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ABSTRACT

The Intranuclear Effective Nucleon-Nucleon
Interactions in Deformed Nuclides

There is no reason to believe that the mean-field should be
spherically symmetric. In order to study other possibilities, the time
independent particle model should be extended to include deformed
potential by assuming angular dependence of nuclear radius. This can be
achieved by introducing some deformed properties of nuclides.

In this study, various static deformations up to (=5 of nuclides
have been included and investigated for “Oand *Ca deformed nuclides
using Briieckner J-matrix formalism.

The developed model is tested against the deuteron nucleus and
Nilsson model. An agreement within 15% is obtained. In general, we
believe that nuclides should have some deformations to some extend and
the spherically symmetric has to be considered as a special case from the

general case, the deformed case.
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Chapter One

Introduction and purpose

1.1 Introduction

The earliest theoretical studies of nuclei were concerned mainly
with ground state and the low-energy properties. The liquid-drop model
was historically the first model to describe nuclear properties (Weisskopf,
1961). The liquid-drop model provides an understanding of the ground
state properties, such as angular momentum and quadrupole moments, as
well as low-energy dynamics properties (Eisenberg and Greiner, 1970),
such as vibrations that considered as standing waves on the liquid drop
surface, rotations and single-particle excitations (Cohen, 1971).

Extensive microscopic nuclear structure calculations with different
realistic nucleon—nucleon (NN) (nucleon is the generic name for protons
and neutrons) interaction have been performed to produce the global
ground state properties of nuclides (Bohr and Mottelson, 1975; Meyerhof,
1967). Conventional non-relativistic microscopic structure calculations
for the nuclear many-body systems are based on modeling the nucleus as
a collection of nucleons interacting through a NN potential (Krane, 1987).
The natural framework for such a study is therefore the ordinary (non-

relativistic) quantum many-body theory (Kadanoff and Baym, 1976). The



nucleons are treated as elementary structureless particles so that no
internal excitation of a single nucleon is considered (Brown and Jackson,
1975). These models adequately describe the ground state properties
(density, size, binding energy, etc.) of nuclei (Burchman, 1963). The shell
model and other methods (Nilsson model, alpha cluster model, Fermi gas
model, etc.) have also been developed for the same purpose (Jelley, 1990;
Bllat and Weisskopf, 1952; Eisenberg and Greiner, 1997; Feynmann, et
al., 1965).

The microscopic treatment of nuclear many-body systems is made
difficult by the strong NN interaction with a strong short-range repulsion
(Wong, 1990). Early effects to reconcile the success of the shell model
with this NN interaction were unsuccessful. The breakthrough came with
the Briieckner's reaction matrix formalism (Briieckner, 1955). This theory
was used for extracting out of the “free” NN interaction (independent-
nucleon interaction) an “effective” interaction, that is, a NN interaction in
the nuclear medium (Williams, 1991).

By analogy with atomic physics, one approximation is to apply the
concept of the independent-particle or the Hartree-Fock (HF)
approximation to the nuclei (Mahaux and Sartor, 1991). The nuclear HF
method is an approximation for reducing the problem of many interacting
particles to non-interacting particles in a mean field (Thouless, 1961;

Villars, 1966). Accordingly, the interactions used in the calculations are
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effective “quasi-particle” rather than “free” interactions. This has indeed
assumed the shell model description of nuclear structure (Lawson, 1980;
Talmi, 1984).

The independent-particle approximation (where the HF theory is
used) consists of finding the solution of the Schrédinger equation
governing the dynamics of the system in a restriction of the many-body
Hilbert space to variationally determined single Slater determinant.
Solving the Schrédinger equation for such an approximation is equivalent
to searching for a Slater determinant (of a single-particle eigenfunction if
the system wave function is antisymmetric), which yields a minimal
expectation value for the effective Hamiltonian (Schiff, 1968). This
model was modified to include the rearrangement potential by means of
the effective interaction density dependence. The modified model is
called the Density-Dependent Hartree-Fock (DDHF) model (Seimens and
Jensen, 1987). It has been shown that one can indeed extract out of the
free NN interaction an effective interaction giving a fair amount of the
static properties of doubly magic nuclei such as binding energies and
spatial nuclear densities (Preston and Bhaduri, 1975; Pandharipande and
Wiringa, 1979).

The one-boson exchange potential (OBEP) model (Yukawa, 1935),
or the meson-exchange model, is based on the hypothesis that the NN

potential is meson mediated and the exchange particles are adequately
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represented experimentally observed meson and meson resonances. The
idea is due to Yukawa (1935), but we will follow a more development
similar to that of Brown and Jackson (1975). Following the original
Yukawa hypothesis, the range of the NN interaction is divided into
classical long-range (r > 1.5 fm), dynamical medium-range (0.5<r < 1.5
fm), and core short range regions (r < 0.5 fm). The pions play a special
role in the forces between nucleons: The n- exchange yields the long-

range part of the NN potential, the p- and ©- exchange are (Halzen and

Martin, 1984) responsible for the short-range repulsion, the n- and &-
exchange describe some fine structure (Iachello and Isacker, 1991). The
forces calculated using the OBEP are found to depend not only on spin,
isospin, and the distance between nucleons, but also on the nucleons
relative momentum (spin-orbit interaction) (Jonson, 1995). When the
momentum dependence is taken into account, the OBEP model is able to
account for all the data on the scattering of nucleons up to energies where
meson production becomes the dominant process (about 600 MeV
laboratory energy) (Perey and Perey, 1976).

Major efforts to determine the parameters of the meson-exchange
model by fitting two-nucleon data have produced phenomenological
forces known as the “Paris” and “Bonn” potentials (Holinde, 1981).

These potentials are sort of effective interactions like the OBEP.




Unfortunately, these forces are so complicated that they seldom been
used in computations of nuclear structure. A similar and therefore more
popular approximation for the phenomenological force is the static
potential developed by Reid in the 1960’s (Reid, 1968). This static
potential depends only on spin, isospin, orbital angular momentum, and
the radial separation distance between the nucleons (Negele, 1982; Rose,
1957). It was obtained by fitting two-nucleon scattering data to the phase-
shifts and tensor coupling parameters obtained from Schrédinger
equation, in which the potential is taken as the sum of terms of OBEP.
The phase-shifts, and therefore the Reid potential, are well determined for
orbital momentum L <2, but information for higher partial waves are
incomplete.

All models discussed above presumed a spherically symmetric
potential. In general there is no reason to believe that the HF mean-field
should be spherically symmetric. The mean-field, in many cases, deviate
from spherical shape nuclides (deformed nuclides) (Nemeth and Ripka,
1972). For nuclides, which deviate from spherical shape, nuclear energy
correction change in a specific way. In order to study this possibility, the
independent-particle model may be generalized to have a deformed
potential. The importance of nuclear deformation in many-body systems
has been recognized for a long time (Bohr and Mottelson, 1975). In view

of the intermediate number of degrees of freedom of a nucleus, the co-




existence and the interplay of both the individual-particle and the
collective degrees of freedom in the nucleus is important (Maltman and
Isgur, 1983). An exact microscopic quantum treatment of the many-body
nuclear systems even as a system of structureless nucleons is not yet
possible. Some approximations are thus necessary. For example, The
Nilsson model (Nilsson, 1955) was developed to study the ground state
properties of deformed nuclides. In the original Nilsson parametrization,
a (* term has the effect of making the potential well more like a deformed
square well, as it makes higher (-states have alower energy, which is a
better approximation to the nucleon potential well (Jelley, 1990).

The extension of nuclear models to include the concept of shape,
shape changes and rotations of shapes resulted from the single-nucleon
motion is made possible by the "collective models" (Jelley, 1990). The
clearest development is made possible using Nilsson potential, which
gives rise to all of the salient features characteristic of deformed single-
nucleon motion. It is also pointed out how the total energy of static
deformed nuclides can be evaluated. Rainwater 1976 suggested that the
motion of the single-particle deforms the whole nucleus and the observed
quadrupole moment results from collective distortion of many orbits
(Rainwater, 1976). Moreover, the nucleus can change its shape when
rotating or vibrating (Simpson and Hime, 1989). This is known as the

collective model and it was developed by Bohr and Mottelson since 1952.




The measure of deviation from a spherical shape can be expressed in
terms of certain parameters called deformation parameters as in Nilsson
Model (1955). Collective models were introduced to explain the excited
states in nuclides can not simply described in terms of single-particle
motion in a potential well (Liberman, 1977). The explanation for any of
these excited states can be performed using the simple collective
rotational and vibrational motions of all nucleons inside the nucleus. For
deformed nuclides, vibrations about the deformed surface are important
to describe the excited states of the nucleus (Jelley, 1990). The lowest
excited states of nuclei with spherical ground states are vibrational
collective states at excitation energy of a few MeV, described by the
random-phase approximation (RPA) picture as coherent oscillations of
the nuclear shape around its equilibrium (spherical shape) (Bhadhuri,
1988). Deformed nuclides have also vibrational states with energy
comparable to these of spherical nuclei with nearby masses. Each
deformed nucleus has a set of excited states with energies much less than
1MeV (Anastasio, Celenza, Pong and Shakin,1983). The simple quantum
mechanical picture of rotations is based on the linear response theory
(Bertsch, Esbensen and Sustich, 1990).

The nuclear mean-field picture is capable of describing important
features of both small and large deformation of nuclear shape. The

collective vibrations of nuclides are introduced in a linear-response




picture (LRM) by allowing the mean-field to depend on time, leading to
the RPA eigenvalue equation for frequencies of collective modes
(Seimens and Jensen, 1987). Rotational motion is shown to require a
viewpoint more sophisticated than the mean-field, because of its intimate
relation to breaking of rotational symmetry. A better understanding of
these features could be obtained on the mean-field basis by allowing the
model to take into account the effective interactions that include both of
the short-range correlation and the many-body effects (Detraz, 1995;
Fesbach, 1995).

The simplified approximation of independent-particle model and
the liquid-drop model have been developed for the same purpose. One
way to unify the picture is to proceed with direct computations of DDHF
model. While this model as described has solution of stable deformations,
it can be extended by introducing an external one-body field adjusted to
make other shapes stable. This procedure leads to some surprising results
among these stable shapes of large deformations that can not be predicted
by either the liquid-drop or independent-particle models (Brack, 1980).

While the independent-particle picture has insufficient treatment of
self-consistency, the liquid-drop model is not good enough either. The
energy differences responsible for ground state deformations in the
independent-particle model are quite small, and depend on the details of

which single-particle orbits are occupied. Indeed, simply by moving




particles among degenerate states in the spherical nucleus, we can obtain
“oblate™ or “prolate” deformation with almost the same energy. Typical

examples of such deformations are shown in Figure 1.1.

Low o Intermegiate o High ®
I N
&

Prolate Triaxial oblate

Figure 1.1. Typical nuclear deformation. (a) Prolate. (b)
Triaxial. (¢) Oblate

A nucleus can change its shape when rotating. At low spin
(frequency), the nucleus has a prolate shape relative to the symmetry axis.
At intermediate spin the rotation forces some matter into the rotating
plane, but now the axis is no longer a symmetry axis and the nucleus
becomes triaxial. At high spins, the matter is distributed in the plane of
rotation axis and the nucleus flattens into an “oblate” shape. It is the latter
set of shapes that was observed in "*Er by Simpson and Hime (1989).

The liquid-drop model, like the Fermi-gas model, does not take
account of these details. Thus we need a better understanding of how the
deformed potential originates in the consistent mean-field. Strutinski
(1968) has developed a method for calculating the deviations from the

liquid—drop energy, using the mean-field picture (Strutinski, 1968).




The Strutinski method allows us to estimate the energy of the
nucleus as a function of deformation, without solving the self-consistent
mean-field equations. Instead, we only need a good approximation to the
“smoothed” mean-field and its eigenvalues, as well as a good estimate of
the liquid-drop energy. Strutinski method can also be applied to the case
of density-dependent effective interactions. In this case, the
rearrangement terms in the single-particle potential lead to corrections to
de which are the same order as de. Strutinski’s approximation method
has been tested by means of the DDHF method and gives the deviations
from the liquid-drop within about 20% (Siemens and Jensen, 1987). The
approximation would be almost exact in ordinary HF theory.

Nuclear spectra contains excited states in nuclei which are not
simply described in terms of single-nucleon motion in a spherical or a
deformed potential well. There are relatively simple motions of all the
nucleons which do provide an explanation for many of these excited
states; these are collective rotational and vibrational motoins. The
cranking model was introduced to describe slow collective motion of
nuclei where the adiabatic approximation was used (Seimens and Jensen,
1987). Unfortunately, this model is neither gives a fully satisfactory
account of the observed rotational spectra nor rotational states from
rotations about the mean field’s symmetry axis were detected.

Furthermore, this model can not explain the absence of odd values of

10



total angular momentum J for spin-zero (even-even) nuclides. Nor does it
give any clue to understand the more complicated rotational spectra of
odd nuclei, whose ground state spins are different from zero. The failure
of the cranking model is due to its excessive reliance on the mean-field
description, in which the ground state breaks the rotational symmetry of
the Hamiltonian. To understand ground state angular momentum, as well
as rotational motion, we have to go beyond the mean-field picture.

Thus far, all deformed nuclides investigations were performed on
quadrupole (Collective models) and monopole (Nilsson model)
deformations using free NN cross sections (Rowe, 1970). Non of them
reproduced the correct empirical root-mean square radius and the
empirical binding energy simultaneously. The calculated results show a
discrepancy of 15% between theoretical and experimental results
(Hofmann and Jensen, 1984). We expect higher deformations play a
certain role in reducing the difference between the experimental and the
theoretical NN interaction energies results. In this study, we shall
consider various static deformations up to (=5, of nuclides and try to
describe and develop some effective interaction results from deformed
nuclei, motivating them with the simple deformed mean-field picture.
Thus, we expect to understand what happens when two nucleons scatter

from each other inside deformed nuclides.
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Two major improvements for the NN interaction are still possible.
On the one hand one may argue that one may yet find an NN potential
which gives the right saturation density and binding energy. On the other
hand, one may argue that we must extend OBEP of nuclei to include
dynamical of nucleon excitation. Here our motive is to investigate the
first point view by including the nucleus deformation in the OBEP model.

In the present study, we advocate Briieckner 3 -matrix formalism.
This choice is motivated for several reasons. Firstly, the 3J-matrix
considers deformed states leads to a rotational band, similar to that of the
ground state, but where the lowest value of J is not zero. Secondly, the
excitation energies of these states are displaced from the ground state
energies by the excitation energy of the mean-field excited state above
the mean-field ground state. Thirdly, the effective interaction between
nucleons can be developed upon replacing the scattering matrix by the in-
medium scattering cross section to take into account the nuclear matter
effect. The J-matrix formalism in which scattering amplitude depends
explicitly on energy shall be used for this purpose.
1.2 Statement of the problem

To describe the bound nuclides (a collection of A strongly
interacting nucleons) in terms of the NN interaction, one has to make use

of the quantum mechanical methods that govern both the bound (E < 0)

and unbound (E > 0) nuclear regime.




We shall consider a nuclear system of A-nucleons (nucleon mass =
m, spin s = Y, isospin T = '3, each) at zero temperature where the
Coulomb interaction has been switched off. First, if we assume a fixed
number of nucleons A, then the total Hamiltonian operator of the system
is approximated by the sum of terms for each particle individually (Ring

and Schuck, 1980):

H _ A Pi2
i=i2m,

+U(ri,si,ti) (1.1)

Here P, is the single-nucleon momentum operator, m, is the nucleon

mass, and U(r,,s,,t,) is the single-nucleon potential. The single-nucleon
potential is related to the NN interaction V. through (Siemens and

Jensen, 1987)

Ur,s,,1,)=3 V¥ (12)

1=

Therefore, the Hamiltonian that contains the two-body interaction can be

written as (Dobaczewski and Nazarewics, 1995):

-~

_ PI l NN 2
H_;sz+2§Vi.l Cl.3)

The NN interaction is generally of a short range attraction for r>0.5

fm, and for r<0.5 fm it has a repulsive core part as illustrated in Figure

1.2




r=|ri-rj|

Figure 1.2. Illustration of typical NN two-
body interaction V |r;-rj|

Second, we consider a full dynamical treatment by introducing the
1sospin operator T, as the projection operator in the 1 = 5 1S0sSpIn space

as follows (Mar'i, 1987):

1
rgpir)=‘%>=1 (1.4)

will produce a single nucleon. The average value of the isospin operator
over any normalized state |a) will produce the total number of nucleons,

A. Thus
(l3:(e3,) o) = A (1.5)

The eigenvalue equation for any state \a) can be written as:

Hja)=E,

a), (@=1,23----cccoeemna-- ) (1.6)
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In order to construct the effective interaction between nucleons, consider
the following equation for the 3-matrix (Ring and Schuck, 1980)

1
I.=V+IiimV——m-3 Ld
’ i>0  E—H_ +ig (kal]

Since we are trying to describe the scattering of two nucleons by
their interaction V, we ought to choose Hso it describes their motion if
they don not scatter. Thus we will expect to contain something like the
mean-field potential V(7). We will not specify precisely how to compute
it until later, for now we will suppose that H, is a known one-body
operator

Hongo(ﬁ,é',,%i) (1.8)
and introduce a basis of its single-particle eigenstates with wave function
in coordinates, spin, isospin (Fliigge, 1974)

(FS,1,

a) =D, (F)x,(S,T,) (1.9)
and eigenvalues
Ho’a)zeu'@ (1.10)
For the two-body states, analogous to the scattering states we take
product states |a)/B)as a basis (they are not anti-symmetric, but we can
always find the matrix elements of anti-symmetric states if we know the

product state matrix). The Green function(E—H_ +ig)"' of equation




(1.7) is diagonal in this basis, its matrix element being (Beausang and

Simpson, 1996)

1 —y
(0Bl o180 = 8B (E — &, —¢, +ie))” (1.11)

Thus equation (1. 7) becomes, in this basis

(6B 18) = (aBIVy®) + E{apVa) ——— (s y0) (112

In the basis of two-body states, we can see how to introduce the

Pauli principle in the two-body scattering: by requiring that the

intermediate states |u) and |v) be unoccupied in the nucleus. Formally,

we write (Breit, 1962; Bonche, Levit and Vautherin, 1984)

o~

uv |3,

(0950 115) = (aBIVI35) + V)2

%)) (1.13)

&,
Equation (1.13) is the well known Briieckner equation (Briieckner,
Locket and Rotenberg, 1961) which takes into account of the Pauli
exclusion principle in nuclei through the Pauli operator Q. The Pauli

operator Q is given in terms of the occupation probabilities n, and n,

of states }p}and]v) by (Berne, 1977):

uv)=8,8,(1-n)1-n,) (1.14)

up' v

(wviQ
In a nucleus ground state, n =1if the state 'u)is occupied, and

n, =0 ifit is unoccupied. Thus H,can be evaluated using the J-matrix




interaction instead of the bare two-nucleon interaction V. In our basis,

we have

A

(a[H,[B)= (alz%lﬁ) + 3 [(ory[Ie|By) — (v |3 [ vB)] (1.15)

y=I
The set of equations (1. 13) and (1. 15) are known as the Briieckner
Hartree-Fock (BHF) equations.

We approximate the effective non-core Hamiltonian with V" replacing
NN -
Vij in H by
Hye =T+ Ver (1.16)

where V) is the sum of the Briieckner J-matrix and T, is the

relative kinetic energy operator given by

(Ta), = G.-5.) (1.17)

2mA

The underlying NN interaction is the OBEP potential. For evaluating

matrix element of H_, we choose the harmonic oscillator basis with he =

14 MeV in order to compare results to be obtained in this study and other

results given elsewhere, for example as in (Cohen, 1971; Jelley, 1990;

Heyde, 1999).
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Chapter Two
General properties of NN potential in deformed

nuclides

2.1 Introduction

The nuclear force between any two-nucleons is assumed to hold
neutrons and protons inside the nucleus despite the Coulomb repulsion of
protons (de Shalit and Feshbach, 1974; Jelley, 1990). Some aspects of
this force are still incompletely understood, but several qualitative
features can be described (Krane, 1987; Cohen, 1971). Normally
discussion of the force F(r), is in terms of the related interaction
potential V(r), where 1 is the vector separation between two nucleons
and where force and potential are related by the usual expression
F(F)=-VV(7).

There are several models that have been proposed and developed to
understand the nature of nuclear force between nucleons among these the
quantum model, the independent particle model, the mean-field model or
the Briieckner model (Bhadhuri, 1988). According to the mean-field
model, each nucleon moves in a field created by all other nucleons

(Heyde, 1991). This mean-field is assumed to be the same for all the

various nucleons and it determines the motion of the nucleons, which in




turn determines the field. The mean-field approximation breaks
translational, rotational symmetries and Galilian invariance, giving a
degenerate set of wave functions with different center-of-mass
coordinates (Ring and Schuck, 1980).

The NN potential was developed for spherically symmetric
nuclear systems and found to be a complicated one and turns out to have
several contributions such as the central term, the spin-spin term, spin-
orbit term in addition to other terms that have been already introduced to
include isospin interactions. This conclusion is drawn from experiments
using polarized nucleons (i.e, with their spins oriented in a particular
direction). Several forms of NN potential such as Yukawa potential,
harmonic oscillator potential, Woods-Saxon potential (Mayer, 1949),
Hamada Johnston potential (Hamada and Johnston, 1962), Reid potentials
(Reid, 1968) and Skyrme potentials (Skyrme, 1956) have been developed
and introduced to gain a full picture about the NN general behavior and
nuclear structure. The Nilsson model was developed to include a
deformation type corresponding to the spin-orbit interaction.

There is no reason to believe that the mean-field should be
spherically symmetric. In order to study other possibilities, the time
independent particle model should be extended to include deformed

potential by assuming angular dependence of nuclear radius (Bohr and

Mottelson, 1975).



In this chapter we shall extend previous investigations to include
other nuclides deformations in a sufficient depth to extract the main
features of the nuclear potential. Some information can be obtained from
simple qualitative considerations, but generally it is necessary to carry out
very detailed theoretical analysis of experimental data on the two
nucleons system.

2.2 Deformed nuclides

Before proceeding in developing the NN interaction of complex
deformed nuclides composed of many neutrons and protons, it is of great
importance to introduce the deformation concept. We shall consider an
arbitrary deformation described by R(0,9) of the surface of the nucleus.
The quantity R(0,¢) is the distance from the center of the nucleus to its
surface in direction of polar angle 6, measured in laboratory frame. If
deformation effects are allowed, the angular dependence of the deformed

nuclear surface can be described by (Bohr and Mottelson, 1975):

R=R(e’(p)=R(l[l+Za*.rllyf.rn(e"‘p)] ( :

f.m

o
i
—

where a,  are the deformation parameters characterizing the shape of the

.m

deformed surface and Y, (6, ¢)are the spherical harmonics of order .

.m

The expansion in equation (2.1) allows us to describe very general shapes




as illustrated in Figure 2.1 for nuclear deformations corresponding to

m=0 and (=1, 2,3, 4, and 5.

(a) (=1 deformation (b) €=2 deformation

(e) (=5 deformation

Figure 2.1. Illustration of some nuclear shape changes
corresponding to (a) dipole deformation (t=1) (b)
quadrupole deformation ((=2); (c) octupole deformation
((=3); (d) hexadecapole ((=4); and (e) fifth pole
deformation ((=5).




If the deformation parameters a, , are allowed to vary completely

without constraints, the resulting average nucleon density could depend
significantly on deformation (Burcham, 1963). This is not allowed, if we
want to approximate calculations with a saturating nuclear force, which
leads to almost the same nuclear density for all nuclei (Cohen, 1971).
This requires a constant nuclear volume independent of deformation and
a volume conservation of the equipotential surface corresponding to the

nuclear surface. Usually this surface potential is approximated by
U(F)z%UD(where Us=(-51+33(N+Z)/A) MeV) for [f|=R(0,9). The

condition would be different if another surface has been chosen (Seimens
and Jensen, 1987).

Another problem one has to face is that the nuclear center-of-mass
becomes a function of deformation. To fix the position of the center-of-
mass, another constraint on the deformation parameters is needed. In the

case of axial symmetry, all « vanish except for m, =0, i.e,

my

@, =0, a,. Hence, there are two constraints can easily be shown to

fmy

determine «,  (Siemens and Jensen, 1987)
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Yo = 2\/12(2“1)(2“3) (2)

The second order of «,, In equation (2.2) includes the volume

conservation condition; while equation (2.3) ensures that the center-of-
mass remains at r=0 for all deformations.

With these constraints in mind, let us determine the surface area of
a deformed nucleus. When the nucleus assumes a deformed shape, its
surface area must be larger, since the sphere has the smallest area for a
given volume (equation (2.6)). The surface area element of the deformed

nuclear shapes is given by (Arfken, 1997):

dS:R{RJ +(%—%H' sin 0 d6 do (2.4)

The total surface area can be obtained by integrating equation (2.4) over a

complete solid angle. The result can be written as follows:

L . 1 (dR)?
_ 2 N 5
S-27tUjR (6)5m9\/1+ :[ J do (2.5)

Which to a second order in the deformation parameters «, results in

m

(Bohr and Mottelson, 1975)

S=dn R¥[1+c- 3 (¢ =1)(+2)a,] (2.6)

2
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The deformation parameters can have any value and we shall take small
deformation values only in the present study.
2.3 General properties of nuclear forces

The study of the two nucleons system has told us a lot about the
force between nucleons. In general, its range is short, (~1 fm), it is
attractive and strong, producing potential energy up to 100 MeV, it is
repulsive at still shorter distances, less than 0.6 fm, and it depends on the
nucleons spins and isospin (Cohen, 1971). Most of this information is
obtained from studying the scattering (continuum) states of the two-
nucleon system, rather than its bound state (Merzbacher, 1996: Villars,
1966).
2.3.1 General properties of the NN force and potential

The nuclear shell model (or single-particle model) assumes that
nucleons mainly move independently from each other in an average field
with a long mean-free path. The basic non-relativistic picture that one

has to start from, however, is that one where A nucleons are moving in

5

the nucleus with given kinetic energy 2—' and interacting with the two-
m

nucleon force V(i,j).
In attempting to describe bound nuclei in terms of the NN
interaction, one has to make constant use of quantum concepts that

govern both the bound (E <0) and unbound (E >0) nuclear regime. The



starting point is the nuclear A-body Hamiltonian (Ring and Schuck,

1980)

~

< -

™=

ZV(f.»F) (2.7)
12m1 I

I

And the one-body phase residual interaction Hamiltonian (Siemens and

Jensen, 1987)

2

= U(r))+H (2.8)
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Evaluating the above interaction is one of the tasks in understanding
bound nuclear structure physics. If, as in many cases, the residual
interaction H _ can be left out initially, an independent-particle (nucleon)

motion shows up and it is quite well verified experimentally. If we
consider the nucleus to consist of a number of separated point particles at

positions T interacting through the two bodies potential V(T,T,), then a

total potential acting on a given nucleon at 7, is obtained by summing the

various contributions, that is, (Brown and Jackson, 1975)

U(r) = ZV(.,, (2.9)

The general properties of NN force in equation (2.9) are
investigated and the general behaviors are summarized through the

following points (Cohen, 1971):




I. It contains a central term, attractive in S-states, short range. That is,
the interaction potential energy between a pair of nucleons is
characterized by a short range and large amplitudes. For higher
angular momenta values, some tensor features may appear this

implies a certain deformation, such as a quadrupole deformation.

e

It is spin dependent. This property can be followed through the study

of the singlet (1S,) and triplet (385, ) states of the deuteron.

3. It contains spin-orbit interaction terms (polarization experiment),
which implies polarization is not equal to zero.

4. It is velocity dependent, because of change in phase shifts with energy.
Accordingly, the nuclear force is not completely attractive but
exhibits some repulsion.

5. It is an exchange force, the force mechanism is exchanging a particle
(or more) between the interacting nucleons. This exchanged particle
called the field particle or the meson.

6. It is charge symmetric and charge independent force, this implies that

| A

7. It is isospin dependent, this concept was introduced to distinguish
between a proton and a neutron inside a nucleus. This is because in
strong interactions neutrons and protons might as well be the same

particles.




8. It is invariant under time reversal operator, since L.P, and S change
sign under time reversal, while 1, does not.

We shall use these properties to introduce and develop each term of
the NN potential in deformed nuclides. In the following section, we shall
introduce the various terms that form the nuclear potential of deformed
nuclides.

2.3.2 Detailed form of the NN potential of deformed

nuclides

2.3.2.1 The central part of the potential:

The earliest effort to figure out the interaction between nucleons
was made possible by Yukawa. In 1935, Yukawa suggested that an
interaction of finite range could be generated if particles (mesons) of
finite mass were exchanged between nucleons as shown in Figure 2.2. A

typical form of Yukawa NN potential can be written as (Yukawa, 1935):

82 oM
V(r)=|= 2.10)
=5 |= (
With rz‘F,. - 1|, and g is referred to as a coupling constant since it

measures the strength of the coupling of the meson to the nucleon (Krane,

1987). The estimated value of i—z 107°J.m for a potential depth of
T

~30 MeV (Krane, 1987). The parameter A is a measure of the range of the




interaction between the nucleons

m,C ; : .
(). x r" ~0.71 rm"},where m_ is the pion mass, due to  meson
i

exchange (Cohen, 1971).
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T T
n p p n
(d) (e)

Figure 2.2 Illustration of pion exchange between two
nucleons system. (a), (b), and (c) involve
whilst (d) and (e) involve @~ exchange leading
to exchange scattering.

In order to develop a NN interaction in deformed nuclides, we shall
consider a system consists of two nucleons within the deformed nuclear
surface. If the coordinates of one nucleon are denoted (r,,0,,¢,) and the
coordinates of the other are denoted (r,,0,,¢,) and 1, is the distance

between them as shown in Figure 2.3, then the total NN potential of the

ith nucleon inside the nucleus, according to Yukawa theory, can be

written as:



(2.11)

Al
o

Tt

X
Figure 2.3 Coordinate representation of two
nucleons system.

where

I, = \/rl2 + r22 — 2rr,c08Y (2.12)

1s the distance between nucleons 1 and 2. The central interaction term

according to equation (2.11) decreases with increasing r,,. Therefore, for

) > 1y, this distance can be expanded using the addition theorem of
spherical harmonics as (Arfken, 1997):

1 _1$p (cosy )2y (2.13)
|r|3| I, /=0 I




where

4n / .
P, (cosv)=[m1] T (-1)Y, 0 (8,,0,)Y - (8,,0,) (2.14)
Or equivalently
4 £ .
P,(cosy) = {W‘i I Jm;i Y, m(0,0)Y,,00,,0,) (2.13)

In equation (2.14) (0,,¢,) and (8,,9,) denote the different
directions for the nucleons in spherical coordinate systems, separated by

an angle y Figure 2.3. These angles satisfy the trigonometric identity

(Arfken, 1997).

cosy=cos 0, cosb, +sin 0, sinb, cos(p, - ¢,) (2.16)

Substituting equations (2.12), (2.13), (2.14) and (2.16) into equation
(2.11), we get the Yukawa-type NN interaction for deformed nuclides.

Thus,

3 /

g ]i : (_1)I’Y"“‘(9"(pl)Yﬁ.-m(ezawz)[%—] )

20 +1 |i=0m==1 |

V=

7
—?x{“ +r> —2rr, [cosB cosB_ +sin® sinf_cos(p, — ¢ )F—
e I 2 12 1 2 I 2 1 2 (2_17)

Equation (2.17) can be reduced to the well-known Yukawa potential form

when 0,and6, =0and ¢, -¢, = %




2.3.2.2 The spin-spin residual interaction

One of the conclusions that can be drawn from the general
properties of the nuclear forces is that the NN potential must be spin-
dependent as mentioned in section 2.2. This conclusion is originated from
the spin orientation of protons and neutrons in the nucleus, when
analyzing the ground state of the deuteron. According to quantum theory,

neutrons and protons possesses an intrinsic angular momentum, or spin,

h . ) ) )
equal to ;1 (Messiah, 1962; Gasiorowicz, 1996). Knowing that §, .,

—

2 2
. ; 1 :
having eigenvalues of :and 4 for S=1 and S=0, respectively,

different strengths for singlet and triplet states are expected. This will
results in different energies for different spin-state symmetry. Clearly,
there is a difference in strength and range of the triplet and singlet
potentials (Fliigge, 1974). This means that any mathematical expression

for the interaction potential must also involve the spin operators s, and s,
(or 6, and G,; where G, and G, are the Pauli matrices of nucleon 1 and

2, respectively) for the two nucleons. Besides, it may be resulted in a
repulsive potential correction in states with all spins parallel (triplet state)
and corresponds to the observed and doublet states. The spin-spin
residual interaction of the two-body interaction may be written as (Brown

and Jackson, 1975):




Vi

E-f))=V,.(r)= ZF1)5, 5, (2.18)

=)
where F, is a function representing the form and strength of the spin
dependent part of the potential which differs according to the spin state
that imposed the weakness or strength of the spin part potential. Equation

(2.18) can be written in another form as follows (Cohen, 1971):

Vres . Zg(ﬁ = fi )6’16‘1 (2.19)

=]
where g is the coupling strength containing constant and radial part
strength integral and G, and 6 j are the Pauli matrices of nucleon i and j,
respectively. A constant value of g is of the order 25 MeV (Heyde,
1999).

Assuming that the residual interaction is composed of triplet state
potential of parallel spins, V (), and a singlet state potential of
antiparallel spins, V,(f), the spin-spin residual interaction can be

expressed as (Fliigge, 1974):
1 ur
Vres = Z[(th + V5)+(V1 - Vs )(Gn -Gp )] (220)

where G, and G, are the neutron and the proton spin vectors (Pauli
matrices).
2.3.2.3 The tensor potential

It is well known that the nuclear force does not conserve orbital

and angular momenta separately, but only their sum (Arima and Iachello,

L
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1984). Besides, the angular momentum can be changed by only a torque.
Changing the orbital angular momer;tum implies that the potential V is a
function of ® and not merely a function of ¥ (Bohr and Jackson, 1975).
The operator that commutes with the total angular momentum J, is
known as the tensor operator. In its simplest form, the tensor operator
can be written as (Cohen, 1987; Fliigge, 1974):

., =12 SeTED) 'F3E§3'F)]—4§,.§1 -8 §2-28? (2.21)

r

The operator S,, is invariant under spin exchange. In general, an
interaction proportional to S, results from the exchange of mesons
between nucleons and is called tensor potential. The nuclear potential can
be written as the sum of a central and a tensor potential. When done in
this way, the tensor potential is some function of r times S,,. Thus,

V =E(r)S;; (2.22)

Using equation (2.21) for S, , we get (Brown and Jackson, 1975):

v, =P85 (2.23)

Here S is the spin vector and F,(r) is a function giving the strength and
radial dependence of the potential and V; is the tensor potential.
Equation (2. 23) can be rewritten in a more widely used form in terms of

Pauli matrices as (Fligge, 1974):

("3 ]
P8}




i 2= F,.(r)[(r—?;*)(c?if)(éj.?)—(6]..6 Il (2.24)

The operator S, is invariant under spin exchange. Using the addition
theorem of spherical harmonics to equation (2.24), the scalar form of

equation (2. 22) can be expressed as:

Vi =F; (r)[csio_i(Zcos 0,cos 0, —sin 0;sin 6,cos ©) | (2:25)
Where 0, and 0, are the angles of §, and s, (or 6, and o, ) relative to

t, while ¢ is the azimuth of 5, relative to S, —T plane as in Figure 2.4.

/

=~

Figure 2.4. Typical representation of general spin |
orientation for two nucleons. |

2.3.2.4 The spin-orbit interaction term

There is nothing to prevent the target and the projectile nucleons

from exchanging angular momentum, or even trading spin for orbital

angular momentum L, since the total angular momentum J =L +S has to

be conserved. If the orbital motion is supposed to occur in S-state, where .
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=0 and J =S, the momenta S, and S* will be conserved and the

forces must be independent of J,.

Accordingly, the nuclear force does not conserve orbital and spin
angular momenta separately, but only their sums. Hence, there must be a
component of the nuclear interaction which does not commute with L’
and S’ separately, but it does commute with J*. Nucleons polarized

experiments indicate the presence of a spin-orbit potential that has the

following form (Krane, 1987)
Vis =Vso = FI_S(r)f“(gl +5,) (2.26)
The action of the operator LS on the angular dependence in P(cos 6)

may be found from L =-PxT expression in momentum representation.
A good description of the scattering of nucleons requires spin-dependent
forces. The main spin-orbit effect can be obtained by adding a spin-orbit

potential term in the Hamiltonian of the form (Jelley, 1990)
Ve = L8V, JFy=0L8 (2.27)

The spin-orbit potential cL.S does not change the spatial motion of the
nucleons in the spherically symmetric oscillator potential. It merely
couples the orbital and spin motion to obtain eigenstates of the total
angular momentum. In its most general form the spin-orbit potential may

be written as (Brown and Jackson, 1975):




Vie=G A [Y(Ar)[I+AY(Ar)] (2.28)

-X

where Y(x) = .
X

2.3.2.5 The NN isospin interaction

While the nuclear forces have strong spin dependence, they have
also show a remarkable independence of the charge of the nucleons
(Eisenberg and Greiner, 1970). Indeed, it is the spin dependence of the
forces that is responsible for the lack of a dineutron bound state, since the
only two nucleons bound system (deuteron) is restricted to a certain
direction of the two nucleons spins. This interesting phenomenon in the
field of nuclear physics, which is generally referred to as exchange, is
observed in high energy scattering experiment of high energy neutrons by
protons. It is found in such a scattering experiment, that the proton is just
as likely to be scattered in the neutron’s direction with high energy in a
way that can be understood as though the neutron picks up the proton’s
charge, converting itself into a proton and leaving the original proton
behind as a neutron. This phenomenon must also be accounted for in any
representation of the interaction potential.

For strong interactions, neutrons and protons might as well be the
same particle. The significant difference in the neutron-proton (np) and
proton-proton (pp) systems arise from the fermions antisymmetry. A

convenient formulation, which exploits the charge independence of the




nuclear force, consists of introducing the concept of isospin, an abstract,
inner degree of freedom, somewhat analogous to spin, which each
nucleon possesses. The nucleons are in a subspace of this new degree of

freedom, a Hilbert space with two basis states analogous to “up” and

B |

- : :
“down” states of spin g We say that the nucleon has isospin 1=

Since the isospin of one nucleon r has magnitude —, the total isospin of a

L | —

nucleus is then

T=%r1, (2.29)

™=

The third component t,, which is the sum of individual contributions of

1 1 :
— —for neutrons and + 5 for protons is

1, =2 (N-2) (230)

[f the nuclear potential depends on spin coordinates, 6, and G,, it
may also depends as well on the isospin coordinates T, and ©T,. It is
important to remember that T and 6 are only mathematically similar, and
not physically so.  Thus, the spin operator 6 has eigenvalues
corresponding to up and down in real space, but the space in which the up
means proton and the down means neutron, i.e, the isospin space, is a
purely mathematical device and in no way related to the space in which

we measure distances and spin directions. For that reason, products




between isospin vectors and spin or space vectors, such as 6.7 and T.T
are meaningless. Hence, the NN potential has no such terms. Moreover,
since nuclear force between nucleons is charge-independent and therefore
independent of the isospin projection T, but depends on the total isospin
T. It might be thought now that the only possible isospin dependent term

must be of the form 7T (Cohen, 1971). Other possible forms

— A :
T,,Ts Ty + T, Where T=2(7, +7,) are due to charge conservations.
Generally speaking, all energy terms commute with charge operator,
1
5(1+Iz] +1+1,)-

The isospin NN interaction in nucleus must have a term J , which

is proportional to the scalar product of the two-nucleons isospin. Thus,

B R R (2.31)
This is a consequence of the requirement that the interaction must be a
scalar in isospin space. However, for higher energies the NN charge-
exchange effective interaction is predominantly the spin two types
(Fesbach, 1995)

Vo (B, Ty Tos 815550 = (5,:8,)(T,.T5 JEq (15) (2.32)
Where F(7,) is a function giving the strength and radial dependence of
the potential, the above interaction is known as the Gamow-Teller

interaction (Brown and Jackson, 1975).




2.4 The general form of nucleon-nucleon interaction

The general form of the two-nucleon NN potential is dictated by
general invariance properties (invariance under exchange nucleon
coordinates, translational invariance, Galilean invariance, space reflection
invariance, time reversal invariance, ------- etc.). A general form could be

(de Shalit and Feshbach, 1974; Brown and Jackson, 1975)

V=V, (1) + V4 (1)3,.5, + V; (1F, %) + Vo1 (15,.6,)(F,.5,)
+ V[ensor (I')Slz + vlcnsor (r)slz (:C.] ‘?2 ) + \/]_,S(F)I_:-g ¥ VQ (r)le (233)

Where Q,, =(5,.L)(G,.L) is the quadratic spin-orbit operator. General
expressions for central V (r) and Q potentials V,(r) are derived

elsewhere (Hammada and Johnston, 1962). The results can be

summarized as:

V(r)=G A Y(rr)(1+AY( Ar)+B(Y( Ar))?) (2.34)

=X

€

Where Y(x)=—-. The tensor potentials are given by

()= G AY(AD)[14 =+ — ][I+ AY(AD+B(Y(An)2]  (2.35)

AT (?Lr)2

tensor

And spin-orbit potential by




V(1) =G AMY(Ar))*(1+AY(Ar)) (2.36)
All of these potential values are obtained for r > D; while for r < D they
are all have infinite values. Here D is the hard core radius, A, B and G are
parameters whose numerical values are determined from the experimental
values of NN potential (Hammada and Johnston, 1962).

Substituting equations (2.10), (2.19), (2.24), (2.26), (2.31) and
(2.32) and into equation (2.33), the general form of the NN potential for

deformed nuclides can be written as:

gl e—pr
n r

+Vneor (‘r‘)E{(%)(al.f)(az.f)-(al.az)}+ci.§+vQ (t)(5,.L)(5,.L)

V=(

)+8(T — §,)6,.0, + 1,.1,J,(%,) +(5,.6,)(F,.T, )F,+(F)

" vtcnso,(f)F{(r%)(é..a(az.f)—(a..az 16, 3,) } (237)

The form factors and potential strengths appeared in equation (2.37) are
calculated somewhere else (Mar'i, 1987). Several attempts and
investigations were conducted to simplify the nuclear potential in
equation (2.37), among these the Nilsson one (Cohen, 1971) and Ben Day

(Day, 1981).
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Chapter Three

Effective non-core Hamiltonian for
two nucleons systems

3.1 Introduction

It has been shown that the scattering of nucleons of velocities of
about 0.3 ¢ (c is the speed of light) can be, for a given spin state,
accurately described by two parameters, the scattering length and the
effective range. The description of the nucleons interaction by a potential
V(r), which determines the scattering by means of Schrodinger equation,
seems to be a rather circuitous procedure. Obviously, it is much more
efficient to parametrize the phase shifts in terms of the relative
momentum. On the other hand, it is convenient to formulate results of
the scattering experiments in terms of a quantum mechanical operator, so
that we can use the language and results of quantum mechanics to relate
the scattering information to properties of more complex nuclear systems.
The phase shifts are not a special suitable choice, since they are not easily
expressed in terms of operators in Hilbert space.

A convenient way to describe the measurements of scattering
amplitude is by the effective interaction. This is an operator 3 in the

Hilbert space of two nucleons which has the property of giving in the
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Born approximation, the same scattering as the true interaction V gives
when the Schrddinger equation with true interaction is solved exactly
(Messiah, 1962). There are two different approaches to accomplish this
goal. In the first approach, one assumes the existence of an effective
interaction and determines the NN interaction with relatively few
parameters. This can be accomplished by fitting the specific few-body
matrix elements or a simple form containing a few parameters (strength,
range, etc). For the second approach, the many-body perturbation theory
can be used. The second approach will be used in this study and a

general outline will be given in the following sections for such approach.

3.2 The wave functions of the two nucleons system

In the present section, we shall discuss how to introduce the two-
nucleon wave functions and we shall use such wave functions to
investigate the effective interaction of two nucleons. In general the total
wave function of two nucleons system can be written in terms of space

part Ypace » SPIN part Yspin , and the isospin part Yisespin as:

Ltho-nuclcun = qJSpaL‘L‘(_l:)q"spin (X.smz )wisospin (X-th ) (3 1)

the total wave function should be antisymmetric since nucleons are
fermions. The radial part of the wave function is the one needed to

calculate energy. It is now possible to establish the Schrodinger equation




for the radial part of the wave function of the two-nucleon system. This
can be achieved by substituting equation (3.1) into the general form of
Schrédinger equation and separate variables. The general result can be
written as:

{-”—'v? +E—V}‘P
2

=0 (3.2)

two-nucleon

where p is the two-nucleon reduced mass, E is the energy and V is the
NN potential that is given by equation (2.37) in its general form.
Equation (3.2) is not easy to solve, it can be solved numerically. Only
small perturbations are considered, in order that space, spin and isospin
wave functions are not allowed to couple.
3.2.1 The space part of the two-nucleon wave functions

We shall assume that the full Schrédinger wave equation for space
motion can be written in the same form as equation (3.2). Assuming that
the Schrodinger wave equation is a separable one (small deformation),
the space wave function can be written as:

- @ nl (I')

wnlm,v Yf_mf (9,(p) (33)

r
where n, (, and m, are, respectively, the principle (radial), the orbital and
the magnetic (projection) quantum numbers. We shall take the
unperturbed wave function @, to be a spherical harmonic oscillator wave

function, such that (Messiah, 1962)
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(3.4)

The @, describes a state with energy {2n+€+%}hm and L

n-i-
2

are Laguerre polynomials of order /. The motivation of using the
harmonic oscillator basis follows from the dependence of the two
nucleons interaction on the relative coordinates. By using the harmonic
oscillator wave functions, we can readily separate the relative motion
from the center-of-mass motion of nucleons. Because of this separability

we may write the spatial part of the two nucleons wave functions as:

V0,6, (0,4, ()= [0, B, E)],
= M, (n/NL,n ¢;n,/,)[®, (F)D, ]  (3.5)

niN LM

Here the notation n ¢,(1),n,#,(2) means nucleon number 1in the state

n,/, and nucleon number 2 in the state n,¢, orbit, while n/ and NL

denote the relative and center-of-mass (CM) quantum numbers. The
coefficient M, is the Mishinsky coefficient (Lawson, 1980) and its

squared value gives the probability that the two nucleons system will be
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found in a state of relative motion characterized by the oscillator wave
function introduced in equation (3.3).
3.2.2 The two nucleons spin operators and wave functions

Generally speaking, it is not sufficient to specify their wave
functions only by radial dependence (Skyrme, 1956; Detraz, 1995), the
wave functions also have to be specified in the space of their intrinsic
spins. We shall denote the spin wave functions (spinor) by either up
spinor a or down spinor B, depending on whether the nucleon alignment
is parallel or antiparallel to an arbitrary chosen axis. Therefor, the single

nucleon wave function Xsm, (S,) has two terms that can be written as:

> (3.6)

s.a:Ea; s?a==2hla; SZB=—E s sB==h%B (3.7)

The general spin wave function can be written as a linear combination of

up and down spinors as:
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x=aa+bB=[z] (3.8)

where [a]’ is the probability for spin up and |b|" is the probability for
spin down.
The spin wave function for a system of two identical particles

should be symmetrized. Using the x,, notations to represent the spin

wave function, the singlet state (S=0, S,=0) wave function for a two-
nucleon system is antisymmetric and can be written in terms of individual

spinors as (Merzbacher, 1996):

_ B,—¢, B,
Xoo = ﬁ )

antisymmetric (3.9)

The antisymmetry of the wave function for two like fermions means that,
for two neutrons (or two protons) to have an even-parity orbital wave
function (e.g. L=0), their spin wave function must be odd under the
interchange of the particles spins, implying S=0 (Lawson, 1980). The
S=0, even-L phase shifts are practically the same (within 1%) for
neutron-neutron and proton-proton scattering (Schiff, 1968).

The triplet state (S=1, S,=1, 0, -1) wave function of the two
nucleons system is symmetric and the different wave functions are related

to individual spinors in the following way
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Xn =0, @,

50 )
X0 :a—l%':;_h&ﬁ Symmetric (3.10)
X1 =|3||32

Let '(s]sz)SmS> stands for xSmS(I,?.), the two nucleons

spin wavefunction. This wave function can be expressed in terms of

Clebsh-Gordan form as:

Xamg (12)=[(88,)8m, )= T C2 w (Wit (2) (3.11)

mg|.Mgo

In either case, there are four spin basis vectors. The square of the

51525
Mg, Mg, Mg

coefficients C (1,2) gives the probability for finding nucleon 1

with spin up and nucleon 2 with spin down and vise versa. Using the
Clebsh-Gordan coefficients properties, we can write

C52515 :(_1)5|+53—S Cslsgs (312)

mg 2mg| Mg Mg Mgy Mg

Alternately, the spinor wave functions may be specified in the basis
of eigenfunctions of the total spin S=§, +§, , or more precisely its square
and its z-component

S Xsmg ) = 12S(S+ D) (3.13)

SZ X-Sms):hSZ‘xSmS) (314)
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In general, the basis |y is convenient for L=0 and S,. Applyin
g Smg pplying

the first term in equation (2.24) on the two-nucleon spinors (triplet state)

we get (Fliigge, 1974)

T A A
(6., 1(0,.T)| ~
: 2 XI‘U

r
Ki-1

cos’ By, +V2sinBcosBey, , +sin’ Oe*y,

= | v2sinBcosBe ™y, , +(sin? O —cos® B)y, , — V2 sin OcosBe "y,
sin® Be "y, , — V2 sinBcosBe ™y, , +cos? Oy, _,

(3.15)
The second term in equation (2.24) gives
— = X.Inr X.l.m-
(6,.0 ){ o ={ ’ :‘ (3.16)
v X0.0 — 3o
And for the singlet state we get
G,.r)(G,.r
(__%Z—)XU_U =% (3.17)
using equations (3.16) and (3.17) we have
S13%00 =0 (3.18)

The effect of the tensor operator on the triplet spin states can be

expressed in terms of Y, in the following way (Fligge, 1974)
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2 [4n

SiaXia = g\#"s_{Yz_uXu F ‘EYzJXLo + ‘/gyz.le_ﬁa} (3.19)
2 |4n

SiXio = 5 ?{—"‘EYL—IXLI - 2Y2‘0X|.0 - ‘/EYz.lx;,,l} (3.20)

2 [4n
SiXia = 5\}—5_(‘/6\,2.-:7(1.1 + ﬁYZ.—IXI_U + Ym%n.—l) {3.21)

Accordingly, the scattering matrix must be diagonal and independent of

S, , it may, however, depends on S.
3.2.3 The two nucleons isospin operators and wave functions

The proton and neutron are treated as two states of the nucleon
differ only in charge. We shall introduce the charge operator T to be
identical to that of the spin operator & . The isospin wave functions can

be introduced as follows

1 1 )
x(proton) = x(p) = x(g] =y = (OJ
> (3.22)

y(neutron) =y(n) = X[- %_j e [?]

The neutron and proton are eigenstates of the operator t,

analogous to S, . Thus,
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The isospin two nucleons wave function y,, also can be either a

symmetric or an antisymmetric one depending on the total isospin of the

two nucleons. The isospin raising and lowering operators,

T, =1, T it change neutrons into protons and vice versa. Two nucleon

states having isospin T=1 or T =0, are belonging to isospin symmetric
and antisymmetric wave functions, respectively. The generalized
antisymmetry for all multi fermions states including the isospin part must
be antisymmetric under interchange two fermions coordinates (Krane,

1987).

The antisymmetric wave function corresponding to the singlet state
of the two nucleons has a total isospin T=0 and an isospin projection

T,=0. Similarly to spin case, introducing LTT notations, the
Z

antisymmetric singlet isospin wave function can be written as

i 0,=Y, 9, |

Xoo NG ’

antisymmetric (3.24)

Moreover, a two-proton or  two-neutron state  has
T,=1,(1)+1,(2)==%1 which implies T =1, a neutron-proton state has

T, =0 and this may be either T=0 or 1. The two-nucleon isospin triplet




state (T=1, T,=1, 0, -1) wave functions is symmetric and the different

wave functions are related to individual isospin spinors by

Lii =T V3

o,+vy, 0 .
%10 __.L-TY-LH symmetric (3.25)
Kl :6182

This is similar to the spin wave functions.
3.2.4 The two nucleons total wave functions

The two-particle angular momentum coupled wave functions can
be constructed as ¥(j,(1)},(2);JM), with j, ={n,,l,j,} and 1,2,-—--- is a

notation for all coordinates 1,,G6,......... LI T — . The eigenstates of
the two-nucleon state may be written as |[NIjm) , where N is the principle

quantum number of the orbital motion. The above wave function is
constructed via angular momentum coupling

()i, 2;IM)= 3 (jm,,j,m, |[JM)¥

mp.m3

(DY, (2) (3.26)

Jimj
the coefficients (j,m,,j,m,/JM) (Clebsch-Gordon coefficients) vanish

unless M=m, + m, (Jelley, 1990; Rotenberg, Bivins, Metropolis and

Wooten, 1959). In the case of identical particles (p-p, n-n) the wave
function should be antisymmetric under the interchange of all

coordinates. We explicitly construct them
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(@) J, # 1,

s (j|j2;JM)=N 3 <jimlsj2m2

mjp.mp

MY, (DY, (2)

Jjmy
N l-IJJI""'I (2)LP‘|2|113 (l)] (327)
Rewriting in the convention of angular momentum coupling particle 1

and 2, in that order, and using the symmetry properties of Clebsch-

Gordan coefficients, we obtain (Merzbacher, 1996)
W B I i 1 +'.7_ & &
LPans.(Jllz;JM) = ?[W(J]JQ;JM) = (_I)Jl 2! LP(J[JQ;JM)] (3-28)

Here the subscript "ans" means that the wave function is normalized and
antisymmetric. The nucleon coordinates need not be written any more
since we use the convention of always in the order (1,2)

() J, = Ja

From equation (3.28) in which we placed the restriction ji=J,=1], we

obtain the wave function

Yoo (2:IM) = N'(1+ (=1)’) 5 (jm jm, [IM)¥;,, (D¥;,,(2) ) (3.29)
ml,m2 Z

So, one gets N’ =% and the restriction J=even. This leads to two-nucleon
systems with spin J=0, 2, 4, ----- ,2j-1 ;in general. The normalized wave
function for the two nucleons system can be expressed in terms of

Clebsh-Gordan coefficients as (Mar'i, 1987):




¥ (jl;JM):lnl‘('lsljnn:ffZSIJE;JM(TI’TZ)T>

ans

[n,¢,(1)j,,n,¢,(2)Lm,(s,5,)Sm ;IM(7,,7,)T] 255
+(=1)"n,¢,(1)j,,n,¢,(2)Lm,(s,s,)Sm_;IM(1,,T,)T L

where 6=06__.0,,.0

ngng L2 T a2 Tsis2 T
The calculation of the two body matrix

V. (1,2)]3,1,3TM)

<jl,j2;JM is the one required in this study. This will

ans

be done for some special cases in the following chapter.
3.3 The effective interaction operators
In order to obtain the difference between the free NN interaction
V and the effective model interaction V.; we consider a system
described by the Hamiltonian H
H=H,+V (3.31)
Here, H, denotes the unperturbed Hamiltonian with a set of unperturbed
wave functions ¥,” and V is the perturbed term. Thus
FoF = B9, (3.32)
For a particular state, the true wave function ‘¥ obeys the full Schrodinger
equation (Messiah, 1962):

(H, + V)¥ =E¥

—
(98]
(OS]
(OS]

~—

Where, E is the total energy of the many-body system.




The standard perturbation expression expresses the true wave function ¥

in terms of ¥;° as (Gasiorowicz, 1996):

Y =Yaw (3.34)

For a limited, small model space, only a small number of basis states ‘¥’

are used and one obtains a wave function
¥Y'=Ya Wy (3.35)
We now impose the condition that the effective Hamiltonian reproduces

the true energy E for the corresponding normalized wave function ‘¥’ thus

(¥

H eft

O (3.36)

We divide the Hilbert space between the model space M and the
remaining part. The remaining part is given by the projection operators

such that (Merzbacher, 1996)

b= 3w ><‘Pf’ & (3.37)
And Q
Q=3 W (3.38)

Operators P and Q have the following properties (Villars, 1966):
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Folle"Tle-E

-~

P1
] Q,

(3.39)

,Q1=0.]

o

where 1 is the identity operator. Introducing the space wave function as
¥’ = PY¥, the true wave function can be written as follows:

Y=(P+Q¥ =¥ +Q¥ (3.40)
When operators Q and Pare applied to equation (3.33), Schrodinger

equation can be written as (Briieckner ef al., 1961):

(H, -E+QVQ)Q¥ = -QV(P¥) (3.41)
And
(H, —E-PVP)PY = -PV(QY¥) (3.42)

Solving equation (3.41) for Q¥ we get
Q¥ =-Q(H, -E+QVQ)'QVP(PY¥) (3.43)
Substituting equation (3.43) into equation (3.42) to get
(H, —E+PVP-PVQ(H, -E+QVQ)"'QVP)P¥ =0 (3.44)
Or
P(H, —E+V-VQ(H, -E+QVQ)"'QV)P¥ =0 (3.45)

In terms of the model wave function V', equation (3.45) can be written as
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P(H,-E+V_)¥' =0 (3.46)

Equation (3.46) represents an eigenvalue problem in the model space for

the true energy eigenvalue E at the expense of using an effective model

interaction V.i(E). The effective interaction can be introduced as

(Briieckner et al., 1961; Bethe, 1971; Kéhler, 1965)

V., = V+VQE-H,-QVQ)"'QV (3.47)

Let us introduce the identity operator as follows (Messiah, 1962):

2 1 .4 & 1 &
i==(A-B)+—=B (3.48)

P

Or

1 1 B 1
— — =—+ (=)= 3.49
A-B) A+(A)(A~B) ( )

The effective interaction can be expressed in terms of the identity

operator as in the following equation (Bethe, 1971):

(3.50)

Q
Vcﬁ.=V+V(E_HO)V

For an arbitrary effective interaction, the latter expression in equation
(3.50) should be expanded to include all nucleons eigenstates. We can

iterate the effective interaction into the series (Briieckner ef al., 1961)

A ~

Q Q Q
V+V V VAo, 3.
E_HU) + (E_HU> (E_HU> 4 (3.51)

V=V + V(
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Similarly, we can obtain an expression of the true wave function ¥ in

terms of the model wave function as

~

‘{’:‘{”-P(E_Q A3 (3.52)

0

Equation (3.52) can also be iterated in the same way. The result is

~ ~ ~

] Q r Q Q
+(E—Hl,) +(E H) (

0 —1lp

Since Q|‘P'> =0, the true wave functions can be normalized according to

the following relation

(¥ W)= (¥

V] (3.54)

Starting form equation (3.51) and equation (3.53) the following relation
can easily verified
V' '=V¥ (3.55)

Accordingly, the action of the effective interaction on the model wave
function gives the same result as the action of the realistic interaction on
the true wave function (Brown and Jackson, 1975).
3.4 The Effective interaction and the 3 matrix

In order to relate the effective interaction to I , let us consider

an integral equation to be satisfied by the wave function ¥ as
W (F)=e"" + [GL(F,F)V(F)Y, (F)d’F (3.56)

Where G|”'(F,t') is Green's function satisfies the relation

>




8(r-1)=(E-H,)GY(7,) = (—V2+E)G”’( 1) (3.57)

In a more explicit way, Green's function can be written in the

following form:

20z
N

N -
G () =5 Pt

(3.58)

Where, by convention, the (+) denotes the outgoing boundary condition.

It is easy to verify that equation (3.56) guarantees that ‘¥ solves the

following Schrédinger equation (Eisenberg and Greiner, 1970)

Where p is the reduced mass of the two-nucleons system. At all

positions, ¥ satisfies the Schrédinger equation (3.59). Equation (3. 56)

(--h—~v2 + V(T))¥, (T) =EY¥, () (3.59)
2u

can be used to evaluate the matrix elements of equation <¢|;- M‘PJ, for
k| and [K|. Thus,

(0: [V]o;.)

(6. V|6, )+ [I°F[d*Fo, V(F)GL (F,F)V(F), (F)
= (0p [VIo; ) + J°T J*F (0, [VIENFIGY |7 )(F|V]¥, ) (3.60)
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-By introducing the complete set of basis states !(pk;.> and ‘(pk;,,> instead

of |f) and

F’) states, equation (3. 60) can be written in another form

using Fourier transform as:

1
(4mh)®

JA'k" [d*k"(0,. [V]0;. )(0,. /G |- ) »

(9

(0 [VIW,) = (0 [V]o;) +

V|¥,) (3.61)

The matrix elements of G|’'between plane waves are easily evaluated

using equation (3. 57) or directly from the definition equation (3. 58), we

may write

o) =lim(¢.| 1 |0;.) (3.62)

-0 E-H_ +ie

(M ey

The matrix in equation (3. 62) is diagonal in the plane wave basis. This

can be verified using the following completeness relation

(—)° Jo°R

s d¢ (0| =1 (3.63)

Accordingly, equation (3.61) satisfies the following equation

(Heyde,1999)
<¢i&“ |Sl¢:: > . (‘ba' |V’¢E ) T <¢|: ‘VG(E”Sld)E) (3.64)
Or, simply,

3, =V+VG'S, —V4+limV—— 5, (3.65)
: : e~ E—-H_+ig '




The relation (3.65) between 3 and V involves the energy E as
parameters, because E appears in the Green's function G\’. Thus,

equation (3.65) actually defines a whole family of operators J.. Thus

-~

we are led to identify the matrix element of the effective interaction 3

(the transition or 3 matrix) by the following approximation:

(b 1900¢) = (0 [VI'¥;) (3.66)
The solution of this equation (3.66) can be by using the general
expression of NN interaction in equation (2.37) and by using the

following total wave function of the two nucleons system
Yo = PO X s, E‘nljnliml’nzjzlzmzacno'zatnatz> (3.67)
3.5 Approximation of the effective interaction 3, matrix elements by

the differential cross sections
Sometimes it is difficult to evaluate the exact matrix element of NN

potential and approximate methods are recommended. This section is
) - ; ; ; . do .
aimed to relate the 3 matrix to the differential cross section i’ in a

step to simplify the complex expression of the effective interaction. The
differential cross section can be expressed in terms of the scattering

amplitude f, (6 ) as follows (Schiff, 1968):

do

o=@ (3.68)
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Where 0 is the scattering angle, and f, (0)describes the asymptotic term

of the scattering wave function for the relative motion

ke

LPE(F)—m""+ﬂ(e)"‘—r- for kr — oo (3.69)

Where 7k is the relative momentum before the scattering.
Let us now figure out the relationship between the J matrix and

f,(8). It is well known that the Born approximation consists of

approximating ‘¥ by an unperturbed plane wave ®.. By comparison, a

plane wave CDE, (r)of the same energy but directed along another

arbitrary direction k'satisfies also Schrédinger equation (Merzbacher,
1996)

X
21

-

VO, (F)=ED_(F) (3.70)

The wave function <I)§, (T) appears in equation (3.70) is the same as

equation (3.69) for large T, but differs inside the range of the force.
Multiplying equation (3.69) by @ (r), subtracting Y. (r) times the
complex conjugate of equation (3.70) and integrating over a sphere of
radius R — o, to obtain

3 - - . _h?
J’Rd rd)k;,V(r)‘Pg(r)zllilm [ d’F—x

2| F|<R 2!-1

(CDE,|V|‘P£>: lim

R—=x

[©.(F)VW, (F) -V, (F)V'D,.(F)] (3.71)
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The right hand side of equation (3.71) may be evaluated using Green

theorem

[ d’F(fV’g-gVif)= [R*dQ(fVg-gVf)A (3.72)

volume suface
Where n is a unit vector normal to the surface. Accordingly, by inserting

equation (3.69) in equation (3.71), we get

T . 2 i 0 e Tue i i:  £.(0) .
(¢g(r)IVIWa>=2MLl1§R [dQfe™ a(ek +%eL )—e" +—“r e™r)
%e'ﬁjf]=—4ﬂ§1fk(9’) (3.73)

Where 6’ is the angle corresponding to k'. According to equation (3.
66) and equation (3.68), the right-hand side result of equation (3.73) is

related to the scattering amplitude through the following relation

(9 L3’¢E)=—4nf—2fk(e) (3.74)

Generally, f, depends only on the magnitude of k and on the angel

between k and k'.

The requirement that the effective interaction produces the correct
scattering amplitude in the Born approximation is not sufficient to specify
completely the operator 3 . However, it gives the same matrix elements
between states of the same energy as the 3 operator does. The obvious

generalization is obtained using equation (3.66) to define the matrix




elements of 3 forall kand k' . Inorder to have relations between the
effective interaction and 3 , the effective interaction can be replaced by
the true interaction V. This approximation enable us in finding an

equation equivalent to equation (3.74), but having an explicit dependence

—_

on the wave vector k.

The relation to the scattering amplitude f, , equation (3.74), only holds

o~

for the effective interaction 3. whose energy E is equal to the

bl 2

experimental energy E = Equation (3.74) can also be used as a

definition of the J-matrix, from which its other properties follow. This
definition is not restricted to local potentials, or to non-relativistic
quantum mechanics.
3.6 In medium NN cross section

In order to use the approximated expression in equation (3.74) for
evaluating the matrix elements of the NN potential, the in medium actual

cross section, oy, , which takes into account Pauli blocking and the finite

nuclear matter density must be known.

n

The in medium cross section oy, can be calculated by solving

many-body Bethe-Goldston equation (Faessler ef al., 1984). In this case,
the calculated values are limited because values of nuclear density and

incident energy values are restricted to include small ranges. The semi-




empirical formula used for calculating o, within energy range between
50-500 MeV and matter density up to 2 p, suggests that ¢" =0.80c"*.

A general formula that will serve wider energy range extended from 10

MeV to 1 GeV can be written as (Xiangzhou et al, 1997):

0.06 L 1.48
G =(13.73-15.04p" +8.7662 +68.67p~) 1 ~Clas P

3.75
n 1+18.01p"* - 1)

1+20.88E %% p2??

i —(-~70.67-18.188~" +25.26B7% +113.85 3.8
where
1
=l == (3.77)
v
is the ratio of projectile velocity to light velocity
El'h
= LL IS 1 378
¥ 931.5 (3.78)

p is the nuclear matter density E is the incident energy in lab frame

In this study, we shall adopt the following approximation:

do in G:i]n +0inn
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Chapter Four
Results and discussion

4.1 Introduction
In chapter 3 we have introduced the two nucleons matrix elements
of the effective NN interaction. Our philosophy is to adjust the matrix

element of V,, in order to achieve agreement with the measured ground

state properties in the central spherical potential well approximations,
before proceeding to include the deformed potentials in the present
model.

The deformed types are classified according to their L-values.
Typical deformations to be investigated in this study include (=2, 3, 4,
and 5. The dipole deformation of nuclear shape having (=1 has no
physical meaning since it corresponds to the movement of center of mass
the nucleus. The (=2 corresponds to ellipsoidal shape for the deformed
nucleus and is called the quadrupole deformation. The (=3 is referred to
as an octupole deformation. The (=4, 5 are called hexadecapole and fifth
pole deformation. Therefore, we adjust the deformation parameters
simultaneously to achieve the desired binding energy for a given nucleus
for each choice of the model. The deformation parameters are usually less
than unity. This is because as the deformation parameters become large,

the effective interaction approaches the bare interaction whose matrix
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elements are large and positive. Thus, our whole procedure will
eventually breakdown with increasing deformation parameter values. The
results we present are obtained neglecting the Coulomb interaction, since
the Coulomb interaction is a relatively weak interaction this should be a

safe approximation for the nuclei we consider.

In this chapter we shall present our results for O and
“Canuclides. We have evaluated the ground state properties of these
nuclides and have calculated effective interaction total energies. We
outline this chapter as follows: In section (4.2) we describe the technique
we have used for efficient computation. In section (4.3) we test the model

against the delta potential and the Nilsson one. In section (4.4) we present

our results for '°O and in section (4.5) we present our results for *Ca .
4.2 Numerical methods

Our calculations include up to 6 major shells. For such
calculations, considerable computer time and space for storage are
needed. To overcome such difficulties we omit some nucleons and some
orbits that are not expected to play significant roles. We have tested the
validity of this procedure in the deuteron nucleus (Figure 4.1), we have
found that the results obtained are in a good agreement with the
experimental results (Cohen, 1971). We have used these orbits to
determine which of the two-body matrix elements of the effective

Hamiltonian to be evaluated. The matrix element of the effective
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interaction 3 (the transition or 3 matrix) was introduced in chapter 3 as
follows:
(0 [310:) = (0c [VI'¥;) (4.1)
The solution of this equation can be as follows: Consider the total wave
function of the two particles can be written as
P =0 i Sy, S S B T, L0005 ) (4.2)

Using equation (3.51), equation (4.1) becomes

~

(LPm[ 3|LP!U,>=<n,j|l,m,,n3jzlzm1,0',,0’2,11,12'V+V( QH )%
— 1y
V + V( Q )V ( Q /" I
-H, E-H,
|nljlllml‘n3j213m:‘clvcgur]113> (4.3)

Moreover, by classifying each part of the potential with its own part of

the wave function we get: The first term:

: : g’ —ur 1z Tia\ly, (8% —ur 1 2 fia i
(n;J,l,ml.n2J312m3|(4ne (rI l;)PI(COSG)( “ ) )+(4ne (r, I;}Pl(cose)( : »)

- A

Q & urls Tz, (Bl L3 fizyiyQ
(E—-HU)(ZLne (r, I;JPI(COSB)( I ) )+(4ne (rl %P,(cose)( I ) )(E—H“)

; - 2
g lg Toyiy Q87 —hr 13 PN
(G=¢ gﬂ;fdumm(n))(E_H0x4ne Q]EPAMBM(H)))
|n1j]l,ml.n2j212m2 > (4.4)

The second term:

Q
E—H,

(61.0,[8,.6,+26,.6,( )¢ 5.5, +g51-62(—Q_)8(F1 —1)G,.Gy %
E-H,

P

( )g(t, - 1,)6,.6,|5,,0,) (4.5)

Q
E-H,
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The third term:

<t|-tz Itl‘tl"l(?l] )+ 1,.7.d, (5, X

Q . -

_Hu)Tl"':le(ru)*'T|-12J|(r|:)(E?HO)X

e i | (F,)(L)r T5d (F,,)|t ,t.,) (4.6)
| et o 4L s E—H“ b el | 2 1 2

The fourth term:

(o055 0570 (88,000 8, . B+ (8,8, 055 )FuT(f)(E 7 ) x

0

(8,:8,)(7,.%,)Fyp (F) +(8,.85)(%, 3, o (P QH N,.8,)(%, T, E,, (F) %

']

(E —QHU )(61 -63 )(:f1 -:E: )FUT (F)Lcl ’02’ Ti ’TZ) (47)
The fifth term:
(0,,0,|V

e (8 A0 [(—)(0 1)(6,.1) = (6,.G,)] + Vpeor (DF; [( 7)(G,.1)(G,.r)

- (Gi'az )](E

0

) Vinsor (FF7 [(—1)(6, ING; )= (0::05)]F Vi (DE [(%) 5
-H r I

(61 .l')((-j: -r) - (6|‘63 )]( Q )Vtuawr( )F [(

ST )(G,.r)(G,.r) - (6,.6,)]x

Ly xF 3)(0 16,0 -,8,)]0,.0,)

0

(

(4.8)

The sixth term:
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(crl o S 1 < L (F)Fr[(%)(él INE 5 T)=(0,.8; )(T;T:) + V. (T)F: [(f_‘—) X

Q
E-H,

(6] F)(ag F) . (6| '03 )](tl ‘f_‘ )(

) Vinor (i")FT[(I%)(GI .I)0,.I)-(6,.G,)]x

Q
E-H,
3

" N I
(fl':c-l)+Vlcnsur(r)xFI‘[(r_g)(cl'r)(c‘l'r)—(01'62)](:EI‘:EZ)( )Vtensor(F)x

A

Q SV (S
E _ Ho ) Vlensor(r)FT [(I'l

0,.03.1,.5) (4.9)

FT[(I%)(GI F)(G.:F)=(0,.0:)](T;-T) ( )G,.T)(G,.I)x

~(53,6,)(%, %)

The seventh term:

~

(n,j,lym.n,j,l,m,.c,,0, ‘CI:SJrCI:S(E—QHU )ci.§+ci.§(E —QHU )cLS x

Q
E-H,

( yeL8n,j L impn;,jlm,.6..0,) (4.10)

The final term:

<n|j|l;m|-n3j:lzm:-0|-cz ivo(?)(al-_].)(ag-_[)'f'VQ(F)(C—S,.T)(GJ.T)(E_QH ) X
V, (F)G,.1)(5,.1) + V, (F)(5,.1)(3,.1) Q W, (F)E,.1)(E,.1)( Q ) x
Q | 2 Q I 2 E—HU Q 1 E——HU
Vo (£)(5,.1)(5,.1) |n,jlm,.n,j,1,m,,5,,0,) (4.11)

Evaluating the above equations requires a supercomputer to
accomplish the job. The computer program has been developed according
to equations (4.4-4.11) and is restricted to work within the basis space

defined by these orbits despite the complication of numerical analysis. In
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developing the program several simplifications and approximations have
been made and will be discussed separately.

The central part of the potential decreases with increasing the
separation distance between nucleons and the matrix element can be
separated into two parts making use of the addition theorem of spherical
harmonics. If the deformation effects are allowed, the deformation
surface can be described by equation (2.1). We have considered axially
symmetric deformations only with z-axis used as symmetric axis. In this
case, all a(, values vanish except for m=0. The central part of the
potential is calculated using the expression in equation (2.17). The matrix
element can be separated into two parts making use of the expansion in
equation (2.15)

The spin contribution to the internucleon effective interaction is
represented by an expression involving both nucleon spins (Cohen,
1971). The simplest term involving both spins is s,.s,. The expectation

values of §,.5, is calculated for both singlet and triplet states of nucleons.

In doing these calculations we are making use of the squared value of the

total spin S=5, +5, . Thus

(52 —s? -s3) (4.12)

5,-5, =

W |—
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Knowing from quantum mechanics that the eigenvalue of an angular

momentum S° can be expressed as #°S¢S+1), the expectation value of

S,.S, can be written as

<§1'§2> -

(S(S+1)=s,(s, +1)=5,(s, +1)) (4.13)

B | =t

With nucleon spins s, ands, of % , the value of s.s, is, for triplet

(S=1) states ifzz and for singlet states (S=0) is —%hz . Thus, a spin

dependent expression of the form Vs(f) $,.S, can be calculated and added

to the internucleon potential. The effect of such potential will resulted in
having different cross sections for the singlet and the triplet states. The
magnitude of V; can be adjusted to give the correct differences between
the singlet and triplet cross sections and the radial dependence can be
adjusted to give the proper dependence on energy. In this study, the value
of V, that fulfils this requirement was found to be ~30 MeV. The general
expression of V that includes both the triplet as well as the singlet
contributions to the internucleon potential is given by equation (2.20).
The tensor contribution to give the internucleon potential was taken

to be of the form V_l_(F) S,, as given by equation (2.25). The
V‘r(F) function gives the force and the proper radial dependence and
magnitude is included in equation (2.24). The expression in equation
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(2.23) gives the force proper tensor character that also averages to zero
over all angles.
The spin-orbit level scheme contains the major effects relating to

the internucleon potential deformation and can be evaluted via

o —/ forjze’f-l
<L.S>=;<J3-Lz-83>= 2 2.0 419
2+, o ji= fepm

e}

Where we have used s=— for the spin of a nucleon.

o | —

The isospin is mathematically like the spin as been introduced.

Integration over spin-isospin spaces, these equations can be simplified by

using
(SS, s, s,[SS,)=[2S(S+1)-3)/4 (4.15)
and
(Tt,|t,.1,|Tt,) =[2T(T +1) - 3)/4 (4.16)

Using equation (2.31), the isospin contribution to the NN potential can be

written as:

gl

Ut n =13 (I, @ -Dli) (4.17)

1=]




Where T is the isospin of the nucleon, and |i) is the single-nucleon state.
The isospin potential can be approximated by (Seimens and Jensen,

1987):

L

Z

48f (1) (4.18)

The interaction energy of the two-body potential in equation (2.31) can be

written as (Seimens and Jensen, 1987):

¥ 7.5 (4.19)

For a state of given isospin T and third component T, =%(Z—N) , this

gives immediately

(Tr,

(2)
Jl

TTZ>=%Z <TT;, T.(X T, _:Ei)|th>

48 1.1 A
_X[T(T+ 1)—5(5+1)§I]

~ i\—ST(T +1)-36,MeV (4.20)

Thus the nuclear force corresponds to the lowest energies should be

symmetric in the space-spin state. This is because the lowest energy is

obtained with the lowest possible values of T, i.e., T=

1
TJz‘;(NZ)!

(Jelley, 1990).
Now, let us outline the main processes in one iteration of the

calculations in sequence. The following iteration is read and stored, the
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number of occupied states and their 2j-values, the 2j, L and n values of

the orbits.

In the basis n/jm, , the first quantities to be calculated and stored

are the n/jm, Vn'/fm’ , the matrix elements according to the

expressions in equations (4.4-4.11). The appropriate two-body matrix
elements of the effective interaction according to equation (1.12) can be
obtained by summing all contributions from all nucleons. The effective
interaction is calculated according to equation (4.3) using the matrix
elements from the second, the third, the fourth and the fifth multipole
deformation parameters using equations (4.4)-(4.11). This set of matrix
elements is used to calculate the corresponding total energy of the
nucleus. This ends the first iteration. The second iteration proceeds as in
the first, in order to calculate the effective interaction and total energy for
other states. This procedure process will continue until convergent
solution is achieved.
4.3 The model testing

In this section we shall test the model against the well known results
of the deuteron and the Nilsson results.

In the deuteron case, we have used a central radial interaction of the

form V(T —71,) to evaluate the two-body matrix elements. Expanding
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the central interaction in the orthonormal set of Legendre polynomials,

we can obtain the result
V(T =T,)= & Vi(n,1)P(c0s6.,) (4.21)
(=l

where the index k counts the various multipole components present in the
expansion. For a short range interaction to be represented by delta-type,
d(t, — T, ), interaction, the expansion coefficients V,(r,,r,) can be written
as (Heyde, 1999):

o(r, —rz))(2k+1

bty dm

Vi (1y,1) = ( ) (4.22)

When nucleons interact in the nuclear ground state, their relative
momentum is not greater than twice the Fermi momentum, corresponding
to scattering beam of 140 MeV nucleons. Thus it is reasonable to say that
the effective interaction in nuclear matter may have a similar approximate
expansion. Skyrme propose (Negéle, 1982) that the plane wave matrix
elements of the local density dependent effective interaction in nuclear
matter could be expanded in a power series in the relative momenta of the

initial and final two-body states

ki SRE = )8k, +K, K| —Ky)(S,(1+

2h

+(k| =KV m+ Sk, —k, (k| ki) +..0/R (4.23)

o
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where primes denote final states. Since nuclear forces depend strongly on

spin, the power series coefficients 3 ,3,and 3, can be introduced as

operators in the spin space. In this space, the effective interaction can be

approximated by

3 = 3T+ Ps) (4.24)
where P, = ,1)(1+ 45s,.5,) (spin exchange operator) is —1 for the singlet and

+1 for the spin-triplet states of relative motion (P values according tos, s,

eigenvalues). The final result concerning the two-body matrix elements

results in the expression

. P o . Wi, T
J1>323IMO(5 = 1) Ji,Jy - IM g =F (2J1+1)(2J2+1)Ll2 —122 0] "
Ji+ia+]
l+(1)2 (4.25)

where F° is a Slater integral expressing the strength of the interaction.
The j-dependent however, only rests in the Wigner 3j-symbol and the
phase factor.

The effective interaction of the two nucleons system in a deuteron
nucleus is shown in Figure 4.1. The total effective NN potential is
obtained by adding contribution from all terms. The calculated results are
in agreement with the experimental results in which approximately 70
MeV for the depth of potential well is predicted. This figure can be used

as an example to figure out the relation between L and V.. For L=0,
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there is no repulsive centrifugal force and no spin-orbit interaction
(Cohen, 1971). We note that as L increases the potential becomes
narrower and shallower the justification is as follows (Cohen, 1971): the
narrowing arise because the particle with high orbital angular momentum
is strongly repelled from small radii by the centrifugal force. When the
potential well becomes narrower, the wave length of a wave which fits a
given number of half wave length into the width of the well becomes
smaller, so a shorter wave length leads to higher value of V. Hence, the
distance from the bottom of the equivalent potential well to any energy
level increases with L. Moreover, the bottom of the well rises with

increasing L so the energy levels are pushed up as shown in Figure 4.1.
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Figure 4.1. The various terms of the effective
interaction for deuteron

Before proceeding in citing the deformation results, let us examine
the Nilsson model by considering the spin-orbit interaction only and have
a look at this deformation energy spectra illustrated in Figure 4.2. The
results shown in Figure 4.2 obtained by assuming a deformed surface are

quite similar to those obtained by Nilsson (Cohen, 1971; Jelley, 1990)
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who assumed a deformed potential. Accordingly, we shall discuss other

results belonging to different deformed nuclides.
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Figure 4.2. Orbit energies of 2C deformed nuclide
(A<20) as a function of deformation
parameter.

One can characterize a deformed eigenstate with the quantum numbers

[Nn,AQ] where N: principle quantum number, n, : projection of N,

A=m, and Q=A+X% whereZ = i; the spin projection.
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4.4 Results for 0O .

The V,, (""O) calculated values for some nucleon states are
displayed in Figure 4.3 and some deformed energy levels are shown in
Figure 4.4. The occupied orbits we find for '*O are in agreement with the
standard shell model for A<20, where A is the mass number (Heyde,

1999). Besides, the effective interactions are in agreement with the

results obtained for the '°O nuclide (Faessler et al., 1984)

Ve (MeV)
80 -
60 |
10
20 |

7 3 T 1T T 17 ' T 7 7]

10 12 14 16 18 20 22 24 28 2.8(

fm)
:
Figure 4.3. Typical effective interaction for nucleons in
different states of '°O deformed nuclide.
Figure 4.4 shows the ratio of the total orbit energy to an oscillator

energy of hw=14 A MeV for O nucleus as a function of the

deformation parameter a.. Considerations of energy ratio was adopted for
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comparing the obtained results with that of Nilsson results. For positive a
we have prolate deformation and for negative o we have oblate
deformation (spheroidal deformation), for non-zero o each level splits

into (2j+1)/2 levels, each level is two-fold degenerate with eigenvalues

+mj (Jelley, 1990).
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Deformation parameter, o
Figure 4.4. Orbits energies of '°O (N, Z <20) deformed nuclide
as a function of deformation parameter.

Based on Figure 4.4 results, the deformation effects can be

explained as follow: For a=0 the energy levels are designated by the j-
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quantum number (spherical nucleus) and all the states for mj are
degenerate, but for a#0 the potential becomes a function of 6 (tensor
force). Accordingly, the orbital angular momentum L is not conserved
and consequently L is not good a quantum number. On the other hand, V
is not a function of @ so we have no torque in the z-direction hence the z-
component is conserved so mj is a good quantum number. For this case
(a0) the energy states are designated only by mj and the parity which is
unchanged because of the deformation. For an oblate deformation we
note that the energy increases with decreasing m;. If the nucleus is prolate
small mj orbits lie lower in energy than the large mj orbits (Cohen, 1971)

The model has numerous parameters: masses, coupling constant,
and other parameters some are constrained by the coupled channel fits to
the NN scattering data. The equilibrium root-mean square radius (rms)
have been calculated and a value of 2.61 fm corresponding to total energy
-142.7 MeV. The experimental rms radius for °O is 2.74 fm and the
measured binding energy is -127.7 MeV. The difference between the
experimental quantities and our calculated results may be attributed to

neglecting Coulomb interaction which gives a repulsive energy of about

14 MeV for '°O and including several deformation terms.




4.5 Results for *“Ca
Here we restrict our calculations to a nucleus of mass number
equals 40 and radius of 3.41 fm. Again the Coulomb effects are

neglected. The calculations proceed in the same manner as the

calculations for 0. Our results of V. (**Ca) are presented in Figure 4. 5

Veff (MCV_)
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IIE—
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40

20 7

-20

1g7/ 251
-407

-60 -
1s1/2
-80_

-100; L
10 15 200 25 300 35 40 a5

Radius (r'), fm
Figure 4.5. Typical NN effective potential curves for nucleons
inside **Ca deformed nuclide.




and the deformation effect displayed in Figure 4.6 for*’Ca. The “Ca
results are similar to those results obtained for deformed nuclide °O.

For the same L-values for the nuclides, we find the same depth of the
potential well. This means the potential depends on L-value of the
energy level. The ratio of the orbits energies with oscillator its energy
given as ho=14 A MeV for “Ca nucleus as a function of the

deformation parameter o is plotted in Figure 4.6.
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Figure 4.6. Orbits energies of *Ca deformed nuclide as a
function of deformation parameter.
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The equilibrium rms radius of *Ca is 3.38 fm and the
corresponding total energy is -414.5 MeV. The experimental rms radius
for *Ca is 3.48 fm and the binding energy is -342 MeV. The difference
between our calculated results and the experimental results may be
attributed to Coulomb effects which give a repulsive energy of about 70
MeV.

The results presented in this study for '°O and *Ca are in
agreement within <15% with other results obtained for deformed nuclides
(10<A<50) (Nilsson et al, 1955; Cohen, 1971; Heyde, 1999).
Accordingly, we can conclude by stating the following conclusion: all
nuclides have a certain deformation to a certain extent and the proposed
spherical shape for nuclides is a special case from the general case, the
deformed one. Therefore, we recommend to include deformation effects

to have better results for nuclear structure.
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Chapter Five

Conclusion and Future Work

5.1 Introduction

In this chapter we state the conclusion we believe and the expected
extension in this scope.
5.2 Conclusion

In this study, the effective nuclear potential between nucleons is
studied for deformed nuclei, in the hope that this knowledge will be
useful in studying more complicated nuclear systems. Despite the good
agreement between the results obtained using this model and other results
obtained using other models such as HF, Nilsson, etc. there has been a
space for uncertainties as in all such models. We remark here that one
uncertainty that could be mentioned is the possibility of multiple
parameter sets yielding equivalent fits to NN data. With this in mind, we
sense some freedom in adjusting the over all strength of the transitions
potentials. We have therefore increased the strength of the transition
potentials in the effective interaction Hamiltonian by multiplying the
matrix elements of transition potentials by a factor of 5 and 10 and
repeated the calculations with the same strengths. We found that the
number of other particles in the occupied orbits very small (of the order

of 107"?), and the effective interaction has not changed.
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Generally speaking, from the obtained results in this model, we
may draw the following conclusions. First, both V. versus rms radius
curves manifest the general shape of a parabola as expected. Second, the
energy is more sensitive to variations in the rms radius than other
parameters. Third, it is possible to stretch the nucleus to larger radii.

Therefore, we recommend more extensive discussions and more
calculations have to be conducted in order to assure the liability of the
model.

5.3 Future work

This study can be extended to include:

1- The study of superdeformed (SD) nuclear shapes for more testing to
nuclear shell structure. Since SD states of large deformations at high
spin have been revealed in many nuclides ( Bick er al., 1999).

2- The pion exchange force. The pions play a special role in the forces
between nucleons, the longest-range part of this force arise from the
nucleus, exchange of a single pion, just as the long-range Coulomb
interaction between electrically charged particles is due to exchange
of photons.

3- Pion-nucleon interaction should be considered for energies
higher than 500 MeV.

4- Relativistic effects can be included.
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