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Abstract

We show that two recent definitions of discrete delta and nabla fractional sum
operators are related. We investigate of dual identities for Riemann fractional sum and
difference and Caputo fractional difference. The first type relates nabla and delta type
fractional sums and difference, and we develop a bout the commutatively of the difference
fractional sum operate with the usual difference operator are established and relates nabla
and delta Caputo fractional difference. The second type represented by the Q-operator

relates left and right fractional sums and difference.

Caputo fractional differences are introduced; one of them (dual one) is defined so that it
obeys the investigated dual identities. The relation between Riemann and Caputo fractional

differences is investigated.



Introduction

During the last two decades, due to its widespread applications in different fields of
science and engineering, fractional calculus has attracted the attention of many researchers

[1,2,4,5, 14, 19].

Starting from the idea of discretizing the Cauchy integral formula, Miller and Ross [15]
and Gray and Zhang [13] obtained discrete versions of left type fractional integrals and
derivatives, called fractional sums and differences. After that, several authors started to
deal with discrete fractional calculus [6, 7, 8, 9, 10, 11, 12, 18, 21, 22, 23, 24], benefiting

from time scales calculus originated in 1988 (see [16]).

In [22], the concept of Caputo fractional difference was introduced and investigated. In
[23] we proceed deeply to investigate Caputo fractional differences under two kinds of
dual identities. The first kind relates nabla and delta type Caputo fractional differences and
the second one, represented by the Q -operator, and relations of left and right ones.
Arbitrary order Riemann and Caputo fractional differences are related as well. By the help
of the previously obtained results in [23, 24] an integration by parts formula for Caputo

fractional differences is originated.



The outline of the thesis is as follows:

Chapter one: Is a general introduction a bout delta and nabla difference operator and
study properties of the delta and nabla difference operators , defined rising and filling

function.

Chapter two: Contains the definition in the frame of delta and nabla fractional sums and
difference in the Riemann sense, some dual identities relating nabla and delta type
fractional sums and difference in Riemann sense as previously investigated in [21], and
develop about the commutatively of the different fractional sum operators with the usual

difference operators are established by dual relation.

Chapter three: Caputo fractional difference are given and related to the Riemann ones,
slightly different modified (dual) Caputo fractional differences are introduced and
investigated under some dual identities, and devoted to the integration by parts for delta
and nabla Caputo fractional differences and Q-operator is used to relate left and right

Caputo fractional differences in the nabla and delta case.



Chapter 1

Introduction and Preliminaries

In this chapter we define the delta and nabla calculus which will be useful for our later

results, we assume a, b € R such that b — a is positive integer, and we defined the set

N,={a,a+1,a+2-} N2 ={a,a+1,---,b} and

N={aa—-1,a-2,-}
1.1 Discrete Difference
In this section, we define the difference and jumping operation as in reference [25].
Definition 1.1.1.

i.  (Delta difference operator) For any function f: N5 — R, then if b > a we defined
the forward difference operator by Af(t) = f(t + 1) — f(¢).

il. (Nabla difference operator ) For any function f: N, — R the backward difference

operator by Vf(t) = f(t) — f(t — 1).

. Letm € N,m = 2, then
A f(t) = AQA™HF (1)
vrE(E) = V(VTLE(E)).



When m = 0, A® and V° denote the identity operators, i.e, A°f(t) = f(t) and

VOf() = f®.
To understand the delta and nabla difference operators, let take the following example.

Example 1.1.2. Let f(t) = t2, ¢t € N, then

i Af@)=ft+1D)—f)=(t+1)?*—t?>=2t+1,
ii. V) =f®)—ft-1)=t>*—-(t—-1)?=2t—-1,
iii. A2f(©)=A00F@®)=0Qt+1)=QEt+1)+1)—-(t+1)=2
iv. V@®=9(f®)=@Ct-D-Qt-1)-1=2
v.  Nf(0) =A(A%f()=2-2=0,
vii V3f(t) =V(V?f(t)) =2-2=0.

Example 1.1.3. Let f(t) = e’, t € N, then

i Af)=ft+1)—f(t) =ettt—et =el(e—1),
i VA =fO) - ft-1D=e'—e=ef(1-2),
iii. A%Zf(t) = A(Af(8)) = A(et(e — 1)) = ef(e — 1)?
iv. V(D) = V(VF(D) =V (ef (1- i)) =et(1- §)2
We introduce the following properties of the delta difference operators [20].

Theorem 1.1.4. Letf: N2 — R be a function defined on Rand @ € R, t € N271, then

. Aa=0,
ii.  Aaf(t) = aAf(t),
iii.  A(f(@®) +g@) =Af() +Ag (o).



Proof: Using definition 1.1.1

i. Letf(t)=a,thenda=Aft)=ft+1)—ft)=a—a=0
ii. Letg(t) =af(t), thenAg(t) = g(t+1) — g(&)
=af(t+1) —af () = aAf(t)
i. Af@O+g®)=fE+D+glt+1D~ (@) +g)
=(ft+D-f®O)+ (gt +1) —g®) = Af(®) + Ag(®).

Clearly, if f(t) = @, then A™f(t) = 0, forallm > 1 and A™(af (¢)) = aA™f(t)

and A™(f(t) + g(t)) = A™f(t) + A™g ().
We introduce the following properties of the nabla difference operates [3].
Theorem 1.1.5. assume f,g € N2 — Rand a, f € R then for t € N2,

. Va=0,
ii.  Vaf(t) =aVf(t),
iii. V(@) +g@®) =Vf)+Vg(o).

Proof: Using definition 1.1.1

i. Letf(t)=a,thenVa=Vf(t)=f({t)—f(t—1)=a—-—a=0.
ii. Letg(t) =af(t),thenVg(t) =g(t)—g(t—1)
=af(t) —af(t—1) = aVf(t).
ii.  V(f®O+g®)=fO+g®) - (-1 +g(t-1)
=(fO-ft-D)+(g®) —g(t— D) =f(®) + Vg (®).

Clearly, if f(t) = @, then V™ (t) = 0, for all m > 1 and V"(af (¢)) = aV"f(t)

and, V' (f(t) + g(t)) = V'f(t) + Vg (D).



Definition 1.1.6. For all t € N, the forward jumping is defined be o(t) = t + 1 and the

backward jumping operator is defined by p(t) =t — 1.
Now, more properties of delta operators can be proved as the following.
Theorem 1.1.7. Let fand gbe functions defined on R and t € N,a € R, then

i. Aat=(a—-1at,
i. Af(Dg®)=f(a@®)rg®)+ (Af())g(0),

1A
i A<ﬂ0>_ FOf(e®)

ASO _g®AF©® — fF(HAg(D)
g g(t)g(a(t)) '

iv.

Proof: Using definition 1.1.1

i. Aat =at*t —at =al(a—-1).

i. A(f(Hg®)=f+Dgt+1)—f)g®)
=ft+Dgt+1D)+ft+Dg®)—fE+Dg@) - f(®)g(t)
= f(t+ (gt +1) = g®)) + gt + 1) = £(1))

= f(a(®))Ag(®) + g(OAf ().

iii.  Using definition 1.1.1

VAR R B (Lol (S N (Dl 1
@) Fe+D f®© ~ fOFC+D | fOFE+D

_ MO
FOf(e@®)



iv.  Applying property ii and iii of this theorem, we have

2L2 =810 x =) = 10O (-15) + 5 O =5

—Ag(®) g(a(®)

= TN 7 N A a(Dala())
flo®) 909(e®) fo 9()g(a(®))

_Af®)g(a(®) — Ag(t)f (a())
g()g(a(?))

_(fe+ 1D -f®)g(e®) - (gt + 1) - g®))f(¢(®)
gg(a(®)

_ fE+Dgt+D) - fMgt+1) —glt+DfE+1D)+g@O)f(t+1)
g(©g(a(®)

_—f Mg+ +g@®fE+1)+g@)f() —f(t)g(t)
g g(a(®)

_9OUE+D - fO) - fO@E+D) —g®) _g®Af® — fF(OAg(®)
g(®)g(a(t)) g(®)g(a(t))

Now, more properties of nabla operators can be proved as the following.

Theorem 1.1.8. Let f and g be functions defined on Rand ¢ € R, t € N, then

(a —Dat
a

i. Vat=

V(F©g®) = flp®))vg(t) + (Vf()g(®),

e
je—p

1y Y
" V(f(w)_ FOF(®)

f () _ g®Vf) - f(OVg(®)
g(t) g®)glp®)) '

iv.



Proof: Using definition 1.1.1

i. V(f(©g®)=rf®)g)-ft-Dglt—1)
=f®)g) —ft-Dgt—-1)+f(t—-1g() - ft—-1Dg(t)
=ft—-D(g® -gt-D)+gOF® - ft—1)

= f(p(©)Vg(t) + g(O)VF (©).

" V( 1 ) 1 1 f(t—l) f
f©O) f® ft-1) fOfE-1)

fO-fE-1 _ —Vf(t)
fOfE-1  fFOf(p®)

v, v%— (rox—)

Applying property ii and iii of this theorem, we have

V(1O x =) = @) (c05) + O =5

g(t)
= Flp©) xS vr (o _9e®) _
g(®g(p(®) g®g(p®)
_Vf(®)g(p®) - Vg®)f(t—1)
B g(®g(p®)

_(F®O-ft-1)g(p®) - (9O —gt-D)f(t-1)
g0g(p(®)

_ fgt-1D)—-ft-Dgt-1)—g®Oft-1)+gt—-1Df(t—-1)
g@®g(p®)




_fWg—-1) —gOft -1 +g®)f @) — f()g(®)
g g(p(t))

_9OU® - ft-D)-fO(g@®) —gt—1))
gg(p®)

_9Vi@®) - fOVy®)
g®)gp®)) '

1.2 Gamma function

The gamma function was first introduced by the Swiss mathematician Leonhard Euler
(1707-1783) in his goal to generalize the factorial to non-integer values. Later, because of
its great importance, it was studied by other eminent mathematicians like Adrien-Marie
Legendre (1752-1833), Carl Friedrich Gauss (1777-1855), Christoph Gudermann (1798-
1852), Joseph Liouville (1809-1882), Karl Weierstrass (1815-1897), Charles Hermite

(1822-1901), ... as well as many others.

The gamma function belongs to the category of the special transcendental functions and

we will see that some famous mathematical constants are occurring in its study.

We make use of gamma function defined as the following:
Definition 1.2.1. The gamma function is defined by I'(x) = [ Ooo e tt*"1dt

The gamma function has following properties:
i. T (xx)>0.
i. Tx+1)= fooo t¥e tdt = —t¥e 7Y + xfooo tX*"le7tdt = xI'(x).

iii. T(n+1)=n!forneN,



We have, I'(1) = fooo e~tt171dt = 1, and this is why the gamma function can be

interpreted as an extension of the factorial function to nonzero positive real number .
Example 1.2.2

i T2)=r+1= 1=1

ii. T(5) = [(@d+1)= 41 =43)2)(1) =24

i. T(3)=vm

2

o0 1 o0 -1
Proof: by definition 1.2.1 then T G) = [, e”tt2 Ldt = J, etttz at

[ee) __2 (0]
Let t = u? then dt = 2u du then FG) =, e ™'uz 2udu =2 Jy e~

1.3 Rising and Filling Factorials
Lett € Randn € N, then from the property of gamma function
I'(t + 1) = tI'(t), we have get
I'(t+1) =tr'(t)
=t(t—1Dr{t-1)
=t(t—1)(t-2)I'(t—2)

= =tt—Dt—2)..(t—m-D)(t—(n-1).

10



rt+1)
(t—-(m—-1)

sot(t—1D(t—=2)..(t—(n—-1) = -

Also,T(t+n)=(t+n—-DI(t+n—-1)
=(t+n—-1D({t+n-2)I'(t+n-2)
= =({t+n—1)(t+n-—2)...tI'Q).

B I'(t+n)

SO t(t+1)(t+2)---(t+n—1)—W.

Now, we can generalize these formulas for any real number « as the following definition.
Definition 1.3.1

1. for any real number « and t € R, filling function defined by

. I+ 1)
T T(t—-(a—1))
ii.  for any real number f andt € R — {..., —2,—1,0} rising function defined by
- Irt+p)

re -
Remark 1.3.2. (see [ 3, 20])

i. Ift—a+ 1isnonpositive integer and t + 1 is not a nonpositive integer then
t€ = 0.

ii.  If t is nonpositive integer and t +  1s not a nonpositive integer then tP =0.
Example 1.3.3 For teR, then

L 3o rt+1) B t(t—1)({t—-2)I'(t—2)

“Te-D " TC=2) =t(t—1)(t—2).

11



F+3) (@+2)(+Del(@)

2. t3= ORE 0 = (t+2)(t+ Dt

3. 23=%,byremarkl.3then2§=0

*2§=Hﬁgﬂ=§3=4ﬁgyx=”-

< oayz__ TG+D T4 _4x3x2x1_ 24 _ 64
rG-(1/2+1 T17/2) AORrd 3%5\@; 5T

6 37 [G+1/2) Q) QARG _1s

O OO 8

Next we state and prove some properties of the factorial function.
Theorem 1.3.4. for any n,m € N and a € R, we have

i A(t+ o) =n(t+ a)2=2
ii. A(t+a)™=m(t+a+ 1™,
fi. V(Et+a)t=n(t+a—1)221
iv. V(t+a)™ =m(t+a)" L
Proof:

i.  Using the definition 1.3.1 (i) and definition 1.1.1 then

rt+a+1)
rNt+a—n+1)

Alt+a)t=A

B I't+a+2) rMt+a+1)
" T(t+a—-n+2) Tt+a-n+1)

(t+a+DI(t+a+1) rt+a+1)

:(t+a—n+1)F(t+a—n+1)_F(t+a—n+1)

12



B t+a+DIr(t+a+1) t+a—n+DI(t+a+1)
T (t+a-n+DI(t—-n+1) (t+a—-n+DI(t+a—n+1)

_T+a+D[t+a+1)—(t+a—n+1)]
B t+a—n+DI(t+a—-—n+1)

nf(t+a+1) nf(t+a+1)

=F(t+a—n+2)=F(t+a+1—(n_1))=n(t+a)n—_1-

il.  using the definition 1.3.1 (ii) and definition 1.1.1 then

[(t+a+m) TE+a+m+1) [(t+a+m)

At +a)™ =4 t+a)  TI(t+ta+l) It +a)

_(tt+a+m)(t+a+m) T(t+a+m)
- (t + )Tt +a)  T(t+a)

_(t+a+m)F(t+a+m) (t+ ) (t+a+m)
B (t+ a)I(t + a)  (t+ It +a)

_T+a+tm)t+a+m—t—da]
B (t+a)(t+a)

_mF(t+a+m)_mF(t+a+1+m—1)
S (t+ )T (t+a) rt+a+1)

=m(t+a+ 1)m.

iii.  Using the definition 1.3.1 and definition 1.1.1 then

rt+a+1)
t+a—n+1)

Vit+a)t=V

_ Tt+a+1) I'(t+ a)
_F(t+a—n+1)_F(t+a—n)

B (t+ )l (t+ a) I'(t+ a)
_(t+a—n)F(t+a—n)_F(t+a—n)

B (t+a)l(t+a) (t+a—nI(t+a)
_(t+a—n)F(t+a—n)_(t+a—n)F(t+a—n)

13



_It+a)t+a—-t—a+n)
 T(t+a-n)(t+a—n)

_ nl'(t + a) _ nl'(t+a)
S (t+ta-nl(t+a-n) T(t+a—n+1)

nf(t+a—-1+1)

:F(t+0(—1—(n_1)+1):n(t‘l'a_l)n—_l.

v. Using the definition 1.3.1 (ii) and definition 1.1.1 then

I't+a+m) T(+a+m) I't+a+m—-1)
It+a)  T(t+a)  I(t+a-1)

Vit+a)" =V

_(t+a+m-DIt+a+m—-1) I't+a+m—1)
- (t+a—DI(t+a—1)  T(t+a-1)

_(t+a+m—1)F(t+a+m—1) t+a-DI(t+a+m-—1)
B (t+a—DI(t+a—1)  (t+a-DI(t+a—-1)

ITt+ta+m-D[t+a+m—-1)—(t+a—1)]
B (t+a—-DI(t+a—-1)

- ml'(t+a+m—1)

) =m(t+a)™ L

Remark 1.3.5. when a = 0 then by theorem 1.3.4,we have .
i AR =nt?t
ii. A" =m(t+ 1™,
iii. Vet=n(t— 1)1,
iv.  Vt™ =mt™ 1,

In the following theorem, we proved more properties of rising and filling factorials.

Theorem 1.3.6. (see [6] ) for any a, f € R, we have.

i (t—a)te = et
ii. a2=I(a+1);
iii.  Ift <rthen t& <r&forany a >r;
iv. If 0 <a<1thent® > (t¥)%for any veR;

14



v. @B = (¢ - pya ik,
vii t*=(t+a-1)%
vil. tZ=(t—a+ 1%

Proof: Using the definition 1.3.1, we get

I'(t+1)
I'(t+1—a)

_ (t . a) r'(t+1)

i. t—a)t2=(t—a) e

_r@E+1) ric+1) a1
I(t—-a) T(t—(e+D+1)

IN'a+1) B INa+1)

11 a — = =
ii. a Ta—a+tD e INa+1)
iii. If t < r then
rit+1) tr'(t) - rT(r) I'r+1)

TTTG+1—a) G-—all—a) -l -a) Te+l-a)

iv.  Use the log-convexity property of the gamma function then

B rt+1) B rt+1)
" I(t+1—av) T(t+l—av+ta—ta+a—a)

av

B rt+1)
" Tt+1-v)+ A —-a)(t+1)

- rt+1)
T (P +1-v) (Tt + 1)@

rc+1n \*
=Gv+1—vQ =)

Then t&¥ > (t¥)«,

atf rit+1) rc+1-p)

T Tt 1i—a—p) TG+ 1=p)

_ It+1-p) e+
_F(t+1—a—ﬁ)xr‘(t+1_ﬁ)_(t L)E t=.
oot a)  Tera-14D o e

re) TI(t+a—a+1-1)

15



S pa rc+1) TIt—oa+1+a)
e T rt—a+ D) T—a+D)

=(t—a+1°

We see that ( vi ) and ( vii ) are equivalent because by direct substitution
t—a+1)=(t—a+1+a—1)%=1te

Also, for our purposes we list down the following properties, the proofs of which are
straightforward:

Theorem 1.3.7 : for any a, f € R, we have.

i. Forfixedt € R,
Vs(s — )%= = (a — D(p(s) — )&%
1. Forfixeds € R,
Vilp(s) — 2= = —(a — 1) (p(s) — )*=2,
Proof:
1. Direct by theorem 1.3.4 (iii)

ii.  Using the definition 1.3.1 and definition 1.1.1 then

[(p(s) —t+1)
IF'(p(s)—t—(a—1)+1)

Ve(p(s) — )&= = v,

_ I(p(s) —t+1) B I(p(s) -(-1D+1)
Flp(s)—t—(a-1D+1) Tl -Ct-D-(e-1D+1)
I(p(s) —t+1) I(p(s) —t+2)

T —t—-(@a-D+D T —t+l-a+1+1)

_ Tl -t+1) (p(s) —t+ DI'(p(s) -t +1)
Flp(s) —t—(a—=2)) () —t—(a—=2)I'(p(s)—t—(a—2))
I'(p(s) —t+1)

= @ Viom e T = @ DeE -0

16



Theorem 1.3.8. The following are hold for any «, f € R.

1.  For fixed s € R, then

1

Ac(s — p()T = —a(s —p(®)" .
it.  For fixed t € R, then
Ag(s = O)F = als — p()*".
Proof:
i.  Using the definition 1.3.1 and definition 1.1.1 then

I'(s—p() +a)
© (s —p®)

Be(s = p(®)" = A

_ F(s — (p(t + 1)) + a) B ['(s—p(t)+a)
r (s — (p(e+ 1))) (s —p®)

_F(s—p(t)—1+a) s—p®)—1+a)T(s—p(t)—1+a)

[(s —p(t) - 1)) (s =p® = DI(s = pt) = 1)

_F(s—p(t)—1+a)(—oc)_ ~ B a-1
= F(s — p(t)) = a(s p(t)) .

ii.  Direct by theorem 1.3.4 (ii)
Theorem 1.3.10. The following are hold
1. forfixedt € R, a € R then
As(t — 5)=2 = —(a — D(t — ()2,
ii. forfixeds € R, f € R the
Ar(t — a()*= = (a = 1)(t — a(s))*=2
Proof:
i.  Using the definition 1.3.1 and definition 1.1.1 then

Nt—s+1) I't—s+1)

Ag(t —5)@=1 = A -
s(t =) SThk—-s—(@-D+1) “Tlt-s—a+2)

17



-G+ DH+1) Irt—s+1)
TI(t-(Gs+D—-a+2) I(t—-s—a+2)

R ) I(t—s+1)
_F(t—s—a+1)_F(s—t—a+2)

B I'(t—-s) (t—s)I'(t—ys)
_F(t—s—a+1)_(t—s—a+1)F(t—s—a+1)

_—(a—l)F(s—t)_ —(a—DI'(t—s+1-1)
S I(t-s—a+2) I(t-s—(a—=2)+1-1)

_ —(@-Dr—-(s+1+1)
T T(t-(s+D+1-(a—2)

I't—o(s)+1)

=_(a_1)r‘(t_0'(s)+1_(a_2))

= —(a - D(t—o(s)*=

Direct by theorem 1.3.4 (1)

Theorem 1.3.11. The following are hold

Vs(t - S)m = Vg

for fixedt € R

Vot = )% = —(a = D(t - p(s)"

for fixed s € R

Vit - p(s)™ = (@ - D(t - p(s)" .

Using the definition 1.3.1 and definition 1.1.1 then

F(t—s+(a—1))
I'(t—ys)

_Tt=s+(@-1) Tt-(G-D+(@-1))
a I'(t—s) B I'(t—(s—1))

_Tt=s+(@-1) TE-s+(@-1+1)
a I'(t—s) B T(t—s+1)
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_Tt=s+(@-1) (@E—-s+(@-1)I(t-s+(@—-1))
a I'(t—s) B (t —s)I(t —s)

Tt-s+@-1))(t-s—(t—s+(a—1))
B I'(t—s+1)

F(t—s+(a—1))

=-@-D=Fr=5+D

Ft—(—1)+ (a—2))
rt—(s—1))
Ft—ps)+(@=-2)) _

a-2
=—(a—1) It —p()) =—(a—-D(t—p(s)) "

=—(a—1)

ii.  Direct by theorem 1.3.4 (iv)

Theorem 1.3.12. The following is hold for fixed t € R,

Ag(p(s) — p()F T = (@ — 1)(s — p(t))*~2.

Proof: Using theorem 1.3.8 then

84(p(s) = p(O) T = (s - D -t~ )

= Ag(s — )T = (a — 1)(s — p(£))*2
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Chapter 2

Delta and Nabla Fractional Sum and Difference

This chapter contains summary to some of the basic notations and definition of delta and

nabla.
2.1 Fractional sum and difference.

In this section, we define the frame of delta and nabla fractional sum and difference in

the Riemann sense.

Definition 2.1.1 . For any a, b € R, and any function f on R we can define

b [b]
Y F© =) Fs).
a [a]
Where [a] is the greatest integer less than or equal to a.

Definition 2.1.2. [25] Let f be a functionon R and a, b € R.

i.  The (delta) left fractional sum of order @ > 0 (starting from a) is defined by

1 t—-a o
BF (1) = g D (6= o) £(9), t € Norer
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1i. The (delta) right fractional sum of order @ > 0 (ending at b) is defined by

b
WSO =i ) (5-00) =),

s=t+a

b
1
) z (p(s) —)&=Lf(s), t € p_oN

s=t+a

iii.  The (nabla) left fractional sum of order @ > 0 (starting from a) is defined by

1 : a—1
Vaf ) = 5oy D, (E=p@) ), N

s=a+1

iv.  The (nabla) left fractional sum of order « > 0 (ending at b) is defined by

b-1
1 a-1
VO = (=) )

b-1
= ﬁ;(a(s) — )% Tf(s), t € p_4N.

Example 2.1.3. Let f is any function and @ = 1, then by Definition 2.1.2 and

definition 2.1.1

t—1 t—1
1 _
1. AZf(t) = mZ(t - 0'(5))uf(5) = Zf(s)

Where t € N1+1 ,le t=
2

Nlw

57
’EJEJ .-

b b
2 WO =15 2 (-0@) G = Y )

s=t+1 s=t+1
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t e l—lN = ;N= {_1 =3 _5,“'}.

2 2

t

1 : -1
3. VO =5 D, =) @) = ) F6)

s=a+1 a+1

e 1 — -1 —_ 3t _ vl _ vt
Now, if a = > and f(s) = s, then V% f() = Zs=§s = 2[3/2]5 = Y21 S ,Where

b—-1
1 — b-1
AR Y CVIO VIOEDWINIC

1 1

Now, if b = % , f(s) = s then lV_lf(t) = Zs_zts =y2 2
2

sotS = Xs=[t]S Where
-1 -3 -5
te. N= AT

Note 2.1.4. [25] The domains of these fractional type sums are:

A, % maps function defined on N, to function defined on N .
ii.  ,A”% maps function defined on ,N to function defined on ,_,N
iii.  V;% maps function defined on N, to function defined on N,,.
iv. V™% maps function defined on N, to function defined on ,N.

Example 2.1.5. let f, g : N, — R, then for t € N, the initial value problem

{ A"u(t) = f(t)

u(@a+j—-1)=0 j=12,..,n

Hence the solution to IVP is given by

1 t—n o
AMu(t) = f(t) = u(t) = A" f(t),thenu(t) = mZ(t — a(s))—lf(s) ,
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and u(a+j—1) =ﬁ2(a +j—-1 —a(s))n__lf(s) = 0.

Example 2.1.6. let f, g : N, — R, then for t € N, the initial value problem

{ Vy(t) = f(t)
Viy(@)=0 j=01,..,n—1

Hence the solution to IVP is given by

b
1 n-1
VYO = F() = y(©) = ) then y(6) = o D (5= 00)" T (),

. vi n-1
and V' y(a) = mes?:Hn(s - U(t))—f(s) = 0.
Definition 2.1.7. Forn € N, t € Rand f is any function, we denote

i oA (E) & (—1)RATF(D).

i VLE(E) 2 (D)MVRL(D).
For m = 2,3, ... we define V™ inductively V"= VV™ 1 and A™= AA™1,
Example 2.1.8. Let u(t) = ,V 'f(t) whenn = 1 then

Vou(®) =g V(1) = (-1)V(,V ' f(1))

= —V(,V'f(t)), use example 2.1.3 then

b-1
> FE) = —f®.

1

b-1 b-1
VY@ = VO F6) =~ f(5) -

N

Next we define the fractional difference of order a by fractional sum [see 25].
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Definition 2.1.9.Let f be a function on R and n € N.

i.  The (delta) left fractional difference [15] of order @ > 0 (srarting from a ) is

defined by AZf(t) = A" A" Df(p)

t-(n—-a)

F(n a) z (t—a(s))

ii.  The (delta) right fractional difference [21] of order &« > 0 (ending atb ) is

(S) te Na+(n a)

defined by A% f(£) = V& ,A ™ (1)

b
_ (v
" T'(n-a) z (S B a(t))

s=t+(n—a)

(S) t e b—(n— (X)N

iii.  The (nabla) left fractional difference of order @ > 0 (srarting from a ) is

defined by VEF(t) = V'V, F (1)

=7 [ Bt = )T ) | £ € Ngsa,

iv.  The (nabla) right fractional difference of order « > 0 (ending at b ) is

defined by V% f(t) = oA™ ,A" ™ Vf (1)

1(“(711) = Z(S—P( )) “Uf(s),t € ,_,N.

Theorem 2.1.10 (Leibniz Rule) [20] Let g: N,,, X N, = R be given then

<z g(t, s)) z Arg(t,s)+g(t+1,t+1—a) forteNg,,.

Proof: By definition 1.1.1 in chapter 1

A<§Zg(t, s)) tiag(t +1,s) — z g(t,s)
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t—-a t-a
=Zg(t+1,s)+g(t+1,t+1—a)—Zg(t,s)
s=a S=a

t-a t-a
=Zg(t+1,5)—Zg(t,s)+g(t+1,t+1—a)
s=a s=a

t—-a

=ZAtg(t,s) +gt+1,t+1—a).
Ss=a

Theorem 2.1.11. The following equality holds

b b

V( Z g(t,s)) = Z Vg(t,s)—g(t—1t—-1+a)
s=t+a s=t+a

Proof: By definition 1.1.1 in chapter 1

Vt(zb: g(t,s)) Zb:g(t,S)— Zb: g(t—1,5)

s=t+a s=t+a s=t—-1+«a

b b
= z g(t,s)—[z git—1s)+gt—-1t—1+a)

s=t+a s=t+a

b b
= Z g(t,s) — Z gt—1,s)—git—-1Lt—1+a)

s=t+a s=t+a

b
= Z [g(t,s)—gt—1,9)]—-gt—-1t—-1+a)

s=t+a

b
- z Vegt,s) —gt—1,t—1+a).

s=t+a
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Theorem 2.1.12. For any a > 0, Let f: N, — R, the following is hold

A(AZEf () = Az (1) = A, “VF ().

Proof: By definition 2.1.2
A8 (©) = Mg )Z(t — a())*7£(s))

Let (t,5) = — (t - a(s)) f (s) , by Leibniz Rule

<Zg(t s)) ZAtg(t s)+gt+1L,t+1—a),

Use theorem 1.3.10

_la=-D ez
Ag(t,s) = Atm(t_a(s)) f() @) (t a(s)) () (1)
andg(t+1t+1—a)—m(t+1—(t+1—a+1))“1f(t+1—a)
—1)e-1
=%f(t+1—a)=f(t+1—a)---(2)
knowing (a —1)& Fla—1+1) I'(a) _ 4

M@  T@i@-D-(e-D+1D) [@r@)

Use equation 1 and equation 2 then

<Zg(t s)) ZAtg(t S)+gt+1,t+1—a)

t—-a

(@-1)
ZZT“()

—1 (t—a()2f(s) + f(t+1—a)
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t+1—-a

N @1
B I'(a)

(t — 0()) 2 (s)

s=a

t+1-a

1 a—2
= Z m(t — () f(s)

t+1-a

1 e o )
=), A o)) () = 8.V = 437 (0.

In fact, we can prove the theorem for any n € N, i.e (see [17])

AM(ALf (1) = AT f ()
The following theorems relation between difference operator and fractional sum.
Lemma 2.1.13. [8] For any a > 0 the following equality

(t —a)et

-a _ —-a _
Proof: First we need to prove the following

As((t = )L (5)) = (£ = 0(s)) s f(s) — (@ — 1)(t — 0 () F(s).

Use theorem 1.1.6 and use theorem 1.3.10 in chapter 1 then
-1
As((t = )21 (5)) = (£ — 0(8)) ™ Asf (5) + Ag(t — $)2=1f (s)

= (t - 0()“7Af () — (@ = D(t — 0 () F(s) - (1)

Now, by definition 2.1.2 then

1 t—a o
D) = 5y D (= o) T (S)
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and by equation 1 then

1 t—a o
D20 (O) = 75 . (@ = D(E = o) () + 8 = )22 ()]

- (t — o) () + %ZAS(@ — 9)ELf ()

- Z (- o) (5 + ?«; =

e Z(t o) i+ ETDEI Lm0 (-0 i@
e

_ e N e
Ad"Af (D) = Oli(—a)Z(t o))+ fe 1) - & ‘;)(a) fla)

t—(a-1)
| w2, (- 0@
T 2 OO

since AAZ%f(t) =A %Z(t - G(t))a__lf(s)]

By Leibniz rule, let g(¢t,s) = % (t- a(t))a—_lf(s) SO,

t—a t—a
Az g(t,s) = ZAg(t,s) +g9(t+1,t+1—0a)
S=a S=a

By theorem 1.3.10
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Ag(t )—A( L (e ())—()> (= 1)t - ()22 (s)
g,s-tr() o(s f(s F()a o(s f(s

1 a-
TrEnL IO IO

andg(t+1t+1—a)—m(t+1—a(t+1—a))“ el ft+1-—a)

1
F(a)(t+1—(t+1—a+1))—f(t+1—a)

=ﬁ(d—1)“—_1f(t+1—a)

F(la)(a—l)“—_l= ltheng(t+ 1L, t+1—a)=f(t+1—a) - (3)

since

So by equation 2 and 3 then

BFO) = ) s (6= 0= (5) + f(e = (@ = D)

t—a+1
, @ (6= 0) )
a o (t—a)*=
then AZ*Af(t) = AAZ*f(t) — @) f(a).

Lemma 2.1.14. The following statement is valid, for alln € N, and a > 0,

(t—a)=2=t (t—a)=2=t

1A% m—a)  TI(-a)

t—a)" T (t—a)y !

2.V m—a)  TI(-a)

29



b-t" 1 (b-t)y«?

3. o™ Th—a - T

Proof:

i.  Useidentity A(t — a)%=t = (a — 1)(t — a)%=2 ,then by induction

(t—a)=2=1 (n—a—1)(t—a)2=22
rmh—a) T'(n—a)

A

(t—a)=21 m-—a-Dn-a-2)(t-a)r=23

Sl e e

(t—a)=2= (-—a-Dn-a-2)(-a)(t—a)=*=

A" rm—a) '(n—a)
_(m—a-Dn—-a-2)(-a)(t—a)=*=2
m—a—-1n—-—a-2)(—a)I(—a)
_(t—a)=t
- T(-a)
ii. Use identity V(t — a)m =(a—-1(t— a)ﬁ then by induction

(t — a)n—a—l 3 (‘I’l —a — 1)(t _ a)n—a—z
rm—a) T'(n—a)

t-a)" %! m-—a-Dh-a-2)(t-a)" "3
Tn—a) T —a)

2

(t — a)n—a—l B m—a—-1n—a—2)(—a)(t— a)m

A Ve s

_(-—a-Dn-a-2)(-a)(t—a) !
T hi—a-Dn-a-2) ()

_(t—a)y et
- I
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iii.  Useidentity gA(b — £)*~ = (a — 1)(b — t)*~2 ,then

(b—t)"*1 (m-a-1)(b-t)" %72

A Tm-o =)
o= (—a-Hm-a—2)(b- )T
T Th-a) Tn-a)
(b _ t)n—a—l (n —a— 1)(71 —a - 2) (—a)(b _ t)—a—l
ol" =

rm—a) 'n—a)

_(m-—a-Dm-a-2)(—a)(b-t)"*!
= n—-a-1Dn—-a-2)(—a)I(—a)

_b-p?
 T(-a)

Remark 2.1.15. [8] Letp — 1 < a < p, where p is positive integer. Then by the

help of Lemma 2.1.13 we have

DAZF(E) = A8P (8.7 F (1)) = P (88,7 f (1))

Or
_ p—a—l
AAGf(£) = AP [A;(’"“)Af (t) + %f (a)l
Lemma 2.1.16. for any ¢ € R, Then
D83 (0) = D587 () + O —

Proof: we prove in lemma 2.1.13, for any a > 0, that

(t —a)et

AGUAf(t) = AAEf(E) — T@

f(),
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Butifa < 0, then —a > 0, say f = —a > 0, therefore

8P £ (o) = & | AP Paf(e) + Lo —— D f(a)
¢ ¢ F(p —a)
.. . n (t—a)t=a=1  (f—q)=a-1
and using identity A e then
(t— )=

Becpy — AP
AN, f(8) = Mg Af (D) + a0

Take @« = —f3, we done.

Lemma 2.1.17.[25] For any a > 0, the following equality holds

(b — )=1f (b)
I'(a)

pA™ Ve f(t) = Vg pA™Yf(E) —

Proof: First we need to prove the following

Vs[(s = 21 ()] = (p(s) = DFZYs£(s) + (@ — D (p(s) — *2f(s)

Use theorem 1.1.7 and use theorem 1.3.7 in chapter 1 then

Vs[(s = 2 ()] = (p(s) — DEZV£(5) + Vs(s — L2 (s)

= (p(s) = V£ (s) + (@ = D(p(s) — O*2f(s)

Now, by definition 2.1.2 and by equation 1 then

b
1
R R PRCOEDEANES

s=t+a
b

= z (Vs[(s = DL ()] = (@ — D(p(s) — D22 (s))

s=t+a
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b b
a— 1 -2 1 a—1
=T D, PO D=2 ~ s D V(s — 0= ()]

b
-T@ S;a@@ ~ 2 F(6) ~ s [~ OO e

b
-1
= i(a) PRCCEDEYO!

s=t+a

—%[(b—t)“—‘lf(b) —(t—-1+a—-t)=lf(t—1+a)]

b
a—1 2
-5 Z (p(s) — %2 f(s)

s=t+a

s (0 = =11 ) ~ = (a — DLt~ 1 4 @)
T'(a) o I'(a) o

Since ) (a—1) 1 so,

- _.a-_ 1 N a=2 1 b a=1f£(h
WA Ve (6) = Ty D ((5) = OF2£(3) + F(2 =1+ @) = s (b = =L ()

t+a

b
1 1
= Z (p(s) —t)E=2f(s) — m(b — )2=Lf(b),

s=t—-1+«

b
On other hand, Vg ,A“f(t) = =V ,A7%f(t) = =V (% Z (p(s) — t)“—_lf(s))

s=t+a

_pe=1
By theorem 2.1.9, let g(t,s) = % f(s)

b b
So,V<z g(t,s))z z Vigt,s) —g(t—1t—-1+a)

s=t+a s=t+a
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By theorem 1.3.11

(p(s) = =f(s) _  (a=1D(p(s) = F2f(s)

Veg(t,s) =V,

(@) T I(a)
- — _ a—2
= T 1)(P(S) t)==f(s) - (2)
and, gt —1, t—1+a)——(p(t—1+oc)—(t—1))_f(t—1+a)

I'(a)

Smcem(a 1Nl =1theng(t—Lt—-14+a)=f(t—-1+a)-(3)

So by equation 2 and 3 then

Vo sAUf (D) = —V ,A~f(2)

Z(p(s) — 022f(5) = f(E— 1+ )

F(a 1)

b
T ;(p(s) —OL2f(s) + f(E -1+ @)

t 1+a

(b — )*=f(b)

Then ,A™Vgf(t) = Vg pA7f(t) — I'(a)

Lemma 2.1.18. [24] For any a > 0, the following equality holds

(t — ) f(a)

Va“Vi(t) = Vv f () — )
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Proof: First we need to prove the following

V[t = 7 (5)] = (£ = p())" Ve () — (@ = (e~ p() £ (s)

Use theorem 1.1.7 and use theorem 1.3.11 in chapter 1 then
a1 a-1 =1
V[t = 9)FTf ()] = (£ = p() T Vef (5) + Vst = )T f(s)

= (t- p(s))mvsf (s) = (@a—D(t— p(s))ﬁf(s) (1)

Now, by definition 2.1.2 and by equation 1 then

VIO = s Z (t=p() " Vof (5)

s=a+1

1
T(a)

N

N~

|74t = 9777 (9)) + (@ = D(e = p) 7 f )|

a+1

-1

1]

_
ok
Ny

M”

A(GDEO)E Z (t=p() " f ()

s=a+1

%)
1]
Q
+
=

1 — -1)
=t =9 )| +

Z (= p() " f®

s=a+1

1
(¢ = 07 (5) = 1 = ) 4 1 Z(t—p@)) “f)

_r<) I'(a)

since 0%~1 = ,
S0 VZeVi(t) = 1)52“& — () T f(5) ‘ﬁ“ DTTf(s)
On the other hand,
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t

1
VS (6) _ﬁ Z A e O DI Gt JO MO
s=a+1

(t — ) If(a)

Then V,*Vf(t) = VWV *f(t) — I'(a)

Remark 2.1.19.[25] Let « > 0 and n = [a] + 1. Then, by the help of lemma 2.1.18 we

have

waf ) = v (VTR (0) = (VWO ()

VVEf() = V|V TOVS() + ((—)no;lf (@]

Lemma 2.1.20. For a € R, then

V() = VAV (t—oy
af () =Vg f(ﬂ"‘w

Proof: we prove in lemma 2.1.18, for any a > 0, we have

( )al

VAV (6) = W (0 ~ s

f(),

Butifa < 0, then —a > 0, say f = —a > 0, therefore

g »-) (t—apF?

— 14 - - _—
Vo f () = VPV, V) + T —a) f(a)
and using identity yn & F?)i;;_l = (t;‘(?:;_l, then

—a) B1
B B (t a)
VVof(£) =V, Vi) + TR
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Take ¢ = —f3, we done.
Theorem 2.1.21. For any real number a and any positive integer p the following equality
holds:

Pl (t — @)@ P&

—ayp = yry:-a —
Va V f(t) V Va f(t) kzor(a+k_p+1)

VEf(a)

Where f'is defined on N, and some points before a.

Proof: Use equation of lemma 2.1.18 we replace f by Vf then

(t — a)* Vf(a)

V9V2f(t) = V,2VVE(t) = VY 2Vf (L) — ) :

Use lemma 2.1.18 again then

t-a)* ' f@| ¢=-a)Vf(a)

Vo2VA(t) = V [VV 4 (0) — ) T(a)

V(iEt-a)f(@) (t—a)* V(@)

= VAV o f(t) — o) o) ,

Use theorem 1.3.11 in chapter 1

(a-DE-a)fla) (t-a)*'Vf(a)

VZoV2f(t) = V2V 9f(t) — @) @ )

(t—a)*f(@ (t—a)*Vf(a)
INa—-1) I'(a)

= V2V f(t) —

1 _ \apik

k=0

VEf(a).

Repeated interaction gives the desired result.
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Theorem 2.1.22. For any real number a and any positive integer p the following equality
holds:
p-1 (t _ a)a—p+k

AZEAPF(E) = APAZAf () — LiT(a+k—p+1D

A*f (a),

Where f'is defined on N, and some points before a.

Proof: Use equation of lemma 2.1.13 we replace f by Af then

(t — a)*=Af (@)

AZOAf(t) = AZ*AAF(Y) = AAZ*VS(t) — ) :

Use lemma 2.1.13 again then

(t —a)*=f(a)| (¢t -a)*=Af(a)

AZOAf(t) = A|AAZYf (L) — @ ) :

At —a)*=f(a) (t—a)*=Af(a)

= N*AZ4f(t) — o) o) ,

Use theorem 1.3.10 in chapter 1

A;“Azf(t) — AZA;af(t) _ ((X B 1)(t - a)a_—lf(a) _ (t - a)a__lAf(a)’

['(a) ['(a)
 onea (t—a)=f(a) (t—a)*=LAf(a)
DA A v 7o s S o —

1 (t _ a)a—p+k
—a A2 — A2A—Q _ k
AZB2F() = M0 (O ;F(a+k_p+ 544/ (@),

Repeated interaction gives the desired result.

Lemma 2.1.23. [23] For any a > 0, the following equality holds
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p—p)e-1
T GAF(O) = o () — e F(5)

Proof: First we need to prove the following
A[(p(s) — PO ()] = (5 = pEDTIAL () + (a = (s — p(B)“ £ (s)
Use theorem 1.1.6 and use theorem 1.3.12 in chapter 1 then
A[(0(5) — pENTIF ()] = (5 = p(®) " Aef (5) + Ay (p(5) — p(E)T L (s)
= (s~ P(OYTIAS () + (a = (s — p(0) £ () (1

Now, by definition 2.1.2 and by equation 1 then

b-1
1 =1
VM) =~ D (s = p(0) T Af(5)

8,((p(5) = PEOYTF () = (@ = (s = p®) " £ (5|

I

I

B
—

b—1 b-1
1 =1 1 a—2
=—m; As<(p(s>—p(t)) f(s)>+m;(s—l)(t)) £(5)

b

t

b-1
1 a-2 1 =1
= —F(a D Z(S - P(t)) f(s)— m((p(s) - p(t)) f(5)>

b—1
_ 1 =z 1 . o
- la—1) ;(s - p() zf(s) - m[(b —t)*1f(b) — (O)a—l]

Since 09471 = 0 so,

b-1 __
1 =2 b _ a-1
bV YoAf(t) = F—Z(S —p(®) f(s)— ( F(ir)) f(b)

(a—1)
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On the other hand,

oA V= — F()ZA(s— ©) 7 f(s)

By theorem 1.3.8 in chapter 1, we have

oA V= Z —(@=D(s - p®) £ ()

- T(@)

1)Z(s - p®)" ()

Then

(b - T

).

bVe Af(t) = gA V% —

Remark 2.1.24. [23] Let « > 0 and n = [a] + 1. Then, by the help of lemma 2.1.23 we

have
ol 7 F(6) = ghoA™ ( LV V() = oA (08 VUL (D)
or,
oAV F(D) = o™ | VTV A () +(F(n—)an(b)

Lemma 2.1.25. For a € R, then

n(b— )" (b—t)*}
A Tm-a)  I(-a
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Proof: We prove in lemma 2.1.23, for any ¢ > 0, we have

(b—p**

).

bVe Af(t) = gA V% —

Butif ¢ < 0, then —a > 0, say f = —a > 0, therefore,

o ( )n B 1
8 o7 (0 = o™ | W7 TP A + s fB)
and using the identity oA™ (b;(?li:;_l = (b;(tz:;_l, then
B (b—t)F 1
AV f(D) =,V T oA (D) + Tf(b)

take « = —f, we done .

Theorem 2.1.26. For any real number a and any positive integer p the following equality

holds:

p—1

b — )Pk
T GAPF(E) = P V() = Y LD
k

_OF(a+k—p+1

) oA*f(b).

Where fis defined on ,N and some points before b.

Proof: Use equation of lemma 2.1.23 we replace f by gAf then

T AZ(E) = A VoA (b -0 Af(b
bV T olf(t) = gA LV ef(t)—we f(b)
Use lemma 2.1.23 again then
a s i (b—0! (b— 1!
oV “oA() = oA |6 V(1) = e f(B) | = s oA (D)
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(b-)"f(b) (-0t
r(@) r(@)

= o2 ,VTUf(t) — oA olf (b)

Use theorem 1.3.8 in chapter 1

(@=Db-*2f(b) (b-t)*T

ev_aeAzf(t) = eAz bV_“f(t) - [‘(a) - [‘(a) @Af(b)
o (b—)*2f(b) (b—1)*!
= oA? V(D) — CE ) oAf (b)
Then,
= (b— )T
oV ¥ oA f(t) = oAP VT Ef(2) — oA f (b).

k=0F(a+k—p+1)

Repeated interaction gives the desired result.

Theorem 2.1.27. For any real number a and any positive integer p the following equality

holds:
p—1
bh— a—p+k
AVBL() = o A f () - F(fx )
Proof: Use equation of lemma 2.1.16 we replace f by Vo f(t) then
- _ (b-0*=

pATVGE() = Vg , V4V f (1) —erf(b)

Use lemma 2.1.16 again then
—de Zern a (b — )= (b—t)=
pA V() = Vg |Vg ,V "V f(E) — @) ———f()| - @) ———Vof(b)
= V3 oV Vo (t) =~y (0) =~ vere)

42



Use theorem 1.3.7 in chapter 1

—1)(b—t)e1 b —t)%=
pATEVS (D) = VE V4V f(£) — (@ )F((a) 2 f(b) —%V@f(b)
= V2 VY (b - b (b—D*= S Vof(b
=Vo b of (t) — =1 ———~ f(b)— “T@ of (b)
Then,
)a p+k
ATVEf(t) = gV% pATOf (1) — VESf (D).

F(a+k p+1) ©

Repeated interaction gives the desired result.

2.2 Dual identities for fractional sum and Riemann fractional difference

In this section, we defined relation left fractional sum and difference were investigated

in [7].

The following lemmas are dual relation between the delta left fractional sum (difference)

and nabla left fractional sums (difference).

Theorem 2.2.1. For any positive number m, then the following is hold

i.  A™y(t—m) = V"y(t).

ii.  A™y(t) =V'y(t +m).

Proof:

1.  Useinduction form =1

Ayd—-1)=yt-1+1) -yt —-1)=y() —y(t—-1) = Vy(t).

So for m = 1 is true, and let m — 1 is true then
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A™y(t —m) =A™ (Ay(t — m))

= A" Hy(t—m+1) —y(t —m))

=A""y(t—m+1) — A" y(t —m)
= A" y(t—(m—-1) - A"yt - (m—-1) - 1)
when m — 1 is true then
AMy(t—m) = V"ly(t) -V ly(t - 1)
=Vl () —y(t - 1) =iy = V(D).
Then the statement for m is true for all positive integer m.
ii.  Use induction form =1
Vy(t+1) =y(t+1) -y = Ay(®).
So for m = 1 is true, and let m — 1 is true then
Vty(t +m) = V"L (Vy(t —m))
=V i(y(t+m)—y(t+m—1))
=V ly(t+m) -V y(t+m—1)
=V ly(t+m—-1+1) -V ly(t+m—-1)
when m — 1 is true then
vyt —m) = A" y(t + 1) — AmT (D)
= A" (y(t+ 1) —y(0) = ATy () = ATy().

Then the statement for m is true for all positive integer m.
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Lemma 2.2.2. [7]Let 0 <n —1 < a < nand let y(t) be defined on N,. Then the

following statement is valid

L. Agy(t - a) = Vg—ly(t) for t € Nn+aa

ii. A% (t+a)=V,%y(t) for t €N,.
Proof:

i.  Use definition 2.1.8 and definition 2.1.2, then
AZy(t —a) = AmA; ™y (t — a)

t—-a—-(m—-a)
1 m—a—
:Amm z (t—a—a(s)) 1y(5)

s=a

m—-a-—1

. t-m
= Amm ;(t —a—oa(s)) y(s)

By theorem 2.2.1 then,

1 t
ASy(t —a) = mez&+m— a—s— 1)m=a-1y(s)
- vmﬁ;(tﬂm—a—n 11— s+ Dm=asly(y)

1 t
= vmm;(t Fm—a—1) = 1-p(ENm=e=ly(s)

using identity t* = (t + a — 1)&, then

1 t m—a—1 -(m-a
AZy(t —a) = me;(t = p(sN™ T y(s) = VT Vy(s) = VI, y (D).

45



1.  Use definition 2.1.2, then

t+a—a

1 a-1
A%y(t+ a) = m Z (t +a-— a(s))_y(s)
— 1 t a—1
= m;(t +a—s—1)%2y(s)
= %;(t+ (@—1)—1—5+1)21y(s)

1 t
= m;(t +(@—1)—1-p(s))=Ly(s)

using identity t% = (t + a — 1)&, then

1 % _—
DaY(t + @) = s ) (£ = p(e)™Ty(s) = Vaty (o).

Lemma 2.2.3. [7] Let 0 <n — 1 < @ < n and let y(t) be defined on N,_,,. Then the

following statement is valid

i A%_y(t)=Vi_,y(t+a) forteN,_,,

i. APy =V, "yt —n+a) for t €N,
Proof:

1. Starting on the right side and use definition 2.1.9, then

Ve_y(t + a) = VYU Dy(t + ),
t+a
L Z (t+a—p) " y(s)
'n—a)
S=a—nm

By theorem 2.2.1 then,
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t—n+a

1 -
Myt 4 @) = M ) (t=n+a—p()" " y(s)

S=a—n

=Anﬁ Z t—-n+a—-(s—1D+1-1)"*1y(s)

S=a—n

=A”ﬁ z (t—n+a+1—p(s)+ 1) Ty(s)

S=a—n

1 t—n+a
=N s ) (= (= D 1= p() ()

Ss=a—n

using identity t& = (t — a + 1)%, then

t—n+a

1 n—a-1
Myt @) =0 pems D (= p))" " ()

S=a—nm
= A"ATT Dy (1) = AZ_,y (D).

ii.  Starting on the right side and use definition 2.1.2, then

t—n+a

Cnea 1
v )y(t—n+a)=m z (t—n+a—p(s))

a—nm

"y ()

S=a—n

t—-n+a

1 -
e z t—n+a—(s—1)"*1y(s)

Ss=a—n

t—n+a
Z (t—n+a—-s+1—1+1D))"*1y(s)

S=a—n

_ 1
" T(n—a)

1 t—n+a
=m Z (t—n+a+1—p(s)+1)"*1y(s)

s=a—nmn

1 t—n+a
== D - (ma= D)= p() + DT ()

s=a—m
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using identity t& = (t — a + 1)%, then
t—-n+a

—-(n—«a 1 —_—
V. Dy(t —n+a) “Toi—o Z (t = p(s))2=2=Ly(s)

s=a—nm

=V, "Dyt —n + a).

We remind the reader those previous two dual lemmas for left fractional sums and

differences were obtained when the nabla left fractional sum was defined by

1 : a-1
Vi) = oy Q. (E=p)T f(),

s=a+1

Now, in analogous to lemmas 2.2.2 and 2.2.3, for right fractional summation and

differences the author in [24] obtained.

Lemmas 2.2.4. Let y(t) be defined on ,,,N. Then the following statement is valid.
i LA%y(t+ a) =, V¥y(t) fort € ,_,N.
i. LA %y(t—a) =,V /() fort € ,N.

Proof:

1.  Use definition 2.1.9 and 2.1.7 , then
pAYy(t +a) = V§ WA~ Dyt 4+ )

= (=)"V" L A" Dy (t 4 q)

b

s Y (ool )Ety)

= DV

s=t+a+n—a

b
1 —a—1
= (D" T Z (s—t—a—-1)==y(s)

s=t+n
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By theorem 2.2.1, we have

b
D = (t-m—a—DE=Ely()

) (_1)nAn F(n N a) s=t—n+n
1 b
= ()" a);(s Ct— 14— @)=ty (s)
1 b
- (—1)nAnF(n_a)Z(s—t+ 14n—a—1-1)=e=ly(s)
1 b
= (DA e Q)Z(s P+ (n— @ = 1) DL y(s)

Using the identity t* = (t + a — 1)%, we arrive at

b
1 n—a-1
LAY = (=1)"A" oy Z(s — p(t)) y(s)

= (—D"A",, V- Dy(r) = eAnb+1V_(n_a)}’(t) = p+1V Y (D)
1.  Use definition 2.1.2 then

b

1 a-
A=) = s D (5ot —@) T y(s)

s=t—a+a

b
- ﬁ;cv (t—a + 1))ey(s)

b
=ﬁ;(s—t+1+(a—1)—1)“—_ly(8)

49



F((){)Z(s —p(O)+ (@ = D) = DE=Ly(s)

Using the identity t* = (t + a — 1)%, we arrive at
b

1 _
WA (=) = e D (5= PO V() = paaV N,

Lemmas 2.2.5 Let 0 <n—1 < a < nand let y(t) be defined on ,,_,N. Then the

following statements are valid
L. . y() = n—a+1va y(t — ), te 4N

i e = peqV Tyt +n—a),  tE (N

Proof:

1. Starting on the right side and use definition 2.1.9, then

neartVEY(Et —a) = (DA™, V Dy (t — )

n—-a

1
= (DM s Y (- p-a) " y(s)
By theorem 2.2.1 then,
w-aY(O) = (D s Z (s=pCt+n—-a)" " y(s)

St+TL(Z

= (- 1)”V"F(n ) z (s—(t+n—a—1)) y(s)

s=t+n-a

- DM s

. Z (s—t=(n—a=- 1) Ty()

St+an
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= (=1 ﬁs ; a(s—t—l—(n—a—1)+1)" a=1y,()
1 n—-a
= (—1)"V"m _Z_ s—o®)—(n—a—1)+1)"*1y(s)

using identity t& = (t — a + 1)%, then

a—1
Y() = Vi n_oA "Dy (s)

} B . 1 n—-a
n—aA y(t)—(_l) \ m Z (S—

s=t+n—a

= pA%(0).

ii.  Starting on the right side and definition 2.1.2, then

Oyt +n—a) = F(n ) z (s=ple+n-a)" (s

s=t+n—a

n—a+1v

= oc) z (s—(t+n—a)+1)) y(s)

s=t+n—a

S S G-t (a1 - 14 DL

s=t+n—«a

m Z (s—0(®) —(n—a-1)+ D" y(s)

s=t+n—«a

using identity t& = (t — a + 1)%, then

e YR @) = s S (- o=

s=t+n—a
= n—aA_(n_a)y(t)-

We can apply the definition of the delta left fractional difference.
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Proposition 2.2.6.[23] let « > 0, > 0. Then,

—a _ Tt ) wa
v,,_u(b—t)ﬁ_r(wra“)(b DEZ - (1)

Proof: The proof can be achieved by checking that both sides of the identity (1) verify

the difference equation

{(b —(ut+a)—t+1DVug() = w+a)g(d)
glb—(u+a)=Tu+1)

r —
Let y(8) = rotrs (b — D% and (1) = V%, (b — DL,

First, consider y(t) and use identity u£ = I'(u + 1) to see that

_ F'(u+1) ra _ F(u+1) +a
}’(b—(lt‘l'a))—m(b—(b—(ﬂ‘FaD”——m( + )2
=T(u+1).

also use identity V¢(p(s) — t)%=1 = —(a — 1)(p(s) — t)%=2 ,and similar use identity

(t — wWt* = t#*1 1o see that

T(u+1)

_ _ _ u+a—1
ey O~ (wH @) —t+ D+ a)(b - )=

(b—(u+a)—t+1V,y(t) =

= (u+ a)y(t)

Second, consider h(t). Noting that

b—u
1
O I CORLECEDT

s=t+a
We see that
b—u

1

h(b—(u+a)==— (p(s) —=b+pu+ a)i=L(b—s)*
I'(a)
s=b—-u
1

= m(oz - D =T(u+1).

Finally, we show that h(t) satisfies the desired difference equation.

th = i1

Using identity (t — ) , adding and subtracting u and adding and
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Subtracting b, we see that

_b-uta)-t+1)
B I'(a)

b—u
PNCOEBECEDE

s=t+a

h(t)

b-u
1
DI ICORDEL (RS

s=t+a

The rest of verification is direct.
We can apply the definition of the delta left fractional difference.

Lemmas 2.2.7.[21] Let « > 0, u > 0.then,

p-pA7ED —)E = et D)

“Tatarp@ 9"

The following commutative property for delta left and right fractional sums in theorem 9
in [21] and in theorem 3.1 in [17].
Theorem 2.2.8 Leta > 0,u > 0.
i.  Then, for all t such thatt = b — (u + a)(mod1), one has
AT [LATEF(D)] = pATHTIf () = pATH[ , A7),
Where f is defined on ,N.
ii.  Then, for all t such thatt = a + (u + a)(mod1), one has
AZ°[82 O] = AT F (D) = A [ )],
Where f is defined on N,,.

Theorem 2.2.9.[25] Let f be a real valued function and let a, § > 0. Then
i GV VEF®] = VB F@) = V[V ()]

i Ve[V 0] = v r = vl
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Proof:

i. by applying Lemmas 2.2.4 (ii) and Theorem 2.2.8 we have,
V[V PFO] = V8P f(E = B)
= p_1 7% AP f(t = (a + B))
= pa A OPf(t = (@ +w) = LV @Pf(0).
ii. by applying Lemmas 2.2.2 (ii) and Theorem 2.2.8 we have,

V2o [V )] = vaeafr e + o)

= 00 f e+ atB) = 0. P (e +a+B) =V, P (o).

The following power rule for nabla fractional differences plays an important rule.
Proposition 2.2.10.[25] Let « > 0,u > —1. Then, for t € ,N, one has

—a T _ F(u+1) T
Y (b_t)u_—f'(a+u+1)(b t)FTH,

Proof: By the dual formula (ii) of lemma Lemmas 2.2.4, we have

pV (b — ) = A% (b — 1)F|

= %Z::(s —t+a—1)%L(b - s)H,

Then by identity t = (t + @ — 1)2=1 and using the change of variable r = s — u + 1, it

follows that

b—p
| e _
Vb~ 0F = s z (r—o(t—a—p+ 1)) b —r)F
r=t—u+1

= (b—uA_a(b - n“)ﬁ)l

u=—a—u+1+t
This by Lemmas 2.2.5 leads to

F'(u+1)

Vb -t = ————
bV ) lla+pu+1)

(b—t+a+u—1)%~

54



I'(u+1)

- F(a+u+1) (b — )%™,

Similarly, for the nabla left fractional sum we can have the following power formula and

exponent law.

Proposition 2.2.11 For @ > 0, and f defined in a suitable domain N, then

Lo Mg f(D) = f(D),

i, AZ®A%f(t) = f(t), whena & N,

—a)k
i, AZUASF(E) = £(£) - Xpzs 2 Akf(a), whena =n € N
Proof: Use definition delta left fractional sum and theorem 2.2.8, then

i AZAZEF(E) = ATA,TOAZEF(E) = AMAZRF(E) = VOF(E) = f(¢)
i, AZ9A%F(0) = A;9A"A, D F(¢6), use theorem 2.1.19 then

AaaAnA;(n_a)f(t) — AnAaaA;(n_a)f(t)

n-1 (t _ a)a—n+k

kzol‘(oc+k—n+1)

= APAZOA;TOF () - AkA; %D f ()

Since A; ™ f(a) = 0 then AZ*ASF(£) = A"AZ%A, D £ (¢) = f(¢).
i, AZFAZF(H) = AZ9A"AF (D),

AZEAMA; O = ArAZATOf ()
use theorem 2.1.22 since a = n then

AZEAMA, TP F() = AYAZEf (8)

n-1 (t _ a)a—n+k

= ACAZYf(t) -
AQ k_OF(a+k—a+1)

Af (@)
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- (- a)F

:f(t)_ TG+ 1)

— k
T M@ = f(t)—z( 2 pif(a).

Proposition 2.2.12. For « > 0, and f defined in a suitable domain ,Nthen

i pAT pATIf(E) = f(0),

i, LAY ,AYF(D) = f(t), whena ¢ N,

i AT AT F(8) = £(8) - Xz 9% A f(a), whena =n € N
The proof will be done by using the method of proof in proposition 2.2.11.

Proposition 2.2.13.[23]For a > 0, and f defined in a suitable domain N, then

Lo VeVt f(0) = f(0),

il VZoVef(t) = f(t), when a & N,

i, VIOVEF(E) = () — Sy “) VAf(a), when @ = n € N
Proof: Use definition nabla left fractional sum and theorem 2.2.9

i VEVRAF(E) = VOV, VAR () = VIV F(E) = VOF(E) = f(¢)
i VZOVeF(0) = V79UV, D £ (¢6), use theorem 2.1.21 then

VaaVnV;(n_a)f(t) — an(;av;(n—a’)f(t)

n-1 (t _ a)a—n+k

Vkv_(k_a’)
_OF(a+k—n+1) @ fl@

= V7V, "R () -

Since V; ¥ f(a) = 0 then V;9VEf () = VY7oV, "D F (1) = f(0).
i VIOVEE(E) = Vievn v TOf (),
Voayny (D gy = yryzays (@ (py

use theorem 2.1.21 , since @ = n then
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VZovny, O () = VOVZAf(¢)

n-—1

(t _ a)a—a+k
_OF(a+k—0(+1)

= VaVeF (L) — Vef(a)

- (- oF (— a)¥

T D ==Y _vkfa) = F(t) - Z

=f(®) - Vaf (.

Proposition 2.2.14.[23] For @ > 0, and f defined in a suitable domain ,Nthen

LRV V) = f(),
ii.  LVT*LVEF() = f(t), whena € N,

(b— t)

iii. LV LVEF(E) = f(t) — ¥nd WV f(a), whena =n € N

The proof will be done by using the method of proof in proposition 2.2.13.

The following theorems develop relation between fractional sum and difference

operator by dual identity.

Theorems 2.2.15. For any a > 0, the following is hold:

(b —t)2=Lf(b)
I'(a) '

pPATTAf(E—1) = gA AT f(E— 1) —
Proof: Use by theorem 2.2.1 and lemma 2.1.17, then
WATESAf(E—1) = L,A™% Vof(t)

(b — )% 1f(b)
I'a)

= Vg pA7f(t) -

(b — )*=f(b)
NG

= oA, AT f(t—1) —
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Theorems 2.2.16. For any real number a and any positive integer p, the following
equality is hold
p-1 (b _ t)a—p+k

-a D _ — AP -a — —
bAoA (E=P) = A AT (L= P) LiT(a+k—p+1)

VESf (D).

Proof: By theorem 2.2.1 and lemma 2.1.27, then
pAT QAPf(t —p) = ,ATF VPf(D)

p-1 (b _ t)a—p+k
_ -a _ k
= T A () RZOF(“ =TT ®

p—1

(b _ t)a—p+k
k=0F(a+k—p+ 1)

= Ag AT f(t—p) - VEf(b).

Theorems 2.2.17. For any a > 0, the following is hold:

AZOVE(t +1) = VASF(t + 1) — i ar);l;)lf(a).

Proof: By theorem 2.2.1 and lemma 2.1.13, then

(t —a)e=t

AGVF (e +1) = B “AF()) = BAGF(D) = e s—

f(a)

(t —a)*=f (@

=VA*f(t+ 1) — r@

Theorems 2.2.19.For any real number a and any positive integer p, the following

equality is hold

p—1

(t _ a)a—p+k

ASVPf(E+p) =VPASS(E+D) = ) v =7 D
k=0 p

A* f(a).
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Proof: By theorem 2.2.1 and lemma 2.1.22, then
AZUVPf(t +p) = A*APF (D)

0( p+k

ZF(a+k p+1)

= APACf(L) — A*f(a)

p-1 (t _ a)a—p+k

kzOF(a+k—p+1)

= VPAZYf(t +p) — A* f(a).

Theorems 2.2.19.For any a > 0, the following is hold:

e v t—a)*!
VAAf(t—1) = AV *f(t—1) — (@) f(a).
Proof: By r theorem 2.2.1 and lemma 2.1.18, then
—a _o-a —a (t—a)*!
VU Af(t — 1) = Vg Vf () = VW f(8) - ———~— ) f(a)
a-1
= AV, f(t—-1) - « ()) f(@).

Theorems 2.2.20.For any real number a and any positive integer p, the following

equality is hold

p—1

~ ~ (t _ a)a—p+k
VaaApf(t - p) = Apvaaf(t - p) -
k

ZOF(OK +k—p+1) Vi (@).

Proof: By theorem 2.2.1 and theorem 2.1.21, then

Vo “APf(t —p) = V" VP (L)
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Pl (t — @)@ P&

= VPVZf (D) —
k=0F(a+k—p+1)

VEf(a)

p—1

_ _Na-p+k
LT { (I W G Clank) il
k

=0F(a +k—-p+1) V¥ (@).

Theorems 2.2.21. For any a > 0, the following is hold:

_a o v (b-0*!
BV Vef(t+1) =Vg Ve (t+1) —Wf(b)
Proof: By theorem 2.2.1 and lemma 2.1.23, then
—a — -a — -a (b _ t)m
pV Vof(t+1) = VoA f() = gA,Vf (D) —Wf(b)
S ;kg f.

Theorems 2.2.22.For any real number « and any positive integer p, the following

equality is hold

p—1

b — t)aprk
VeV f(t +p) = Vg pV 4f(t +p) - b-9
k

_OF(a+k—p+1)

oA  f(b)

Proof: By theorem 2.2.1 and lemma 2.1.27, then

BV VRt +p) = LV 4A" f(1)

p~1 (b _ t)a—p+k

— 14 -a _
Bl k_OF(a+k—p+1

) A  f(b)

p-1

_ \a—-p+k
k

_OF(a+k—p+1)

olA¥ £ (b).
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Chapter 3

Caputo Fractional Difference

In this chapter, we defined left and right Caputo fractional difference, study some of their
properties and then relate them to Riemann-Linville operator is used to relate the left and

right Caputo fractional differences.

3.1 Delta and Nabla Caputo Fractional Difference

In this section, we defined left and right Caputo fractional difference.

Definition 3.1.1. [25] Let @ > 0,a € N. Then

i.  The delta a-order Caputo left fractional difference [22] of a function f defined on
N,is defined by

ORI IO

t—-(n—a)

1 n-a-—
o Yergm z (t — o())™ 20 £(s).

ii.  The delta a-order Caputo right fractional difference [22] of a function f defined on

pN is defined by

CATF(t) 2 LA TOVEF()
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b

1 n-a-1
= m Z (S — O'(t)) Téf(S)

s=t+(n—a)
where n = [a] + 1.
Ifa = n €N, then
CALf(E) 2 A"F (1), A% f() 2 VB (1)

iii.  The nabla a-order Caputo left fractional difference of a function f defined on
N, and some point before a is defined by

CVEf(t) & V" OV ()

t—-(n—-a)

> (t=p)" T s,

s=a+1

_ 1
" T(n—a)

iv.  The nabla a-order Caputo right fractional difference of a function f defined on ,N

and some point after b is defined by
SVEF(D) 2 AT A ()
1 b—1 — .
= m;(s —p(®)" T A" £(s).
Ifa=neN, then CVIf(t) 2 Vf(t), §V*f() 2 oA F(D).

Note 3.1.2. It is clear that “A% maps function defined on Ny to function defined on
Ng+(n-q) and that “A% maps function defined on N to functions defined on b-(n-a)N-
Also, it is clear that the nabla left fractional difference V§ maps function defined on N to
function on N, ;_p, and the nabla right fractional difference ,A% maps function defined

on ,N to function defined on ,_;,,N.

Riemann and Caputo delta fractional difference are related by following theorem.
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Theorem 3.1.3. [22] For any a > 0, one has

k—a

i CASF(E) = ALF(E) - Z F(k—:) kf(a),
n—1 b p)k=a
ii. A f(t) = LA%f(t) — ﬁv’éﬂb).
=0

In particular, when 0 < a < 1, one has

e p ey - pepipy LD
DEF(D) = B (8) ~ = (@),
(b - )=

PATF(t) = A" f(2) - )f( )-

ra-

Proof:

1.  Use definition 3.1.1 and theorem 2.1.19 then

CALF(t) = A,V ()

n-—1

o t—a n—-a—-n+k
A -y

k=0F(n—a+k—n+1)Akf(a)

— (t—a)ke

L T(k—a+ 1) Af (@).

= Agf(t) -

1.  Use definition 3.1.1 and theorem 2.1.23 then
CATF() = A"V F(t)
n-—1
(b _ t)n—a—n+k

=VTL A—(n—a) t _
© b f® k_OF(n—a+k—n+1)

VEf(@)

T (b—t)k=a

LTk —a+1) VoS (@.

= pA%f(t) —
K

One can note that the Riemann and Caputo fractional differences, for0 < a < 1,

coincide when f vanishes at the end point.
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The following identity is useful to transform delta type Caputo fractional difference

equation into fractional summations.

Proposition 3.1.4. [22] Assume that « > 0 and f is defined on suitable domains N, and

pN. Then,

n-1 _ Nk
L 0z O = FO) — Y A f(a),
k=0

_ A\k
L. p_(n- a)A_a BAT f(1) = f(©) _Z( 2 V§ of (b).

In particular, if 0 < a < 1, then
atn-a) DI = f(O) - f(a),
p—m-mA 5A* £(£) = f(t) = f(D).
Proof:

i. By definition Caputo delta left fractional difference and by theorem 2.2.8

proposition 2.2.11 then

;il(n—a) CAaf(t) = +(n a)A_(n a)Anf(t)

= A A (L)

n—1 (t _ a)E
= A0 - Y Ak (@)
k=0

i k
=f(t)—z( D s fla,
k=0

ii. By definition Caputo delta right fractional difference and by theorem 2.2.8

proposition 2.2.12 then

b—(n- a) CAaf(t) b—(n- a) bA - a)v f(t)
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= pATVES(D)

n-1 (b _ t)E
= VB AT - ) V(@
k=0

n-—1

b—t)k
— -y L vk,

k=0

Similar to what we have earlier, for the nabla fractional difference we obtain the following.

Theorem 3.1.5.For any a > 0, one has

k-a
i VEF(E) = VEF(H) - z F(k—)+1)ka(a)'
n-1 h— T—a
1 gva f®) = ,Vef () - ﬁ@Ak f(b).
=0
In particular, when 0 < a < 1, one has
V@) = VEF(O) ~ g £ @),
V() = 7 £~ s ).

Proof:

1.  Use definition 3.1.1 and theorem 2.1.18 then
VEF(E) = VOV (1)
n-1 (t _ a)n—a—n+k

=an—(n—lx) t) —
a f® k_OF(n—a+k—n+1)

A“f (a)

k—a

) 2
= Vaf () - Z e A
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1.  Use definition 3.1.1 and theorem 2.1.22 then

VU F(E) = 2V YA (D)

n-1

(b _ t)n—a—n+k
Im—a+k—m+1
k=0

= A" WV VL) - s oA" ()

b — t)k=2a

n-—1
RN WL k
= Vf©) kzor(k_aﬂ) oV Fb).

One can see that the nabla Riemann and Caputo fractional difference, for0 < a < 1,

coincide when f vanishes at the end point.

Proposition 3.1.6.Assume that « > 0 and f is defined on suitable domains N, and ,N.

Then,
n-1 (t _ a)E
VG VRO = f(O) - ) T (@),
k=0

i V£ = £ - TR A ).

In particular, if 0 < < 1, then
Va® DLf () = f(8) - f(a),
TPARAT £(2) = f(t) — f(b).
Proof:

i. By definition Caputo nabla left fractional difference and by theorem 2.2.9
proposition 2.2.13 then
Va® CALF(6) = VZeV, VAR (1)

= V"V f(t)
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— V"V "f(t)—z( V" f(a)

n-1. %
— - Y vk fa)
k=0

ii. By definition Caputo nabla right fractional difference and by theorem 2.2.9

proposition 2.2.14 then

pV 5V f(1)

bv— bv_(n_a)@An f(t)

BV A" f (1)

n-1 b_ %
Co o @

SR ASIOEDY
k=0

= (b—0)F
= f@® = Y T b (@,
k=0

We can find the delta and nabla type Caputo fractional differences for certain power

functions.

Example 3.1.7. For example, for 1 # f > 0 and a > 0,we have

L. NPy

i. Vet —a)f “TG-a (t — )P ,
. ary _ A\B-1 _ F(ﬁ) __ \B-a-1
ii. CA%(t—a)fL = TG—a) (b—1t) :

Proof:

i. By definition Caputo nabla left fractional and theorem 3.1.5 and use identity

—agp _ B _ T+ Pz
V% (t—a) @Bt D) ———(t—a) then

n-1 —
— (t — )k«

=0
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L)
FB—a)

= V&(t — a)ﬂ = (t —a)f~ 1,

ii. By definition Caputo delta left fractional and theorem 3.1.3 and use identity

Az (t — )f = r+1)

_ a+f
= —F(a T8+ D (t — a)==E then

n-—1
(t — a)k__a

acy _ N\B-1 _ pacy _ N\B-1 _ _ n\B-1
CAZ(t — )Pt = A%(t —a) a SUETES) A* (a — a)2=,
Cwape B LB e
=Vi(t—a) _F(ﬁ—a)(t a) :

Example 3.1.8. For any a > 0,

i ‘vi1=¢%v*1=0

ii. CA%1=6A"1=0
Proof:

i, Cve1 =y ™ ¥yng = gand $v¥1 = vV, Pyn1 =0,
. Cpaq1 — A—(m—a)gnq _ Caaq4 _ A—n—)gmq _
11. Agl =A, V*1 =0and ;A1 = A, Vi1 =0.
Example 3.1.9 For any a > 0,and y € N,
i vy =¢vry =0
i. A%y =AYy =0
Proof:
i Wy =,V = 0and {v'y = V" Yvy =0

i CA%y =27V = 0and A%y = A,y = 0.
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3.2 A Dual Nabla Caputo Fractional Difference

In this section we define other nabla Caputo fractional difference for which it is not
necessary to request any information about /" before a or after b, since we will show that
these Caputo fractional differences are the dual ones for the delta Caputo fractional

difference, we call them dual nabla Caputo fractional difference [25].

Definition 3.2.1. Leta > 0,n = [a] + 1,a(a) =a+n—1,and b(a) = b —n+ 1. Then

the dual nabla left and right Caputo fractional differences are defined by

Ve f (D) = VU5 OVRE(1),  t € Nayn

a(a)

b(aC)Vaf(t) = b(a)A_(n_a) @An f(t), t € b—nN
respectively.

Notice that the Caputo and the dual Caputo difference coincide when 0 < @ < 1 and differ for

higher order. That is, for 0 < a < 1,

V2 f(6) = VEF(D), @ VEf() = SVEF(0).

The following proposition states dual relation between left delta Caputo fractional differences

and left nabla (dual) Caputo fractional difference.

Proposition 3.2.2.[25] Fora > 0,n = [a] + 1,a(a) = a + n — 1, one has
(DDt —a) = (Vie)(®), tENgyn.

Proof: By definition delta caputo left fractional difference and by remark 2.2.1 for we have

t—n

1 n—a—
( CAg)(t —a) = F—Z(t —a - a(s)) 1A"f(s)

(n—a)

=a
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Y (s + n)

1 t—n e
= m;(t - — O'(S))

Letr =s+n,whens =athenr =a+nandwhens=t—nthenr =t

so, (“AY)(t-a)= z (t—a—o(r—n)+1-—1)r=a=lynf(y)

7' atn

= oc) Z(t (r—1)+n—a—2)=21y"f(7)

r=a+n

. Z (£ =p() + (n—a— 1) = D2V ()

r=a+n

F(n —

Using identity t% = (t + @ — 1)&, then

== Z (£ = pE)IVE () = (Vi) (©).

r=a+n

The following proposition relates right delta Caputo fractional difference and right nabla (delta)

Caputo fractional difference [see 25].
Proposition 3.2.3.Fora > 0,n = [a] + 1,b(a) = b —n + 1, one has
GAY(E+ ) = (V) (@),  tE,nN .

Proof: By definition delta caputo right fractional difference and by remark 2.2.1 for we have

b

1 n—a—
(gA“ )(t + a) = mSZt-mZn—a(S - O'(t + a)) Té f(S)
F(n a)Z(s (t+a+1) n)

s=t+n
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letr =s —nthen,whens =t+nthenr =tandwhens =bthenr=5b—n

b—-n
1
GADY (¢t + a) = WZ@ +n—t—a— DL A (r)
1 b-n
_ m;(r —(t-1)+n—a—1-1)=e1 _ATF(r)

b—n
1
- m;(r —p() + (n—a — 1) — DE=E=L ATf(r)

Using identity t% = (t + @ — 1)&, then

b—n
1 -
“To—o Z( = PO A () = (p VO

Theorem 3.2.4.For any real number a and any positive integer p, the following equality holds.

-1 —
< (¢t - (a+p— 1> Ptk
Ma+k—p+1)

atrp-1VPf(0) = VPV 5, 1 f(8) — Vifla+p—1)

Where fis defined on only N,,.
Proof: By modifies theorem 2.1.18 when replace b by a + p — 1.
Similarly, in the right case we have the following.

Theorem 3.2.5.For any real number a and any positive integer p the following equality holds:

-1 —
< (b—p+1— ) PE

lNla+k—p+1) eAkf(b—p+1)

b—p+1v_aeApf(t) = @Apb—p+1v_af(t) -

Where fis defined on [N .
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Proof: By modifies theorem 2.1.22 when replace b by b — p + 1.

Theorem 3.2.6.For any a > 0, one has

< (t - a(@)F

et @@

i CVE o f() = Ve f(D) —

n—-1 b _ k—a
i gV f(6) = peyVf (O = Z %

k=0

oA F(b(a)).

In particular, when 0 < a < 1, then a(a) = a,and b(a) = b and hence one has

D370 = Vi - ST pa)
ORI ORI )

Proof: by definition dual nabla caputo left and right fractional difference
i Ve o f (D) = V0o Ovnf(¢)
By theorem 3.2.4 then

n-1 n—a-n+k

(t — a(a))
kzol“(n a+k—n+1)

VS o f(£) = VPV IO f () — vk f(a(@)

a(@)"
Vaf(®) = Z th—atD " f(a(@).

ii. b(ac)vaf(t) = b(a)v_(n_a) oA™f (D)

By theorem 3.2.5 then

1 (b(a) _ t)n—a—n+k

e

c — —(n-a)

i/ () = eh" @V f(®) — Z fn—a+k-n+1°
k=0

A™f(b(a))

w e O (@) — FF
“o@V IO T v ©
k=0

A™F(0).
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Theorem 3.2.7.Assume that @ > 0 and f is defined on suitable domains N, and ,N.

Then,

_ k
i Vol Ve f(®) = f(£) - Z uV" f(a(a)),

b _ k
ii. b(a)V “b(a)V“ f(t) = (t) — ZM@AR f(b( ))

In particular, if 0 < a@ < 1, then a(a) = a and b(a) = b.
V* VEF(D) = f() = f(a),
THVEVE L) = f(©) — f(b).

Proof: by dual nabla left and right caputo fractional difference

I Va(a,) Vg(a) Va(a)V;((Z) a)an(t) = a(a)vnf(t) by theorem 324

n-n+k

(t—a(a))
01“(n +k—n+1)

oty V=V OVl — Vkf(a(a))

—f(t)—z( @) v/ (a(@)

I'(k+1)

n-1 k
=f(t) — Z @V"f(a(a)).
k=0

ll b(a)V_“b(agva f(t) = b(a)v_a b(a)V_(n_a) eAnf(t) = b(a,)v_neAnf(t)

By theorem 3.2.5,

n-1 (b(a) — t)n—n+k

bV “o@ V" @) = gA" )V f(B) — z
i

n+k—-n+1) oA (b(a)

b
= A"V " f(E) — Z MeAkf(b( ).
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3.3 Integration by Parts for Caputo Fractional Difference

In this section, we state the integration by parts formulas for nabla fractional sum and

difference and use the dual identities to obtain delta integration by part formulas.

Proposition 3.3.1.[25] For

a>0,a,b€R,f defined on Nyand g defined on ,N one has
b-1 b-1
> IOV = ) ) 5T
s=a+1 s=a+1
Proof: By the definition of the nabla fractional sum we have
b-1 b—-1 s
—a 1 a1
D IO =g D, 96) ) (s=p() )
s=a+1 s=a+1 r=a+1

If we interchange the order of summation we reach at

b-1 b-1
> IO = D ) 7).

s=a+1 r=a+1

Proposition 3.3.2.[23] let « > 0 be noninterger and a, b € R such that a < b and

b = a(mod 1). If fis defined on ,N and g is defined on N,.then

b-1 b-1
Y VI = Y () T,

s=a+1 s=a+1

Proof: By equation V™% ,V*f(t) = f(t) and proposition 3.3.1 implies

b-1 b-1 b-1
Y FOVEID = Y T FSEVEIS = ) ST TE g(s)
s=a+1 s=a+1 s=a+1
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b-1 b-1
= ) TSI = ) gls) pTF ).

s=a+1 s=a+1

Proposition 3.3.3.[24] Let « > 0 and a,b € Rsuchthata < b and b = a(mod 1).If f is

defined on N, and g is defined on ,N .then

b—1 b-1
Y IO@ENGFD = D F($),4h gl — )
s=a+1 s=a+1
Proof: By theorem 2.2.2 and use theorem 3.3.1 and theorem 2.2.4, we have

b-1 b—1
Y IOOENGHD = Y g f(S)

s=a+1 s=a+1

b-1 b-1
= Y TG = ) f($)ph (s — ).

s=a+1 s=a+1

Proposition 3.3.4.[24] Let @ > 0 be noninterger and assume b = a(mod 1). If f is

defined on ,N and g is defined on N, then

b-1 b—-1
D Mg -0 = D gl (s + )

s=a+1 s=a+1

Proof: By lemma 2.2.3 and use theorem 3.3.1

b-1 b-1 b—1
D OB ag—@) = ) fOVEGE) = D g(s) Y f(S)

s=a+1 s=a+1 s=a+1

b-1
= z 9(S)p_1A% f(s + a).

s=a+1
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Now, we proceed in this section to obtain nabla and delta integration by parts formulas for

Caputo fractional differences [see 25].

Theorem 3.3.5.Let 0 < a < 1 and let f, g be functions defined on N, N )N wherea =

b(mod1). Then,

b-1 b-2
PIORAIORN ORI O S WIORLFIO!

S=a+1
Where clearly ,V-"%g(b—1) = g(b — 1).

Proof: From the definition of caputo fractional difference and Proposition 3.3.1 we have
b-1 b-1 b-1
Cya _ -(1-a) _ -(1-a)
Y 9OV = Y gV = ) V) T g0,
S=a+1 s=a+1 s=a+1

By integration by parts form difference calculus, Vf(s) = Af (s — 1), and the definition of

nabla right fractional difference, we reach at

b-1 b-2
P IOR O RO O A W (CEE VI APICEE !

S=a+1 s=a+1

b-2
= (9,7 DG + D F() 7).

s=a+1

Theorem 3.3.6.Let 0 < a < 1 and let f, g be function defined on N, N ,N where
a = b(mod1). Then,
b+1

> 9 b fs - )

s=a+1

b-2
= () (s = =)+ Y F)p-8(s + @)
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Proof: By the dual Caputo identity proposition 3.2.2 and theorem 3.3.6 we have

b+1 b-2
D OB~ ) = £(9) 7 IOgE, + ) ()bl + )

Use by lemmas 2.2.5, we get

b+1 b-2
> 9 BEfs— @) = f($)pabigls — A=)+ F(),18%g(s + ).
s=a+1 a

3.4 The Q-operator

The Q-dual identities obtained in this section expose the validity f the definition of delta

and nabla right Caputo fractional difference.

Definition 3.4.1 .If f(s) is defined on N, N ;N and a = b(mod 1) then the Q-operator is

defined by (Qf) = f(a+ b — s).

The Q-operrator generates a dual identity by which the left type and the right type

fractional sums and difference are related. Using the change of variableu = a + b — s.

Theorem 3.4.2.The following is hold

L AG"Qf () = Q pATf (D).
i Ve Qf(1) = @,V Uf (D).

Proof:

i. By definition 3.4.1 and definition 2.1.2 , we get

a+b—-t—a

1 a—1
A;“Qf(t)=Ag“f(a+b—t)=m Z (a+b—t—a(s))_f(s)
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a+b—-t—a

F(a) Z (a+b—s—a(t))_f(s)

Letu=a+b—swhens =athenu =band whens =a + b —t — a then

u=a+b—(a+b—t—a)=t+ athen

t+a

5Z°Qf(®) = Z(u —o®) 7 fla+b-w

I'(a)

2 (w— o) fla+b—w) =Q,Af(1).

s=t+a

F()

1.  Be definition 3.4.1 and definition 2.1.2

a+b—-t

VO = Vi f @t b0 = s Y (akb=t=p(s)" 1)
s=a+1
a+b-t

F( )Sza;rl(a+b—s— (t)) f(s)

Letu=a+b—swhens=a+1thenu=b—1andwhens=a+b—t

thenu=a+b—(a+b—t)=t,then

1 t
VaQf () = 7 Z u-p®)"" fla+b-w

s=b—
1 < =
=5 2, (= p®) T flatb—uw) = Qo)
s=t+a
Theorem 3.4.3.The following is hold
i.  —QVf(t) = AQf (1),

i —QAf(t) =VQf(®).
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Proof: by definition 3.4.1

L =QVf() =-0[f(®) — ft - D] =—[Qf (®) - Qf (t — 1)]
=—[fa+b—t)+f(a+b—(t—1)]
=[fla+b—-t+1)+ f(a+b—1t)] =AQf(t).
i —QAf() =-Qlf(t+1) - f(O] =—-[Qf(t+1) —Qf (V)]
=—[fla+b—-(t+D)+f(a+b—-1)]
=[fla+b—-t)+f(a+b—t—1)] =VQf(t).
The Q-operator is used to relate left and right Caputo fractional difference in the nabla and

delta case.
Theorem 3.4.4. For any a > 0,

i AZQF(®) = QAN (),
ii.  VEQf(®) = (VN ().
Proof: By definition of left and right Caputo fractional difference and by theorem 3.4.3,

we get

i CA%Qf(t) = A;(n_“)A”Qf(t) = A;("_“)eréf(t), use theorem 3.4.2 then
= Q A"V (1) = Q(GAN ().
i VEQf(D) = V,OVQF(e) = VP Q oA £(£), use theorem 3.4.2 then

= Q , V" "OAT (1) = Q(EVE) (D).
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Conclusion

Discrete fractional calculus is a relatively new theory compared to ordinary calculus. There
are still many open questions in this newly developing theory and although the theory
shows great potential for analyzing real world applications, ordinary calculus is still much
more commonly used in such problems.

In this thesis, we proved several relations between fractional nabla and delta sum and
difference. Also, we showed that there are relations between delta and nable with fractional
nabla and sum. So, we believed that some one can prove that there are relation between
nabla and delta with fractional nabla and delta difference. Moreover, we conjecture that

there is a relation between them caputo nable and delta.
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