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Abstract

Method of Moment (MoM) is one of the well-known methods to solve the
scattering equations. This method is applied for one scatterer or a very
small scenarios of two scatterers. MoM uses huge memory resources and
long time to solve the system, that make this method limited to small

electrical problems.

In order to solve the system of MoM efficiently, many supported meth-
ods appear, Extended- Propagation Inside Layer Expansion (E-PILE)
proposed an attractive method to solve the system provided by MoM.
Also, many accelerating methods have appeared, Physical Optics(PO)
approximates the surface current on both scatterers, this approximation
dramatically reduces the complexity of the computations. More over,
Adaptive Cross Approximation (ACA) also proposed algebraic algorithm
greatly helps to approximate a large matrix, the new approximated ma-

trix is easily used and saved.

In this thesis, we propose a hybrid method that uses MoM to descritize
the problem of two 3D scatterers, then PO approximation is applied
to calculate the local interaction at the two 3D scatterers. After that,
ACA is combined to accelerate calculations of the coupling occurs be-
tween the two scatterers. The proposed method is then applied on a
scenario of a square plate located above rough surface. The proposed
method (E-PILE4+PO-+ACA) has successfully reduced the complexity

of the system and the required computation time, the simulations show

xiii



an acceptable results with much reduced time, that make this proposed

method suitable for scenarios of large sizes.
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CHAPTER 1

Introduction

In this chapter, the motivation of this thesis and the problem statement
will be discussed. Then we will talk about the goals of the topic and the

contribution of our proposed method.

1.1 Motivation

Recently, scattering theorem has attracted more attention from researchers.
In general, scattering phenomenon used to refers to several cases in a way
such that propagating wave hits an object then it is reflected, distorted,
transmitted or in general “scattered ”. The importance of this scattered
wave is that it contains information about the object it hits. These
scattered waves can be processed in many ways, and the results could
be used in many applications like radar and remote sensing, material
science, biology and medical applications, etc, that was the main mo-
tivation to study this phenomenon. Few decays ago, it was so difficult
to make deep studies in this field, because of its expensive requirements
(memory, computation time), but thanks to the fast developments of
computers, which allowed us to apply exact methods and then make

some approximations or test new methods to accelerate its computa-



tions. Since the scattering phenomenon has several applications, there
is special attention to know its complete solution, the need for a 3D solu-
tion for the problem becomes necessary and depends on the applications

deal with that phenomenon.

1.2 Problem statement

The exact methods used to solve scattering problem from two 3D scat-
terers are limited to the size of the geometry used. Hybridization of an
exact method with some approximated methods lead to acceptable re-
sults with reduced requirements such as the memory and time, but still

limited to small geometry sizes.

1.3 Thesis Goals

This thesis aims to solve 3D scattering problem with an efficient method,
this method reduces both the complexity of the system and the required
time to solve the scattering equations, and apply it for two 3D scatterers

(object above rough surface).

1.4 Thesis Contribution

This thesis proposes an accelerated hybrid method, the method capable

to solve scattering problem for two large size 3D scatterers, with reduc-



tion in memory and computation time with an acceptable error rate.

1.5 Computational Electromagnetic Methods

As can be expected from the previous sections, solving the electromag-
netic equations directly is analytically impossible. So, many methods
are found to solve these equations, each method has its own strong and
weak points, also, these methods are divided to two main classes, exact
method which sometimes called low-frequency methods, and the approx-

imate methods which are known as high-frequency methods.

Exact methods (low-frequency methods) solve Maxwell equations di-
rectly without approximations. In general, the results of these methods
can be used as a reference to the approximation methods. While low-
frequency methods give the exact solutions, which is very important,
they are limited to objects of very small sizes, because of its huge mem-
ory requirements and very long computation time. From this point,
approximation methods (high frequency methods) take its importance,
since these methods give some approximations on solving Maxwell equa-
tions, noticeable difference in memory requirements and computations

time can be achieved.

Moreover, these methods can be classified to the time domain or fre-
quency domain method. In this section, we would mention some of these

methods and in the following chapters, and explain in details MoM as an



exact method, PO and ACA as two approximate methods to accelerate

MoM.

1.5.1 Finite Difference Time Domain Method

The Finite Difference Time-Domain (FDTD) method [2, 3] uses the
method of finite differences to solve Maxwell’s Equations in the time
domain. Application of the FDTD method is usually very straightfor-
ward: the solution domain is typically discretized into small rectangular
or curvilinear elements. FDTD excels at analysis of inhomogeneous and
non linear media, though its demands for system memory are high due to
the discretization of the entire solution domain, and it suffers from dis-
persion issues. FDTD is applied in packaging and wave guide problems,

as well as in the study of wave propagation in complex dielectrics.

1.5.2 Finite Element Method

The Finite Element Method (FEM) [4, 5] is a method used to solve fre-
quency domain boundary valued electromagnetic problems by using a
variational form. It can be used with two- and three-dimensional canon-
ical elements of different shape, allowing for a highly accurate discretiza-
tion of the solution domain. The FEM is often used in the frequency
domain for computing the frequency field distribution in complex, closed
regions such as cavities and wave guides. As in the FDTD method, the

solution domain must be truncated, making the FEM unsuitable for ra-



diation or scattering problems unless combined with a boundary integral

equation approach [4].

1.5.3 Method of Moment

The Method of Moments (MoM) [6] is a technique used to solve elec-
tromagnetic boundary or volume integral equations in the frequency do-
main. Because the electromagnetic sources are the quantities of interest,
the MOM is very useful in solving radiation and scattering problems.
In this thesis, we focus on the practical solution of boundary integral
equations of radiation and scattering using this method (we will discuss

it in details in chapter 3).

1.5.4 Geometrical Theory of Diffraction

The Geometrical Theory of Diffraction (GTD) [7, 8] uses ray-optics to
determine electromagnetic wave propagation. The spreading, amplitude
intensity and decay in a ray package are computed using from Fermat’s
principle and the radius of curvature at reflection points. The GTD
attempts to account for the fields diffracted by edges, allowing for a
calculation of the fields in shadow regions. The GTD is fast but often

yields poor accuracy for more complex geometries.

t



1.5.5 Physical Optics

Physical optics (PO) [9] is a method for approximating the high-frequency
surface currents, allowing a boundary integration to be performed to ob-
tain the fields. As we will see, the PO and the MoM are used to solve
the same integral equation, though the MoM calculates the surface cur-
rents directly instead of approximating them. However, PO does not
take in account for the fields diffracted by edges or those from multi-
ple reflections, so supplemental corrections are usually added to it. The
PO method is used extensively in high-frequency (we will discuss it in

chapter 4 ).

1.6 Computational methods for two scatterers

In the previous section, some exact and approximated methods were
discussed to solve the scattering problem for one scatterer. Several ap-
plications deal with scenarios of two or more scatterers, the scattering
problem becomes more huge and more complex, in this case the coupling
between the scatterers must be taken in account. To solve the scattering
problem in this case, some considered the scattering problem as a 2D
problem, then many methods were proposed to solve the 2D scattering

problem [10]-[18].

Other methods deal with the scattering problems as a three-dimensional

problems [19]-[26]. As expected, it is significant for the practical appli-



cations to study the case of three dimension problems.

For large 3D problems, exact methods such as MoM are limited to the
memory requirements. From that point, some methods proposed as-
sumptions to simplify the calculations, for example, in [19] a hybrid
method combines Kirchoff Approximation (KA) with MoM to study the
scattering from 3D perfect electric conductor located above 2D dielectric
rough surface. In [20], KA is used to derive a half-space Green function
with the rough surface interface, the MoM is applied in a complete 3D

problem.

The work in [22], [23] proposed some assumptions to compute the cou-
pling between the scatterers from the four-path model. In [24],[25] a
proposed method called Finite-Difference Time Domain (FDTD) ap-
proach to discuss the scattering of 3D object located above 2D rough
surface. An efficient numerical PILE (Propagation-Inside-Layer Expan-
sion) method for computing the ficld scattered by rough layers is pro-
posed in [13], then it is extended to 3D problems in a proposed method

called Extended-Propagation Inside Layer Expansion (E-PILE) in [14].

For a large scenario, [16] proposed method that combines E-PILE with
FBSA method to calculate the local interaction on the rough surface
and combined E-PILE with PO to compute the interaction on the ob-
ject. Moreover, in [26] forward backward method is proposed to calculate
the local interaction on the rough surface for 3D problem. Furthermore,

there are other techniques to accelerate the computations like Complex



Multipole Beam Approach (CMBA)[27], this method uses a series of
beams at the boundary instead of one beam, these beams are called Ga-
bor functions, this combination reduces the size of the matrix, CMBA
is combined with MoM in [28]. The Impedance Matrix Localization
method (IML) is introduced in [29]. This technique introduces a new
special basis functions and test functions. These functions localize the
significant interactions and uses them, this method also reduces the re-

quired memory.

In[30], a proposed purely algebraic method called ACA to accelerate
the electromagnetic computations of MoM, in [31] the ACA method is

hybrid with E-PILE and FBSA to solve a 2D problem with huge number

of unknowns.

Very recently, a bi-iteration model is proposed in [32], the model is ex-
pressed by outer iteration and inner iteration, the proposed model effec-
tively solves the more complicated scattering problem from a 3D object

located above a 2D rough surface than the common methods.

1.7 Thesis Organization

This thesis is organized as follows:

Chapter 2: Electromagnetic waves and computational methods. In this
chapter, we discuss the basics of electromagnetics, main principles we

used in the followed chapters.



Chapter 3: Electromagnetic scattering from a single scatterer. This
chapter discusses MoM and solves the integral equations for one scatterer

in the cases of electrostatic and scattering problems.

Chapter 4: Electromagnetic scattering from two 3D scatterers. In this
chapter, MoM is applied for a geometry of two 3D scatterers, then ap-
proximated methods are combined (PO+ACA) to accelerate the com-

putations of the scattering problem.

Chapter 5: Conclusion and future work. The conclusion of the whole

thesis is discussed in this chapter with suggested future work.



CHAPTER 2

Electromagnetic Waves and Computational
Methods

Solving the clectromagnetic problems mainly depend on applying Maxwell’s
equations with some boundary conditions. In this chapter, we discuss
part of Maxwell’'s equations, which we will use later, then wave equation
as a result of solving Maxwell’s equations is introduced. After that, we
derive the Green’s function, and also study Huygens principle and Ex-
tinction theory, then the far field of wave propagation and Radar Cross

Section (RCS) is discussed.

2.1 Maxwell’s Equations

James Clerk Maxwell published set of equations that describe the phe-
nomenon of the electric field and the magmatic field. The relations

between the different fields are given by [1]

V-B =0, (2.1)

VxE-- B (2.2)
ot '

V -D =p, (2.3)

10



0
H = —D 2.4
V x J+8t ) (2.4)

Where V is the vector differential operator, E, H represent the electric
field intensity and the magnetic field intensity measured in V/m, A/m re-
spectively, D is the electric flux density, B is the magnetic flux density,J
is the current density. If the medium is Linear, Homogeneous and

Isotropic (LHI), then [33]

D = ¢E = ¢, E, (2.5)
B = pH = popH, (2.6)
J=0.E, (2.7)

Where €, 1o are the permittivity and the permeability of the free space
(€0 ~ 8.854 x 1072 F/m, po ~ 1.25 x 107% H/m), and \/eopg = 1/c,
where ¢ is the speed of light and equals approximately 3 x 10%m/s).
€, ity are the relative permittivity and permeability for the medium. It

should be noted that we consider the medium to be LHI in this thesis.

2.2 Electromagnetic Boundary Conditions

In general, for two media with different €, u, general conditions should

satisfy [33]

(EQ—El) X N

I
£

(2.8)

11



nx (Hy —Hy) =Js, (2.9)
n- <D2 — Dl) = (e, (210)

fl . (BQ — Bl) = qm, (211)

Where n is the normal vector on the interface pointing from region 2
to region 1, Ey, Ey are the electric field intensity inside the first and
second medium respectively, also, H, Hy are the magnetic field intensity
inside the first and second medium respectively, q., g,, are the electric
and magnetic charges, J; is the electric surface current density and M; is
the magnetic current density. If one of the two regions is Perfect Electric
Conductor (PEC) and the other is dielectric, the boundary conditions

become [33]

Es x fi = 0, (2.12)
Hy xn=J,, (2.13)
fi-Dy =0, (2.14)
f-By =0, (2.15)

If PEC is replaced by perfect magnetic conductor (PMC), the boundary

conditions become

n x Ey = M, (2.16)

12



A x Hy, =0, (2.17)
f-Dy=0, (2.18)
- By = g, (2.19)

From these equations, we can describe the problem of the scattering of
the electromagnetic wave from one or more scatterers. We can divide the
problem into two parts: the propagation of the wave inside LHI medium,

and the propagation of the wave in the interface between the objects.

2.3 Wave propagation and plan waves

Solving Maxwell’s equations lead to the equation of propagating wave,
which describes the electric field and magnetic field of the propagating
wave everywhere. In scattering problems, an incident wave hits an ob-
ject, then the wave scattered, so we can suppose this object as a radiator,
and the scattered wave is a propagating wave. Consider an LHI medium,
from the four Maxwell equations and some vector properties, the electric

field and magnetic field should satisfy the following propagation equa-

tions [1]
0? 1 0
’E — eyn—E = — —J 2.20
V Elu’atz Evl)—i_luat 9 ( )
5 0
V°H — E,UJ@H = -V xJ, (2.21)

Where equation (2.20) represents the electric field equation, in the same

way, equation (2.21) represents the magnetic field equation. One of the

13



significant cases is the case of PEC. In this case, there is no charges in
the propagating medium, so (p = 0 and J = ¢.E). Using equation (2.7),

the equations of propagation become [1]

ok 0
V’E — €tz B — poem B =0, (2.22)
) 0? %)

Other important case is the case of Perfect Dielectric Medium (PDM),

where (p = 0 and J = 0), the equations of propagation become [1]

82
’E—eu—E =0 2.94
v el , (2.24)
2 82

A particular solution of the equations of propagation for equation 2.24
is called the Monochromatic progressive plane wave and is represented

U(R,t) = RE(R, 1) = R(EpEeH @R — RER)e™),  (2.26)

where

k = /quwk = —k, (2.27)

Where R(v) takes only the real part of the vector v, ¢ is a constant phase
term, k is the wave number, A is the wave length, k is a unit vector that

gives the direction of the propagation of the wave. The sign + refers to

14



the direction of the propagating wave. In this thesis, we would use the
positive sign to refer to the propagating wave, and the vector e*/(“=k)

will be applied but we will remove it from the equations.

If we substitute V x H from equation (2.2), then apply the expression
of the Monochromatic progressive plane wave to the equation of the
propagation, the derivative with respect to the time is reduced to multi-
plication by the term <w, then the equation of the propagation is called

Helmholtz equation, in the case of (p = 0 and J # 0) it is expressed by
—(V XV xKE)=(V*+E)E = —iwud, (2.28)

and for the case of (p =0 and J = 0), the equation becomes
—(VXVxEKE)=(V*+E)E =0, (2.29)

Note that if we write one of the three components of the E field, then it

checks the scalar Helmholtz equation:
(A + )V =0, (2.30)

Where A is the “Laplacian” operator.

its noticed that both E, H are orthogonal to the direction of the propa-
gation of the wave. The electric fields and magnetic field are related by

the relation

IE] Ho
= = /= 2.31



Where 7 is the impedance of the free space and called the intrinsic

impedance (ny = 1207 ).

2.4 Green’s Function

Green function is the elementary solution of a linear differential equation
with constant coefficients, or a linear partial equation with constant co-
efficients. Each component of the E field satisfies the scalar propagation
equation where the integro-differential operator (A + k?). The Green’s

function associated with this operator is checked by [35]

(AK*)G(R,R’) = §(R.R/), (2.32)

Where R, R’ are the source point and the observation point respectively,
the ¢ is the impulse function. The solution of equation (2.32) is given

by [35]
eikHR—R’”

Cam|[R-R

G(R,R) (2.33)

To obtain the integral representations, it is necessary to transform an

volume integral to a surface integral. This is done by [35]

///V[Q'(VXVXP)—P.(VXVXQ)]_dU:

(2.34)
//S[Px(VxQ)—Qx(VxP)]-ﬁ-ds,

where S is a surface surrounding a volume V and n is the normal to the

surface S pointing outwards of the volume V. P and Q are two vector
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functions of the point (also called vector field).

2.5 Huygen’s Principle and Extinction Theorem

Huygens principle is based on the fact that every point of a wave is itself
a radiation source of a wave. By this principle, a source of radiation can
be replaced by a set of currents sources. These currents are placed on a
surface closed arbitrary encompassing the original source. This theorem
allows us to describe generally the radiation of a distribution of currents
on a surface, or to obtain a surface integral equation of the currents
induced on an object excited by an incident field. Consider the scenario

shown in Figure 2.1.

Figure 2.1: The domain ) is bounded by the contour Cj » and the surface S whereas
2y is bounded by the contour C o, and the surface S.

In Figure 2.1, the first medium which has (e, po, 29) of volume Vj
bounded with the surface S, the other medium which has (e, p1, )
also has volume V' and bounded by surface S, the source is in J and n is

the normal to the surface and always points to medium 1 (£2). Applying
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equation (3.2) to the volume V; and using Maxwell equations we have

[35]

(
ER/), if R €V,

< =E;(R)) + // (R, R )iwu(n(R) x HR))+
0, otherwise

A(R) x E(R)) x VG(R,R)) + (a(R) - E(R)) VG(R.R)] - ds.

(2.35)

Where E; is the incident electric field, when R’ not belong V; the equa-

tion (2.35) becomes [35] :

// (R, R)iwpn(R') x H(R)
+(n(R) x E(R)) x VG(R,R)) + (n(R) - E(R))VG(R,R')] - ds.

(2.36)

This equation is known as the extinction vector theorem and imposes the
cancellation of the total field inside the object of volume V' ,the incident
field being compensated for by the contribution of the surface fields.
By defining the total field E as the sum of the incident field and the
scattered ficld, the scattered field is expressed by [35]
E,(R) = // (R,R)iwun(R) x E(R) x VG(R,R/)

(2.37)
+(A(R)-E(R))VG(R,R/) - ds.
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Where E; is the scattered electric field, this equation is known as the

Huygens principle and allows the propagation of surface fields outside

volume V', forming the total field after summation with the incident field.

2.6 Spherical Coordinates

For a monochromatic progressive plane wave introduced before, the elec-

tric field can be expressed in the Cartesian coordinate system by [35]

E(R) = Ege™*® =

kR (2.38)

A
A
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~
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Ky ~
?;
~

\4
>

Figure 2.2: Tllustration of spherical coordinates polarization bases used in transmission

and reception.
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where E; is the magnitude of the electric field, Eg,, Eq,, Eo, are the
magnitude if the i=clectric ficld in the z, yandz directions. Sometimes
it is more efficient to describe the electric field in other coordinates like
spherical coordinates. The spherical coordinates describe with the unit
vectors (R, 9, (}5) as shown in Figure 2.2. The incident field is described by
(12,-, éi, qﬁ,) and the scattered field is noted by (ES, és, qﬁs) Since electric

fields are orthogonal to the propagation directions, we get:

E;(R) = Ege®R = |gd | . &R (2.39)

E,(R) = Eqe"™® = |Ef | - ™R (2.40)

In this thesis, we might convert between the Cartesian coordinates and
the spherical coordinates and vise versa, the conversion can be done

using the following spherical rotation matrices R; and R, [35]

sinf;cosg; —cosfjcosp; —sing;
Ri(0i, ¢i) = | sin6;sin ¢;  —cosb;sing; Cos ¢; (2.41)
— cos 0; —sin 6; 0
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sinfscos¢s  cosfscosp,  —sin gy

R (05, ¢5) = |sin Ossin gy cos b sin ¢, COS Qg (2.42)

cos 0 —sin 0, 0

The vectors of the spherical bases are defined by [35]:

0, = Ri(0;, ¢:)" y (2.43)
b, z

and
k, %
6.| = Rq(0s,05)" % (2.44)
b, 2

where T' is the Transpose.

2.7 Diffraction Matrix

The incident electric field E; and the scattered electric field E from an
object can be connected by diffraction matrix (diffusion matrix). We
decompose the E;, E; into two orthogonal components depending on its
polarization, the component of the incident electric field in the direction
of 0 (EY), the component of the incident electric field in the direction of

10) (Ef)),the component of the scattered electric field in the direction of
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0 (E”), the component of the incident electric field in the direction of ¢

(E?), we obtain the relation:

E’ E!
=8| (2.45)
E? E/
where S is the scattering matrix and defined as
_ Seg  Se
§ — ’ (2.46)
Sgo Seg

Where Syy is the scattering parameter when the incident electric field
in the direction of #, and the scattered field in the direction of 6, the
other elements of S are defined. The knowledge of the four terms of the
diffraction matrix is sufficient to define the response of an object sub-
jected to a completely arbitrary polarization state wave. The scattering

matrix components are necessary to calculate the RCS.

2.8 Radar Cross Section (RCS)

Depending on the location of the observation point with respect to the
source point, we can divide it into two regions, the far field region, that
is the region where the measuring point is very far from the source. In

deeper look, Figure 2.3 shows two cases.

From Figure 2.3, the near field is defined when the source point and
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Figure 2.3: Near and Far field geometry.
the object are near (R = HR— R'H) can not be ignored), but in the
second case, where the observation point is very far from the source, an
approximation can be done (R = R/). Depending on this approximation,
the green function can be approximated as
o R-R]| kR

_ ~ —ikks R
An|[R-R/|| SR (2:47)

G(R.,R)

One of the applications on the far field region is the RCS. RCS is com-
monly used to characterise the reflected wave from an object. It is de-
noted by the ratio of the power density scattered from an object to the
power density of the incident wave at the same object. The reflected
power gives a good indication about the capacity of the object. RCS
depends on several variables like the carrier frequency of the incident

plane wave, polarization state on the transmission and reception, the
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geometric of the object, the properties of the object (u,¢€,0.), and the
angle between the incident wave and the object. For the plane on the

vacuum, the average power densities are:

_ 1E:]|*

| (L), || = o (2.48)
IE.||”

o - L2 210

where H(HMH 7H<HS>tH are the time average of the pointing vector for
the incident wave and the scattered wave respectively.

Keep in mined that the total incident power is equal to the sum of the
transmitted power through the object and the reflected power from it,

as

P =P +P, (2.50)

Depends on equation (2.48) and equation (2.49), the RCS of an object

in the far field is expressed as follow

U(ki ks) - 47TR/2H<HS>tH _ 47TR/2HE3H2

[[(TL)|| 1E >

(2.51)

The previous definition of RCS does not take in account the polariza-
tion state of the incident wave. If we consider the projection of the

incident wave polarization in the spherical coordinates, the RCS matrix
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is deduced from the diffraction matrix by the following relation

oY O4¢ H599||2 HS%HQ

o — lim 47 R"

R'—o0 2 2 (252)
Opo  Tpy [Ssa]l™ || S

Where oyy is the RCS for the the § component of the incident electric field
with the 8 component of the scattered electric field, the other elements

of o are defined in the same way.

This diffraction matrix is called the polarimetric signature. The knowl-
edge of all elements of the diffraction matrix gives a good indication
about the response of the object subjected to a completely arbitrary

polarization state wave.

2.9 Conclusion

In this chapter, we discussed Maxwell's equations and the boundary
conditions, from that, we are able to know the behaviour of the wave
in the medium and the interface between two media. Also, the green’s

functions as a solution for the linear differential equation were defined.

We will use the definitions that introduced in this chapter in the follow-
ing chapters to compute the scattering field for several scenarios, and

compute the RCS for each scenario using MoM and other methods.



CHAPTER 3

Electromagnetic Scattering From
Single Scatterer

The method of moment (MoM) is one of the popular methods to compute
the scattering field. In this chapter, we introduce the Integral Equations
(IE), then we explain in details the method of moment and how to use
it. After that, MoM is applied on a thin wire and a rectangular plate
to calculate the charge density, then the MoM is applied for scattering
problems from a square plate and the rough surface. For each case, the

simulation results are displayed and discussed.

3.1 Integral Equations

Consider the problem of the form

L(f) =9, (3.1)

where L is any linear operator, such as an Integral, deferential or inte-
grodifferential operator, f is unknown and g is known. Solving this kind
of problems where the unknown is inside an operator is not easy. One

of the efficient methods to find f is by expanding the unknown by a set
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of known basis functions

N
f = Zanfna (3.2)
n=1

Where N is the number of weighting bases functions, a, are unknowns

weighting coefficients.

In this case, the totally unknown f is represented by a set of known bases
functions. Now, solving this problem becomes easier since we substitute

equation (3.2) in equation (3.1) to have

N
S anl(f,) = g. (3.3)

n=1

The error of using this expansion is calculated by
N
R=g- Z anL(fn), (3.4)
n=1

The value of R depends on the bases function used. The choice of these
bases functions depends mainly on the problem and the behaviour of the

unknown functions.

3.2 Method of Moment (MoM)

MoM is a well-known method to solve scattering integral equations. As
illustrated in the previous chapter. MoM solves the Integral Equations

(IE) by converting it to a linear system in the form of ZX = b, where X
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is the vector of unknowns, Z is called impedance matrix and b is vector
of knowns. In this form, it becomes easy to find X = Zilb, notice that
solving this equation depends mainly on Z. As the dimension of Z ma-
trix increases, the computation time and memory requirements rapidly

increase too, this is the main limitation of MoM.

To use MoM we defined the inner product between basis functions f,(R’)

and the testing or weighting functions f,,(R) as [36]

< fofo>= | fu(®)- | fu(R)-dRdR, (3.5)
Im In

Where the integral is a line, surface or volume, depends on the basis

functions. Applying equation (3.5) on equation (3.4) we have

N
> an < fn L(fn) >=< frn: g >, (3.6)
n=1

We can convert this form to an N x N matrix cquation in the form

ZX = b. The elements of Z are computed by

Zmn =< fm;L(fn) >, (37)

In the scattering problems, Z is defined as the impedance matrix to
be calculated, X is the set of unknowns, which are the surface current

and b is the set of knowns, which are the voltage of the incident wave.
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Solving this system leads to find the distribution of the current on the

illuminated surface.

To have a good illustration of MoM we will apply it in details on electro-
static problems (thin wire and plate), then we would use it on scattering

problems.

3.2.1 Charged thin wire

To begin, consider a very thin wire of radius d and length L, located
along the x axis. If the length of the wire is very long compared with its
radius (L>> d) as shown in Figure 3.1, then the electric potential along

it is described as [37]

— S
L

Figure 3.1: A thin conductive wire with length L.

L

a . Qe(R,) ot
b.(R) = /47T€HR— R,H dx’, (3.8)

0

Where ¢.(R') is the electric charge in the observation point (R’ ) and

IR —R'|| = /(z — )2+ (y — v)? is the distance between the source
point (R) and the observation point (R').

If ¢.(R') is known, the solution of this equation becomes easy, but if
¢.(R’) is unknown, equation (3.8) becomes an integral equation, so we

apply MoM to solve it for ¢.(R/).
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First, we divide the wire to small segments with length of Az as shown
in Figure 3.2, and we suppose that ¢.(R') is constant along the wire, if

. . /
we use rectangular basis functions, we can expand ¢.(R’) as

AX

' ' ' ' '
X1 X2 X3 i XN-1 XN

Figure 3.2: The line divided to segments of length Ax.

N

Qe(xl) = Z anfn(xl) (39)

n=1
Where a,, are the unknown weighting coefficients, and f,(z’) is set of the

rectangular basis functions defined as [37]

0, ifzr' <(n—1)Ax,
fula) =11, if(n—1)Az <2’ <nAx, (3.10)

0, ifx’ >nAx,

\

In order to solve this system, the value of ®, should be known, to simplify
the derivations, we assume that &, = 1 V, now substituting these on

equation(3.8) leads to [37]

n=1

L N
1
_ / .
1 _/Zanfn(a;)mHR_R,H dz, (3.11)
0

we can rewrite equation (3.11) as [37]
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nAx

WZ / R-R| R’H da, (3.12)

In equation (3.12), the total integral is converted to a sum of sub in-
tegrals, each integration is over one pulse function. Also, to simplify
the derivation, we assume the source points are located at the wire axis,
while the observation points are distributed on the surface of the wire,

as a result of this assumption, we can write

IR —R/|| = V(z — ') + &, (3.13)

depends on this result, we can rewrite equation (3.12) as

Az 2Az

4 / ! dx’ + / L
TE = q -dx' +a
10 \/(.CE x')? + d? 2A \/(x—:l;’)2+d2
1Az (N)Az
et / -da’ + / !
o« o e a :L’ a
N \/x—x + d? N \/(:U—x’)2—|—d2
(N-2)Ax (N-1)Ax

In this equation, we have N unknowns, but this equation describes only
one source point at location z. To solve this system, we should have N
equations with N unknowns. We can do that by applying this equation

to all the source points we have, and the previous equation becomes
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+ .-

2Ax

dme = a - dx! —l—a/ ~dx
1/\/x1—x 2 4+ d? ’ \/xl—x + d?

/

-+ an_q / ~dx’ + ay / L - dx’
\/ZCl—SL’ +d2 \/($1—$/>2+d2 ,
(N-2)Ax N-1)Az
2Ax
ATe = a / -dx' + a / -dz’
' \/:EQ—:L‘ + d? ’ \/:1:2—33 + d?
(NV )AJ:
+a / ! dz' + a / ! da’
N—-1 . N . ,
To — ZE'/ 2 + 2 W\ 2 + d2
(N—2)Az Vim —a)? +a (N-1)Az vz =)
2Az
ATe = a / ~dr' + a / - da’
! \/xN—ZL’ +d2 ’ \/ZEN—.T -|-d2
(N )AIL’

1

+eita de' +a / -,
A / \/xN—x + d? N Viiey — 22+ d?

(N-2)Ax (N-1)Azx

and this system can be presented in matrix notation in the form of
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ZX = b as following

Zn Zia Zi3 ZIN a by
Loy Loy Loy - Zan a by

_ (3.14)
ZN1 Zn2 Zns - ZNN| |on by

comparing the previous equations, we conclude the elements of Z matrix

as
nAx

1
Ln, = - dx’ 3.15
( /)A \/(xm—x’)2+d2 ( )
n—1)Ax

and b,, = 4me, some gives simplified formula to find the elements of Z

as

Lm = log[ (3.16)

(2o — ) + /(T4 — T1)% — &2

where X, =nAz |, X, = (n —1)Ax.

We test these equations on a wire of length 1 m, and radius of 0.001 m,
®, = 1 v. Figures 3.3, 3.4 show the charge distribution when we use
10, 100 segments respectively. Because the wire is very thin, the charges
distribute equally on the surface of the wire along its length. This result
is clear in Figure 3.4, the charge is approximately the same along the
wire except for the edges. On the other hand, Figure 3.3 does not give
the same indication and the shown result is not accurate. The error

represented in equation (3.4) can be reduced by increasing the number

33



of unknowns as shown in our results.

-13
85 =10 .

Charge

0.2 0.4

0.6 0.8
Length (m)

Figure 3.3: Charge distribution on a wire of length = 1 m and radius = 0.001 m when
applying voltage potential of 1 V, the wire is divided into 10 segments using MoM.

%< 10714

0 0.2 0.4 0.6 0.8 1

Length (m)

Figure 3.4: Charge distribution on a wire of length = 1 m and radius = 0.001 m when
applying voltage potential of 1 V, the wire is divided into 100 segments using MoM.

3.2.2 Charged plate

Let us take thin charged conducting square plate with length L as shown

in Figure 3.5.
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Figure 3.5: Square plate of length L discretized to small square patches each of length
2a.

The potential on the plate is given by [37]

L/2 LJ2

qe xr y / /
/ /47reHR R,H ~dx'dy’, (3.17)

~L/2~L/2

we suppose the potential on the plate to be 1 v, then the above equation
becomes

L/2 L2

Arre — / / N xf()y — Cda'dy, (3.18)

~L/2-L/2

Now, we discretize the plate to N square patches, each of length 2a, the
area of each patch is 4a?, and we suppose we have N observation point,
each point is located at the center of the patch. However, we can convert
equation (3.18) to a linear equation in the form of ZX = b, the elements

of the Z,,, matrix are described as



1
Zmn :/ , (319)
52V (@m = 2')2 + (Y — ¥/)?

Where S, is the area of each square patch. In this case, the vector b

remains the same as the case of the thin wire.

Applying equation (3.19) leads to a problem in the case when m = n. In
other words, when the source point is itself the observation point. These
points should be calculated analytically by a different equation as [37],

we will use the formula [37]

2
Zyum = —log(1 + /2) (3.20)
e

Figures 3.6 and 3.7 show respectively the computed surface charge den-
sities for 10 and 20 segments in the x,y directions. We have 121, 441
unknowns, from the figures, we notice that the surface charge density

accumulates near the corners and the edge of the plate.

3.2.3 Method of Moments applied for scattering problem (Scat-

tering from Plate)

In the previous section, we studied examples of electrostatic cases. Now,

we will study the cases of wave scattering from a square plate.

Consider a thin perfectly conductor square plate is illuminated by a plane
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Figure 3.6: The computed surface charge density of square plate of length 1 m, with
10 segments using MoM
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Figure 3.7: The computed surface charge density of square plate of length 1 m, with
100 segments using MoM
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wave as shown in Figure 3.8. The incident wave is represented by
E;(R) = &’ R, (3.21)

and the incident magnetic field is

1~
Tlo

where 79 = , /‘6‘—3 is the intrinsic impedance.

The Magnetic field integral equation (MFIE) for perfectly conducting
surface is [37]

(= +M)J = x H, (3.23)

where M is the integro-differential operator, J is the surface current, n
is the unit vector normal to the plane, and H; is the incident magnetic
field. Let us defined c to be the surface density, R, R’ are two points on

the surface (S), then

Mc(R) = n X VR/SG(R —R)c(R) - ds, (3.24)

where VR is made up of the partial derivatives with respect to R, the

last equation can be written in the form



Where G'(R) is the first derivative of the green function, R =||R — R/||
and u = (R — R')/R. Each point is describes in the form R(z,y, 2),
then z is a function of the = and y coordinates. For the surface S, the
z coordinates is z = f(z,y), z, = %f and z, = a%f, I' in the previous
equation is I' = /1 + 22 + 22, the unit vector i = ((—z,X—2z,y+'2)/I).
Suppose that the surface density c is tangent to the surface S, ¢-n =0,

should be satisfied, and
C, = 22Cp + 2yCy, (3.27)

Where ¢, = I'c-x, ¢, = I'c-y and ¢, = I'c - z. These relations are
described by the Cartesian coordinates, they can be converted to other
coordinates when necessary. The surface density ¢ can be expressed by

only ¢, and ¢, since ¢, and ¢, are independent.

From equation (3.23), special attention should be taken in the case of
G'(R), the first derivative of the green function. Since it is equal 1/R?,
To overcome this case, we associate four scaler operators M,,., My,,, M., M,,
to the M operator to become

I'Mc-x My, M| |ce

= (3.28)
T'Mec-x M
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Substitute these results in equation (refn20), it becomes

/ —_—

My, Myy| |c / ¢(R) 2y + ZyUy — U, (2, — 2y)us
My, M| |¢ s (2 — zp)uy, 2y + 2 Uy — U
(3.29)
In order to calculate the scattered field and the radar cross section for
the plate using MoM, we discretize the plat to square segments, each
segment has dimension of € [z — Ax/2; 2 + Az /2] and y € [y, —
Ay/2, yp+Ay/2]. We should take in the account that the surface satisfies
the cartesian equation z = f(z,y). We will use the pulse function as the
basis functions located at the center of each segment. The constant
values on the cell(N) of the two functions c,, ¢, are associated with the
current ¢ constitute two vectors with N complex elements. We denote
by ¢, the component vector ¢;; equal to ¢, on the surface (5;) and ¢, the
component vector ¢,; equal to ¢, on S;. Now, we consider the unknowns
J, and J, for the surface electric current and J7,J! are the incident

7

electric field tangent to the surface

J.; =Tix- (b x H(R))), J” = ;% - (b x Hy(R)). (3.30)

Jy =Ty (A x HRy)), JY =T,y - (7 x Hi(R;))). (3.31)

77

We tested the model of a square plate located at the plane (z,0,7)

for normal incidence. Figure 3.8 shows the plate with the incident and
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reflected fields, where (6;, ¢;) are the angles of the incident field, (65, ¢s)
are the angles of the scattered field, RL K, represent the direction of the
incident and scattered fields respectively, and the normal to the surface
is pointing to the Z axis.

Figure 3.9 shows a comparison of the RCS calculated by the proposed
MoM and the one obtained from EM simulator FEKO MLFMM( Multi
Level Fast Multi pole Method)[38]. The plate has dimension of 10y x
10\, the angle of the incident wave is 0; = 0, ¢; = 0. Figure 3.10 shows
the current distribution on the plate after excited by a plane wave, and
the RCS. From the figure, it is clearly shown that the current distributes
mostly at the edges of the plate. the results shows good agreements

especially at the incident angles, while the RCS at the edges show some

differences.
Z k.
(’b_ A
1 e
P,

A
=

/

/
e

Figure 3.8: The geometry of the problem: the excitation of square plat by plane wave.

More over, we tested the RCS for vertical polarization for the same case,
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Figure 3.9: Comparison of the RCS from MoM and the results from FEKO for hori-
zontal polarization, the square plate has dimensions 10A\g x 10\g, Az = Ay = A¢/8 6;
=0° ¢ =0°.
and compared it with FEKO as shown in Figure 3.11, the results also

shows a good agreements for most scattering angles and some differences

at the edges.

3.2.4 Rough surface

In the previous section, we discussed the scattering from square plate,
other important case is the rough surface, as shown in Figure 3.12. To
calculate the scattered field from rough surface using MoM, we mesh the
surface to small segments, each segment of the surface S; is approximated
by its plane tangent to the point R, also, the normal at every point on
the surface S; is the normal (n;) at the point (R;). In this case, the first

derivative 2/, z; are constant and equal to 25, 2,; at each point R; of the
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Figure 3.10: Current distribution and the RCS from square plate of dimension 10\y X
10X.

M,.c, is written as

N-1
I
Mmzcx( // Z 2 Ui + ZyyiUyyj — Ugg * dx dy ))ij
N-1
= M:r:rijcxja
j=0

(3.32)

In the same way, we can explain the other elements of M, which are
My, My, My,. If the rough surface is described as a superposition of
small planer surfaces, the elements at the Diagonal are small compared

to the 1/2 term of the MFIE equation, because they depend on the

43



60 T T T T T T
% MoM
N mmmmE-EKO - MLFMM

40
v | .‘ W
il s
MY A
NE 20k o X AGATAT VLAY & “;‘2, ? . i
om ,"., f o * A A %* ** * . !i \ Vg
= '. * ** ** ¥ ,‘
O
x Of # x * * % K
-20
_40 * 1 1 1 1 1 1 1 *
-80 -60 -40 -20 0 20 40 60 80
0, (deg)

Figure 3.11: Comparison of the RCS from MoM and the results from FEKO for TE
polarization, the square plate has dimensions 10\g x 10\, Az = Ay = X\y/8 0; = 0°,
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Figure 3.12: The geometry of the problem: the excitation of rough surface by plane

wave.

curvature of the surface, the other element of the matrix can be computed
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from

M, My, B Nz_:l G'(Ry;) |2aiij + 2yilij — i (245 — 2yi)Tij
_ "
My:L' Myy J= J (Z;z:j — Zu)yu ZaiLij + 2yiYij — ZUA:EAy
(3.33)

Finally, the linear system obtained from the MFIE for the problem of

the electromagnetic scattering from a perfectly conductive rough surface

' | = (3.34)
My, My, | |J, J!
Then the surface current can be calculated by inverting the impedance

matrix in the form

-1

J. M, My, J;
= (3.35)

% I BV Vi B I
We tested the model of the case on a rough surface of the dimensions
8Ag X 89, then the RCS is then compared with the results we have for

the same rough surface on FEKO.

The results of the proposed MoM and the results taken from FEKO
software show good agreements at most scattered angles while the RCS
at the edges shows some differences, these differences occurs because
FEKO uses different TE’s to solve the scattering equations, moreover,
FEKO uses triangular bases functions in discritization, while this thesis
used the rectangular basis functions, therefore, some differences are seen

in the results.
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Figure 3.13: Comparison of the RCS from MoM and the results from FEKO for hor-
izontal polarization, the rough surface has dimensions 8\g x 8\, Az = Ay = \y/8 0;
=0° ¢ =0°.

3.3 Conclusion

In this chapter, we discussed the MoM and applied it for one scatterer in
the case of electrostatic problems (charged thin wire and charged plate),
and the case of scattering problems (square plat and rough surface).
We discussed the result of the simulation of RCS for some scattering

scenarios.

In the following chapter, we will apply MoM for two scatterers, in order
to obtain a fast algorithm that takes into account the interaction between

the two scatterers (object above rough surface).
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Figure 3.14: Comparison of the RCS from MoM and the results from FEKO for a
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CHAPTER 4

Electromagnetic Scattering from
Two Scatterers

In this chapter, we discuss how to model the scattering between two
3D scatterers, especially the case of an object located above a rough
surface. In this case, the interaction between the two scatterers should be
considered. So that, we focus on the integral equations of this case, and
apply MoM to solve them as done in the previous chapter. Later, some
approximating methods are used to accelerate the computations. MoM

solution is considered as the reference exact solution for this problem.

Later in this chapter, we are going to introduce the integral equations
for two scatterers, and discuss the discretization using MoM, then an
explanation in details for E-PILE method is discussed and how to use it
in MoM. Finally, we accelerate the computations using Physical Optics
method with Adaptive Cross Approximation. The scenarios of two par-
allel plates in free space and square plate above the rough surface are

tested to validate the model.
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4.1 Integral Equations for two scatterers

In the previous chapter, we studied the scattered field from a single
scatterer for two cases, square plate and rough surface, each one alone.
We solved the IE’s for these cases and applied MoM to solve them. In
this chapter, we can not deal with the scenario of two scatterers in the
same way, because the coupling between the two surfaces occurs, the
resulting scattered field is not the sum of the scattered field from each
surface as if it is isolated from the other object, so the coupling is taken

in account in the integral equations and the solution of this problem.

To begin, consider the scenario given in Figure 4.1, the source is located
in medium 2y with permittivity ¢y, in volume V. This medium contains
two scatterers, scatterer 1 with permittivity €;, and volume V;, and
scatterer 2 with with permittivity €5, and volume V5. S; represents the
surface surrounding V7, ny is the normal to S; and is pointing towards
the outside of V; (towards the incident medium), and Sy is the surface
surrounding V5, and ny is the normal to S5 is pointing towards the outside
of V5. S, is the surface surrounding the incident medium, n. is pointing
outside V.

Applying the boundary conditions, the integral equation of the first

scatterer V. R, R' € S;andV Ry € S,
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Figure 4.1: Two scatterers located in volume Vj

%Jl(R/) = fll(Rl) X HZ(R/) —+ fll(R/) X][ Jl(Rl) X VRlG(Rl,R/) - ds
S

\ . 7

~
Local Interaction

41 (R)) x ][ J5(Ry) X Vr,G(Ro, R') - d(d.1)

Sy
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Coupling

In the same way, the integral equation of the second scatterer VRo, R’ €

Sy and VR; € 53

1
SR = fn(R) x FL(R) + 0a(R) x [ Ja(Re) ¥ Vi G(Ro, R) - ds
Sa

A\ 7

TV
Local Interaction

+Ii2(R,) X][ Jl(Rl) X VRIG(Rl,Rl) . d5(42)
S

A\ e

Coupling

Where R, Ry are any point located at the scatterer 1 and scatterer 2

respectively. The symbol f refers to the Cauchy principle, which means



that the integration is not calculated in the case where the source point

is the same as the test point (R, Ry # R/).

We can explain equations 4.1, 4.2 as the total current in the surface lets
take S7 as an example, the total current is the current from the incident
wave and the surface current that occurs in the surface and the current
that produced as a result of the interaction occurs because of the second
scatterer.

In this integral equations, we have two unknowns to be found, the surface
current at the first scatterer (J;) and the surface current at the second

scatterer (Jy). To solve this problem, the MoM will be applied.

4.2 Discretization by Method of Moment

In order to solve the integral equations for two scatterers using MoM,
we first discretize the two surfaces, ecach surface is divided into small
segments, then the surface current is calculated at each segment. We
will use the pulse function as the basis functions and delta functions as
the test functions. The result of applying MoM is a linear system of the
form ZX = b, this linear system describes the total scene we have. In

details, the unknown vector X contains all the unknown current surface



for scatterer 1 and scatterer 2 in the form

X = (4.3)

Where X, is the surface current on the first scatterer, and Xy contains
the surface currents for the second scatterer. X, Xy are expanded in

the form

Ji(R})
Ji(RY)

I (R

J2(R3)
J>(R3)

J,(R5?)

Here, N1, Ny are the number of unknowns in the first and second scatterer
respectively. As can be noticed, X vector has a dimension of (N14Ng)x 1.
For our 3D problem, the current on each segment should represent the
X, Y,z components of the current, so J;(Ry) = J,,x+ J,,y + J., 2 and

JQ(RQ) = J1;2}A( -+ Jyz}A’ -+ JZZQ

The column vector b which represents the incident field is equal to (b =



n x H;) has a dimension of ((N; + Ny) x 1) and is described as

b = (4.6)

where by, by are the incident wave on the scatterer 1 and scatterer 2
respectively.
The impedance matrix Z represents the impedance matrix for the whole
scene, its dimension is (N; + Ny) x (N; 4+ Ny), Z can be expressed as a
matrix of the sub matrices in the form

A (4.7)

Zy 7o

Here Z; is the impedance matrix for the first scatterer occurs from the
local interaction on its surface alone as if it is in free space, in other
words, the impedance matrix without any effects of the existence of the
other scatterer. Moreover, Zs; is the impedance matrix that describes
the coupling between the two scatterers. In the same way, Zs is the
impedance matrix of the second scatterer without any effects of the first
scatterer and Zo; describes the effect of the coupling happens because of

the first scatterer.

To summarize, the linear system of the form ZX = b is represents on



the form of

7, 7| | Xy b
_ (4.8)

Z21 ZQ X2 b2

The direct way to solve this system is to find Z " and multiply it with
b, then X = 7 'b. This solution is acceptable when the size of Z is
small, and this is limited to small electrical scatterers. A direct solution
divides the impedance matrix into two parts called Lower and Upper
(MoM-LU), then do the calculations , the MoM-LU will be taken as the
reference solution for our results, since it is an exact solution for the
system X = Zb. The RCS from the proposed methods will be tested

and compared with RCS occurs from the MoM-LU.

As the size of the impedance matrix increase, the memory needed and
the computational time for the inverse of Z rise rapidly making it not an
efficient way. Recently, an attractive method called E-PILE were used to
enhance these calculations, E-PILE method is discussed in the following

section.

4.3 Extended Propagation Inside Layer Expansion

(E-PILE)

As discussed in the previous chapter, the direct method to solve the
linear system of the form ZX = b is to find the inverse of Z matrix
then multiply it by the vector b in the form of X = Z_lb, This way
requires huge memory. A fast method called Propagation Inside Layer

o4



Expansion (PILE) was developed in [13], this method suggests a fast
solution depends on dividing the impedance matrix Z into submatrices.
So, instead of invert an (N + Ny) x (N + Ny) matrix, it calculates Z~
by other formula, as will be discussed later in this section. Then, they
applied the new proposed method to two one-dimensional interfaces,
only one of them is illuminated by a plane wave. Later in [14], PILE was
extended for the general case, where the two scatterers are illuminated,

also the proposed method is applied to an object above a one-dimensional

rough surface.

E-PILE divides the impedance matrix into sub-matrices, then calculates

the inverse of it by the:

T U

VvV W

Where T, U,V and W are sub matrices obtained as following

2

T = (Zl — Z2122_1212)_17

(-
I

—(Zy — 22122_1212)_1,
) (4.10)
V = —Zy Z05(Z) — Zy 7y Zy) 7,

= =—1  5-15 /5 = =15 \_15 o

W =2, +7Zy Z15(Z) — 701 Zy Z15) ‘721 7",
\
As shown from the previous expression, the inverse of submatrices should
be calculated. However, it is clear that the computation time and mem-

ory used to compute the inverse of the matrix of dimension N; + Ny are
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huge compared of the time requires finding the inverse of the matrix of
dimension Ny or Ny. Substituting the values in the system X = Z 'b

leads to

X, _ by Tb; + Ub,
_7 _ : (4.11)

From equation 4.11, X; = Tb; + Ubs,, substituting T and U, we have
Xi = (Zy — ZonZoy Z12) ‘b1 — (Zy — ZnZey Z1o) “ZinZs ' by, (4.12)

Equation 4.12 can be written in the form of
X, = (Z) — ZenZy Z2)"'[by — ZnZs 'bo), (4.13)

Now, we introduce the characteristic matrix M, as

M, = Z, ZonZy 7, (4.14)

then

X, =(I—M,)'Z ' (by — ZnZ, 'by), (4.15)

where I is the identity matrix.
The first part of equation 4.15 can be expanded using Taylor series to

be

(I-Mey) ' =[> M (4.16)

In this case a condition of Hl\_/Ic,l <1 H should be satisfied, where||e|| is the

normal of the matrix M.; and equals to the maximum of the module of



its eigenvalues. To calculate numerically the summation in the previous

equation, we truncation the summation at p = Pr_prre. then we obtain

p=Pg_pILE ~ o, o p=Pr_pILE
Xi=[ Y MLZ (b - ZuZ,'b) = Y YV, (417)
p=0 p=0

2

Y(l] = Zl_l(bl — Zglzglbg), P = 0
4 (4.18)

Y =M, YP Y, p>o0

\

In the same way, we can find the surface current at the sccond scat-
terer Xy by replacing the index 1,2,12,21 by 2,1, 21, 12 respectively in
equations 4.17, 4.18, 4.16, 4.15, the characteristic matrix for the second
scatterer surface is

M, = Zy ' Z15Z1 ' Z1, (4.19)

Recall that the Z; is the impedance matrix of the first scatterer as if it
is in the free space, Zs is the impedance matrix of the second scatterer
when it is isolated (in free space), and Zy, Z15 are the coupling matrices
occurs because of the interaction between the two scatterers. To have
a physical meaning of the previous equations, Figure 4.2 will help to
illustrate the discussion.

=1 , : ,
In the zeroes order term, Z;  accounts for the total interactions on the

first scatterer, Y(lo)

correspondent to the contribution on the object,
when it is illuminated by the direct incident field (by) and the direct

scattered field by the rough surface (—Zg Zy 1b2). In the first order term,



Figure 4.2: Physical interpretation of E-PILE method.

Xgl) = 1\_/16,1X[1), Z,» propagates the resulting object field information,
XY, toward the rough surface, Z, "accounts for the local interactions on
the second scatterer, and Zs,; re-propagates the resulting contribution
toward the object, finally Zl_l updates the field values on the object. So
the characteristic matrix 1\_/16,1 realize a back and forth between the object
and the rough surface. The number of the back and forth interaction
between the object and the rough surface is determined by the Pr_prrE.

In the same way, M, s corresponds a back and forth interactions between

the rough surface and the object.

To study the effect of the order of E-PILE, the RCS of order 0, 3 and
8 are computed then compared with the RCS computed from MoM-LU
for two scenarios, the first is two parallel square plates and the second

scenario is for a square plate located above rough surface for two incident

angels 6; = 0, 45.

For scenario 1, consider two parallel plates, the first plate is of dimension

o8



2Ag X 2)p, and the second plate is of dimension of 6y X 6g. The two
plates are separated by a distance of 5\g as shown in Figure 4.3. Each
segment of the two scatterers is of dimension Ax = Ay = A¢/8, the
incident wave is at angle of 8; = 0°. The RCS for E-PILE of order 0, 3

and 8 compared with MoM-LU is shown in Figure 4.4.

z

Figure 4.3: The geometry of two parallel plates.

Figure 4.5 shows the RCS for scenario 1 at incident angle 6; = 45°.

As shown in Figures 4.4, 4.5, increasing the order of E-PILE leads to
fast converges to the results of MoM-LU (order 8 is closer to MoM-LU
than order 0), if we suppose the threshold of the error to be 0.002, then
as [39], order 6 gives that threshold. From this point we would use order

6 as the chosen order to compare with other methods.
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Figure 4.4: The RCS for two parallel plates computed by MoM-LU and E-PILE of

order 0, 3 and 8, the plates are at dimensions of 2\g X 2\ and 6\g X 6, separated
by distance of 5)\g, and illuminated by plane wave at an incident angle of 6; = 0°.

For scenario 2, consider a square plate of dimension 2\y x 2 is located
above rough surface with dimension of 8 \y X 8\g, as shown in Figure 4.6.
The two scatterers are separated by distance of 5)\y, each segment of the
two scatterers is of dimension Az = Ay = X\y/8, the incident wave is at
angle of ; = 0°. The RCS for E-PILE or order 0, 3 and 8 compared

with MoM-LU is shown in Figure 4.7.

Figure 4.8 shows the RCS for the same previous scenario but at incident
angle of 45. The results ensure the results we have in the case of the two
parallel plates. It is clearly shown that the RCS for order 8 is almost
the same as the RCS of MoM-LU for any incident angles. The higher
the order of E-PILE, the better agreements and matching of the results
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Figure 4.5: The RCS for two parallel plates computed by MoM-LU and E-PILE of
order 0, 3 and 8, the plates are at dimensions of 2\g X 2\ and 6\g X 6, separated
by distance of 5y, and illuminated by plane wave at an incident angle of 6; = 45°.

with the results of the reference method MoM-LU.

As the size of the scenario increases, time required to have the results
becomes too long. E-PILE method proposed a very attractive method
to solve the linear system ZX = b, but this method is still limited to the
large electrically size scatterers, the need to accelerate the computations
leads to use some approximated methods. Omne of the approximated
methods called Physical Optics (PO), PO gives approximations that
accelerates the computations with a very similar results. PO is discussed

in the following section.
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Figure 4.6: The geometry of square plate above rough surface.

4.4 Physical Optics

Physical Optics (PO) is an approximated method based on simplifying
the integral equations. PO approximate the surface current on the ob-
ject by the tangential field of the geometric optics. PO does not take into
account the shadowing phenomenon and the discontinuity of the surface,
this makes PO applications limited to surfaces with few roughness and
close to be smooth. However, this simplification done by PO approxi-
mation prevents several complex calculations making the computations
of the scattered field less complicated than computations in the case of
exact methods like MoM, keeping an acceptable percentage of error in

the results.
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Figure 4.7: The RCS of plate above rough surface computed by MoM-LU and E-PILE
of order 0, 3 and 8, the two scatterers are at dimensions of 2)\g X 2\g and 8y X 8Aq,

separated by distance of 5)\g, and illuminated by plane wave at an incident angle of
0; = 0°.

Consider the case of two different media, the first medium is PEC and the
second medium with permittivity €, permeability puq and conductivity
o1, the normal to the boundary surface (n) is pointing towards the second

medium.

When the two media are illuminated by a plane wave, the incident
electric field E;; and the incident magnetic field H;; will be vanish
inside the PEC medium (E; = H;; = 0), on the other side, the to-
tal field inside the second medium E,;,; and H,,; are the summation of
the incident fields and the reflected fields inside the second medium,

(Etot = E; + E, H;,y = H; + H,), the electric and magnetic surface
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Figure 4.8: The RCS of plate above rough surface computed by MoM-LU and E-PILE
of order 0, 3 and 8, the two scatterers are at dimensions of 2)\g X 2A\g and 8y X 8Aq,
separated by distance of 5)\g, and illuminated by plane wave at an incident angle of
0; = 45°.

current densities (J, M) at the boundary can be obtained from the tan-

gential components of the total fields

J=nx (Htotl _HPEC—tot) \S: n x Hyon |S: n X (Hi1+Hr1) |S, (4-20)

The physical optics approximation supposes that H;; and H,; at the
boundary are at the same amplitude and same phase. So, the magnetic

current J7° is described as
JP =h x (Hy +H,) s~ 20 x Hy |s . (4.21)

Also, physical optics approximation supposes, when the geometry is in-
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finite, PO current density is zero at all regions that are not directly
illuminated by the source. This assumption will accelerate the compu-
tations of the surface current done by MoM. For our scenario, where a
square plate is located above a rough surface, and both are illuminated
by a plane wave, we would apply PO approximation to calculate the
magnetic current on both two surfaces. From the results we have from
the previous section, the zeroth order of the E-PILE method (Y°) can

be written as

(

Y(1) = Zfl(bl - Zlez_le)?p =0
{ (4.22)

Y =M., Y p>0

\

where b; = n;(R;) x H(R;) and by = 1ny(Ry) x H(Ry) are the tan-
gential incident fields on scatterer 1 and scatterer 2 respectively. From
the previous equation, the excitation can be divided into two sources,
the first is from the direct illumination of the incident field by, and
the second source represented by 2212; 1b2 is due to the coupling be-
tween the two scatterers, where Z, 1b2 represents the surface current
density on the second scatterer alone without the effect of the other
scatterer. Now, applying the PO principle and keeping in mind that
JP9 = 2n(R) x HY(R),for H' = 1, the diagonal elements of the zZ
are equal to 2, where a direct illumination occurs and zero at the other
regions (no point to point interaction at PO approximation), in other

words, Z, ' can be represented by 2I, where I is the identity matrix.



However, Z, 1b1 represents the surface current density at the first scat-
terer as if it is in the free space. When applying PO approximation, the
diagonal of the Z; s equal to 2 in the region of direct illumination,
while the other elements of the matrix are zeros. That leads to accel-
erating the computations because there is no necessary to compute the
inverse of Z;,Zs. For our scenario applying PO on the two scatterers is

discussed in details as follows.

Figure 4.9: The excitation at the first scatterer by a plan wave.

To apply PO on the first scatterer, we should identify the regions of
direct illumination and the shadowed regions. Figure 4.9 explain the

illuminated and the shadowed regions.

As shown in Figure 4.9, we can consider the top side of the plat (S™?) as

the region of the direct illumination from the plane wave by, moreover,
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the bottom side of the plate (S°™) is illuminated by the scattered field
from the rough surface(ZgZy lbg), as a result, b; becomes
by

b = - (4.23)
b10 om

where b’ is the incident field at the first scatterer and equals to

n x H'(R7)

n x H'(R?
bl = (R3) (4.24)

and bl is the incident field at the bottom part of the plate, which is

bottom
by

Z€ro, is describes as

phottem — (4.25)

0

the dimension of b is N%®om » 1 where N*P and N are the

number of the segments used in the top and bottom sides respectively.
However, the coupling matrix Zs; also modified as

—~Lop
Z21

Zy, = (4.26)

—~ bottom
Z 21
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where Ztﬁp is the coupling matrix between the top side of the plate and
the rough surface, and Zgﬁttom is the coupling matrix between the bottom
side of the plate and the rough surface. Since the scattered field from the
rough surface illuminates the bottom side of the plate only, the elements
of Zg‘f’ are equals to zero, that because no reflected fields reach it. To

summarize, equation 4.22 becomes

YV = 2(b) — Z5,2by), for p=0
4 (4.27)

Y = M;’lng_l), for p>0

\

Figure 4.10: The excitation at the second scatterer by a plan wave.

Similarly, when we apply PO approximation on the second scatterer, the

rough surface is illuminated by two fields, as shown in Figure 4.10, the di-
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rect incident field (bs) and the scattered field from the first scatterer(Zle_lb'l),
these two fields hit the same side of the rough surface. The currents on

the rough surface are calculated by

p

YS = 2(bl, — Z\,2by), for p=0
4 (4.28)

Y = 1\_/1/072ng_1), for p>0

\

where 1\_/1’672 = 221222;1. To summarize, after applying PO approxima-
tion at the two scatterers, the equations of the currents and the charac-
teristic matrix are reduced significantly, there is no necessary to calculate
Zl_l and Z, 1, this reduces the time and the memory used. The complex-

ity of the inversion O(N}) becomes 1 and O(N3) — 1.

For our scenario of a square plate located above rough surface, consider
the plate is of dimension of 1Ay X 1)y and the rough surface of dimen-
sion 8y X 8y, the two scatterers are separated by distance of 5y, and

illuminated by plane wave at an incident angle of 6; = 0°.

Figure 4.11 shows a comparison between the RCS of the MoM-L U and E-
PILE of order 6 and the E-PILE of order 6 + PO at the two scatterers.
The results in figure 4.11 shows that the RCS from E-PILE and E-
PILE4+PO1+PO2 are very similar for most scattering angles, the error

between the two radar cross sections is very acceptable.

PO accelerated the computations and reduced the used memory. Re-

cently, a very attractive method to accelerate the computations called
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Figure 4.11: The RCS of plate above rough surface computed by MoM-LU, E-PILE,
and E-PILE4+PO1+P02, the two scatterers are at dimensions of 1)y X 1Ay and 8y x
8o, separated by distance of 5)\g, and illuminated by plane wave at an incident angle
of (91 = 0°.

Adaptive Cross Approximation (ACA) is developed. ACA will be dis-

cussed in the following section.

4.5 Adaptive Cross Approximation

In the previous section, we used PO approximation to accelerate the
computations on both surfaces. In this section, we will introduce the
ACA and discuss how to use it to accelerate the computations of the

coupling occurs between the two scatterers.

ACA is first introduced in [30], it proposed an adaptive method to ap-

proximate matrix by a multiplication of two approximated rectangular
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matrices. From that time, ACA was widely used for several reasons, one
of them is its pure algebraic structure, that makes ACA easily used with
other exists methods without any changes in that methods structure.
Moreover, using ACA, as we will discuss later, does not need full pre-
knowledge of the matrix, in other words, there is no necessary to compute
all elements of the matrix, ACA chooses some elements to approximate

the whole matrix, these are the only elements to be calculated.

In summary, ACA gives the advantage of reducing the computations

time and the used memory.

The impedance matrix occurs from applying E-PILE discretized by MoM
consists of blocks of sub-matrices, Z; and Zs refer to the interaction
occurs on the scatterer itself, while Zyo and Zs; are occurred because
of the coupling between the two scatterers. This coupling sub-matrices
will be reduced using ACA as will be shown later, due to the nature of
the green functions used in MoM, and for two good separated scatterers,
the coupling matrices can be represented by a much-reduced number of

columns and rows.

To have a clear understanding about ACA, consider matrix Z with di-
mensions mx n, ACA approximates Z" " by a new matrix men, the ap-
proximated matrix is a multiplication of two rectangular matrices V, U,

in the form of [30]

men _ .[—Imxrvrxn _ Z u;nX1Vilxn, (429)
1=1
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where U,V are rectangular matrices, r is the effective rank of the matrix
Z"" w; is the i row of the matrix U, and v; is the i column of the
matrix V. From that equation, since the rank of the matrix is less than
or equals to the minimum dimension of the matrix (r < min(m,n)), the
ACA takes its importance. Instead of save an impedance with m x n
entities, ACA provides a ((m+n) x r) elements to be saved, this is very

efficient when we deal with matrices of large sizes.

If we suppose R to be the error matrix between the impedance matrix

(Z) and the approximated matrix (Z), then the ACA aims to achieve

Where ¢ is a given tolerance, ||e|| denotes the matrix Frobenus norm,

=~ MXn
Z

HR’”X” (4.30)

- Hzmxn

=1 X
<5HZm n

which is calculated by the square root of the sum of the absolute squares
of the matrix elements. The choice of the ¢ depends on the application
and the required accuracy of the results. After determining the value of
e, ACA starts to generate U and V. The matrices U and V are con-
structed by selecting rows and columns from the Z matrix, while U and
V are generated, the algorithm generates an approximate error matrix
f{, which is equal to HZ — ZH./ each time a new row or column of Z is
chosen, the corresponding error vector( row or column) is calculated by
subtracting the actual column or row vector from the corresponding col-
umn or row vector of the approximate matrix that has been constructed

in the previous iteration. The key point of choosing row or column re-
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turns to the index where the largest enter of the last computed error
column or vector is located. At the end of ACA algorithm, the two
matrices U and V are filled, ACA is terminated when the following con-

dition is satisfied

IR|| < |7 (4.31)

Since the full known of Z is not necessary, ACA provides an estimation
to the norm of Z when computing the error matrix R, the norm of the

error matrix is estimated after the k' iteration as

el IS Al A (4.32)
also [30]
_ ~ 112 _ 2 — 9 (k-1 2
2 =2 = o v - |2+
k—1 (4.33)
23 [wlug] vt | = vl

j=1
Recall that the characteristic impedance we have after applying PO ap-

proximation is in the form

(

YV = 2(b] — Z,2 by), for p=0
4 (4.34)

Y = M;,lng_l), for p>0

\

and 1\_/1'071 = 22;12212. We will apply ACA to approximate the coupling
matrices Zj» and Zop, then the calculations of X?,Xg,l\_/l’q1 and 1\_/1/672

using this approximation will significantly accelerate the time needed
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and the memory used in our computations.

To implement the proposed method, consider the scenario of plate of
dimension 1)y X 1) is located above rough surface of dimension 8\ x
8Xg. The two scatterers are separated by distance of 5\yg. The RCS of
the proposed method (E-PILE+PO1+PO24+ACA) is compared with the

RCS for the previous methods (E-PILE and E-PILE +PO1+P0O2) for

three cases as follow:

case 1 : the plane wave is normal incidence (the incident angle is 09),

the results is shown in Figure 4.12.

case 2 : the plane wave is horizontally polarized and the incident angle

is 457, the results is shown in Figure4.13.

case 3 : the plane wave is vertically polarized and the incident angle is

45°, the results is shown in Figure4.14.

As shown in the previous results, the proposed method shows almost
the same RCS of the E-PILE method combined with PO applied on the

both scatterers for most scattered angles.

As discussed in this section, ACA accelerates the computations and re-
duced the required time compared with the computation times needed
from the methods we discussed in this thesis. We measured the time re-
quired for the MoM-LU, E-PILE+PO1+4+P0O2 and E-PILE+PO1+P0O2+4+ACA,
we run the programs several times then take the average time needed.

The computations were hold for a fixed size of rough surface of 5\g x 5Ag,

74



N N w w
o [&)] o (@)]

RCS (dBm?)
o

10

5

ol & s |\ | 0 M-L U |
8 o E-PILE +PO1+ P02

5L | | x E-PILE +PO1+P0O2+ACA | |

-80 -60 -40 -20 0 20 40 60 80
0 (deg)

Figure 4.12: The RCS of plate above rough surface computed by MoM-LU, E-
PILE+PO1+4PO2 and and the proposed method E-PILE4+PO1+PO2+ACA. The two
scatterers are at dimensions of 1\ X 1Ay and 8y x 8)\g, separated by distance of 5Aq,
and illuminated by a horizontally polarized plane wave at an incident angle of 6; = 0°.

then we changed the size of the plate from 1)y X 1\ to 4)\g X 4. Figure
4.15 shows comparison between the time required for the MoM-LU, E-
PILE+PO1+PO2 and E-PILE+PO1+PO2+ACA. From Figure 4.15, we
can notice that using the ACA allows us to reduce the computing time
significantly. In deeper look, at plate size of 5\yg ACA approximately
decreases the time 60 percent compared with the time MoM-LU takes.
Also, the RCS from applying PO is almost the same as the RCS from
PO combined with ACA, but the time used in PO combined with ACA
is clearly less than time used in PO only. The effect of ACA appears

clearly for more geometry sizes where the unknowns are huge.
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Figure 4.13: The RCS of plate above rough surface computed by MoM-LU, E-
PILE+PO14PO2 and the proposed method E-PILE4+PO1+PO2+ACA. The two scat-

terers are at dimensions of 1\ X 1Ay and 8y X 8\, separated by distance of 5\g, and
illuminated by a horizontally polarized plane wave at an incident angle of 6; = 45°.

4.6 Conclusion

In this chapter, the scattering between two scatterers is discussed. Then
MoM as an exact method to calculate the RCS is applied. Then we ap-
plied PO approximation to accelerate the local interaction occurs at each
scatterer, then we applied our proposed method (E-PILE+PO1+PO2+ACA)
to accelerate the computations occurs on the coupling between the two
scatterers. Finally, the required time needed from each method is mea-
sured and presented, the results shows reduction in time provided by the

proposed method.
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Figure 4.14: The RCS of plate above rough surface computed by MoM-LU, E-PILE
+PO1 +P0O2 and and the proposed method E-PILE +PO1 +P0O2 +ACA. The two
scatterers are at dimensions of 1)\ X 1\ and 8y X 8¢, separated by distance of 5\,
and illuminated by a vertically polarized plane wave at an incident angle of 6; = 45°.
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Figure 4.15: Comparison of time requires for the three methods, MoM-LU, E-PILE
combined with PO and E-PILE combined with PO accelerated by ACA. The time is

for scenario of square plate of dimensions from 1Ay X 1Ag to 4)\g x 4)\y and the rough
surface is in the dimension of 5Ag X HAg.
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CHAPTER 5

Conclusion and Future Work

5.1 Conclusion

In this thesis, we discussed the scattering phenomenon for one scatterer
in two cases, electrostatic and scattering cases. MoM was applied to
solve the integral equations on two examples (thin wire and square plate).
Then the concept of MoM was applied on electrodynamic cases such as
an isolated square plate and rough surface illuminated by a plane wave,

in each case the RCS is computed and discussed.

Later, we discussed the scattering occurred between two scatterers, we
discretized the two scatterers using MoM, then PO approximation was
applied to approximate the surface current on both two scatterers, then
the ACA was combined to accelerate the computations of the coupling

occurs between the two scatterers.

The proposed method (E-PILE+PO1+P0O2+ACA) was applied and tested
on a scenario of a square plate located above a rough surface. The re-
sults were attractive, the computed RCS from the proposed method

was very similar to RCS from the E-PILE+PO for most scattering an-

gles. Also, the proposed method (E-PILE+PO1+PO2+ACA) reduced
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the complexity of the system, this was clearly appeared by the reduction
in time that the proposed methods provided. This makes the proposed

method suitable for applications deals with large objects.

5.2 Future Work

In a future development of the proposed method, we suggest using com-
puters with better specifications to take results for larger scenarios. The
proposed method could be applied to study scattering occurs in a sce-
nario of more than two scatterers. Moreover, it is possible to use other
integral equations and apply our method in a case of two dielectric media

instead of PEC discussed in this thesis.
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