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Abstract

The optimal control problem can be solved either by using the indirect
methods or the direct methods. Recently, many researchers have proposed
a numerical method based on the indirect methods to solve the optimal
control problem via fuzzy logic control.

In addition to the parameterization and discretization techniques, and based
on fuzzy logic control and fuzzy basis functions (FBF's) expansion, in this
thesis we have proposed a direct method to design an optimal fuzzy
controller to control a linear dynamic system under finite horizon. The
method is based on parameterizing the control vector by a series of fuzzy
basis functions with unknown parameters and discretizes the state vectors.

The main idea of the proposed method can be concluded as follow ss:
Instead of minimizing a continuous performance index over the whole time
interval, we minimize the performance index only over one sampling
period, that is mean we minimizing the performance index over all the
time interval but in a sequence.

Therefore, we convert the optimal control problem to mathematical
programming problem, thus we avoid solving the two point boundary
value problem (TPBVP) which may be complicated.

The proposed method was tested for the linear system with and without
constraints. And it has been applied on several examples and we have
found that the proposed method gives better or comparable results
compared with some other methods. Several numerical examples are
included to demonstrate the effectiveness of the proposed method.
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Chapter 1

Optimal Control Problem

1.1 Introduction

The optimal control problem has been discussed in depth in many textbooks [1, 2, 3
and 4] and in some important survey papers [5 and 6]. The main objective of the

optimal control is to determine an optimal control u"(#) which represent an open loop

control, or u (x,#) which represent an optimal feedback control that forces the system

to satisfy the system physical constraints and at the same time minimizes or maximizes
a specific performance index.

Optimal control is one of the oldest approaches in control engineering. It has many
advantages [7] such that, the state and control constraints can be included explicitly and
the cost functions to be minimized can be given in a simple intuitively appealing
interpretation. But unfortunately, optimal control suffers from a major disadvantage
[7]; solving optimal control problem is in general computationally difficult, except in
very special cases a closed form expression of control law can be obtained.

From the point of view of the practicing control engineer [7], the main difficulty in
applying optimal control is in obtaining a feedback implementation. There are many
numerical approaches to solve open-loop optimal control problems; some are based on
solving the Two Point Boundary Value Problems "TPBVP", others are based on
dynamical programming. However, none of these numerical techniques is fast enough
in general to allow a direct extension of the open loop solution to closed loop or feed-
back implementation.

The basic optimal control problem consists of the following three elements [8]:

1) A mathematical representation of the system to be controlled: The dynamical system
to be controlled can be described by state space representations which are a set of first
order differential equations:

x'= f(x(t),u(t),t) Llal)

where x(t)eR" is the state vector, u(f)eR™ is the control vector and [ is
continuously differentiable with respect to all its arguments. The control functions
u are assumed to be the piecewise continuous functions from 7 €[0,¢,] intoR".

2) A set of boundary conditions on the state variables which gives the value of the
system states at the initial time:

x(ty) = x, (1.2)

where x, is a known vector of initial conditions.
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3) A performance index which is to be minimized or maximized. The performance
mdex describes some desired specifications, expressed mathematically in form of a
scalar function. The optimal control problem helps the designer to select the control, by
minimizing a given performance index. The performance index [2] which we are
interested in can be expressed as:

J=@(x(¢,),8,)+ ]L(x(t),u(t),l)dt {1.3)

where ¢ and L are scalar functions, continuously differentiable in all arguments. The
terminal cost ¢(x(¢,),t,) and the cost function L(x(z),u(t),) are selected depending
on the performance objectives [3].

In designing optimal control systems, rules may be set for determining the control
decisions, subject to certain constraints, such that some measure of deviations from an
ideal case is minimized. That measure is usually provided by a selected performance
index or cost function.

The performance index [2] is a function whose value indicates how well the actual
performance of the system matches the desired performance.

Appropriate selection of the performance index is important since it determines the
nature and complexity of the problem. That is, if the optimal control is linear or
nonlinear, stationary or time-varying will be dependent on the selected performance
index [3]. The choice of the performance index depends on system specifications,
physical reliability, and the restrictions on the controls to be used. In general, the choice
of an appropriate performance index involves a compromise between a meaningful
evaluation of system performance and availability of feasible mathematical
descriptions.

The performance index is selected by the engineer to make the system behave in a
desired fashion. By definition [1], a system whose design minimizes the selected
performance index is optimal. It is important to point out that a system optimal for one
performance index may not be optimal under another performance index.

Before starting optimization of any system, it is necessary to formulate the system by
having information on system parameters and describing equations, constraints, class of
allowable control vectors, and the selected performance indexes. Then the solution can

proceed by determining the optimal control vector #"(¢) within the class of allowable
vectors. The control vector u(r) will be dependent on such factors as the nature of the
performance index, constraints, initial values of states, initial outputs, and the desired

state as well as the desired outputs. If analytical solutions are impossible or too
complicated, then alternative computational solutions may be employed.

Linear quadratic optimal control problem is a special case from optimal control
problem, the linear quadratic optimal control problem refers to problems, where the
performance measure to be optimized a quadratic function of the state and control and
the plant model is linear, and is given by:
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x'= Ax(t) + Bu(t), y=Cx(¢) (1.4)

The quadratic optimal control problem is to find a control input » that minimizes the
quadratic performance index J (1.5).

J=x7(t,)8x(t,) + fj(xTQHuTRu)d: (1.5)

where S and O are symmetric positive semidefinite matrices, and R is a symmetric
positive definite matrix.

1.2 Statement of Optimal Control Problem

The unconstrained optimal control problem can be stated as follows: Given
f>Xgstgst ;¢ and L, find an optimal open loop control or an optimal feedback control

that minimizes the performance index:
)
T =9(x(t )t )+ [L(x(0)u(t),0)dt (1.6)

subject to the system state equations and initial conditions:
x'= f(x(@),u(t),?) x(ty) = x, (L.7)

In general it is not possible to solve the problem (1.6)-(1.7) analytically [8]. However,
an analytical solution is possible for a special case of this problem, the linear quadratic
optimal control problem, in which the performance index is quadratic and the system
state equations are linear. This problem can be stated as follows: Find the optimal
control that minimizes (1.8):

J=x"(t,)Sx(t,)+ Jj(xTQx+uTRu)dt (1.8)

fo
subject to (1.9):
x'= Ax(t)+ Bu(z) x(t;) =%, {13
where §,0 are positive semidefinite matrices and R is a positive definite matrix.
1.3 Solution of Optimal Control Problem
The optimal control problem can be solved by one of the following methods:

1) Bellman's dynamic programming method which is based on the principle of
optimality (Hamilton-Jacobi-Bellman equation) [2, 3 and 8].
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2) Variational method and Pontryagin minimum principle (Euler-Lagrange equations)
[2, 8 and 9].

3) Direct methods using discretization or parameterization (nonlinear mathematical
programming) [1 and 2].

1.3.1 Dynamic Programming: Hamilton-Jacobi-Bellman Equation:

The principle of optimality is usually known as dynamic programming, to derive an
equation for solving optimal control problem was first proposed by Bellman [2].

The application of this principle on continuous optimal control problem has led to the
invention of the famous Hamilton-Jacobin-Bellman "HJB" equation [2]. For the
optimal control problem (1.6)-(1.7), let us now use the imbedding principle to include
this problem in a larger class of problems by considering the performance measure:

J(x(0),t, u(r)) = g(x(t,),2,) + jL(x(r),u(r),r)dr (1.10)

ty<rst;

where £ <17,, and x(1) can be any admissible state value, the performance measure will
depend on the numerical values for x(¢) and #, and on the optimal control history in
the interval [7,,¢,].

Let us now attempt to determine the controls that minimize (1.10) for all admissible
x(t), and for all <7, , the minimum cost function is then:-

J"(x(0),0) = min {LG(),u(@), o)+ g(x(t )t ) (1.11)

IOSTSII g

By subdividing the interval [2], we obtain:

t+AL i
! (x(f),t):?l’(rrljlrrl{ deHt {Ldmgs(x(zf),zf)} (1.12)
0 STt ty +At

The principle of optimality requires that:-

J'(x(0).6)= min {+J’Ldf+f(x(r+m),r+m)} (1.13)

tSTSt, o

where J (x(¢,At),t+At) is the minimum cost of the process for the time interval
t+At <7 <t, with initial state x(z + At).

Assuming that the second partial derivatives of J exist and are bounded, we can
expand J (x(¢,At),t+At) in Taylor series about the point x(z + Az) [2].
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For small At Jbecomes:
J(x(t),t) = m(i?{L(x(t),u(t),t)At +J(x(0),0) +J, (x(2),0) At +

S @O, (x(0),u(0), 1AL + o(At)}

(1.14)

where o(At) denotes the terms containing [Atz]* and higher orders of A¢ that arise
from the approximation of integral and the truncation of the Taylor series expansion.
Next, removing the terms involving J™ (x(¢),¢) and J, (x(¢),z) from the minimization,
we obtain:

0=J, (x(£),0)At + E}ir?{L(x(f),u(t),t)Af +

I (@), ) f (x(2),u(t),t]At + o(At)} .

(1.15)

Dividing by Az-and taking the limit as Az — 0 gives:
0=J; (x(0).0) + min{L(x(D,u(0),0) + I (KOO Ou@,0]} (116)

to find the boundary value for this partial differential equation, set ¢ =¢ > from (1.11) it

is apparent that:
J'(x(tf),tf)zgé(x(rf),tf) (1.17)

Now, define the Hamiltonian H as follows:

H (x(2),u(2),J ;1) = L(x(2),u(6),0) + T, (x(2), ) f (x(2),u(), )] (1.18)
and
H(x(t),u" (x(2),J,,0),J ) = Q%E{I{H(X(f),u(t),uﬁ,t)} (1.19)

since the minimizing control will depend on x,.J ; and ¢. Using these definitions, we
obtained the Hamilton-Jacobi-Bellman "HJB" equation:

0=J, (x(t),) + H(x(t),u" (x(2),J.,1),J . 1) (1.20)

In the case of the linear quadratic regulator optimal control problem (1.4)-(1.5), the
HJB equation can be reduced to the Riccati differential equation, which is given by the
following:

P'(x,u,t) = P(x,u,t) A(x,u,t) + Ar(x,u,r)P(x,u,r)
— P(x,u,t)B(x,u,t)R"'B" (x,u,t) P(x,u,t) +Q (1.21)
P@t,)=5
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1.3.2 Variational Method and Pontryagin Minimum Principle:

Variational method: Is the second approach for solving optimal control problem
which is based on the calculus of variation method. This method based on the fact that
at the stationary point, the variation in the cost function should vanish for arbitrary
variation in the control [1].

Now, based on the Lagrange multiplayer A(z) € R" to adjoin to the system state
equation (1.9) [2], the performance index becomes as in (1.22).

J=g(x(t,),t,)+ J[L(x(r),u(t),t) + AT (f(x (), u(t),t) - x")kt {1.22)

fo

Define the Hamiltonian function A asin (1.23) [9].

H (x(1),u(6), A(6) = L(x(0),u(D)) + A" () f (x(2), u(2),1)] (1.23)

Based on the Hamiltonian function, (1.22) becomes:

J=ﬂﬂg%g}+ﬁﬂﬂ&u@JﬁDm—ffaﬁﬁﬁr (1.24)

Then, integration J'f A (0)x'(¢)dt by parts, therefore (1.24) becomes as in (1.25).

=Gt )t) = A (1 )x(e ) + AT 2)ae(t,)

ty (1.25)
¥ I[H (x(),u(1), A@) + A" (0)x(t) Mt

We can note that, the original problem (1.6) - (1.7), has been converted to the problem
of minimizing (1.25). If there is a stationary, the first order effect of control variations
on the cost function must be zero for #, <¢ <t , based on this assumption and from [2

and 8], we can summarize the necessary conditions of the optimality as follows:

X'= f(x(O)u(t),),  x(0)=x, (1.26)
. oH’ 0
;{':_?9 i(tf):a_jfh(rf) (1.27)
oH"
o =0 (1.28)

To solve the optimal control problem, we need to solve the TPBVP (1.26) and (1.27).
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We have assumed that, the admissible controls are not constrained by any boundaries;
however, in realistic systems such constraints do commonly occur, therefore we can not
differentiate the Hamiltonian with respect to the control. Thus, the necessary conditions
of optimality can be derived from the Minimum Principle which was developed by
Pontryagin.

Pontryagin minimum principle [2]: By definition, the control «” causes functional J
to have a relative minimum if

JW)-Jw Y =AT 20 (1.29)

for all admissible controls sufficiently close to u". Assume that, u"is the optimal
control with corresponding optimal trajectories x ", let the Hamiltonian as in (1.23), In
order to u~ and x  be optimal of the problem (1.6)-(1.7), then there must exist a co-
state vector A (¢) such that the following conditions hold [8]:

. OHT a¢}’"
Ao, At,)=|—= 1.30
2wt [ax (130
and
H(x ' , V)< H(x ,u,A) (1.31)

for any ¢, <t<t, and for all admissible controls u, which indicates that the optimal

control must minimize the Hamiltonian.
1.3.3 Direct Methods:

The direct methods are based on discretization or parameterization; these methods offer
some advantages when applied to optimal control problems. The first advantage is that
the difficult dynamic optimal control problem can be converted into static parameters
optimization problem which is easier than the original one. The second advantage is
that there are well-developed algorithms to solve the nonlinear programming problems.
The third advantage is that it is possible to treat different types of constraints easily [8].

The direct methods are based on obtaining the solution through a direct minimization of
the performance index, subject to constraints, of the optimal control problem. These
methods can be applied by converting the nonlinear optimal control problem into a
nonlinear mathematical programming problem [8].

All discretization approaches divide the time interval into N segments and assuming
that the sampling times are 0,7,2h,3h ---,(N —1)h, where h>0 is the sampling
interval [10], where the time points are referred to as mesh points, grid points or nodes.

The sequence of the unknown values of state variables and control variables,
Z = (X9, X; 0 X550 5 Xy Ugs Uy, Uy, 5y ) and the system state equations are replaced by a
set of algebraic equations which are considered as equality constraints. Hence this
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problem can be solved using any of the programming techniques. One of the
disadvantages of this approach is the high dimensionality of the vector z .

Another approach is to discretize the control variables only z = (uy,u;,u,, 5y ), and

then the system state equations have to be integrated to find the state variables as a
function of the control variables. For more details of these approaches see [11].

For the parameterization technique [8, 12 and 13], it can be applied in one of the
following forms:

1. Control Parameterization: The control parameterization is based on approximating
the control variables by choosing an appropriate structure with finitely many unknown
parameters. The control parameterization approach is the most widely used
parameterization approach. Applying this technique requires the integration of the
system state equations, which is a computationally expensive process.

2. Control-State Parameterization: The control-state parameterization approach is based
on approximating both the state variables and the control variables by a sequence of
known functions with unknown parameters. This technique is the most computationally
expensive process.

3. State Parameterization: The idea of the state parameterization is to approximate only
the system state variables by a sequence of given functions with unknown parameters
and then the control variables are obtained from the state equations.

1.4 Thesis Contribution

The work in this thesis is based on using the discretization and parameterization
techniques. We used these techniques to convert the optimal control problem into a
mathematical programming problem.

For the discretization technique, we divide the time interval into N segments and
assume that the sampling times are 0,h,2h3h ---,(N—1)h, where h>0 is the

sampling interval, we will explain the discretization in more detail in chapter three.

On the other hand, the parameterization technique also is an essential part of this
research. Based on Fuzzy Logic Control "FLC" we formulate the controller u(f) in

terms of Fuzzy Basis Functions "FBF" and unknown parameter matrix, therefore we
will explain this approximation in details in the following chapter.

We will express the controller u(¢) as follows:
M
u(t)=y b,(xt)8,  j=12,,M (1.32)
J=

where b;(x(¢)) is the jth fuzzy basis function, and @, is the jth unknown parameter

variable.
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reriod 2 2 Same #hem obtam the controller u(k) and the next state - x(k+/), which mean
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Jur proposed method was tested for the unconstrained and constrained linear quadratic
ptimal comtrol problems; the obtained results showed that, our proposed method gives
-omparzble results with previously proposed methods in the literature review.

n addition, the proposed method was applied to linearized models of two practical
ontrol systems, namely: Air-Craft problem and Ball-and-Beam problem. The obtained
esults agree with the results for the Air-Craft and the Ball-and-Beam problems.

[he main advantage of the proposed algorithm is that, instead of solving optimal
ontrol problem, we need to solve mathematical programming problem, therefore
wvoiding solving the TPBVP which may be complicated.
.2 Future Works
[he work on this thesis can be expanded in three ways:

e For the fuzzy controller design, we can use different types of a fuzzification,

fuzzy inference and defuzzification methods.

¢ In the proposed method is based on the Mamdani fuzzy model, therefore, the
proposed method can be treated to Takagi-Sugeno fuzzy model.

57



Chapter 6: Conclusion and Future Works

e On the other hand, how we can be expanded the proposed method to the
nonlinear optimal control problems.
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