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Abstract

Matrix polynomials have lately received the attention of many researchers. However, the
theory of matrix polynomials have been developed in the last forty years. Moreover, many
applications in differential equations, boundary value problems, and numerical analysis

utilize some results in the theory of matrix polynomials.

In this work we investigate regular matrix polynomials regarding there solvents,
companion matrices and linearization.
Many key result about solvents of regular matrix polynomials have been studied by Prreira

[10] and Brase [3].

Concerning companion matrices for regular matrix polynomials Antonio, ef al [1]
Found out a new family of companion forms for regular matrix polynomials.

These new forms are used in solving system of differential equation and numerical analysis.

Finally, we consider some special cases [1],[2] relating linearization of self —adjoint or
symmetric regular matrix polynomials and companion matrices which result in a similar

type of matrices.
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Introduction

Matrix polynomial is an important part of linear algebra, and has important applications in
differential equations, boundary value problems, numerical analysis and other areas.
Problems concerning matrix polynomials initially introduced in early 1933, later the matrix
polynomial appeared as a topic of research in 1976 by Gohberg, Lancaster, and Rodman.
In the thesis we consider some types of regular matrix polynomials

1) Monic matrix polynomial.

2) Self —adjoint regular matrix polynomial.

3) Symmetric (skew symmetric) regular matrix polynomial.

Since 1976 the matrix polynomial has received the attention of mathematicians. However,
the theory of matrix polynomial has been extensively developed in the last 40 years.

Also in fact there are few specialized books appeared in the subject, such as Gohberg,
Lancaster and Rodman (1982).

In 2003 M. Fiedler introduce a new family of companion matrices associated to scalar
polynomials see [6 ].And in 2004 E. N. Antoniou and S. Vologianidis apply the same idea
used in scalar polynomials for a matrix polynomials to introduce a new family of

companion matrices for regular matrix polynomials, see [1].

This research consists of four chapters:

Chapter one: contains the main concepts, definitions and preliminary basics that are
essential for the rest of the research.

Chapter two: introduces the meaning of linearization, standard triples and pairs and the
definition of Jordan chains.

Chapter three: contains the definition of division process of matrix polynomials, a recent

results about the method of finding and the number of these solvents.




Finally,

Chapter four: contains recent results about companion matrices and gives a method for

constructing different forms of companion matrices for a regular matrix polynomial.

Prologue to the reader

We refer to each one of theorems, corollaries, facts, definitions and examples by triple
(A,B,C), where

A: refers to the chapter number.

B: refers to the section number.

C: refers to the number of theorem, lemma, corollary, fact, definition or example.

Each category of theorem's, lemmas, corollaries, facts, definitions, or examples has its own

sequence.

Also, we refer to most of equation by triple (A, B, C). Where A, and B as defined above

and C refers to the number of equation. Equations has own sequence of numbering in each
section.

Each proof starts with the word "proof ", and ends with m.

Throughout the research we mean by a constant matrix, a matrix with complex entries and

by constant or scalar polynomial, a polynomial with constant coefficients.

Also, when we write 4 (s) we mean a matrix with polynomial entries or a matrix

polynomial, and 4 mean a matrix with constant coefficients. And when we write a matrix

I we mean the identity matrix of proper order.




Chapter One
Preliminaries

1.0 Introduction

In this chapter we will give some basic definitions, notations and results related to matrix
polynomials, which will be used in the rest of this manuscript.

Section 1.1, introduces the definition of matrix polynomial, gives a classiﬁcations and
some properties of matrix polynomials. Section 1.2, gives the definition of the canonical
form of matrix polynomials and some applications. In section 1.3 we introduce the
definition of invariant polynomial to a matrix polynomial. and section 1.4, gives the

definition of the elementary divisors and some theorems.

1.1 The definition of matrix polynomial

In this section we introduce the definition of the matrix polynomial and some other basic
definitions.

By a matrix polynomial we mean a matrix- valued function of a complex variable of the

/ ;
form A(s)=) 4s',4,eC"" (1.1.1)

i=0

Where A4,,4,,.... 4, are px p matrices of complex numbers, p called the order of A(s) ,

and 4, is called the leading coefficient.

Also, we can write a matrix polynomial as a matrix with polynomial entries.

Example 1.1.1:

2
1) A(s)=Y As' = Ay + As+ 4,5’
i=0

Where 4, € C”7,i=0,1,2.
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Chapter One
Preliminaries

1.0 Introduction

In this chapter we will give some basic definitions, notations and results related to matrix
polynomials, which will be used in the rest of this manuscript.
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form of matrix polynomials and some applications. In section 1.3 we introduce the
definition of invariant polynomial to a matrix polynomial. and section 1.4, gives the

definition of the elementary divisors and some theorems.

1.1 The definition of matrix polynomial

In this section we introduce the definition of the matrix polynomial and some other basic
definitions.

By a matrix polynomial we mean a matrix- valued function of a complex variable of the
I -

form A(s)=D_As', Aell PP (1.1.1)
i=0

Where A}, A,...,A are pxp matrices of complex numbers, p called the order of A(s) ,

and A is called the leading coefficient.

Also, we can write a matrix polynomial as a matrix with polynomial entries.

Example 1.1.1:
1) A(s):i As' = A +As+ASs’

Where A €0 "",i=0,1,2.



2 00 10 01 10
2) A(s)= sHlos)_ s°+ s+ S+ :
$°+5 5 10 00 00 55
Definition 1.1.1: A matrix polynomial A(s) is said to be invertible if there exists a matrix

polynomial B(s) such that
A(s)B(s)=B(s)A(s)=1I (1.1.2)
And we call B(s)the inverse of A(s)denoted by A™(s)

Definition 1.1.2: The degree of a matrix polynomial A(s) is defined to be the greatest

degree of the polynomials appearing as entries of A(s) and is denoted by deg A(s).
The determinant of a matrix polynomial is defined in usual way for matrices and is denoted

by det A(s).

Definition 1.1.3: Let A(s) =(pij (s)) be an nxn matrix polynomial ,choose k-

ij=1.2,..0
rows, 1<i, <...<i, <n, and k-columns, 1< j, <...< j, <n, in A(s), and consider the any
kxk submatrix of A(s), say A (s), then the determinant det A (s) is called a minor of
A(s) of order k and is composed of the k-rows and k-columns of A(s).

Taking another set of columns and rows, we obtain another minor of order k of A(s).
Definition 1.1.4: A matrix polynomial A(s) is said to be unimodular, if the determinant of
A(s) is a nonzero constant.

Definition 1.1.5: Let A, (s)=(~1)"' M, where M, is a minor of A(s) then A, (s) is
called the cofactor of the element a; of A(s). The transposed matrix of cofactors of A(s) is

called the adjoint of A(s)and denoted by adjA(s).



Theorem 1.1.1 [9]: If det A= 0 then
a 1 :
A" =——adjA (1.1.3)

Proof: Note that the result of the product AadjA is a matrix with the number det A in each

position on its main diagonal and zeros elsewhere, that is

AadjA=1det A, sothat A" = b adjAm
det A

The basic operations of addition, subtraction and multiplication of two or more matrix
polynomials are defined in exactly the same way for scalar matrices.

Also, there are many theorems in usual matrices that still true in matrix polynomials but
with new notations. For example in usual matrices we know the condition on a matrix to
have an inverse is the nonsingularity of the matrix, and in matrix polynomials we have

approximately the same condition as shown in the following theorem.

Theorem 1.1.2 [9]: An nxn matrix polynomial A(s) is invertible if and only if A(s) is
unimodular.

Proof: Let A(s) be nxn unimodular matrix polynomial then det A(s)=c =0, for some

constant c, then by Theorem 1.1.1 A™(s)exists.

Conversely, if A(s) is invertible, then there exists another matrix polynomial B(s) such
that A(s)B(s)=1, so that det A(s)det B(s)=det | =1.Thus the product of the determinants

of the matrix polynomials A(s) and B(s) is a nonzero constant. And this occur if they are

each nonzero constants, so that A(s) has a nonzero constant determinant, and hence it is

unimodular matrix polynomial, and this complete the proof m



Example 1.1.2: Consider

Then det A(s)=(s—1)* —s(s—2)=1, so that A(s) is a unimodular and hence A(s) is

1 -S
invertible, where  A™(s) = L ( 1)2} :

Definition1.1.6: A nonzero matrix polynomial A(s) of dimention nxm is said to be of

rank r, if r is the largest positive integer such that not all minors of A(s) of order r are
identically zero.

A zero matrix polynomial is said to be of rank zero.

Matrix polynomials can be classified into many types, where the classifications depend on

determinant, leading coefficient and other properties.
If A(s) = Z::O As' is a matrix polynomial, then we can classify any matrix polynomial as
follows:

a) Monic matrix polynomial:

Which is a matrix polynomial with A =1, where I isthe px pidentity matrix.
Otherwise (i.eA ” Ip), A(s)is said to be nonmonic.

b) Regular matrix polynomial:

A regular matrix polynomial is a matrix polynomial with det A(s);tO, except for finitely

many sell .

c) Self-adjoint matrix polynomial:
|

The adjoint of A(s) denoted by A"(s) is defined by A"(s)=> A’s', where A" =A

i=0

means the operator adjointto A(s).



A matrix polynomial is said to be self-adjoint if A(s)=A"(s).

Example 1.1.3:

10 01 10
a) Consider A(s):{0 1}52{0 O}SJ{O O}

10
Clearly A {O J= I, which is monic.

s2

) > 5} , We see that det A(s)=s’+5s*—2s=0, for almost every
S+

b) Let A(s):{
seC,sothat A(s)is regular.

2
c) Consider A(s):{s 58 L }

1 s? +5s

we see that A(s)=A"(s), so that A(s)is self-adjoint.

1.2 The canonical form of matrix polynomial

In this section we will introduce the elementary row and column operations on matrix
polynomials and the definition of the canonical form of matrix polynomial.

The elementary row and column operations on matrix polynomial are given as follows:

1) Multiply any row (column) by a nonzero ce F .

2) Interchange any two rows (columns).

3) Add to any row (column) any other row (column) multiplied by an arbitrary polynomial
overF .

Clearly these operations are the elementary operations for scalar matrices except that in (3)
the word "scalar" was replaced by " polynomial ".

Definition 1.2.1: An elementary matrix is a matrix polynomial obtained by applying a

single elementary operation to I, and it is unimodular.



Definition 1.2.2: Two matrix polynomials A(S)and B(s) are said to be equivalent if there
exists unimodular matrices P(s)and Q(s)such that

B(s)=P(s)A(s)Q(s) (1.2.1)
and we write A(s)[ B(s).

Theorem 1.2.1 [9]: Any unimodular matrix polynomial is equivalent to the identity

matrix.

Proof: If A(s) is unimodular, then A(SYA(s)]* =1, and hence I =1A(s)[ A(s)] ", where

P(s)=1 and Q(s):[A(s)]_1 see (1.2.1), which are unimodular . So that A(s)0 | m
Definition 1.2.3: Let

A, (s)=diag[a,(s),a,(s).....a,(s)] (1.2.2)
Where aj(s) is a zero or monic polynomial, j=1,...n, and aj(s) is divisible by

aH(s), j=23,..,n,then A (s) is called diagonal matrix polynomial and a matrix

polynomial with these properities is called a canonical matrix polynomial.

Note that, "if there are zeros among the polynomials of a;, (s) then they must be placed in
the last positions of the canonical matrix, since a nonzero polynomial is not divisible by a
zero polynomial, and if some of the polynomials a; (s) are nonzero constants then they

must be equal to 1 and be placed in the first positions of the canonical form™ [9].

Theorem 1.2.2 [9]: Any matrix polynomial over F of order n is equivalent to a canonical
matrix polynomial.
Proof: The proof is given in the following four steps, also this proof gives a method for

finding the canonical form to any matrix polynomial A(s) of order n.



The theorem is true for A(s) = 0.So that, without loss of generality, we assume A(s) =0.
Stepl: Since we assume A(s)#0; then there is an element a;(s)=0 of minimum degree
of A(s), by proper interchanges of rows and columns, one can bring this element to the
(1,1) position in A(s) to become the new a,,(s). For each element of the first row and
column of the resulting matrix, we find the quotient and remainder on division by a,(s):
a;(s)=a,(s)a,;(s)+r;(s),i=23...n

a,(s)=ay,(s)q,(s)+r.(s), i=23..,n

Now, for each iand j, subtract qu(s) times the first column from the jth column and
subtract g, (s)times the first row from the ith row. Then the elements a,(s).a,(s) are
replaced by r,(s) and r,(s), respectively(i, j =2,3,...,n), which must be either the zero
polynomial or have degree less than that of all(s). If the polynomials are not all zero, we
interchange a,, (s) with an element r,;(s) or r,(s) of least degree. Now repeat the process

of reducing the degree of the off-diagonal elements of the first row and column to be less

than that of the new a,(s). Then by this step we obtain A(s) in the form

(1.2.3)

Step2: In form (1.2.3), there may now be nonzero elements aij(s),Zsi,an, whose

degree is less than that of aﬂ(s). If this is the case, we repeat stepl again and arrive at
another matrix of the form (1.2.3) but with the degree of a,,(s) further reduced. Thus by

repeating stepl a sufficient number of times we can find a matrix of the form (1.2.3) that is

equivalent to A(s) and for which a,,(s) is a nonzero element of least degree.



Step3: If we complete step2, and there are nonzero elements that are not divisible by

a,,(s), say a;(s), we add column j to column 1, and we find remainders and quotients of

the new column 1 on division by an(S), and go on to repeat steps 1 and 2, to obtain the
new form of (1.2.3), again with a“(s) replaced by a polynomial of smaller degree. Then

we get the form:

9 bzz.(s) b2n.(s) (1.2.4)

Step4: Now in form (1.2.4), if all b (s) are zero, then this form is the canonical form of

A(s) , and the theorem is proved. If not, the form (1.2.4) may be reduced to the form:

a(s) O o .. 0
a(s) 0 .. 0

0 0  cyu(s) ... c5,(s) (1.2.5)

where a,(s) is divisible by a,(s) and the elements c;(s), 3<i, j<n, are divisible by

a,(s). Continuing the process, we arrive to the form:

a(s) O 0
0 a(s) 0 (1.2.6)
0 0 anks)

where a; (s)is divisible by a,,(s), j=2,3,...,n, and this complete the proof m

Example 1.2.1: Consider

10



S+3 S+2 s+4
A(s)=|2s® +6s° +s 2s° +4s”+s 3s®+8s’+s
s’ +4s+3  s°+3s+2 3’ +7s+4

Using the steps described in the proof of Theorem 1.2.2 we get:

s+3 S+2 S+4

25 +6s%+s 25°+4s*+s 35 +8s%+5 |—L2

s?+4s+3 s*+3s+2 3s®+7s+4

1 S+2 s+4 1 s+2 s+4
252 2% +4s?+s 33485245 | REMRAIR) 19 g gPyg
s+l s°+3s+2  3s’+7s+4 0 0 25°+2s

10 0 . 10 O
C,—~(s+2)Ciand C;—(s+4)C; 0 s s°+s C3—(sz+l)czandE(R3) 0 s 0
0 0 2s°+s 0 0 s*+s
And so
10 O
0 s O is the canonical form for A(s).
0 0 s’+s

Finally we give the following definition.

Definition 1.2.4: Let A(s) be an nxn matrix polynomial, then we define the zeroes of

det A(s) to be the latent roots or eigenvalues of A(s), and the set of latent roots of A(s) is
called the spectrum of A(s) which denoted by o (A).

And if a nonzero vell" is such that A(s)v=0, then we say that v is a right latent (or

eigen) vector of A(s).

11



1.3 Invariant polynomials

This section contains the definition of invariant polynomials and some related theorems.

Definition 1.3.1: If Ais an mxn matrix, then the determinant of a px p submatrix of
A (ps min(m,n)), obtained from A by striking out m—p rows and n—p columns, is
called a minor of order p of A. Or, if the rows and columns retained are given by
subscripts 1<i <, <..<iy<m, 1< j <j,<..<j,<n respectively, then the

corresponding px p minor is denoted by

i i, ...
A(_l ’ _"JD det[ay;, | (1.3.1)

iy iy
Theorem 1.3.1 [7]: (Bient-Cauchy formula). Let Aand B be mxn and nxm matrices,

respectively. If m<n andC = AB, then

detC= Y A(l. 2 WJB[L jz"'jmj
ti<hoscinen Ui Joee I 12..m
(1.3.2)
For the proof, see [7]
Theorem 1.3.2 [8]: Let A(s) be an mxnmatrix polynomial. Let d, (s)be the greatest
common divisor of the minors of A(s) of order k , if not all of them are zeros, and let
d, (s)=0, if all the minors of order k of A(s) are zeros. Let d,(s)=1 and
D(s) = diag[i,(s).i,(s),....i, (s),0,0....,0] (1.3.3)

be the canonical form of A(s),then r is the maximal integer such that d (s)#0, and

i (s)= d‘?'l((sg) d=12,.r (1.3.4)

Proof : First we will show that if A (s)~ A,(s), then the greatest common divisors d,, (s)

and d,,(s) of the minors of order k of A(s) and A,(s), respectively, are equal. Now,

12



since A, (s)~ A,(s), so there exists two unimodular matrices E(s) and F(s) such that

A(s)=E(s)A,(s)F(s) (135)
then by Theorem1.3.1, we can write the minor of A (s) of order k as a linear combination

of minors of A, (s) of the same order that is
hbodo)
Al(klkz kJ -

3 E(jl [ jAZ(alaz...akJF(ﬂlﬂz-.ﬂkj' k=12,...,min(m.n) (1.3.6)

Leay<opmca<m  \ OGOl OY BBy kK, ... K,
I<p<fo<..<f<n

so that d,(s) is a divisor of d,,(s). Also from (1.3.5), we obtain
A, (s)=E™(s)A(s)F(s), so again by Theorem 1.3.1, we can write the minor of A,(s)
of order k as a linear combination of minors of A (s) of the same order. Hence d, ,(s) is a
divisor of d, ,(s). So that d,,(s)=d,,(s). In the same way we get that the maximal
integer r, such that d ,(s)#0, coincides with the maximal integer r, such that
drz,z(S)io- Now applying this observation for A(s) and D(s). From the structure of
D(s) its clear that i,(s)i,(s)..i,(s),m=12,...,r, is the greatest common divisor of the
minors of D(s)of order m, so d,(s)=1i,(s)i,(s)..i,(s),m=12,..r, and the proof is

complete m

Definition 1.3.2: The polynomials i,(s),i,(s)....,i, (s) that appears in Theorem 1.3.2 (which
is the diagonal elements of the canonical form of A(s)) are called the invariant
polynomials (factors) of A(s), and the canonical form (1.3.3), is known as the Smith

canonical form of A(s).
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Theorem 1.3.3 [9]: Let the matrix polynomials A(s) and B(s) of rank r be equivalent.
Then the invariant polynomials of A(s) and B(s) coincide.

Proof: Let A(s)~B(s), then there exists a unimodular matrices P(s) and Q(s) such that
B(s)=P(s)A(s)Q(s), express the minor b(s) of order j of B(s) in terms of minors a,(s)

of A(s) of the same order as follows:
b(s)=>pn(s)a,(s)dy(s) (1.3.7)

So that any common divisor of minors a,(s) of A(s)of order j,(1<j<r) is a divisor of

b(s), hence the jth invariant polynomial of B(s)k; (s) is divisible by the jth invariant

polynomial of A(s)d; (s). But again, the equation A(s)=[P(s)]"B(s)Q(s)]" implies that

d, (s) is divisible by k;(s). Where d,(s), k;(s) are the jth invariant polynomials of

A(s) and B(s), respectively, and since both polynomials are assumed to be monic, we

obtain d(s)=k;(s)m

]

Example 1.3.1: Consider the matrix polynomial:

s s 0
A(s): s s> 0. Byrow and column operations we obtain
0 0 2s
s s 0 s 0 0 s 0 O
¢ §° 0 | RoRaGG Ll $5_gt 0 CZ*’C;:”;RRZ*)RS 50 s 0
0 0 25 0 0 25 2" 00 s°—s*

So the equivalent Smith canonical form is

14



s 0
0 s 0 , and so the invariant polynomials of A(s) are i, =s,i, =S,i; =s° —s*.
00

1.4 Elementary divisors

In this section we introduce the definition of elementary divisors and some related results.
Let i,(s),i,(s),...,i,(s) be the invariant polynomials to a matrix polynomial A(s), and if we
decompose these invariant polynomials into irreducible factors over F such that:

L(3)=[A ()] [&(5)]" -[4a(s)]
; (5)=[4()]" [4:()]" [ (s)]" ¢ >d >l >0k=12,.m (1.4.1)

() =[4(5)]' [0 (5))" [ (5)]"

Where ¢,(s),@,(s),....¢,(s) are all distinct factors irreducible over F, then we have the
following definition.

Definition 1.4.1: Let A(s) be an n-square matrix polynomial over F[s], and suppose
that the invariant polynomials are given by (1.4.1), then the factors [¢,(s)]* ..., [#, (s)]" in
(1.4.1) such that ¢, (s)#1, 1<n<m, are called the elementary divisors over F[s]of
A(s).

Example 1.4.1: Consider

s? 0 0
A(s)=| 0 s*-2s+1 0
0 0 s+1

Then the Smith canonical form of A(s) is given by
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10 0
01 0

0 0 s*(s—1)°(s+1)
And hence the invariant polynomials of A(s) are
i(s)=1 i,(s)=1 iy(s)=52(s—-1)"(s+1);
So the elementary divisors of A(s) are
s?,(s—1)°, s+1.
From the preceding definition we see clearly the important relation between the elementary
divisors and the invariant polynomials of any matrix polynomial. In fact, the invariant

polynomials of A(s) determine its rank, and its elementary divisors. And the rank and its

elementary divisors determine its invariant polynomials.

Example 1.4.2: Suppose A(s) be a matrix polynomial of order 6 with rank 5, has the
elementary divisors, s°, sz,s,(s—l)2 ,(s—l)2 ,s—1(s +1)2 ,S+1.

Then, since A(s) has an order 6, so there exists 6 invariant polynomials to A(s),

also, rankA(s) =5, so that is(s)= 0, and we form i, (s) from the lowest common multiple
of the elementary divisors. i.e. i;(s)=s*(s —1)*(s +1)*, and to form i,(s), we remove the
elementary divisors used in i, (s) from the original list and form the lowest common

multiple of those remaining, i...i,(s)=s?(s—1)°(s+1), and continue with the same
procedure as before, to get, i,(s)= s(s —1), now we note that the elementary divisors are

exhausted so that i,(s)=i,(s)=1. And hence the Smith canonical form of A(s) is given by

16



10 O 0 0 0
01 O 0 0 0
0 0 s(s-1) 0 0 0
00 0 s’ (s—1)7(s+1) 0 0|
00 O 0 s*(s—1)*(s+1)° 0
00 O 0 0 0]

The following theorem gives a method for computing the elementary divisors of a block-

diagonal matrix polynomial.
Theorem 1.4.1 [9]: Let A(s), B(s), be matrix polynomials such that C(s)= diag[A(s), B(s)]
is block-diagonal matrix polynomial. Then the set of elementary divisors of C(s) is the

union of the elementary divisors of A(s) and B(s) .
Proof: Let D,(s) and D,(s) be the Smith canonical forms of A(s) and B(s) ,

D,(s) O

respectively. Then C(S)=E(S){ 0 D,(s)
2

}F(s),where E(s) and F(s) area

unimodular matrix polynomials. Let (s —s,)™,....(s—s,)* and (s —s,)*,....(s =, ) be
the elementary divisors of D,(s) and D,(s), respectively corresponding to s,. Arrange the

set of exponents «,...,a,, B;,..., B, in anondecreasing order:

{al,...,ap,ﬂl,...,ﬁq} = {7/1,...,]/p+q} ,where 0<y, <..<y_,., sothat in the Smith form

D =diag [dl(s),...,dr (s),O,...,O] of diag [Dl(s), D, (s)] there is r such that the
invariant polynomial d, (s) is divisible by (s—s, ) but not by (s—s,)**",d, ,(s)is
divisible by (s—s, )™ but not by (s—s,)*****, and so on. It follows that the elementary

D 0
divisors of { 10(5) 5 (3)} corresponding to s, are just (s—s; )" ,..., (s—5,) " and the
2

proof is complete m
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Example 1.4.3: Consider

1 s—1 S+2 s? 0 0
Als)=| s s° s® +2s and B(s)=| 0 s®-2s+1 O
s—2s s°—3s+2 s*+s-3 0 0 s+1

Then the smith canonical form of A(s) and B(s) are

10 0 10 0
0 1 0 and |0 1 0 , respectively.
0 0 s(s+1) 0 0 s*(s-1f(s+1)

So that the elementary divisors of A(s) are s, s+1 and the elementary divisors of B(s) are
s?,(s-1)",s+1.

Now if C(s)= diag[A(s), B(s)], then the elementary divisors of C(s) according to

Theorem 1.4.1 are given by:

s?,s, (s—l)2 s+1.
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Chapter Two
Standard triples and pairs of matrix polynomials

2.0 Introduction

In this chapter, we introduce the definition, some results related to the concept of the
companion matrices of a matrix polynomial and linearization, and the definition of
standard triples and pairs.

In section 2.1, we give the definition of linearization of a monic matrix polynomial, and its
companion matrix. In section 2.2, we will generalize the definition of companion matrix of
a monic case to a matrix polynomial with invertible leading coefficient. Section 2.3 gives
the definition of standard triples. Section 2.4 introduces the definition of standard pairs of a
matrix polynomial and some related results. And section 2.5 introduces the definition of

Jordan triples, pairs and chains of a matrix polynomial.

2.1 Linearization of monic matrix polynomial

This section introduces the definition and some basic results about linearization of monic
matrix polynomial.

The word "Linearization" to a matrix polynomial, in fact, comes from the linearization of
differential equations. Consider the following system of differential equation with constant

coefficients

| 1-1 ]
d'x ZAdx

+ —=f(t),—o<t< 2.1.1
dt' <= ' dt’ ()= OO @L1)

Where f (t)is a given n-dimensional vector function and x = x(t) is the unknown

n-dimensional vector function. Then we can reduce this equation to a first order

differential equation by using the substitution
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X, _d_x1 dx, ,

=X X =—,X, = peny X = ——= 2.1.2
X = XX =X =X = (212)
and rewrite (2.1.1) in the form

d'x dx d'*x

W'FA)X'F AIE'F...'F A&W: f(t) (213)

Then using the above substitution and rearrange the terms in (2.1.3), we get the equivalent

first order differential equation

dx
dlt_l + A Xy e AX A+ AX, = F (1) (2.1.4)
XO
where x(t) = Xl ,and each x;, i=0,1,...,n isan n-dimensional vector ( i.ewe increased
XI—1

the dimension of the unknown function, which becomes In).
This operation of reducing the Ith order differential equation (2.1.1) to a first order

equation (2.1.4), is called a linearization.

|7 .
Definition 2.1.1: Let A(s) = » As', be amonic matrix polynomial of order n, then we

LN

1l
o

mean by a linearization of A(s), to find a linear matrix polynomial of the form (Is—B),
which is equivalent to A(s).

We note that we cannot find a linearization to A(s) if we consider a linearization of order
equal to the order of A(s) (which is n), so we will extend the order of B in the

linearization (Is — B) to n+ p, where p is some integer greater than or equal to zero.

A(s) O
In this case we consider instead of A(s),amatrix polynomial { g ) I} , Where | is

the px p identity matrix, now we arrive at the following definition.
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Definition 2.1.2: Let A(s)be an nxn matrix polynomial of degree | with nonsingular
leading coefficient. A linear matrix polynomial ( or some times we call it a matrix pencil),

Is— Aof order (n+ p)(n+ p)is called a linearization of the monic matrix polynomial

A(s)if

Is—AD{A(S) 0} (2.1.5)
0 -

p
Also the matrix A of order (n+ p) in (2.1.5) is called a linearization to A(s).

Note that: the equivalence in (2.1.5), means that

{A(()S) ﬂ:E(s)(ls—A)F(s),
: : A(s) ©
where E(s) and F(s) are two unimodular matrices, and so det 0 =det A(s),

and det(E(s))det(Is—A)det(F(s))=mdet(Is—A), where m is a nonzero constant.

So det A(s)=mdet(Is—A) (2.1.6)
Comparing both sides of (2.1.6), and letting A(s)be nxn matrix polynomial of degree I,
we conclude that det(Is—A) must be a polynomial of degree In, since ; det(A(s)) is of

degree In, so any linearization of A(s)must be of order In, that is (2.1.5) becomes:

A(s) O ) _
Is— Al 0 | , where A isan InxInmatrix.
(I—l)n

For any monic matrix polynomial A(s), we can find a matrix A such that A isa

linearization to A(s) , and the following theorem shows this result.
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1-1
Theorem 2.1.1 [8]: For a monic matrix polynomial of order n, A(s) =1s' +ZA1$i , define
i=0

thelnxIn matrix

0 | 0o - 0
0 o 1 - 0
c,=| ¢ i oo 2.1.7)
0 0 O I
A —A A

A
Then I1s-C, [ l:
Proof: Want to show that, there exists two unimodular matrix polynomials say E (s)

and M (s), such that {A(()S) ° :I:E(s)(ls—Cl)M(s).

I(I—l)n

For this purpose, define the two matrix polynomials E(s) and M (s)by:

| o - 0 ~ _
o | . B_.(s) B (s) -+ By(s)
- 0 0
0 -sl |
M(s)=| . o JE(s)=| 0 —
! 0 0 I 0
0 —sl 1] - - -
B =1,B =sB e
Where O(S) I’+l(s) S I‘(S)+A r l} (2.1.8)
for r=01..1-2andl =1,

Now, since M (s)is a block lower diagonal matrix polynomial, so detM (s)=det1 =1,

and so it has a nonzero constant determinant, so its invertible.

Also, for E(s), to compute its determinant we make the following operations:
Replace each column j,_ ., of E(s) by the column j. , for m=1,2,...,1 -1, and replace the

first column j, by the last column j,, then we get :

22



By (s)
0 —1
det E(s):(—l)I det| 0 0
0 0

,since B, (s)=1,

sodet E(s) =(—1)nI (—1)nI det| =1, so that E(s) also is an invertible matrix polynomial.

Now, we see that:

E(s)(sl-C,)=| © -1

sl
= 0

0

And if we use (2.1.8), we get

I
sl

sl

A

_SBl_l(S)Jr A B i(s)+sB,(s)+A

-1 0 0
sl -1 - 0
sI. -1
A sl+A
|
0
(2.1.9)
sl U

—B,, +sB,_,(s)+A =—A+A =0, and the other entries of the first row of (2.1.9) also

identically zero, so that from (2.1.9) we get

A(s) 0

sl |

E(s)(st-¢)=| ¢ °

0 0

A(s) O

A(s) O 0 |
{ é) I}I\A(s):
0 0

23
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[A(s) © 0]
sl I 0

| 0 sl
0
0 0 sl 1]

So that, E(s)(sl-C,)= { 0 I}M(s).
Assume that F(s)=M™(s),

0| A Ol (s)(15-c)F ()
0 |

and the proof is complete m

Definition 2.1.3: The matrix C, in (2.1.7) is called a first companion matrix of A(s).

Example 2.1.1: Consider the matrix polynomial given by

A(s) - s°+2s—-2 -3s-1 ~
—s—3  s?+5s

oA

Then the associated companion matrix is given by

0 0 1 O
0 0 0 1
C = ,
2 1 -2 3
-3 -1 1 -5

A(s) O
and by Theorem 2.1.1 we have sl —C; D[ E) ) I} ,and sl —C, isa linearization for

A(s).
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2.2 Linearization of Matrix polynomials

In this section, we will generalize the definition of linearization of matrix polynomial and

give some related theorems.

I .
A matrix polynomial A(s): Z As' can be transformed to a monic matrix polynomial if
i=0

and only if the leading coefficient A is nonsingular, since in this case we can multiply
A(s) by the inverse of A and the resulting is a monic matrix polynomial.

Example 2.2.1: Consider:
2 10 01 0 1
As)=| ° s+l 1 s?+ S+ .
s—2 3s°+3| |0 3 10 -2 3

10
Then A(s) is nonmonic since A = A, :[ 3} =1, but A, is nonsingular,

0
1 1 0 1
and A;'=| 1| let B(s)= A "A(s). Then
3
0 1 01 s’ s+1
1 0], o
B(s)= P+ 1 s+ 2 |=|1 2 , Which is monic matrix
01 =0 = 1] |Zs—-= s°+1
3 3 3 3
polynomial.

I -
Definition 2.2.1: Let A(s)=> A;s’,det A =0 be nxn matrix polynomial then the matrix

j=0

0 I 0 0
0o 0 I
c,=| : ST 2.2.1)
In
A A -A
where Aj=A"A for j=01.,1-1 (2.2.2)
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is called the first companion matrix for A(s).

2 10 00 11
Example 2.2.2: Let A(s)=|" +l 21 = s®+ S+
s+3 2s°+s| |0 2 11 30

1 0
so A=A-= Lo =A'= so that
P02 “lo 1}
2
11
A=A'A=|3 0
2
0 0 1 i
0 O 0O 0 0 1
A=A'A=l1 1|=Ci=|-1 -1 0
2 2 — 1 -
3 -
L 2 2 2.
Note that,
s?+1 1
AA(s)= 1.,8 |, whichis monicand the companion matrix
2 2 2

in this case is, according to Definition 2.1.3 is given by

0 0 1
0 0 0 1
Ci=|-1 -1 0
3,
2 2 2

0 0 0 -A
0 A
C,= : :
0
_O 0 I _5‘1_1_

26
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I . ~
is called the second companion matrix of A(s)= ZAjsJ,det A #0 where A as defined
j=0

in (2.2.2).

I .
Theorem 2.2.1 [9]: Let A(s) = ZAjs‘,detA # 0, then the InxIn matrix polynomials

j=0

0 1

{A(s)

0
}and (sl,, —C,) are equivalent, where C, is defined in (2.2.1).
(1-1)n

Proof: We can use similar procedure in the proof of Theorem 2.1.1 with A, now assumed

to be nonsingular m

Definition 2.2.3: An nxn matrix polynomial A(s) is said to be similar to a matrix
polynomial B(s) of the same order if there exists a unimodular matrix polynomial T (s)

such that A(s)=T(s)B(s) T(s).

Theorem 2.2.2 [9]: Two matrix polynomials A(s),B(s) are similar if and only if the

matrix polynomials sl — A and sl —B are equivalent.

For the proof, see [9]

I .
Theorem 2.2.3 [9]: Any matrix A is a linearization of A(s)= ZAjs‘,det A =0, if and

j=0
only if A is similar to the first companion matrix C, of A(s).
Proof: First, Let A be an InxIn matrix which is similar to C,, then there exists an

invertible matrix T, such that A=TC,T™,s0o sl —A=T (sl -C,)T™, so that sl — A and

A(s)

sl —C, are similar, and since sl —-C, [ l: 0 |

0
, S0 sl —A and diag| A(s), I,
‘] (A6 1]

are equivalent. So A is a linearization for A(s).

Conversely: suppose that A is a linearization for A(s), then
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Als) 0 }

(1-D)n 0 I (1-2)n

sl —Al] {A(()S) | 0

] But by Theorem 2.2.1, sl -C, ~ {

And so that sl — Al sl —-C, (by transitivity of the equivalence relation) and by Theorem

2.2.2, Aand C, are similar m

2.3 Standard Triples

This section introduces the definition of standard triples of a matrix polynomial, which is

an important concept of matrix polynomials and its applications.

I -
Definition 2.3.1: Let A(s)=> As’,det A =0 be an nxn matrix polynomial, then the

=0
matrix-valued function A(s)™ (defined for all s ¢ o(A)), (see definition (1.2.4)), is called
the resolvent of A(s).
Theorem 2.3.1 [9]: For every complexs ¢ o(A), A(s)™ =P(sl -C,)"'R,, where PR, are
the matrices of dimensions nxnl and Inxn respectively, defined by

0

P=[I, 0.0],R = (2.3.1)

0
A1—1

As) O
0 I(1-2)n

Proof: By Theorem 2.2.1, we have [ }and (sl,,—C,), are equivalent, or

E(s)(sl _cA){AgS) | ° }M (s) (232)

(1-1)n

for some nonsingular matrix polynomials E(s)andM (s),
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-1
A(s 0
Then, if we multiply both sides of (2.3.2) by l: (() ) | :l from the left, and by
(1-Dn
[E(s)(sl —CA)]_1 from the right we get

{A(S)l ° }—M(s)(sl—CA)lE(s)l (2.3.3)

B_.(s) B (s) B, (s) 0 |

~ 0 0 0

E(s)R = 0 ~ ' 0 |=[0
0 -1 0 | Al 0]

since By(s)=A, B,,(s)=5B,(s)+A_,, forr=01,..,1-2, I =1, and

B,(s) A™(5)=A (s) A™(s) =1

So that the first n columns of E(s)f1 are equal to R,. Also from the definition of

M (s)in (2.1.8) and P, above, we see that the first n rows of M (s)are equal to P, so that
if we use (2.3.3), we get A(s)" =R(sl-C,)'R,m

Definition 2.3.2: Three matrices (U ,T,V) are said to be admissible for the nxn matrix
I .

polynomial A(s) = Z A;s’,det A =0 of degree I, if they are of dimensions nxIn,InxIn
j=0

and Inxn respectively.

Two admissible triples for A(s),say (U,,T,V;) and (U,,T,,V,) are said to be similar if

there is a nonsingular matrix G such that
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U,=U,G, T,=G'T,G, V, =GV, (2.3.4)

|
Definition 2.3.3: Any admissible triple for A(s)=>)_A;s’,detA =0, which is similar to

i0
(P.,C,. R,) issaid to be a standard triple for A(s).

Note that, the triple (P, C,,R,) is a standard triple for A(s), since if we choose G in
(2.3.4) tobeequalto I then P,=PI, C,=1"C,lI and R =1"'R,.

Also from Definition 2.3.3, we see that the second member of any standard triple, say T ,

for A(s)is always a linearization for A(s), since T is similar to C, because
T=GC,G™, and by Theorem 2.2.3 T is a linearization for A(s).

Theorem 2.3.2 [9]: If (U ,T,V) is a standard triple for a matrix polynomial

|
A(s)=> Asl,detA =0, and s¢ o (A), then A(s) =U(sl-T)" V.

-0
Proof: Let (U,T,V) be astandard triple for A(s) then it is similar to (P,,C,,R,), and
there is a nonsingular matrix G such that

R=UG, C,=GTG, R =GV
And so,

-1

(sI -C,) " =(s1 -GTG) " =(sG'G-GTG)
=(6G-G™TG) =(G*(s6-TG)) =(G*(sI -T)G) "
=((s1-T)G) 'G=G*(s1 -T)"G.

1

Thatis, (sl-C,) =G™(sI-T)"G.
So by Theorem 2.3.1, we obtain
A(s) " =UGG™(sl -T)"GGV =U (sl -T) 'V,

and this completes the proof m
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Lemma 2.3.1 [9]: Let (U,T,V) be astandard triple for A(s) and define

U

Q= U:T (2.3.5)

then Q is nonsingular and the first companion matrix C, of A(s) is given by

C,=QTQ™".
Proof: From the definition of P, and C, in (2.3.1) and (2.2.1), respectively, we have

R

RC,

=1 (2.3.6)

In

Rey
Now, since (U,T,V )is a standard triple for A(s), so the relation (2.3.4), is satisfied and

we can substitute P =UG, C, =G'TG, R =GV in(2.3.6), to get

r P UG
PC, UGG'TG

So that Q is nonsingularand Q™ =G, hence C, =G TG=QTQ 'm

Clearly, from the definition of standard triple, every standard triple for A (s) is admissible,

but the converse is not necessarily true and the following example explain this fact.
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Example 2.3.1: Consider

24+3 -2 . .
A(s)= A , then if we choose the triple: (U,T V) such that
5 s?’-5

10 3 2 1 2

0000 0012 -1 0
U= T = V =

0000 1001 11

3210 -3 2

Then this triple cannot be a standard for A (s) since there is no invertible matrix G

satisfies the equality P, =UG . But if (Ul,Tl,Vl) is a standard triple clearly it must satisfy

the definition of the admissible triple.

Example 2.3.2: Let

0 01O

s? - 0001
A(s):{ 2}then C,= 000 1l

0 00O

so the triple (P,,C,,R,) is a standard triple for A (s)

1000
Now, Q = i P =1,=G =1 and C,=QC,Q".
PC,| [0 0 1 0f "
0 001

The following theorem gives necessary and sufficient conditions when the admissible

triple forms a standard triple for A(s).

Theorem 2.3.3 [9]: An admissible triple (U,T V) for a matrix polynomial A(s) is

standard if and only if the following conditions are satisfied:

1) The matrix Q is nonsingular.
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2) AUT' + A UT"" +.. .+ AUT+AU =0
3)V =Q'R,
Where R, and Q are given by (2.3.1) and (2.3.5), respectively.

For the proof, see [9].

2.4 Standard pairs

In the present section, we give the definition of standard pairs. From Theorem 2.3.3, we
see that a standard triple is completely determined by its first two members, and this leads

to the following definition.

Definition 2.4.1: A standard pair for a matrix polynomial A (s) is the first two members
of any standard triple for A(s).

By Theorem 2.3.3, we conclude that (U T ) is a standard pair of A (s) if and only if
conditions (1) and (2) of the Theorem are satisfied.

Theorem 2.4.1[9]: If (U,T ) is a standard pair for A(s), then (U,T ) is also a standard
pair for any matrix polynomial of the form BA (s ) where detB = 0.

Proof: Let (U,T )be a standard pair for A (s), then there exists a matrix V such that

V =Q*R,, where R, and Q are given by (2.3.1) and (2.3.5) respectively, such that
(U.,T V) is astandard triple for A(s).

To show that the triple (U TV )is a standard triple for the matrix polynomial BA(s),

we will check the conditions (1) and (2) of Theorem 2.3.3.

For condition (1): Let

A(s)= Z':siAj = BA(s) = BZI:SjAj (24.1)
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and Q, and Q, be given by (2.3.5) for A(s) and BA(s), respectively, then from the
equality (2.4.1), we get:

Q,=BQ,, but (U,T V) isassumed to be a standard triple for A(s), so by Theorem

2.3.3, Q, is nonsingular, also by the assumption B is nonsingular, so that Q, is

nonsingular and condition (1) of Theorem 2.3.3 is satisfied.

Now, consider the equation in condition 2 of Theorem 2.3.3 that is:

AUT' +A _UT'"'+..+AUT +AU =0 (2.4.2)

|
is satisfied for A (s)= ZsjAj
i=0

I .
So for the matrix polynomial B A(s)=B> s'BA,, want
i=0

BAUT ' +BA, UT'"*+..+BAUT +BAU =0
But

BAUT' +BA_UT'"+...+ BAUT +BAU =
B(AUT'+A UT"+..+ AUT + AU )=0 (2.4.3)

By Theorem 2.3.3 condition (2), since (U,T V) is a standard triple for A(s).
Hence, condition (2) of Theorem 2.3.3 is satisfied and so the pair (U T ) is a standard
pair for the matrix polynomial BA(s)m
Theorem 2.4.2 [9]: Let (U,T V) be an admissible triple for A (s)and assume that
A(s) =U (sl -T)'V (2.4.4)
Then (U,T V) is astandard triple for A(s).

For the proof, see [9].

Corollary 2.4.1 [9]: If (U,T V )is a standard triple for A(s) then (v, T7,U")
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I .
is a standard triple for A (s) O ZS‘AJT ,and (V T U ) is a standard triple for
j=0

Proof: Let (U,T V) be astandard triple for A(s), then by Theorem 2.3.2,

A(s) =U (sl -T )V (2.4.5)

T

. 1\ _
Take the transpose for both sides of (2.4.5) :>(A (s) ) =(U (sl -T) 8y, )

; T Tl
VT (U (s =T)") =vT[ (s =T)" | UT, and so by Theorem 2.4.2 the

:
=[(AG))']
triple (V7,77 ,UT )is a standard triple for A (s).

And if we take the conjugate transpose to both sides of (2.4.5), then (\/ TR U ) isa

standard triple for A" (s )m

2.5 Jordan chains

This section contains the definition of Jordan triples, pairs and chains of matrix polynomial
and gives some basic theorems.

Before we define the Jordan triples and chains we will introduce the concept of Jordan
normal form for scalar matrices.

Definition 2.5.1: A Jordan block is a square matrix whose diagonal elements are equal,
whose super diagonal elements (those immediately above the main diagonal) all equal 1,

and whose other elements are all zero, it has the form
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s 1 0 0 0]

1 0 0
0 s 0 0
0 00 s 1
0 0 O |

A matrix B is in Jordan normal form if it is a diagonal matrix or if it has one of the

following two partitioned forms

Where D denotes a diagonal matrix (whose diagonal elements need not be equal), and

J; ,i=12,..k representsaJordan block.

Theorem 2.5.1 [8] : If Acl0™" and Is— A has t elementary divisors
(s—s)”,i=12,..,t,then Ais similar to the matrix J =diag[J,, J,,...,J,] €0 ™", where

J; isthe p;x p; Jordan block corresponding to (s—s;)”,i=12,..,t,

s 1 0 0
0 s
Ji= Lo 00 (2.5.1)
10 0 s

For the proof, see [8].
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Example 2.5.1: Let

5 4 2 1
o 1 -1 -1
A =
-1 -1 3 O
1 1 -1 2

Then, the eigenvalues of A are 1,2,4,4 so that,

le[l],Jzz[Z],J3:B ﬂ

and the Jordan normal form of A is

o O O k-
o O NN O
o ~ O O
N B O O

By the above theorem and since any matrix which is similar to C, ,(given by 2.2.1),

I .
is a linearization for A(s)= Z A;s’,det A =0, we conclude that there is a matrix in
j=0

Jordan form that is a linearization for A(s) and this leads to the following definition.
I -

Definition 2.5.2: Let (X,J,Y) be a standard triple for A(s)=> A;s’,detA =0, and let
j=0

J be the Jordan normal form of C,, then the standard triple (X, J,Y) is said to be the

Jordan triple for A(s), and the pair (X,J), is said to be the Jordan pair for A(s).

Note that any Jordan triple (pair) is standard triple (pair), the matrix
X
XJ
Q= . (2.5.2)

XJ.l—l

is nonsingular and C, =QJQ™, (see Lemma 2.3.1).
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Definition 2.5.3: Let Al (s) be the matrix polynomial obtained by differentiating

|
A(s)=D_A;s’ det A =0, r-times with respect to s. Thus when A(s) has degree |

j=0

Al (s)=0 for r>1. The set of vectors x,,x,,..., X, wWith x, =0, is a Jordan chain of

length k +1 for A(s) corresponding to the latent root s, if the following k +1 relat
hold:
A(Sy) X, =0;

1
A(SO)X1+5A[1](50)X0 =0;

1 1
A(Sy) % +EA[1](S°)X‘<*1+"'+EA[ ](So)Xo 0

ions

(2.5.3)

Lemma 2.5.1 [3]: The vectors X,,X,...,X, from 00", with x, # 0, form a Jordan chain for

A(s) corresponding to the latent root s, if and only if
AXI'+A XI T+ AXI+AX =0
Where X =[X, X, ... X ], and J is the Jordan block of order k with s;on the main

diagonal.
For the proof, see [3].

Example 2.5.2: Consider the 2x2matrix polynomial of degree 2

ORIV S S T

Then det A(s)=s°(s—1), =s,=0,s, =1, so that A(s) has two distinct latent roots.

To compute the latent vectors correspondingto s, =0:

|00 0 0fx| |0 3 .
A(O)—L 0]30 L O}L(j_{o}:xl—o,xz arbitrary,
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0 . .
S0 X, ={ } (a #0) is a latent vector corresponding to s, .
(24

And for s, =1, A(l):B g} S0

1 0fx = 0 =X =0,2x, =0= x, arbitrar
2 0||x| [0 REDEA 2 4

0
so that the vector of the form {

} (a#0), is a latent vector for A(s) corresponding to
(24

either of the latent roots .

To find the Jordan chains for A(s). First, for s, =0, by (2.5.3),

A(sy)% + A (5,)% =0

-[2 S S

and x, arbitrary.

:>><1=[X1<1>X1<2>T =[e ] ,BeC (a=0).

And to find x, we use X;:

A(so)xz+A[1](so)x1+%A[2](so)x0:O
0 0}{@”} 0 O}[a_ F o}m H
= + + =
1 o) x@ | [1 -1]|p] [0 1]|B] [0
B A MM PR
g EVC VS I IOV Bl Y el BV =
X a-p| [a] 0] |x’+2a-p4] |0

,6'—20(}

= x\V = B—2a, x? arbitrary, = x, = {
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0 1 -2
Now choose =1 f=y =0, we get x, = L},xl :{O} X, :{ 0 } , are the latent vectors

correspondingtos, =0, sothat X = 001 -
P 9108 =5 1110 o

: 0 :
For s, =1, since X, :{ } then the equation for x, (see 2.5.3),
o

A(L)x + AT (1)x, =
10 2 0 0 xU | To7 [o
X, + X =|_.|= + =
2 0 11 0 2| |a 0
since a =0, so there is no solution, so we have only one member, and this chain has

length 1.

So the Jordan chain of A(s)is (X,J),

0 01 -2
WhereX={

,and J =
110 0}

o O O -
o O O O
o O ~— O
o — O O

To find V (the third member of Jordan triple), we use Theorem 2.3.3 thatis V =Q 'R,

0 01 -2 1 0 2 O
where Q = 110 Qs 1 1 2 —1’
0 0O 0O 0 1 O
101 10 2 1
0 0 0
R = E ,Al:A:{1 O]:Rlz 00 , so that
0 0 1 10
A’ 01
1 0 2 01400 2 0
V= 1 1 2 1|10 O _ 2 -1
0O 0 1 0410 1 0
-1 0 -2 1401 -2 1
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Chapter Three
Division and solvents of matrix polynomials

3.0 Introduction

This chapter contains the definition of division process for matrix polynomials, the
definition of solvents and some recent results about solvents.

Section 3.1 introduces the division process for matrix polynomial. Section 3.2, gives the
meaning of solvent of a matrix polynomial. And section 3.3 gives some recent results

about the number of solvents of matrix polynomial.

3.1 Division of matrix polynomials

in this section we shall describe the division process of matrix polynomials and some
results related. Because of the noncommutativity, we have to distinguish between right

division and left division and the following definition explains this remark.

Definition 3.1.1: Suppose B (s) is a matrix polynomial of degree m , and that there exist

matrix polynomials Q (s ), R (s), with R(s)=0 or the degree of R (s )less than m , such
that A(s)=Q(s)B(s)+R(s), then we call Q (s)is a right quotient of A(s) on division

by B(s), and R (s)is a right remainder of A (s) on division by B (s).

Similarly we can define a left quotient and left remainder of A (s )

We call Q (s) aright divisor of A(s) if R (s)=0 is a right reminder on division by

B (s), and similarly for the definition of left divisor for A(s).
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The following Theorem gives the existence of left (right) quotients and remainders of two

matrix polynomials.

Theorem 3.1.1 [9]: If A Zs A, B Zs B, are two nxn matrix polynomials of

i=0

degree | and m respectively, with detB _ =0, then there exists a left (right) quotient and
left (right) remainder of A (s) on division by B (s).
Proof: First, we note that if the degree of A (s) is less than the degree of B (s, then
Q(s)=0 and then A(s)=R(s) and the Theorem is proved.
So, let | >m, and divide by the leading term of B (s) , Whichis B_s™ and note that the
term of highest degree of B (s)A, B, 's'™ (3.1.1)
is just A, s'. Hence

A(s)=B(s)A B 's' ™ +AM(s) (3.1.2)
Where A (s) is a matrix polynomial whose degree I, dose not exceed | —1, write
A" (s) in decreasing powers, that is A” (s)= A" s"+...+ A", det A™ 0.
Now, if 1, >m, we repeat the process for A% (s) instead of A(s) to obtain
AY(s)=B(s)AY B, s" "+ AP (s) (3.1.3)
Where A% (s)= A® s +...+ A, det A? %0, 1, <I,, and continue in this process we get a
sequence of matrix polynomials, A" (s),A® (s),... whose degrees are strictly decreasing,

after a finite number of terms we get A"/ (s)of degree I, <m with 1, >m.

Write A(s)= A (s), then A*Y(s)= B(S)A(k B st AN (s) k=1,2,..

k-1)

So that
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A(s)=B(s)(AB,s "+ AYB'S" ..+ ATIB IS )+ AT (s).

And then
AB '™+ AUBIh M ATBgham
is the left quotient and A“)(s) is the left remainder.

Similarly we can show the existence of right quotient and right remainder m

Example 3.1.1: Consider the matrix polynomials

2s°—s s?2—3s s S°+s

As)-|

3 2 3 2 2 2 2
SPrsP+s Pasiy } B(S):{s +3 }

Use the procedure described in the proof of Theorem 3.1.1.

So, write A(s), and B (s )in the forms

11 1 1] 1 0 0 2
A(s)= s+ s?+ S + ,and
2 of "[o 1] "|-1 3] oo

1 0 0 O] 3 2
B(s)= s? + S+ ,
01 1 17 7[0 0

sothat A(s)=B (S)B ﬂs +AY(s)

1 1
AY(s)=A(s)-B
or (s)=A(s) (S){2 0}5
25 —s s? +3s 25 +3s° s? —3s?—5s 3s

3, &2 3, Q2 3 3 2 2
:A(l)(s):[s +S8°+S S +S +2}{ SS+7s s +33}:{s 6s s 35+2]

Now, since A" (s) has degree equal to the degree of B (s ), we repeat the above process

for AW (s). So that

1 1 -6 -3 0 2
AY(s)= s?+ s+

-3 0 -1 3 00
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SORCE AN VORI R IVE

s $°+s
— A9 (s) = s’—6s s°-3s+2| | s°-3 s°+3| |65+3 -3s-1
| —3s2—s 3s 3s2-25 s | | s 2s |

And hence the degree of A? (s) is less than the degree of B (s, so we stop and we have

11 1 1 —6s+3 -3s-1
A(s)=B(s) S+ +

2 0 -3 0 2 2S
|s+3 2 s+1 s+1 . —6s+3 —3s-1
| s s°+s/2s-3 0 s 2s
So that

1 1
Q(s):[zs;r 3 Sg } is the left quotient of A (s)on division by B (s), also

—6s +3

-3 -1
} , Is the left remainder.
S 25

R(s) :{
The quotient and remainder of a matrix polynomial A (s) on division by B (s )are unique,

thatis R (s)and Q (s) which we found in Example 3.1.1 are unique and the following

theorem shows this result.
Theorem 3.1.2 [9]: With the hypotheses of Theorem 3.1.1, the right quotient, right

remainder, left quotient, and left remainder are each unique.

Proof: Let Q(s),R(s),Q,(s) and R, (s) are matrix polynomials such that
A(s)=Q(s)B(s)+R(s) (3.1.4)
And A(s)=Q,(s)B(s)+R,(s) (3.1.5)
Where degR(s) and degR, (s) are less than the degree of B (s). If we subtract (3.1.5)

from (3.1.4) , we get
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=(Q(s)-Qu(s))B (s)=Ri(s)-R(s)-
Now, if Q (s)#Q,(s), then the degree of (Q (s)—Ql(s))B (s) must be at least m , but
the degree of R,(s)—R (s) is less than m which is a contradiction, so that

Q,(s)=Q(s).,and hence R,(s)=R(s).And similarly for left quotient and left

remainder m

We know, in scalar polynomials, that the remainder of the polynomial p(s) on division by

the polynomial q(s)=s —c, is P(c), cell , and the following theorem generalize this
result for matrix polynomials.
Theorem 3.1.3 [9]: The right and left remainders of a matrix polynomial A (s) on

division by sl —B are A(B) and A(B), respectively, where

A(s)=As'+A s +..+ A, and A(s)=s'A+s"TA +..+A.
Proof: We will prove the Theorem for left remainder and similarly for the right case.

Note that, the product:

(sl —=B)(s' ™ +s'*B +..+sB' *+B'*)=s'I B’ (3.1.6)
And multiply (3.1.6) by A; from the right, we get

s'A;—BJA; =(sl =B)(s’ 1 +s'?B +..+sB 2 +B A, (3.1.7)

and sum the equations in (3.1.7) for j =1,2,...,1 . Then the right hand side is of the form

(sl =B)C (s), where C (s)is a matrix polynomial, and the left hand side is

[ [ | |
Zl:siAj —Zl:BjAj =Z(;siAj —Z(;BjAj =A(s)-A(B). Thus,
1= 1= 1= 1=
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A(s)=(sl -B)C(s)+A(B) and by Theorem 3.1.2, A(B)is the left remainder of A (s)on

divisionby sl —B m

Example 3.1.2: Let
2 10 01 0 1
A(s)= > s+ s%+ S+ ,
s-2 s’+2| |0 1 10 -2 2
- 10 01 0 2 1 2
A(s)=s’ +s + and B = .
01 10 -2 2 3 4
If we divide A (s)and A(s)by sl =B, where
s-1 -2
sl-B= .
{—3 S—J
Then
s+1 3 J[s-1 -2 10 15
A(s)= + , and
4 s+4] 3 s-4 14 26
- s-1 -2 |[s+1 3 9 12
A(s)= +
-3 s—4| 4 s+4] [17 27
10 15}

i.e. the right remainder of A (s) on division by Is —B is {14 o6

9 12
and the left remainder is )
17 27

And we see that
1 0lf1 27 Jo 17[1 2] [0 17 [10 15
A(B)= -+ + = :
0 1|3 4 1 0|3 4 -2 2 14 26
and

A(B):E, chlJ SH; ﬂﬁ) c1>H—02 ;Hli ;ﬂ
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3.2 Solvents of matrix polynomial

In this section we consider a monic matrix polynomial ~ A(s)=Is"+As" ™" +..+ A,
where A €J™,i=12,...,m are nxn complex matrices. The polynomial equation

A (s)=0 is sometimes called a unilateral matrix equation.

We will use small s to mean that A(s) is a matrix polynomial with s el , and capital s to

mean that A(S)is a matrix polynomial with S e[ ™".

Definition 3.2.1: A matrix S, [0 ™ is called a right solvent for a matrix polynomial

A(S)=S"+AS" 4.+ A, if A(S,)=0.

Definition 3.2.2: Given a matrix polynomial A (s) and the matrix V of dimension nxk ,
V =|v,,...v, | where v,,...v, areaJordan chain of A(s) corresponding to the latent root
o , we say that the pair (\/ ,J) (where J is aJordan block of size k, with the latent

rooter in the main diagonal), is an eigenpair of A(s).

Definition 3.2.3: Let (V;,J,),(V,,J,),....(V,,J,) be | eigenpairs of A(s). If
diag(J,,...,J,) = Jc, where diag (J,,...,J, ) is a diagonal matrix of order mn, with
J,,..,J, inthe main diagonal, and J. is the Jordan normal form of the block companion
matrix C,of A(s), wesaythat (V,,J,).(V,.J,),...(V,,J,) is a complete system of

eigenpairs of A(s).
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Theorem 3.2.1 [10]: Let A (s) be a matrix polynomial and let C, be the associated
companion matrix of A(s). Let P be the similarity matrix of C, , thatis P is such that
C,=PJ.P".

A V, oV,

Vl‘]l Vz‘Jz V|J|

Then P hasthe form P= , (3.2.1)

Vl‘Jlm_l VZ‘];]_l VIJlmil
where (V,,J,),(V,.J,).....(v,.,J,) is a complete system of eigenpairs of A(s), that is
diag (J,,...,J,) = Jc.

For the proof, see [10]

Example 3.2.1 [4]: Consider
A(s):{1 O}sz {_1 _6}5 { 0 12] Then
0 1 2 -9 -2 14
det A(s) =(52 —s)(52 —9s +14)—(25—2)(—65 +12)

=s,=15,=2,5,=3,5,=4.To find the eigenpairs of A(s),

(1)
for 31211A(1)=B 2}:{8 2}{)(1(1)}:{8}: vlz{ﬂ,a;to,
X2
(2)
w22 o=[3 o o] p) e
X2

6 6] [6 —6][x¥] [0
for s, =3, A(3)= = cN =V, = |,y 20, and
4 —4 4 4| x| [0 7

12 -12] 12 -12][x*] [o r
for s, =4, A(4)= = =| |=v,=| |,7#0 so thatwe have
4 6 -6 6 -6 ‘g

the following eigenpairs for A (s)
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2R

so that the similarly matrix for C, is

1 011 2 2 -1 1 1 000
0111 » 1 -1 -1 1 0200
P= =P = ,and J. = :
1 0 3 4 -2 6 2 -3 0 03O0
0 2 3 4 1 4 -1 2 0 00 4
We see that
1 0 1 1][1 0 0 O][2 -2 -1 1
, |01 1140 2 001 -1 -1 1
PJ.P*=
1 0 3 4{{0 0 3 0||-2 6 2 -3
10 2 3 4]0 0 0 4|1 -4 -1 2
[0 O 1 0
0 O 0 1
= =CA'
0 -12 1 6
12 -14 -2 9

Theorem 3.2.2 [10]: The pair of matrices (V, J)is an eigenpair or (Jordan chain) of a
matrix polynomial A(s)ifand only if VJ"+AVI™"+..+AV =0.
For the proof, see [10]

Corollary 3.2.1 [10]: Given a pair of matrices (T,JO), where T = [Vl V,] is a matrix of
dimension nx p, and J, =diag(J,,...,J;) is of order p, then (V;,J;), i=1...,| are eigen
pairs of A(s)if and only if

TN+ AT 4+ +AT =0 (3.2.2)
Theorem 3.2.3 [10]: If the matrix T =V, ...V, | is a nonsingular matrix of order n and
Jo =diag(J,,..., J,) isalso of order n, then (V;,J;), i=12,..,| are eigenpairs of a

matrix polynomial A(s) if and only if S, =TJ T, isasolvent of A(S).
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Proof: Let (V;,J;),i=12,..,I are eigenpairs of A(s) ,then by Corollary 3.2.1, we have

0=TJ +ATI+...+A, TJ;+A T , multiply both sides of this equation by T ~* from
the right we get

0=TJ T +ATI T +. . +A TI T +ATT™ (3.2.3)
Note that, (TJOT‘l)m =TI, T TI, T TI,T L. TI, T =TIJT™, so that the equation (3.2.3)

becomes 0=(TJ,T)" + A (TI,T)" 4.t AL (TITH)+ A, = A(TIT )= A(S)).
Conversely, if S, =TJ T, is a solvent of A(S) , then reverse the above steps, we get the
equation (3.2.2), and so the pairs (V;,J;), i=12,..,| are eigenpairs of A(s)m
Definition 3.2.4: A set of solvents S;,S,,..., S, of A(S) is said to be a complete set of

solvents of A(S) if the corresponding Vandermonde matrix

" (3.2.4)

is nonsingular.

Theorem 3.2.4 [10]: Let A(S) be a matrix polynomial if S,S,,...,S,, is a complete set of

solvents of A(S). Then

Ch=V (5,5, S,) diag(S,, Sy, S )V (1, S50, S ) -

m

Where V is the Vandermonde matrix.

Proof: Consider
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be a companion matrix for A(s) , and V as defined in (3.2.4) be the associated

Vandermonde matrix we see that

0

0

CV (8,5, Sn)=|

0

A
- 3
S
Slmfl

__'A\n ~AS = Aislmil

and, V(S,,S,,...S,,) diag(S,,S,,...S,,)

m-1
Sy

Now, note that in (3.2.5)

sl o

I 0,
0o I "
> b S,
0 o 1, | .

S1
_An—l _Ai_
SZ
S;
gt
SA A S ASTE L
0 .. 0] s, s,
s, | |st s
S A R
0 S | |s" sr

S, B
SI’;Fl
S, ]
SZ
: (3.2.5)
s
A A8, RS
Sm
SZ
" (3.2.6)
Sm

A, = AS —~ AST = —(ASI .+ A LS + A, ) =—A(S,)+S]". Or

AS" +..+A S, +A, =A(S,)-S" . But S;isasolvent of A(S)thatis, A(S,)=0,

sothat, -A —A .S, —.—AS" =S,

also the other entries of the last row of (3.2.5), are S;',S;,..., S, respectively, and so

CV (5,5, S

n)=V(S.S,,....S,) diag[S,,S,,....S, ], that is

Cn=V(S,S,,-+Sy) diag(S,, S, Sy )V (51,5505, ) m
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Example 3.2.2: Consider

1 1 0 1
A(S)=S%+ S+ . Then
-2 -3 0 2

10 1 O
01 1 0 01 0 1
S, = . S, = , are solvents of A(S)and V(S,,S,)=
0 0 -2 1 01 1 O
0 0 -2 1

= detV(S,,S,)=—-1+#0,=V is nonsingular, so that S,and S, form a complete set of

1 -1 1 1
0 -1 2 1
0 1 -1 -1
0 2 -2 -1

solvents for A(S),and V7(S,,S,)=

—=C, =V (S,,S,) diag(s,,S,) V*(5,.S,)

10 1 0lfo1 0 o0lft -1 1 170 0 1 0
01 0 1llo 0 offlo -1 2 1| ]0 0o o0 1
o1 1 0loo0 1 oo 1 1 1701 1 1|7
00 -2 1lo 0 =2 1llo0 2 =2 -1/ |0 =2 2 3

Example 3.2.3: Consider the matrix polynomial in Example 3.2.1 that is

10 -1 -6 0 12
A(S):{ }82{2 9}8{ ) 14},weseethatthe latent vectors of A(s)are

1 0 1 1
v, :{ }7"2 ={ },vg =[ ]v4 ={ } corresponding to the latent roots,
0 1 1 1

s, =1s,=2,s,=3,5, =4 respectively.

So that we have the following eigenpairs for A(s)
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1 0 1 1
11 1 ) 2 y 3 ) y 4 .
. . 10 . .
To find the solvents of A(S), we take the matrix T, = {0 J , Which is nonsingular and

10
Jo = {O 2} so, by Theorem 3.2.3 the matrix

L1 o)1 o]f1 0] [1 0
S=TLL=10 11 2llo 170 2|

is a solvent of A(S), clearly, we have

werfy 38 O3 5 S 2
1 -1]

11 10
And, if we take T, = =T, = ,and J, = :
01 0 1| 0 3

L (1 11 o] -1] 1 2
=S,=T,J,T, = o 1llo 3llo 11710 3 , we see that

1 8] [-1 -20 0 12] [0 ©
A(S,)= - - = :
0 912 23] |[-2 14 0 O

10 10
Also if we choose T, = =T, = , and
11 -1
4 0 1 0][4 o]f1 0] [4 O
JO = = 83 = = ’
0 2 1 1)|0 2|-1 1) |2 2

16 0] [-16 -12 0 12] [0 O
A(S;) = + + =
12 4| |-10 -18] |-2 14| |0 ©

Now
1 010

V(S.S)=|) L 4 o|= detv(s.s)=120,
0 3 2 2
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so the set {S,,S,}, is a complete set of right solvents for A(S).
Theorem 3.2.5: Let A(S)=S"+AS™" +...+ Ay be a matrix polynomial. Let S, be a right
solvent of A(S), then S is a left solvent for A" (S).

Proof: Let S, be asolvent for A(s), then S+ AS"" +...+ A, =0 (3.2.7)

Take the transpose to both sides of (3.2.7), we get

(SM+ASM 4.+ A) =0,

:>(S{”)T +(Sl”"1)T A +.+A =0

=(s/ )m +(S/ )mfl A+ + A=A (sf):O'

So that S, is a left solvent for A" (S)m

Corollary 3.2.2: If S,,S,,...,S,, is a complete set of right solvents of A(S), then the set
{S.8] ..., } is a complete set of left solvents of AT (S).

Proof: If S],S;,...,S,, are right solvents of A(s), then by Theorem (3.3.5),
S;.S,.....Syare left solvents for A(s). And since the set {SlT , Sy e S;} is a complete set
of right solvents of A(s), so V (SlTSZTSrL) is non singular, since

detV (S],S;.....S])#0. Sothat {S[,S;...,S] } is a complete set of left solvents of

AT (S)m

Example 3.2.4: Consider

.6 67, [2 —42]_ [18 66
A(S)=S+ S% 4+ S+ .
-3 -15 21 65 -33 -81
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34 -182 -18 414 -34 -298 18 66 0 0
Then A(S,) = + + n _ '
91 307 -207 -639 149 413 -33 -81 00
So S, is aright solvent for A(S). Now
-6 -3 2 21| |18 -33 4 1
AT(S)=(5%) +(s?) +sT + ,and 7 = .
6 -15 —42 65 66 -81 -2 7
We see that
T{aT 34 91 -18 -207 =34 149 18 -33 0 0
A (Sl ): + + + =
-182 307 414 -639 -298 413 66 -81 0 0

= S/ is a left solvent for A" (S).

3.3 Existence and number of solvents

The concept of "a complete set” of solvents of a matrix polynomial analogous to the fact
that, a scalar polynomial of degree n has n zeros.

The following lemma gives a sufficient condition for the existence of solvents.

Lemma 3.3.1 [5]: If A(s): Is™ +As™+...+ A has n linearly independent right latent
vectors, b,...,b,, corresponding to latent roots s, s,,...,s,, then PJ_P~ is a right solvent
for A(S), where P=[h,,...,b ] and J. =diag[s,,s,,...,s,].

For the proof, see [5].

Corollary 3.3.1 [5]: If A(s) =s"+As" " +...+ A, has mndistinct latent roots, and the set

of right latent vectors satisfy the condition that, every set of n elements of them are
. . mn) . .
linearly independent, then there are exactly [ ) ] different right solvents.

For the proof, see [5].
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Example 3.3.1: Consider the matrix polynomial

1 0 -1 0
A(S)={O 1}{1 O]SO m=1, n=2, then det A(s)=s’-s =s,=0,s, =1.

Now, for

-1 0] _[-1 o] x”| [o n O o
sl_O,A(O)_{l O}:{l O}LQ) =|o|= 4 =0, and x; arbitrary,

0
= xV 20, let v, = L

0 0 0 ol[x?| [o 1
Andfors, =1 A1)=) | J :Ltlﬂﬁizh} x4 =0 3W={QM
L X5

, , : : 0 1| .
we see that the vectors v, v, are linearly independent since the matrix P = 1 1l is

nonsingular. By Lemma 3.3.1, A(S) has a right solvent that is

g:P%P4=E 1}3 ﬂ{i ﬂ=[i ﬂ.
Clearly A(Sl){(l) (1):{_11 8}{_11 8}{8 8]

2
And by Corollary 3.3.1, we have exactly [ZJ solvents.

1 0
= The number of solvents =1, that is S, :{ 1 0]

Lemma 3.3.2 [10]: Let A be a matrix of order mn.If A is nonsingular then there exist a
permutation of columns such that the new matrix has m diagonal blocks of order n, each

of them being nonsingular.
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Proof: Let 1<k <n, expand det A in terms of square matrices formed from the first k
rows. Since det A= 0, one of the products in the expansion is nonzero and the result

follows m

The following Theorem gives the minimum number of solvents of a matrix polynomial for

special companion matrix.

Theorem 3.3.1 [10]: Let A(s) be a matrix polynomial and let C, be the associated
companion matrix. If C, is diagonalizable, then A(S) has at least m solvents, where m=
degA(s).

Proof: Let J. be the Jordan normal form of the companion matrix C,, since C, is
diagonalizable, so there exists a matrix P such that C, = PJ.P~*with P nonsingular, this
equality will remain valid if the same permutation of columns is applied to Pand J., and
by Lemma 3.3.2, we can suppose that the m diagonal blocks, p,of order n, i=1,...,m of
P are nonsingular. And by Theorem 3.2.1 the columns of p, are eigenvectors of A(s) .
Hence, each p, = pJ. p;* ,i=1..,m, isasolvent of A(S)(where J.,i=1..,mare
diagonal blocks of order nof J. ). So we have at last m solvents for A(S) [

Corollary 3.3.2 [10]: For every eigenvalue ¢, of C,, there exists a solvent S, such that

a; is an eigenvalue of S, .

Example 3.3.2 [4]: Consider the matrix polynomial

ol 2 30

Then s, =15, =2,5,=3,5, =4, are the latent roots of A(s), (see example 3.2.3)
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10 -1 0
S, = ,isasolvent for A(S),so xI-S, = X , and
0 2 0 x-2

det(xl —S,)=(x-1)(x—2) = x =1, x, =2, are the eigenvalues of S, and we note
that, x, =s, X, =5,.

4 0 x-4 0
Also, S, = =xI-S, =
2 2 -2 Xx-2
det(xl —S,)=(x—4)(x—2) = x, =4, %, =2 are the eigenvalues of S,, and note that

X, =S,,% =S,.
2x2 .
And by Corollary 3.3.1, A(S) has ( ) J:6 different solvents.

Note that, "if the matrix C, is not diagonalizable then the associated matrix polynomial
A(S) can have less than mor even no solvents at all" [10], and the following example

illustrate this fact.

Example 3.3.3 [10]: Consider the matrix polynomial

98 108 113/ 89 294, 316
25 25 25 25 25 25
2
A(S)=S +| % 24 NS+ U 47 /A
2%5 s _18%5 % %s  Es

So, m=2,n=3, s, =2, s, =3, and the eigenpairs of A(s)are

3100

2 2 2 2 5 3
2 1 0310

(V,d,)=|1 1], (V5 d,)=[l2 2 -1 -1,
I L 11 110031
0003

We see that, there are no nonsingular matrix of order 3 with leading columns of V,and V,,

and so A(S)has no solvents at all.
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Theorem 3.3.2 [10]: Let A(s) be a matrix polynomial, C,the associated block companion
matrix, and S, is a solvent of A(S), if one eigenvalue of S, has the geometric multiplicity
greater in C, than in S,, then A(S) has infinitely many solvents.

Proof: Let (V,,J,),(V,,J,),-.(Vi, I ) be a complete system of eigenpairs of S, where

a 1 - 0

Vi=[ ViV ] i = S 1 ,i=1..k and j isthe order of the block J,.
0 a,
3, 0

Sothat S, =[V,.V, ]| ¢ . i (MM
0 - 3,

Suppose that ¢, is the eigenvalue having geometric multiplicity greater in C,than in
S,and that v,, is an eigenvector of S, Corresponding to o, and let v,, be an eigenvector of
A(s) Corresponding to ¢, that is not an eigenvector of S, (which exists by hypothesis)
since v, and v,, are linearly independent, and the n vectors

Vigseeos Vi1 Vogs e Vo veees Vigg s Vg

, are linearly independent, there exists an infinite number

of vectors w, =v;; + Bv,, for a nonzero complex A, such that the n vectors
Vigseees Vg ays Who Vogsoees Vi seees Vi oo Vig,

, are also linearly independent. Hence there are infinitely many solvents

Where the columns of V) = I:Vll"'vl(jl—l)’wh:| are also Jordan chains of A(s)of length j,,

corresponding to ¢, but are not Jordan chains of S, m
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Example 3.3.4 [10]: Consider the matrix polynomial

7 2 =2 13 9 7
A(S)=S*+| %1 ™% % |S+| P4 2% %% | then A(s)has the following
—1331 —4031 —2331 6031 18331 43531
eigenpairs
-1 5 -2
Viody)=([viy Vi . 3,)=|| 1 -3 31 (V5,3,)=(Vp0,3,)=]| 1 |,3
(1’1_1112’1_ _'0312'2_2112— 19 |y
2 1 -1
2 -1 4][4 10
(Vo dg)=([Vay Vi V2] 35)=|| 1 2 3[|0 4 1
-1 -1 2||0 0 4

And if we choose the matrix T such that

-1 5 2
T :[vll v, v31]: 1 -3 1
-2 1 -1

Then T is nonsingular, so that

-1

o

-1 5 -2|3 1 0||-1 5 -2 o 7 %
S={1 -3 1]/0 3 01 -3 1| =-2 -1 -1},

-2 1 -1|0 0 4||-2 1 -1 % 5 3
is a solvent for A(S), and S, has the eigenvalue o, =3, with geometric multiplicity 1, and
in the matrix C, the geometric multiplicity of the latent root 3 is 2. Thus by Theorem
3.3.2, A(S)has an infinite number of solvents.

Now, consider the vector wsuch that w, =v,, + Av,,, where gis anonzero complex

310
number. Then any matrix of the form S, =[v,, W, v;]|0 3 0|[vy, W v, ], for
0 0 4
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nonsingular T, =[v;, W v,,]is a solvent for A(S), for example, with 3 =1,then

3 -1 3 -2
W, =V, +V, =|-2|,and T=| 1 -2 1 |,isnonsingular.
0 -2 0 -1

1 3 -21[3 1 o][-1 3 =21
=S,=/1 -2 10 3 0|1 -2 1
2 0 -1{lo0 0 4|2 0o -1

[EEN

-2 |, is a solvent for A(S).
3

Il

I

o

©
~N O o1
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Chapter Four
Companion matrices and linearization

4.0 Introduction

In this chapter we consider a regular matrix polynomial of the form

A(s)=Ags"+AS +..+A, (4.0.)
Firstly, section 4.1 introduces a new family of companion matrices to the scalar
polynomials.

Section 4.2 gives a generalization to this result to the regular matrix polynomial. And

finally, section 4.3 gives a special class of linearization for special class of matrix

polynomials.

4.1 New forms for a companion matrix of scalar polynomials

This section gives a method for constructing new forms of companion matrix to a scalar

polynomial.
Definition 4.1.1: Let P(s)=s"+as" " +..+a,.s +a,, (4.1.2)

be a polynomial with constant coefficients then the matrix

__al - - ., 4
1 0 0 0
AOlO 1 0 0 0 (4.1.2)
(0 o0 1 0 |

is called a companion matrix of P (s).
Note that, the matrix A in (4.1.2), has the property that det(sl —A)=P(s),and any other

matrix satisfy this property is called a companion matrix for the polynomial P (s )
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The following lemma gives a factorization of the companion matrix in (4.1.2) into a
product of n matrices

Lemma 4.1.1 [6]: For k =1,2,...,n—1, denote by A, the matrix

A, = C, (4.1.3)

-a, 1
where C, isa 2x2 matrix, C, :[ 1" O} (4.1.4)

And by A, the matrix
A, =diag{l..,1-a,} (4.1.5)
Then, A=A A,.A A (4.1.6)

Poof: By induction, for n=2 we have

_—all _11 A e |
o5 I S g SO I

Letitis true for n=k.

Now for n=k +1, note that

L, 0 O
A<+l: 0 —Qy 1 ’and
0 1 0
—a, -a, -a, 1 0]
1 0 0 0
0 1 0 00
AA,..A, = .
0 0 1 0
0 0 0 1]
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So that

-a, -a, -+ -a 1 0]
1 0 0 0O 0
L, 0 0
0 1 - 0 00 o1 .- 0
AN ALA = | - o |

: S |
0 0 1 00 00 —a
0 0 - 0 0 1]

—a -4 —a,

1 0 0

0 1 0

And the proof is complete m

Example 4.1.1: For n=3, we have P(s)=s’+as”+a,s +a,, sothat k =1,2.

To construct A,'s defined in (4.1.6), we use the above Lemma, that is:

Iy -3, 1 0
A, = C, = 1
I 0 1
I, 1 0 O 1 0 O
A, = C, =0 -a, 1j,and A,=/0 1 O
Iy 0O 1 O 0 0 —a
—a -4, &
we see that A, A, A, =| 1 0 0 |=A.
0O 1 0

Theorem 4.1.1 [6]: All matrices A, ...A,  for any permutation (iy,...,i,) are companion
matrices of P (s) and are similar to the matrix (4.1.2). In particular, this holds for the

matrix A =BC, where B isthe matrix A A,... ,and C isthe matrix A, A,... , where A,

are the matrices from (4.1.3).

For the proof, see [6].
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Example 4.1.2: Let P(s)=s°+s*+2s +1

-1 10 1 0 0 100
Then, A=1 0 O0|,A,=|0 -2 1jand A;,=/0 1 O
0 01 0 1 0 0 0 -1
-1 1 0
= AAA=-2 0 -1|=AY,
1 0 0
Clearly det(ls —A(S)) =P(s).
-1 1 0
Also, AA,={1 0 0 |UB, and
0 0 -1
0 0
A, =0 -2 1|0C.Then
1 0
-1 -2 1
A=BC=AAA=1 0 0],
0 -1 0

is a companion matrix for P (s).

4.2 New family of companion matrices for regular matrix polynomial

This section contains an equivalent definition for the linearization of regular matrix
polynomial and introduces new forms of companion matrices. In fact, this section gives a

generalization for Lemma 4.2.1 to matrix polynomials.

We consider polynomial matrices of the form

A(s)=As"+As" +..+ A (4.2.1)
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with A €)™, and detA(s)=0,(i e regular).

Definition 4.2.1: Let A (s) be a regular matrix polynomial then the associated matrix

pencil
A 0O 0 A A —A
0 1 : L, 0 - 0

P(s)=| . .7 . s—| "L (4.2.2)
0 0 I, 0 l, 0

A, O 0] [-A, I, 0

N 0 | “A. 0O -

)= . Do s (4.2.3)
SRR A
0 0 1,| |-A, o0 0

is called the second companion form for A(s).

Definition 4.2.2: A matrix pencil P;s —P, is called a linearization for A (s) if

Ps—P. A(s) 0 (4.2.4)
0 1 re
0y

that is, there exists a unimodular matrix polynomials E (s) and F (s) such that

{A (s) 0 } E (s)(Ps —P,)F (s) (4.2.5)

U
Note that: The first and second companion forms of a matrix polynomial is a linearization
for A(s).
Example 4.2.1: Consider
A (s):B g}sz +[i _Ol}s +B Z}
Then:
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3 000 -2 1 -1
0500 -4 0 -2
P(s)= s —
0 010 1 0 O
000 1] [0 1 O
300 O] -2 1
- 0500 -4 0
and P (s)= S —
0 010 -1 0
0001 |2 -3

is the first and second companion forms for A (s ) respectively.

o

o O O -

o O +— O

The companion matrices in (4.2.2) and (4.2.3), can be written as a product of matrices,

Lemma 4.1.1 gave the companion matrix of scalar polynomial as a product of matrices, the

following lemma generalizes this result to a matrix polynomial.

Lemma4.2.1[1]: Let A(s)=As"+As" " +..+A, where A e[ ”?,i=0,..,n, be

regular matrix polynomial and define the matrices

T, =diag { Ay 1, |
!

p(k-1)
Tk = Ck
|

p(n—k-1)

-A 1
I 0

p

WhereCkz{ },kzl,Z,...,n—l

and T, = diag { (A Aq}

Then the first and second companion matrices to A (s ) are given by
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P(s)=sT,-T,T,..T, } @27

P(s)=sT,-T,T,..T,

T
, respectively.

Proof: Clearly the matrix product T,...T, equal to the second term of (4.2.2), and
obviously T, =the first term of (4.2.2),s0 P(s)=sT,—T,T,...T, is the first companion
form of A(s).

Similarly we can show P(s)is the second companion form for A (s).

1 2], [1 0] [11
Example 4.2.2: Let A(s)= o 150 150 1

then P =n =2,k =1, so that, by Lemma 4.2.1 we have:

1 200 -1 0 1 0 1 0 0 O
0100 0 -1 0 1 01 0 O
T, = T, = and T, =
0 010 1 0 0O 0 0 -1 1
0 001 0 1 0O 0 0 0 -1
we see that
1 200 -1 0 -1 1
0100 0O -1 0 -1
sT,-T,T,= S — :
0 010 1 0 0 O
0 00 1 0O 1 0 O

and this is the first companion form for A (s).

The companion form for a regular matrix polynomial A (s) IS not unique, the following

theorem gives a formula for constructing new forms of companion matrices, which is a

linearization for A(s).
Theorem 4.2.1 [1]: For every possible permutation (iy,i,,...,i, ) of the n-tuple (1,2,...,n),
the matrix polynomial
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P(s)=sT, T, T, .Ts. (4.2.8)
Is a linearization for a regular matrix polynomial A (s ) where T, ,i =1,...,n as defined in

(4.2.6).

For the proof, see [1].

: 241
Example 4.2.3: Consider A(s)= S 235
2 s°+3
1 000
A, O 0100
Then, T, = =
0 001
0 310
-A, 1,] |0 0 01
T, = =
1, 0| [1 0 00
0 1 0O
1 0 0 O
01 0 O
andT,=| ? =
~A,| |00 -1 0
0 0 -2 -3

Now, by Theorem 4.2.1, we have for example

1 0 0O 0 310

01 00 0O 0 21
sT,—T,T, = S —

0 010 -1 0 0O

0 0 0 1 -2 -3 00

is a linearization for A (s).
Corollary 4.2.1 [1]: Let A (s):Aos" +A;s" " +..+A_  be regular matrix polynomial,
then for any four ordered sets of indices

My = (i1 oo, ) K =12,3,4
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such that M;(\M; =& for i = j and Uilek ={1,2,...,n—1} the matrix polynomial
R(s)=ST, T, Tyl =Ty T, To,

(4.2.9)

is a linearization for T (s ), where Tu =T, T, T, for M, =&

and T, =1 for M, =&.

Proof: First, the matrices T, ,k =1,2,3,4 are invertible since it’s a product of the
matrices T, with 0 <i<n, so that we can write R (s )in the form

R(s)=T," (sTOT@ ~ T T T T, ) or R(s)=T, (sT0 ~ T T ToTor, T, )T,\;z

By Theorem 4.2.1, sT, T, T,, T,T,, T,, [ B(s)is a companion matrix for A(s). So we
can write R(s)=T,'B(s)T,.. Thatis R (s )is equivalentto B (s)andso R (s )isa

companion matrix for A(s)m

Note that the inverse of T, ,k =1,2,...,n -1 ,where T, as defined in (4.2.6) have a simple

form, that is
I (k1) 0
T ' = o
0 I o(n-k-1) (4.2.10)

: 2|0

with C,~ = k=12,..,n-1
LA

Example 4.2.3: Consider A(s)=As°+As*+A,5 +A,

4
So, n=3, [JM,={12}, and M;(\M; =@ for i = j,
k=1
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so that, by Corollary 4.2.1, we can choose for example M, 's as follows

a) M1=®,M2:{1},M3={2},M4=®,
for this choice, we have
TMl =| :>Th;llzl , TMz =T, TMs =T, and TM4 =

Then R(s)=sT,T,*-T,T,

A, 0 0
Where T,=| 0 I, 0
0 0 I,
A, 1, 0 1, 0 0 I, 0 0
T,=|1, 0 0|T,=|0 -A, I, [andT,={0 I, 0
0 0 I, 0 1, 0 0 0 -A,
0 I,
Also, using (4.2.10), we get T, =1 A
0 0 I,
oA O] [t, 0 o
Sothat R(s)=|1, A, 0[s—| 0 -A, -A,],
0o 0 I, 0o I, 0

is a linearization for A (s).
b) If we choose M, =, M, ={2},M, ={l}and M, =4.

Then, follow the procedure in part a to get

oA O] [1, 0 o
R(s)=|1, A, O[s—|0 -A -A
0 0 I,| [0 1, o0

is a linearization for A (s )
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4.3 Self- adjoint and symmetric linearization

In this section we consider the matrix polynomial with self-adjoint or symmetric

coefficients and obtain a self-adjoint or symmetric linearization.

In general it's not true that any linearization preserves the special eigenstructure of the
matrix polynomial, but in special cases it preserves it, and the following theorem gives one

of these cases.

Theorem 4.3.1 [1]: Let A (s) be a regular self-adjoint matrix polynomial of degree n

with det A, = 0, then the matrix polynomial

even (4.3.1)
sT.. -T.,, fornodd

sT2—T_  forneven
Rs (S) — { odd
Where

T =To T,T,Te

even

T =T, T5T5...

AndT,,i =1,...,n are as defined in (4.2.6), is a self-adjoint linearization for A (s )

Proof: Notice that the matrices T,,,T,,, in T,.,and T, , respectively, for k =0,1,...

even

commute, so the particular order of indices in T, and T, , respectively is not
significant. For n even, applying Corollary 4.2.1 for the ordered sets of indices

M, =2, M, =(13,..,n-1),M, =(2,4,...,.n—2),M, =, we take the companion pencil
R(s)=5ToToe —Ty.T, - Since T, is invertible, we easily see that R (s)=T," R(s)

by noting that T, =T, T,, T, . So R, (s) is a companion form for A (s ). Similarly we

even

can show the second term of R (s)m
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Example 4.3.1:

a) For n=4Consider A(s)=As"+As’+As*+As+A,.Then

A, 0 0 O -A I, 0 0 I, O
0 |1 0 O | 0 0 O 0 -A
T, = P T=| ° T, =
o o0 1, 0" [0 0 I, O"* |0 I,
0 0 0 I, 0 0 0 I, 0 0
I, 0 0 O I, 0 0 O
0 1 0 O I 0 O
Ty = ’ and T, = P
10 0 -A I 1o o1, 0
0o 0 I, 0 0 0 0 -A
so that
01, 0 0
] sy |1, A0 O
Todil :(T1T3) =T, lTl t= C;) 0 0 Ip )
0 0 I,
A* 0 0 ©
- |
and T, =T, 'T,T, = 0 Al 0
o 1, 0 0
0 0 0 -A

by Theorem 4.3.1 the matrix polynomial

01, 0 0] [A* 0 o0 o0
R(s)=| & OO0 AL O
0 0 0 I, 0 1, 0 0
0 0 I, Al [0 0 0 -A

is a self-adjoint linearization for A(s).
b) For n=>5. Consider A(s)=AS"+As*+As’ +As*+ASs +A

As in part (a), we compute T,,..., T, and get
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A0 0 0 A 0 0
0 0 1, O I, 0 0 0
R(s)=| 0 I, A, 0O Ofs-|0 0 -A I, 0
0 0 0 0 I, 0 0 I, 0 0
0 0 0 I, A] [0 0 0 0 -A

is a self-adjoint linearization for A(s).

Remark [2]: Let A(s) =As"+As"" +...+ A be aregular symmetric (skew symmetric)

matrix polynomial with detA, = 0.Then the matrix polynomial

R(S)=5Toss ~Tewen (4.3.2)
where
T, =TT .T7*,
{eve” N2t for neven (4.3.3)
Tosg = ToaToaeTy
T..=TT .T ,
and { *" """ for nodd 4.3.4)
-1
Todd :Tn—lTn—S"'TO

and T,,i=1,...,n, are defined in (4.2.6),

is asymmetric (skew symmetric) companion form for A(s) .

Example 4.3.2: If we take n=4, then

A 0 0 0 01, 0 0 I, 0 0 0
B LT PR N | P 0| |0 -A 1, 0
°“lo 0 1, of* "Jo 0 1, o2 |0 I, O O
0 0 0 I, 0 0 0 I, 0 0 0 I,
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l, 0 0 0 I, 0 0 I, 0 0 O
01, 00 0 | 0 0 I, 0 0
T, = P andT, = P =T, = P
10 0 0 1, 1o 01, 0 1o 01, o0
0 0 I 0 0 0 -A 0 0 0 -A
A 0 0 0 01, 0 0
0 -A I, © I, A 0 0
that T, = ’ andTog =| °
SO tha even 0 Ip 0 n odd 0 0 0 Ip
0 0 0 -A' 0 0 I, A
01, 00 A 0 0 0
I, A 0 0 0 -A I, ©
dso R(s)=| * - ’
MORE)=1g o 0 1,10 1, 0 o
0 0 I, A 0 0 0 -A?

is a symmetric linearization for A(s).

As applications of (4.3.2), consider the system of second order differential equation
AX"+AX' +Ax=Bu (4.3.5)
Where A), A, A, are symmetric matrices, then the associated matrix polynomial is
A(s)=AS"+As+A, (4.3.6)

Now, by (4.3.2), we see that

_A) 0 __Ai Ip _Ip 0 71_0 Ip 71_Ab71 0
LS PSR FR A P

so that
T =TTy | 0}{%1 0}:{/\)1 0}
0 -AJl 0 1, 0 -A

Lo [0
and Todd :Tl’Todd =

SO
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o 1S

is a symmetric linearization for A(s).For more applications see [1,2].
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