2

2
1 0 0 0 0 00

0 1 1 1 1 01 1

s
A s s s

s s s

       
          

        
. 

Then    3

1 2det 1 , 0, 1A s s s s s     , so that  A s  has two distinct latent roots.                             

To compute the latent vectors corresponding to 1 0s  : 

 
0 0

0
1 0

A
 

  
 

, so  
1

1 2

2

0 0 0
0,

1 0 0

x
x x

x

    
      

    
arbitrary,  
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so 
0

0
x



 
  
 

 0   is a latent vector corresponding to 1s . 

And for  2

1 0
1, 1

2 0
s A

 
   

 
, so 

  
1

1 1 2

2

1 0 0
0,2 0

2 0 0

x
x x x

x

    
        

    
 arbitrary,  

so that the vector of the form 
0



 
 
 

 0  , is a latent vector for  A s corresponding to 

either of the latent roots . 

To find the Jordan chains for  A s . First, for 1 0s  , by (2.5.3),  

     1

0 1 0 0 0A s x A s x    

 

 

1

1

2

1

0 0 0 0 0 0

1 0 1 1 0

x

x 

        
          

         

 

   
 1

11 1

1 1

0 00 0 0

0 0
x

x x


 

        
              

         
,  

and 2x  arbitrary. 

       1 2

1 1 1 , 0
T T

x x x C        
 

. 

And to find 2x  we use 1x : 

         

 

 

   

1 2

0 2 0 1 0 0

1

2

2

2

1 1

2 2

1
0

2

0 0 0 0 1 0 0 0

1 0 1 1 0 1 0

0 00 0 0 0

0 02

A s x A s x A s x

x

x

x x



 

    

  

            
               

             

          
               

            

 

   1 2

2 22 ,x x     arbitrary, 2

2
x

 



 
   

 
. 
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Now choose 1, 0     , we get 
0 1 2

0 1 2
, ,

1 0 0
x x x

     
       
     

, are the latent vectors 

corresponding to 1 0s  , so that   
0 0 1 2

1 1 0 0
X

 
  
 

. 

For  2 1s  , since 0

0
x



 
  
 

, then the equation for 1x  (see 2.5.3), 

     
 

 

1

1 0

1

1

1 0 1

1

1 1

1 0 2 0 0 0 0

2 0 1 1 0 02

A x A x

x
x x

x 

 

          
              

           

 

since 0  , so there is no solution, so we have only one member,  and this chain has 

length 1. 

So the Jordan chain of  A s is  ,X J ,  

where 
0 0 1 2

1 1 0 0
X

 
  
 

, and  

1 0 0 0

0 0 1 0

0 0 0 1

0 0 0 0

J

 
 
 
 
 
 

. 

To find V  (the third member of Jordan triple), we use Theorem 2.3.3 that is 1

1V Q R , 

where 1

0 0 1 2 1 0 2 0

1 1 0 0 1 1 2 1

0 0 0 1 0 0 1 0

1 0 1 0 1 0 2 1

Q Q

   
   


     
   
   

    

, 

1

1 1

1

0 0 0

1 0 0 0
, ,

0 0 1 1 0

0 1

l l

l

R A A R

A





   
   

             
   

  


, so that 

1 0 2 0 0 0 2 0

1 1 2 1 0 0 2 1

0 0 1 0 1 0 1 0

1 0 2 1 0 1 2 1

V

     
     

 
      
     
     
       

. 
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Chapter Three 

Division and solvents of matrix polynomials 

3.0 Introduction 

This chapter contains the definition of division process for matrix polynomials, the 

definition of solvents and some recent results about solvents. 

Section 3.1 introduces the division process for matrix polynomial. Section 3.2, gives the 

meaning of solvent of a matrix polynomial. And section 3.3 gives some recent results 

about the number of solvents of matrix polynomial. 

 

3.1 Division of matrix polynomials 

in this section we shall describe the division process of matrix polynomials and some 

results related. Because of the noncommutativity, we have to distinguish between right 

division and left division and the following definition explains this remark. 

  

Definition 3.1.1: Suppose  B s  is a matrix polynomial of degree m , and that there exist  

matrix polynomials  Q s ,  R s , with   0R s   or the degree of  R s less than m , such 

that        A s Q s B s R s  , then we call  Q s is a right quotient of  A s  on division 

by  B s , and  R s is a right remainder of  A s  on division by  B s . 

Similarly we can define a left quotient and left remainder of  A s . 

 

We call  Q s  a right divisor of  A s  if   0R s   is a right reminder on division by  

 B s , and similarly for the definition of left divisor for  A s . 
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The following Theorem gives the existence of left (right) quotients and remainders of two 

matrix polynomials. 

Theorem 3.1.1 [9]: If    
0 0

,
l m

i i

i i

i i

A s s A B s s B
 

    are two n n matrix polynomials of 

degree l and m  respectively, with det 0,mB   then there exists a left (right) quotient and 

left (right) remainder of  A s  on division by  .B s  

Proof: First, we note that if the degree of  A s  is less than the degree of  B s , then 

  0Q s   and then    A s R s  and the Theorem is proved. 

So, let ,l m  and divide by the leading term of  B s , which is m

mB s  and note that the 

term of highest degree of     1 1l

l mB s A B s            (3.1.1)  

is just .l

lA s  Hence  

                                       11 l m

l mA s B s A B s A s          (3.1.2)  

 Where 
   1

A s  is a matrix polynomial whose degree 1l  dose not exceed 1l  , write  

   1
A s  in decreasing powers, that is 

         1

1 1

1 1 1 1

0... , det 0.l

l lA s A s A A     

Now, if  1 ,l m  we repeat the process for 
   1

A s  instead of  A s  to obtain 

           1

1

1 1 21 l m

l mA s B s A B s A s            (3.1.3)     

Where
         2

2 2

2 2 2 2

0 2 1... ,det 0,l

l lA s A s A A l l     , and continue in this process we get a 

sequence of matrix polynomials, 
       1 2

, ,...A s A s  whose degrees are strictly decreasing,   

after a finite number of terms we get 
   r

A s of degree   rl m   with   1rl m  . 

 Write      0
A s A s , then  

     
 

     1

1

1 1 1 k

k

k k kl m

l mA s B s A B s A s



    , 1,2,...,k r .  

So that 
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                   1 1

1 1

1 11 1 1... r

r

r rl m l ml m

l m l m l mA s B s A B s A B s A B s A s



         . 

And then  

            
   1 1

1 1

1 11 1 1... r

r

rl m l ml m

l m l m l mA B s A B s A B s 



          

is the left quotient and 
   r

A s  is the left remainder. 

Similarly we can show the existence of right quotient and right remainder ■ 

 

Example 3.1.1: Consider the matrix polynomials 

           
3 2 3 2 2

3 2 2

2 3 2
,

2 3

s s s s s s
A s B s

s s s s s s s

       
    

     
 

Use the procedure described in the proof of Theorem 3.1.1. 

So, write  A s , and  B s in the forms  

  3 2
1 1 1 1 1 0 0 2

2 0 0 1 1 3 0 0
A s s s s

       
          

       
  , and  

  2
1 0 0 0 3 2

0 1 1 1 0 0
B s s s

     
       
     

 ,  

so that         11 1

2 0
A s B s s A s

 
  

 
 

or   
       1 1 1

2 0
A s A s B s s

 
   

 
 

   
3 2 3 2 3 3 2 2

1

3 2 3 2 2 2

2 7 3 6 3 2

2 3 2 3 3 3

s s s s s s s s s s s s s
A s

s s s s s s s s s s

             
        

         
.  

Now, since  
   1

A s has degree equal to the degree of  B s , we repeat the above process 

for 
   1

A s . So that   

   1 2
1 1 6 3 0 2

3 0 1 3 0 0
A s s s

      
       

      
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             
2

1 2 2

2

1 1 1 13 2

3 0 3 0

s
A s B s A s A s

s s s

    
        

     
 

   
2 2 2 2

2

2 2

6 3 3 16 3 2 3 3

23 3 3 2

s ss s s s s s
A s

s ss s s s s s

            
        

        
. 

And hence the degree of 
   2

A s  is less than the degree of  B s , so we stop and we have  

   

2

2

1 1 1 1 6 3 3 1

2 0 3 0 2 2

1 1 6 3 3 13 2

2 3 0 2

s s
A s B s s

s

s s s ss

s s ss s s

          
        

      

          
      

     

 

So that 

 
1 1

2 3 0

s s
Q s

s

  
  

 
, is the left quotient of  A s on division by  B s , also 

,  
6 3 3 1

2

s s
R s

s s

    
  
 

, is the left remainder. 

 

The quotient and remainder of a matrix polynomial  A s  on division by  B s are unique, 

that is  R s and  Q s  which we found in Example 3.1.1 are unique and the following 

theorem shows this result. 

Theorem 3.1.2 [9]: With the hypotheses of Theorem 3.1.1, the right quotient, right 

remainder, left quotient, and left remainder are each unique. 

Proof: Let      1, ,Q s R s Q s  and  1R s  are matrix polynomials such that 

       A s Q s B s R s             (3.1.4)  

And        1 1A s Q s B s R s            (3.1.5) 

Where  degR s  and  1degR s  are less than the degree of  B s . If we subtract (3.1.5) 

from (3.1.4) , we get 
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             1 10 Q s B s R s Q s B s R s     

          1 1Q s Q s B s R s R s    . 

Now, if    1Q s Q s , then the degree of       1Q s Q s B s  must be at least m , but 

the degree of    1R s R s  is less than m which is a contradiction, so that  

   1Q s Q s , and hence     1R s R s . And similarly for left quotient and left 

remainder ■   

 

We know, in scalar polynomials, that the remainder of the polynomial  p s on division by 

the polynomial  q s s c  , is   ,P c c , and the following theorem generalize this 

result for matrix polynomials. 

Theorem 3.1.3 [9]: The right and left remainders of a matrix polynomial  A s  on 

division by sI B are  A B  and  A B , respectively, where  

  1

1 0...l l

l lA s A s A s A

    , and    1

1 0... .l l

l lA s s A s A A

      

Proof: We will prove the Theorem for left remainder and similarly for the right case. 

 Note that, the product: 

   1 2 2 1...j j j j j jsI B s I s B sB B s I B                    (3.1.6) 

And multiply (3.1.6) by jA from the right, we get 

  1 2 2 1...j j j j j j

j j js A B A sI B s I s B sB B A                (3.1.7) 

and sum the equations in (3.1.7) for 1,2,...,j l . Then the right hand side is of the form 

    ,sI B C s  where   C s is a matrix polynomial, and the left hand side is                     

   
1 1 0 0

l l l l
j j j j

j j j j

j j j j

s A B A s A B A A s A B
   

          . Thus, 
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       A s sI B C s A B     and by Theorem 3.1.2,  A B is the left remainder of  A s on 

division by sI B ■ 

Example 3.1.2: Let  

 
2

2

2

1 0 0 1 0 11

0 1 1 0 2 22 2

s s
A s s s

s s

       
          

        
,  

  2
1 0 0 1 0 2

0 1 1 0 2 2
A s s s

     
       

     

       and 
1 2

3 4
B

 
  
 

. 

 

If we divide  A s and  A s by sI B , where 

 
1 2

3 4

s
sI B

s

  
   

  
.  

Then 

 
1 3 1 2 10 15

4 4 3 4 14 26

s s
A s

s s

       
      

       
, and 

 
1 2 1 3 9 12

3 4 4 4 17 27

s s
A s

s s

       
      

       

   

.i e . the right remainder of  A s  on division by Is B   is 
10 15

14 26

 
 
 

  

and the left remainder is 
9 12

17 27

 
 
 

. 

And we see that  

 
2

1 0 1 2 0 1 1 2 0 1 10 15

0 1 3 4 1 0 3 4 2 2 14 26
A B

           
              

           
,  

and 

 
2

1 2 1 0 1 2 0 1 0 1 9 12
.

3 4 0 1 3 4 1 0 2 2 17 27
A B

           
              

           

  
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3.2 Solvents of matrix polynomial 

In this section we consider a monic matrix polynomial     1

1 ...m m

mA s Is A s A      

where , 1,2,...,n n

iA i m   are n n complex matrices. The polynomial equation 

  0A s   is sometimes called a unilateral matrix equation. 

We will use small s to mean that  A s is a matrix polynomial with s , and capital s to 

mean that  A S is a matrix polynomial with  n nS  . 

 

Definition 3.2.1: A matrix 1

n nS   is called a right solvent for a matrix polynomial 

  1

1 ...m m

mA S S A S A    , if  1 0A S  .   

    

Definition 3.2.2: Given a matrix polynomial  A s  and the matrix  V of dimension n k , 

 1,..., kV v v  where  1,..., kv v  are a Jordan chain of  A s  corresponding to the latent root 

 , we say that the pair  ,V J  (where  J  is a Jordan block of size ,k  with the latent 

root  in the main diagonal), is an eigenpair of   A s . 

 

Definition 3.2.3: Let      1 1 2 2, , , ,..., ,l lV J V J V J  be l eigenpairs of  A s . If  

 1,..., ,l Cdiag J J J  where  1,..., ldiag J J  is a diagonal matrix of order mn , with 

1,..., lJ J  in the main diagonal, and CJ  is the Jordan normal form of the block companion 

matrix AC of   A s , we say that      1 1 2 2, , , ,..., ,l lV J V J V J  is a complete system of  

eigenpairs of   A s . 
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Theorem 3.2.1 [10]: Let  A s  be a matrix polynomial and let 
AC  be the associated 

companion matrix of  A s . Let P be the similarity matrix of AC , that is P  is such that      

1

A CC PJ P . 

 Then  P  has the form   

1 2

1 1 2 2

11 1

1 1 2 2

,

l

l l

mm m

l l

VV V

V JV J V J
P

V JV J V J  

 
 
 
 
 
 





  



      (3.2.1)   

where       1 1 2 2, , , ,..., ,l lV J V J V J  is a complete system of eigenpairs of  A s , that is 

 1,..., .l Cdiag J J J  

For the proof, see [10]  

Example 3.2.1 [4]: Consider  

  2
1 0 1 6 0 12

0 1 2 9 2 14
A s s s

      
       

      
. Then 

       2 2det 9 14 2 2 6 12A s s s s s s s         

1 2 3 41, 2, 3, 4s s s s     . To find the eigenpairs of  A s ,  

for  
 

 

1

1

1 11

2

0 6 0 6 0
1, 1 , 0

0 6 0 6 0 0

x
s A v

x




        
              

         

, 

for  
 

 

2

1

2 22

2

2 0 2 0 0 0
2, 2 , 0

2 0 2 0 0

x
s A v

x




        
              

         

, 

for  
 

 

3

1

3 33

2

6 6 6 6 0
3, 3 , 0

4 4 4 4 0

x
s A v

x






         
              

          

, and  

 for  
 

 

4

1

4 44

2

12 12 12 12 0
4, 4 , 0

6 6 6 6 0

x
s A v

x






         
              

          

  so that we have 

the following eigenpairs for  A s  
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1 0 1 1
,1 , ,2 , ,3 , ,4

0 1 1 1

              
              
              

,  

so that the similarly matrix for AC  is  

1

1 0 1 1 2 2 1 1

0 1 1 1 1 1 1 1

1 0 3 4 2 6 2 3

0 2 3 4 1 4 1 2

P P 

    
   

 
     
    
   

    

 , and  

1 0 0 0

0 2 0 0

0 0 3 0

0 0 0 4

CJ

 
 
 
 
 
 

. 

We see that 

                 

1

1 0 1 1 1 0 0 0 2 2 1 1

0 1 1 1 0 2 0 0 1 1 1 1

1 0 3 4 0 0 3 0 2 6 2 3

0 2 3 4 0 0 0 4 1 4 1 2

0 0 1 0

0 0 0 1
.

0 12 1 6

2 14 2 9

C

A

PJ P

C



      
     

 
     
      
     

      

 
 
  
 
 

  

 

Theorem 3.2.2 [10]: The pair of matrices  ,V J is an eigenpair or (Jordan chain) of a 

matrix polynomial  A s if and only if     1

1 ... 0m m

mVJ AVJ A V    . 

For the proof, see [10]  

Corollary 3.2.1 [10]: Given a pair of matrices  0,T J , where  1 ... lT V V  is a matrix of 

dimension n p , and  0 1,..., lJ diag J J  is of order p , then  ,i iV J , 1,...,i l  are eigen 

pairs of  A s if and only if   

      1

0 1 0 ... 0m m

mTJ ATJ A T              (3.2.2) 

Theorem 3.2.3 [10]: If the matrix 1 ... pT V V     is a nonsingular matrix of order n  and 

 0 1,..., lJ diag J J  is also of order ,n  then  , , 1,2,...,i iV J i l  are eigenpairs of a 

matrix polynomial  A s  if and only if 1

1 0 ,S TJ T   is a solvent of  A S . 
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Proof: Let   , , 1,2,...,i iV J i l  are eigenpairs of   A s  ,then by Corollary 3.2.1, we have 

1 1

0 1 0 1 00 ...m m

m mTJ ATJ A TJ A T

      , multiply both sides of this equation by 1T   from 

the right we get 

 1 1 1 1 1

0 1 0 1 00 ...m m

m mTJ T ATJ T A TJ T A TT    

             (3.2.3) 

Note that,  1 1 1 1 1 1

0 0 0 0 0 0...
m

mTJ T TJ T TJ T TJ T TJ T TJ T        , so that the equation (3.2.3) 

becomes          
1

1 1 1 1

0 1 0 1 0 0 10 ...
m m

m mTJ T A TJ T A TJ T A A TJ T A S


   

       . 

Conversely, if 1

1 0 ,S TJ T   is a solvent of  A S , then reverse the above steps, we get the 

equation (3.2.2), and so the pairs  , , 1,2,...,i iV J i l  are eigenpairs of  A s ■ 

Definition 3.2.4: A set of solvents 1 2, ,..., mS S S  of   A S  is said to be a complete set of 

solvents of  A S  if the corresponding Vandermonde matrix 

  1 2

1 2

1 1 1

1 2

, ,...,
m

m

m m m

m

I I I

S S S
V S S S

S S S  

 
 
 
 
 
 






   



          (3.2.4)   

  is nonsingular. 

Theorem 3.2.4 [10]: Let  A S be a matrix polynomial if 1 2, ,..., mS S S is a complete set of 

solvents of  A S . Then  

 1 2, ,...,A mC V S S S    
1

1 2 1 2, ,..., , ,...,m mdiag S S S V S S S


. 

Where V  is the Vandermonde matrix.  

Proof: Consider  

1 1

0 0n

A

n

m m

I

C
I

A A A

 
 
 
 
 
   





 



 , 
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 be a companion matrix for  A s , and V as defined in (3.2.4) be the associated 

Vandermonde matrix we see that 

  1

1 2

1 1

1

1 1

0 0

0 0

, ,...,

0 0 0

n

n n

n

m

A m

n m m

m

m m

I
I I

I
S S

C V S S S

I
S S

A A A

 



 
  
  
   
  
  
     





    

  





 

   

1 2

2 2 2

1 2

1 1 1

1 2

1 1 1

1 1 1 1 1 2 1 2 1 1

m

m

m m m

m

m m m

m m m m m m m m

S S S

S S S

S S S

A A S A S A A S A S A A S A S

  

  

  

 
 
 
 
 
 
             





   



   

    (3.2.5) 

 

and,  1 2, ,..., mV S S S  1 2, ,..., mdiag S S S  

       

1 1 2

2 2 2

1 2 1 2

1 1

1 1 2

0 0

0

0

0 0

n n m

m m

m m m m m

m m m

I I S S S S

S S S S S S

S S S S S S 

     
     
      
     
     
     

  

  

      

  

                            (3.2.6) 

Now, note that in (3.2.5) 

   1 1

1 1 1 1 1 1 1 1 1 1... ...m m m

m m m mA A S A S A S A S A A S S 

             . Or 

 1

1 1 1 1 1 1...m m

m mA S A S A A S S

      . But 1S is a solvent of  A S that is,  1 0A S  , 

so that, 1

1 1 1 1 1... m m

m mA A S A S S

     , 

 also the other entries of the last row of (3.2.5), are 2 3, ,...,m m m

mS S S , respectively, and so  

   1 2 1 2, ,..., , ,...,A m mC V S S S V S S S  1 2, ,..., mdiag S S S , that is 

  1 2, ,...,A mC V S S S    
1

1 2 1 2, ,..., , ,...,m mdiag S S S V S S S


■ 
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Example 3.2.2: Consider 

  2
1 1 0 1

2 3 0 2
A S S S

   
     

    
 . Then 

1 2

0 1 1 0
,

0 0 2 1
S S

   
    

   
 , are solvents of  A S and  1 2

1 0 1 0

0 1 0 1
,

0 1 1 0

0 0 2 1

V S S

 
 
 
 
 

 

 

   1 2det , 1 0,V S S V     is nonsingular, so that 
1S and 

2S form a complete set of 

solvents for  A S , and   1

1 2

1 1 1 1

0 1 2 1
,

0 1 1 1

0 2 2 1

V S S

 
 


 
  
 

  

 

 1 2,AC V S S     1

1 2 1 2, ,diag S S V S S  

1 0 1 0 0 1 0 0 1 1 1 1 0 0 1 0

0 1 0 1 0 0 0 0 0 1 2 1 0 0 0 1

0 1 1 0 0 0 1 0 0 1 1 1 0 1 1 1

0 0 2 1 0 0 2 1 0 2 2 1 0 2 2 3

AC

       
       


         
          
       

           

. 

 

Example 3.2.3: Consider the matrix polynomial in Example 3.2.1 that is  

 

  2
1 0 1 6 0 12

0 1 2 9 2 14
A S S S

      
       

      
, we see that the latent vectors of  A s are 

  

1 2 3 4

1 0 1 1
, , ,

0 1 1 1
v v v v

       
          
       

, corresponding to the latent roots, 

1 2 3 41, 2, 3, 4s s s s     respectively. 

So that we have the following eigenpairs for  A s  
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1 0 1 1
,1 , ,2 ,3 , ,4 .

0 1 1 1

             
             
             

 

To find the solvents of  A S , we take the matrix 1

1 0

0 1
T

 
  
 

, which is nonsingular and 

0

1 0

0 2
J

 
  
 

 so, by Theorem 3.2.3 the matrix  

1

1 1 0 1

1 0 1 0 1 0 1 0

0 1 0 2 0 1 0 2
S T J T         
         

       
 , 

 is a solvent of  A S , clearly, we have  

 1

1 0 1 0 1 6 1 0 0 12 0 0

0 1 0 4 2 9 0 2 2 14 0 0
A S

            
              

            
. 

And, if we take 1

2 2

1 1 1 1

0 1 0 1
T T 

   
     
   

, and 0

1 0

0 3
J

 
  
 

. 

1

2 2 0 2

1 1 1 0 1 1 1 2

0 1 0 3 0 1 0 3
S T J T 

       
          

       
, we see that 

 2

1 8 1 20 0 12 0 0

0 9 2 23 2 14 0 0
A S

        
          

        
.  

 Also if we choose  1

3 3

1 0 1 0

1 1 1 1
T T    
     

   
, and 

0

4 0

0 2
J

 
  
 

3

1 0 4 0 1 0 4 0

1 1 0 2 1 1 2 2
S

       
         

       
, 

 3

16 0 16 12 0 12 0 0

12 4 10 18 2 14 0 0
A S

        
          

         
 

Now 

  2 3

1 0 1 0

0 1 0 1
,

1 2 4 0

0 3 2 2

V S S

 
 
  
 
 
 

  2 3det , 1 0V S S   ,  
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so the set  1 2,S S , is a complete set of right solvents for  A S . 

Theorem 3.2.5: Let   1

1 0...m mA S S A S A     be a matrix polynomial. Let 1S be a right   

solvent of  A S , then 
1

TS is a left solvent for  TA S .  

Proof: Let 
1S be a solvent for  A s , then 1

1 1 1 ... 0m m

mS A S A          (3.2.7) 

Take the transpose to both sides of (3.2.7), we get 

  1

1 1 1 ... 0
T

m m T

mS A S A    , 

   

     

1

1 1 1

1

1 1 1 1

... 0

... 0

T T
m m T T

m

m m
T T T T T T

m

S S A A

S S A A A S





    

     

. 

So that 1S is a left solvent for  TA S ■ 

Corollary 3.2.2: If 1 2, ,..., mS S S  is a complete set of right solvents of  A S , then the set  

 1 2, ,...,T T T

mS S S  is a complete set of left solvents of  TA S . 

Proof: If 1 2, ,...,T T T

mS S S  are right solvents of  A s , then by Theorem (3.3.5), 

1 2, ,...,T T T

mS S S are left solvents for  A s . And since the set  1 2, ,...,T T T

mS S S , is a complete set 

of right solvents of  A s , so  1 2, ,...,T T T

mV S S S is non singular, since 

det  1 2, ,..., 0T T T

mV S S S  . So that  1 2, ,...,T T T

mS S S  is a complete set of left solvents of 

 TA S ■ 

Example 3.2.4: Consider  

  3 2
6 6 2 42 18 66

3 15 21 65 33 81
A S S S S

      
        

        
.           

  If  1

4 2

1 7
S

 
  
 
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Then  1

34 182 18 414 34 298 18 66 0 0

91 307 207 639 149 413 33 81 0 0
A S

            
             

            
. 

So 
1S  is a right solvent for  A S . Now 

     3 2
6 3 2 21 18 33

6 15 42 65 66 81

T T
T TA S S S S

       
        

       
, and 1

4 1

2 7

TS
 

  
 

.  

We see that  

 1

34 91 18 207 34 149 18 33 0 0

182 307 414 639 298 413 66 81 0 0

T TA S
            

             
            

 

1

TS is a left solvent for  TA S . 

 

3.3 Existence and number of solvents 

The concept of  "a complete set" of solvents of a matrix polynomial analogous to the fact 

that, a scalar polynomial of degree n  has n  zeros. 

The following lemma gives a sufficient condition for the existence of solvents. 

Lemma 3.3.1 [5]: If   1

1 0...m mA s Is A s A     has n  linearly independent right latent 

vectors, 1,..., nb b , corresponding to latent roots 1 2, ,..., ns s s , then  1

CPJ P  is a right solvent 

for  A S , where  1,..., nP b b  and CJ   1 2, ,..., ndiag s s s . 

For the proof, see [5].  

Corollary 3.3.1 [5]: If   1

1 0...m mA s s A s A     has mn distinct latent roots, and the set 

of  right latent vectors satisfy the condition that, every set of n  elements of them are 

linearly independent, then there are exactly 
mn

n

 
 
 

 different right solvents. 

For the proof, see [5]. 
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Example 3.3.1: Consider the matrix polynomial 

 
1 0 1 0

0 1 1 0
A s s

   
    
   

 . So 1, 2m n  , then   2

1 2det 0, 1A s s s s s     . 

Now, for 

 
 

 

 
1

11

1 11

2

1 0 1 0 0
0, 0 0

1 0 1 0 0

x
s A x

x

       
            

       

, and 
 1

2x arbitrary, 

 1

2 0,x  let 1

0

1
v

 
  
 

.  

And for  
 

 

   
2

2 21

2 1 2 22

2

0 0 0 0 0 1
1, 1 0

1 1 1 1 0 1

x
s A x x v

x

         
                

         

, 

we see that the vectors 1 2,v v  are linearly independent since the matrix  
0 1

1 1
P

 
  
 

, is 

nonsingular. By Lemma 3.3.1,  A S  has a right solvent that is 

1

1

0 1 0 0 1 1 1 0

1 1 0 1 1 0 1 0
CS PJ P

       
         

        
. 

Clearly  1

1 0 1 0 1 0 0 0

0 1 1 0 1 0 0 0
A S

       
         

       
. 

And by Corollary 3.3.1, we have exactly 
2

2

 
 
 

 solvents. 

The number of solvents =1, that is 1

1 0

1 0
S

 
  

 
. 

 

Lemma 3.3.2 [10]: Let A  be a matrix of order mn .If A  is nonsingular then there exist a 

permutation of columns such that the new matrix has m diagonal blocks of order n , each 

of them being nonsingular.  
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Proof: Let 1 k n  , expand det A  in terms of square matrices formed from the first k  

rows. Since det 0A , one of the products in the expansion is nonzero and the result 

follows ■ 

       

The following Theorem gives the minimum number of solvents of a matrix polynomial for 

special companion matrix. 

Theorem 3.3.1 [10]: Let  A s be a matrix polynomial and let AC  be the associated 

companion matrix. If AC  is diagonalizable, then  A S has at least m solvents, where m   

 degA s . 

Proof: Let CJ be the Jordan normal form of the companion matrix AC , since AC  is 

diagonalizable, so there exists a matrix P such that 1

A CC PJ P with P  nonsingular, this 

equality will remain valid if the same permutation of columns is applied to P and CJ , and 

by Lemma 3.3.2, we can suppose that the m diagonal blocks, ip of order , 1,...,n i m  of 

P  are nonsingular. And by Theorem 3.2.1 the columns of ip  are eigenvectors of  A s . 

Hence, each 1 , 1,...,
ii i C ip p J p i m  , is a solvent of  A S (where , 1,...,

iCJ i m are 

diagonal blocks of order n of CJ ). So we have at last m  solvents for  A S ■ 

Corollary 3.3.2 [10]: For every eigenvalue i  of  AC , there exists a solvent 1S  such that 

i  is an eigenvalue of 1S . 

Example 3.3.2 [4]: Consider the matrix polynomial  

  2
1 0 1 6 0 12

0 1 2 9 2 14
A s s s

      
       

      
. 

Then 1 2 3 41, 2, 3, 4s s s s    , are the latent roots of  A s , (see example 3.2.3)  
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1

1 0

0 2
S

 
  
 

, is a solvent for  A S , so  
1

1 0

0 2

x
xI S

x

 
   

 
, and 

    1 1 2det 1 2 1, 2xI S x x x x        , are the eigenvalues of 
1S  and we note 

that,  1 1 2 2,x s x s  .  

Also, 2 2

4 0 4 0

2 2 2 2

x
S xI S

x

   
      

    
    

    2 3 4det 4 2 4, 2xI S x x x x        are the eigenvalues of 2S , and note that  

3 4 4 2,x s x s  . 

And by Corollary 3.3.1,  A S  has 
2 2

6
2

 
 

 
 different solvents. 

Note that, "if the matrix AC  is not diagonalizable then the associated matrix polynomial 

 A S  can have less than m or even no solvents at all" [10], and the following example 

illustrate this fact. 

Example 3.3.3 [10]: Consider the matrix polynomial 

 

 

98 108 89 294 316112
25 25 25 25 25 25

2 7 84 24 4 42
5 5 5 5 5 5

38 182 46 59 25122
25 25 25 25 25 25

A S S S

 

  

  

   
   

  
   
      

.  

So, 2m  , n=3, 1 2,s  2 3s  , and the eigenpairs of  A s are  

 

 

We see that, there are no nonsingular matrix of order 3 with leading columns of 1V and 2V , 

and so  A S has no solvents at all. 

   1 1 2 2

3 1 0 0
2 2 2 2 5 3

2 1 0 3 1 0
, 1 1 , , , 2 2 1 1 ,

0 2 0 0 3 1
1 1 1 1 1 1

0 0 0 3

V J V J

  
       

                              
  
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Theorem 3.3.2 [10]: Let  A s be a matrix polynomial, 
AC the associated block companion 

matrix, and 1S is a solvent of  A S , if one eigenvalue of 1S  has the geometric multiplicity 

greater in 
AC  than in 

1S , then  A S has infinitely many solvents. 

Proof: Let      1 1 2 2, , , ,..., ,k kV J V J V J  be a complete system of eigenpairs of 
1S  where 

1 ...
ii i ijV v v    ,

1 0

, 1,...,
1

0

i

i

i

J i k





 
 
  
 
 
 



   



    and ij  is the order of the block iJ . 

So that    
1

1

1 1 1

0

... ...

0

k k

k

J

S V V V V

J



 
 


 
  



  



.  

Suppose that 1  is the eigenvalue having geometric multiplicity greater in AC than in 

1S and that 11v is an eigenvector of 1S Corresponding to 1 and let 1lv be an eigenvector of 

 A s  Corresponding to 1  that is not an eigenvector of 1S (which exists by hypothesis) 

since 11v  and 1lv  are linearly independent, and the n  vectors 

1 211 1 21 2 1,..., , ,..., ,..., ,...,
kj j k kjv v v v v v   are linearly independent, there exists an infinite number 

of vectors  
11 1h j lw v v  , for a nonzero complex  , such that the n  vectors  

1 211 1( 1) 21 2 1,..., , , ,..., ,..., ,...,
kj h j k kjv v w v v v v  

, are also linearly independent. Hence there are infinitely many solvents  

   

1
1

1 1

0

... ...

0

n k kh h

k

J

Y V V V V

J


 
    
    
  



  



 

Where the columns of 
  111 1( 1)1

... ,j hh
V v v w

     are also Jordan chains of  A s of length 1j , 

corresponding to 1  but are not Jordan chains of 1S ■ 
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Example 3.3.4 [10]: Consider the matrix polynomial 

   2 3 203 8 294 3621
31 31 31 31 31 31

13 40 23 60 183 435
31 31 31 31 31 31

7 2 2 13 9 7

A S S S 

  

     
   

  
   
      

 , then  A s has the following 

eigenpairs 

        

    

1 1 11 12 1 2 2 21 2

3 3 31 32 33 3

1 5 2
3 1

, , 1 3 , , , , 1 ,3 ,
0 3

2 1 1

2 1 4 4 1 0

, , 1 2 3 , 0 4 1 .

1 1 2 0 0 4

V J v v J V J v J

V J v v v J

        
       

           
              

      
    

      
         

 

And if we choose the matrix T such that 

  11 12 31

1 5 2

1 3 1

2 1 1

T v v v

  
 

  
 
   

. 

Then T is nonsingular, so that                         

1
20 5

3 3

1

7 13
3 3

1 5 2 3 1 0 1 5 2 7

1 3 1 0 3 0 1 3 1 2 1 1

2 1 1 0 0 4 2 1 1 5

S


          
       

      
       
                 

, 

is a solvent for  A S , and 1S has the eigenvalue 1 3  , with geometric multiplicity 1, and 

in the matrix AC  the geometric multiplicity of the latent root 3 is 2. Thus by Theorem 

3.3.2,  A S has an infinite number of solvents. 

Now, consider the vector w such that 12 21lw v v  , where  is  a nonzero complex 

number. Then any matrix of the form    
1

11 31 11 31

3 1 0

0 3 0 ,

0 0 4

l l lS v w v v w v


 
 


 
  

for 
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nonsingular  11 31l lT v w v is a solvent for  A S , for example, with 1  ,then 

21 21

3

2

0

lw v v

 
 

   
 
  

, and 

1 3 2

1 2 1

2 0 1

T

  
 

 
 
   

, is nonsingular. 

1

2

1 3 2 3 1 0 1 3 2

1 2 1 0 3 0 1 2 1

2 0 1 0 0 4 2 0 1

S


        
     

   
     
             

 

5 2
3 3

6 5 1

0

4 7 3

 

 
 


 
  

, is a solvent for  A S . 
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Chapter Four 

Companion matrices and linearization 

4.0 Introduction 

In this chapter we consider a regular matrix polynomial of the form 

  0 1 ...n

nA s A s A s A                                                           (4.0.1) 

Firstly, section 4.1 introduces a new family of companion matrices to the scalar 

polynomials. 

Section 4.2 gives a generalization to this result to the regular matrix polynomial. And 

finally, section 4.3 gives a special class of linearization for special class of matrix 

polynomials. 

 

4.1 New forms for a companion matrix of scalar polynomials 

This section gives a method for constructing new forms of companion matrix to a scalar 

polynomial. 

Definition 4.1.1: Let   1

1 1...n n

n nP s s a s a s a

     ,                      (4.1.1) 

be a polynomial with constant coefficients then the matrix 

1 2 1

1 0 0 0

0 1 0 0 0

0 0 1 0

n na a a a

A

    
 
 
 
 
 
  







    



                                            (4.1.2) 

is called a companion matrix of  P s . 

Note that, the matrix A  in (4.1.2), has the property that    det ,sI A P s  and any other 

matrix satisfy this property is called a companion matrix for the polynomial  P s . 
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The following lemma gives a factorization of the companion matrix in (4.1.2) into a 

product of  n  matrices 

Lemma 4.1.1 [6]: For 1,2,..., 1,k n   denote by kA  the matrix  

1

1

k

k k

n k

I

A C

I



 

 
 


 
  

                                        (4.1.3)                                                         

where kC  is a 2 2  matrix, 
1

1 0

k

k

a
C

 
  
 

                                                                (4.1.4) 

And by nA  the matrix 

 1,...,1,n nA diag a                                                   (4.1.5) 

Then, 1 2 1... n nA A A A A                                                                                               (4.1.6) 

Poof: By induction, for 2n   we have  

1 1 2

1 2 1 2

2

1 11
,

11 0 1 0

a a a
A A A A A

a

      
        

    
 

Let it is true for n k .   

Now for 1n k  , note that  

   1 1

0 0

0 1 ,

0 1 0

k

k k

I

A a 

 
 

 
 
  

 and   

1 2

1 2

1 0

1 0 0 0 0

0 1 0 0 0
...

0 0 1 0 0

0 0 0 0 1

k

k

a a a

A A A

   
 
 
 

  
 
 
 
 







    
 . 
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So that        

1 2

1 2 1

2

1

1

1 0

1 0 0 0 0

0 1 0 0 0

1 0 0
0 0

0 1 0
0 1

0 1 0
0 0

1 0 0

0 1

...

0 0 1 0 0

0 0 1

0

0 0

k

k

n

n

k

k n

a a a

I

a

a

a

A A A A

a a



 
   
    
   
    

 

 
 


   
 
 
 

  
 
 
 
 








 


 





   













 

 

 



 




 

And the proof is complete ■ 

 

Example 4.1.1: For  3n  , we have   3 2

1 2 3,P s s a s a s a     so that 1,2k  . 

To construct ,

iA s defined in (4.1.6), we use the above Lemma, that is: 

0 1

1 1

1

1 0

1 0 0

0 0 1

I a

A C

I

   
   

 
   
      

 

1

2 2 2

0

1 0 0

0 1 ,

0 1 0

I

A C a

I

   
   

  
   
      

and 3

3

1 0 0

0 1 0

0 0

A

a

 
 


 
  

 

we see that 

1 2 3

1 2 3 1 0 0 .

0 1 0

a a a

A A A A

   
 

 
 
  

 

Theorem 4.1.1 [6]: All matrices 
1
...

ni iA A  for any permutation  1,..., ni i  are companion 

matrices of  P s  and are similar to the matrix (4.1.2). In particular, this holds for the 

matrix ,A BC  where B  is the matrix 1 3...A A   , and C  is the matrix 2 4...A A  , where iA  

are the matrices from (4.1.3). 

For the proof, see [6]. 
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Example 4.1.2: Let   3 2 2 1P s s s s     

Then, 1 2

1 1 0 1 0 0

1 0 0 , 0 2 1

0 0 1 0 1 0

A A

   
   

  
   
      

 and 3

1 0 0

0 1 0

0 0 1

A

 
 


 
  

 

 3

2 1 3

1 1 0

2 0 1

1 0 0

A A A A

 
 

    
 
  

, 

Clearly     3
det .Is A P s   

Also, 1 3

1 1 0

1 0 0 ,

0 0 1

A A B

 
 


 
  

  and 

             2

1 0 0

0 2 1

0 1 0

A C

 
 

 
 
  

 . Then 

1 3 2

1 2 1

1 0 0

0 1 0

A BC A A A

  
 

  
 
  

 , 

 is a companion matrix for  .P s  

 

4.2 New family of companion matrices for regular matrix polynomial 

This section contains an equivalent definition for the linearization of regular matrix 

polynomial and introduces new forms of companion matrices. In fact, this section gives a 

generalization for Lemma 4.2.1 to matrix polynomials. 

 

We consider polynomial matrices of the form  

   1

0 1 ...n n

nA s A s A s A                                                            (4.2.1)  
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with ,p p

iA   and    det 0, . .A s i e regular  

 

Definition 4.2.1: Let  A s  be a regular matrix polynomial then the associated matrix 

pencil 

 

0 1 20 0

0 0 0

0 0 0 0

n

p p

p p

A A A A

I I
P s s

I I

     
   
    
   
   
      

 

 

      

 

                                                  (4.2.2) 

is known as the first companion form of  A s , and  

 

0 1

2

0 0 0

0 0

0 0 0 0

p

p

p

p n

A A I

I A
p s s

I

I A

   
   

    
   
   

    

 

 


      

 

,                                                   (4.2.3) 

is called the second companion form for  A s . 

Definition 4.2.2: A matrix pencil 0 1P s P  is called a linearization for  A s  if  

 

 
0 1

1

0

0
p n

A s
P s P

I


 
  

  

                                                                                             (4.2.4) 

that is, there exists a unimodular matrix polynomials  E s  and  F s  such that 

 

 

    0 1

1

0

0
p n

A s
E s P s P F s

I


 
  

  

                                                                     (4.2.5) 

Note that:  The first and second companion forms of a matrix polynomial is a linearization 

for  A s . 

Example 4.2.1: Consider  

  2
3 0 2 1 1 0

0 5 4 0 2 3
A s s s

     
       
     

 

Then: 
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 

3 0 0 0 2 1 1 0

0 5 0 0 4 0 2 3

0 0 1 0 1 0 0 0

0 0 0 1 0 1 0 0

P s s

    
   

  
    
   
   
   

 

and  

3 0 0 0 2 1 1 0

0 5 0 0 4 0 0 1

0 0 1 0 1 0 0 0

0 0 0 1 2 3 0 0

P s s

   
   


    
   
   

    

  

is the first and second companion forms for  A s , respectively. 

 

The companion matrices in (4.2.2) and (4.2.3), can be written as a product of matrices, 

Lemma 4.1.1 gave the companion matrix of scalar polynomial as a product of matrices, the 

following lemma generalizes this result to a matrix polynomial. 

 

Lemma 4.2.1 [1]: Let   1

0 1 ...n n

nA s A s A s A     where , 0,...,p p

iA i n  , be 

regular matrix polynomial and define the matrices  

 

  

 

 

  

0 0 1

1

1

1

,

where , 1, 2,..., 1 
0

and ,  

p n

p k

k k

p n k

k p

k

p

n np n

T diag A I

I

T C

I

A I
C k n

I

T diag I A





 





 
 
  
 
 




       

 




                                                                     (4.2.6) 

 

Then the first and second companion matrices to  A s  are given by 
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 

 

0 1 2

0 1 1

...

...

n

n n

P s sT T T T

P s sT T T T

  


  


                                                                         (4.2.7) 

, respectively. 

Proof: Clearly the matrix product 1... nT T  equal to the second term of  (4.2.2), and 

obviously 
0T =the first term of  (4.2.2), so     0 1 2 ... nP s sT T T T   is the first companion 

form of  A s . 

Similarly we can show  P s is the second companion form for  A s . 

Example 4.2.2: Let   2
1 2 1 0 1 1

0 1 0 1 0 1
A s s s

     
       
     

  

then 2, 1,P n k    so that, by Lemma 4.2.1 we have:  

 

0 1

1 2 0 0 1 0 1 0

0 1 0 0 0 1 0 1
,

0 0 1 0 1 0 0 0

0 0 0 1 0 1 0 0

T T

   
   


    
   
   
   

 and 2

1 0 0 0

0 1 0 0

0 0 1 1

0 0 0 1

T

 
 
 
  
 

 

 

we see that  

 0 1 2

1 2 0 0 1 0 1 1

0 1 0 0 0 1 0 1

0 0 1 0 1 0 0 0

0 0 0 1 0 1 0 0

sT T T s

     
   

 
     
   
   
   

,  

and this is the first companion form for  A s . 

The companion form for a regular matrix polynomial  A s  is not unique, the following 

theorem gives a formula for constructing new forms of companion matrices, which is a 

linearization for  A s . 

Theorem 4.2.1 [1]: For every possible permutation  1 2, ,..., ni i i  of the n-tuple  1,2,...,n , 

the matrix polynomial 
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  
1 20 ...

ni i iP s sT T T T                                                                                                 (4.2.8)   

is a linearization for a regular matrix polynomial  A s , where , 1,...,iT i n  as defined in 

(4.2.6).  

For the proof, see [1]. 

Example 4.2.3: Consider  
2

2

1 3

2 3

s s
A s

s

 
  

 
  

Then, 
 

0

0

2 1

1 0 0 0

0 0 1 0 0

0 0 0 1 0

0 0 0 1

A
T

I

 
  
   
   
 
 

 

1 2

1

2

0 3 1 0

0 0 0 1

0 1 0 0 0

0 1 0 0

A I
T

I

 
 

        
 
 

 

and 
2

2

2

1 0 0 0

0 1 0 0

0 0 1 0

0 0 2 3

I
T

A

 
 

         
 

  

 

Now, by Theorem 4.2.1, we have for example  

0 2 1

1 0 0 0 0 3 1 0

0 1 0 0 0 0 2 1

0 0 1 0 1 0 0 0

0 0 0 1 2 3 0 0

sT T T s

   
   
     
   
   

    

 

is a linearization for  A s . 

Corollary 4.2.1 [1]: Let   1

0 1 ...n n

nA s A s A s A       be regular matrix polynomial, 

then for any four ordered sets of indices 

 ,1 ,2 ,, ,..., , 1,2,3,4
kk k k k nM i i i k   
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such that i jM M    for i j  and  
4

1
1,2,..., 1kk

M n


   the matrix polynomial 

 
1 2 3 4

1 1

0M M M n MR s sT T T T T T                                   

(4.2.9) 

is a linearization for  T s , where     
,1 ,2 ,

...
k k k k nk

M i i iT T T T   for  kM    

and  
kIT I  for .kM   

Proof: First, the matrices  , 1,2,3,4
kMT k   are invertible since it’s a product of the 

matrices iT with 0 i n  , so that we can write  R s in the form  

   
1 2 1 3 4

1 1

0M M M M n MR s T sT T T T T T    or     
1 1 3 4 2 2

1 1

0M M M n M M MR s T sT T T T T T T    

By Theorem 4.2.1,  
1 3 4 20 M M n M MsT T T T T T B s  is a companion matrix for  A s . So we 

can write    
1 2

1 1

M MR s T B s T  . That is  R s is equivalent to  B s and so  R s is a 

companion matrix for  A s ■ 

 

Note that the inverse of  , 1,2,..., 1kT k n   ,where kT as defined in (4.2.6) have a simple     

form, that is 

 

 

 

1

1 1

1

1

0

0

0
, 1,2,..., 1

p k

k k

p n k

p

k

p k

I

T C

I

I
with C k n

I A



 

 



 
 

  
 
 


  
    
  

                                                                    (4.2.10) 

Example 4.2.3: Consider   3 2

0 1 2 3A s A s A s A s A      

So, 3n  ,   
4

1

1,2 ,k

k

M


  and i jM M   for ,i j   
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so that, by Corollary 4.2.1, we can choose for example ,

kM s  as follows 

 

a)    1 2 3 4, 1 , 2 ,M M M M    , 

for this choice, we have  

 
1 1

1

M MT I T I   , 
2 1MT T , 

3 2MT T  and  
4MT I  

Then   1

0 1 2 3R s sT T T T   

Where 

0

0

0 0

0 0

0 0

p

p

A

T I

I

 
 

  
 
 

 

1

1 2 2

0 0 0

0 0 , 0

0 0 0 0

p p

p p

p p

A I I

T I T A I

I I

   
   

     
   
   

  and  3

3

0 0

0 0

0 0

p

p

I

T I

A

 
 


 
  

 

Also, using (4.2.10), we get 1

1 1

0 0

0

0 0

p

p

p

I

T I A

I



 
 

  
 
 

 

So that  
0

1 2 3

0 0 0 0

0 0

0 0 0 0

p

p

p p

A I

R s I A s A A

I I

   
   

      
   
   

, 

is a linearization for  .A s  

b) If we choose    1 2 3, 2 , 1M M M   and 4 .M   

Then, follow the procedure in part a to get  

 

 
3

2 1 0

0 0 0 0

0 0

0 0 0 0

p

p

p p

A I

R s I A s A A

I I

   
   

      
   
   

 

is a linearization for  .A s  
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4.3 Self- adjoint and symmetric linearization 

In this section we consider the matrix polynomial with self-adjoint or symmetric 

coefficients and obtain a self-adjoint or symmetric linearization. 

 

In general it's not true that any linearization preserves the special eigenstructure of the 

matrix polynomial, but in special cases it preserves it, and the following theorem gives one 

of these cases. 

Theorem 4.3.1 [1]: Let  A s  be a regular self-adjoint matrix polynomial of degree n , 

with 0det 0,A  then the matrix polynomial 

 
1

1

odd even

s

even odd

sT T for neven
R s

sT T for nodd





 
 



                                                                                    (4.3.1) 

Where 

  

1

0 2 4 6

1 3 5

...

...

even

odd

T T T T T

T T T T




 

And , 1,...,iT i n  are as defined in (4.2.6), is a self-adjoint linearization for  A s . 

 

Proof: Notice that the matrices 2 2 1,k kT T   in evenT and oddT , respectively, for 0,1,...k   

commute, so the particular order of indices in  evenT  and oddT , respectively is not 

significant. For n  even, applying Corollary 4.2.1 for the ordered sets of indices 

   1 2 3 4, 1,3,..., 1 , 2,4,..., 2 ,M M n M n M      , we take the companion pencil  

 
3

1

0 odd M nR s sT T T T  . Since 0T  is invertible, we easily see that   1

0sR s T   R s  

by noting that   
3

1

0even M nT T T T . So  sR s  is a companion form for  A s . Similarly we 

can show the second term of  sR s ■ 
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Example 4.3.1: 

 a) For 4n  Consider   4 3 2

0 1 2 1 4A s A s A s A s A s A     .Then 

0 1

2

0 1 2

3 4

3

4

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0
, ,

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0
,

0 0 0 0 0

0 0 0 0 0 0

p p

p p p

p p p

p p p

p p

p p

p p

p

A A I I

I I A I
T T T

I I I

I I I

I I

I I
T and T

A I I

I A

     
     


       
     
     
          

   
   
    
   
   

    

 

so that 

 
1 11 1 1

1 3 3 1

3

0 0 0

0 0

0 0 0

0 0

p

p

odd

p

p

I

I A
T TT T T

I

I A

  

 
 
   
 
 
  

,  

and 

1

0

1 2

0 2 4

4

0 0 0

0 0

0 0 0

0 0 0

p

even

p

A

A I
T T T T

I

A





 
 

  
 
 

  

 

by Theorem 4.3.1 the matrix polynomial  

 

1

0

1 2

3 4

0 0 0 0 0 0

0 0 0 0

0 0 0 0 0 0

0 0 0 0 0

p

p p

p p

p

I A

I A A I
R s s

I I

I A A

   
   

    
   
   

     

 

is a self-adjoint linearization for  A s . 

b) For 5n  .  Consider   5 4 3 2

0 1 2 3 4 5A s A s A s A s A s A s A       

As in part (a), we compute 0 5,...,T T , and get  
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 

0 1

2 3

4 5

0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0

p

p p

ps p

p p

p

A A I

I I

I AR s s A I

I I

I A A

   
   
   
     
   
   
     

 

is a self-adjoint linearization for  A s . 

 

Remark [2]: Let   1

0 1 ...n n

nA s A s A s A     be a regular symmetric (skew symmetric) 

matrix polynomial with 0det 0A  .Then the matrix polynomial 

  1

odd evenR s sT T                                     (4.3.2) 

where 

   

1

2 0

1 3 1

... ,

...

even n n

odd n n

T T T T

T T T T





 

 



 for n even                      (4.3.3) 

and 
2 1

1

1 3 0

... ,

...

even n n

odd n n

T T T T

T T T T





 





 for n odd           (4.3.4) 

and , 1,...,iT i n , are defined in (4.2.6),  

is asymmetric (skew symmetric) companion form for  A s . 

 

Example 4.3.2: If we take 4n  , then 

 

0

1 21

0 1 2

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0
, , ,

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

p p

p p p

p p p

p p p

A I I

I I A A I
T T T

I I I

I I I



     
     


       
     
     
          
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1 1

3 4 4

1
3 4 4

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

p p p

p p p

p p p

p

I I I

I I I
T and T T

I I I

I A A A

 



     
     
        
     
     

       

 

so that 

0

12 1

1
34

0 0 00 0 0

0 00 0
,

0 0 00 0 0

0 00 0 0

p

pp

even odd

pp

p

IA

I AA I
T and T

II

I AA





  
  

    
  
  

     

 

and so  

0

1 2

1
3 4

0 0 0 0 0 0

0 0 0 0

0 0 0 0 0 0

0 0 0 0 0

p

p p

p p

p

I A

I A A I
R s s

I I

I A A

   
   

    
   
   

    

 

is a symmetric linearization for  A s . 

 

As applications of (4.3.2), consider the system of second order differential equation 

0 1 2A x A x A x Bu                                                                                                    (4.3.5) 

Where 0 1 2, ,A A A  are symmetric matrices, then the associated matrix polynomial is 

  2

0 1 2A s A s A s A                                                                                                   (4.3.6) 

Now, by (4.3.2), we see that  

1
0 1 01 1

0 1 2 1 0

12

0 00 0
, , , ,

0 0 0 0

p pp

p p p p

A A I II A
T T T T T

I I I AA I



 
        

            
          

 

so that  

         

1

1

1
0 0

2

2 0

2

00 0

00 0

p

p

evenT T
AI A

IA A
T

 


    

    
  


   

  

and  
1

1

1

0
,odd od

p

d

p

T T T
I

I A

 
 
 
 

 

so  
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 
1

0

1 2

0 0

0

p

p

I A
R s s

I A A

   
    

   
 

is a symmetric linearization for  A s .For more applications see [1,2]. 
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