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Abstract

In this thesis, a semi-analytic approximating method, namely Optimal Homotopy Asymptotic
Method (OHAM), which is developed from the Homotopy Analysis Method (HAM), is used
to find continuous approximate solutions for linear and non-linear first-order systems of

partial differential equations.

Within this work, the geometrical topological homotopy concept is used to construct the
algorithm for solving such systems. A homotopy equation that depends on an embedding
parameter belonging to interval [0, 1] is assumed. As the parameter varies from O to 1 the
solution of the homotopy equation (which is assumed to be a power series of the embedding
parameter) varies continuously from a solution, which is easy to find, to the exact solution.
The approximate continuous solution is obtained by truncating the series and using a finite
number of its terms. Least Squares Method is used to determine the so-called control-
convergence parameters that appear in the approximate solution.

The derived algorithm is applied to solve some examples and the obtained solutions are
compared with exact solutions. The results confirm the validity of OHAM and reveal that
OHAM is effective, simple, and explicit. Moreover, it is independent of the small parameters
required in perturbation methods. Furthermore, the convergence domain of OHAM is easily
modifiable, depending on the convergence-control parameters that appear in the approximated

solutions, enhancing its versatility.
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Chapter 1

Introduction

In this introductory chapter, we provide a concise overview of fundamental concepts asso-
ciated with partial differential equations, which serve as powerful tools for describing var-
ious physical phenomena across disciplines such as fluid dynamics, electricity, magnetism,
mechanics, optics, and heat flow, etc. Additionally, we briefly introduce the concepts of
homotopy and perturbation, highlighting their significance in subsequent chapters. Finally,

we outline the structure of the thesis.

1.1 Partial Differential Equations

A partial differential equation is an equation involving an unknown function of two or more
variables and at least one of its partial derivatives. More precisely if k is an integer greater
than 1 and Q is a subset of R”, then an expression of the form

F (Dku(x), D*u(x), - - Du(x), u(x),x) =0, ()

okl

wherex € Q, DF = T
Ox,'0x5% - - - Ox,"

> ki integer’ k= (k19 k29 ) kl’l)a |k| = k1+k2+’ . +kn

and
F R"XR" ' x- - XR'XRXQ — R

is given and u : Q — R is the unknown, is called a partial differential equation.

A solution (classical) of (x) is a function u that satisfies (x) and some auxiliary boundary
conditions on all or part of the boundary of Q and (or) some given initial conditions. If the
differential equation (x) is of the form

2, bs)DPu(x) = g(x)
|Bl<k

where bg and g are given functions then it is called linear otherwise it is called nonlinear,
and when g = 0 it is called homogeneous otherwise non-homogeneous. A collection of
partial differential equations (x) of several variables is called a system of partial differential
equations. A solution of a system of partial differential equations is a vector function
that satisfies each scalar equation within the system and any condition associated with it.



Systems can be classified in an obvious way as linear (homogeneous, non-homogeneous),
and nonlinear. A problem for a partial differential equation is called Well-posed if and only
if it has a solution, the solution is unique, and the solution depends continuously on the given
data. Otherwise, it is called ill-posed, for details on theoretical aspects of partial differential
equations see [9, 13].

Several techniques are used to solve partial differential equations analytically and numerically

such as perturbation methods, integral solutions, finite element methods, etc., see [40, 38].

1.2 Homotopy

Two continuous functions from one topological space to another are called homotopic if
one can be continuously deformed into the other, such a deformation being called a ho-
motopy between the two functions. More precisely Let X, Y be topological spaces, and
f, g : X — Y continuous maps. A homotopy from g to f is a continuous function
h : X x[0,1] — Y satisfying h(x,0) = g(x) and h(x,1) = f(x), for all x € X. If
such a homotopy exists, we say that g is homotopic to f. Any two functions between
a topological space and a convex subspace topology of R”, that is ((1 — 7)x + ty) €
the subspace topology for all x, y in this subspace topology and r € [0, 1], are homotopic
through the homotopy #h(x,7) = tf(x) + (1 — t)g(x). Further the composite of homo-
topic functions is again homotopic and homotopic is an equivalence relation on the set of all
continuous functions betwenn two given topological spaces.

Continuation methods are constructed using the concept of homotopy. Its idea is to embed
a given problem, solving f(x) = 0 in its most general setting, in one-parameter family of
problems using a parameter ¢ that runs over the interval [0, 1]. The original problem is made
to correspond to ¢t = 1 and another problem with known solution is made to correspond to
t = 0. For example h(x,t) =tf(x) + (1 —t)g(x) = 0. The equation g(x) = 0 should have a

known solution, see [11, 16].

1.3 Perturbation

Equations stemming from mathematical models often resist exact solutions, prompting us to
turn to approximation and numerical techniques. Among these, perturbation methods stand
out. These methods provide an approximate resolution when the model’s equations feature
small terms, typically arising from underlying physical processes with minor impacts. For
instance, in fluid dynamics, viscosity might pale in comparison to advection, or in projectile
motion, air resistance might be dwarfed by gravity. These minute effects are encapsulated in
terms within the model equations that, relative to others, are negligible. When suitably scaled,
their magnitude is symbolized by a diminutive coefficient, often denoted as €. A perturbation
solution entails an approximate resolution, typically involving the initial terms of a Taylor-like
expansion based on this small parameter €. Perturbation methods are applicable across a

spectrum of equations encountered in applied mathematics, including ordinary and partial



differential equations, algebraic equations, integral equations, and more, underlining their
indispensable role. To illustrate the concept, let’s consider a differential equation represented
as:

F(t,y,y,y",€) =0, rel

where ¢ is the independent variable within the interval /, and y is the dependent variable. This
equation includes a small parameter €, explicitly expressed. Typically, initial or boundary
conditions accompany the equation. If the parameter € is large, denoted as y, we can set
€= %, making it small.

The regular perturbation method involves expressing a solution to the differential equation as

a power series in € such as:

yo(t) +€yi(t) + ezyz(t) +...

The core of this method is assuming a solution of this form, where yg, y1, y2, etc., are deter-
mined by substituting into the differential equation. Typically, only a few terms are considered
for an approximate solution. Success is often determined by the uniform convergence of the
approximation to the exact solution as € approaches zero, uniformly on /. It’s important to
note that € is considered to be arbitrarily small.

The leading term yy in the perturbation series is referred to as the leading-order term, while
terms like €y, ezyz, etc., are seen as higher-order correction terms that are expected to be
small. If successful, yo will represent the solution of the unperturbed problem where € is set
to zero.

In many cases, the perturbation series is a valid representation for € < €y for some yet-to-
be-determined €. When a model equation includes a small parameter, it’s often viewed as a
perturbed equation, where the terms involving the small parameter denote small perturbations
or deviations from a basic unperturbed problem.

To demonstrate the application of perturbation, let’s solve the algebraic equation X%+
2ex — 3 = 0 where € << 1. Assuming a solution in the form of a perturbation series

X = X0 + €x + €2x5 + - - -, and substituting in the given equation we get
(xo+€xi+€x2+---)> +2e(xg+ex; +€2x24---) =3 =0.
If we expand out and collect the terms in powers of € we obtain

xg =3+ 2x0(x1+1)e+ (x% +2x0x2 + 2x1)€> + -+ = 0.



Setting the coefficients equal to 0 leads to xo = +1/3, x1 =—-1,x» = £+—=, ---. Therefore we

1
. . 2V3
get two approximate solutions

1
x = V3oe+—e*+---,
2V3
1
x = V3-e—-—€+

For more on perturbation theory see [12, 33].

The thesis is structured as follows:

Chapter 2 introduces the foundational concepts of homotopy analysis methods, including the
normal homotopy analysis method and the basic optimal homotopy analysis method. These

methods are then applied to solve the Blasius equation.

In Chapter 3, we delve into a comprehensive analysis of the homotopy analysis method,

exploring its application to both linear and non-linear systems of partial differential equations.

Chapter 4 focuses on the optimal homotopy asymptotic method, where we extend our analysis

to encompass linear and non-linear systems of partial differential equations as well.

Finally, the thesis concludes with a summary of findings and outlines potential avenues for

future research.



Chapter 2

The Origin of Optimal Homotopy Analysis Method

This chapter outlines and contrasts various approaches within the homotopy analysis method
(HAM). A particular focus is given to an optimized HAM, characterized by a unified control
parameter and an infinite set of parameters. Notably, the approximation yielded by this
optimized HAM exhibits rapid changes. Remarkably, the default optimal HAM consistently
offers the most accurate approximation in a majority of cases. Consequently, in practical

applications, it stands out as the most effective implementation of the HAM.

2.1 Introduction

It is well known that nonlinear ordinary differential equations (ODEs) and partial differential
equations (PDEs) for boundary value problems are much more difficult to solve than linear
ODE:s and PDE:s, especially using analytic methods. Traditionally, perturbation (Van del Pol,
1926, [7], Von Dyke, 1975, [8], Murdock, 1991,[36], Kevorkian and Cole, 1995,[14], Nayfeh,
2000,[37]) and asymptotic techniques are widely applied to obtain analytical approximations
of nonlinear problems in science, finance, and engineering, [29]. Unfortunately, perturbation
and asymptotic techniques are too strongly dependent upon small (large) physical parameters
in the governing equations or initial (boundary) conditions and thus are often valid only for
weakly nonlinear problems. For example in the viscous flow past a sphere in fluid mechanics,
the perturbation formulas of the drag coefficient are valid only for rather small Reynolds
number Re << 1. Hence, there was a need to develop analytic approximation methods, that
are independent of any small (large) physical parameters and valuable for strongly nonlinear
problems.

The homotopy analysis method (HAM) is one such method, it was proposed by Liao,
1992,[17]. HAM is used heavily in research by many authors, see [30, 18, 19, 20, 21, 22, 23,
24,25,27,28,31,32,42]. The HAM is independent of any small (large) physical parameters.
More importantly, unlike all other analytic techniques, it provides us a convenient way to
guarantee the convergence of series solutions of nonlinear problems by means of introducing
an auxiliary parameter cg, called the convergence-control parameter. As mentioned before
solving nonlinear equations is more difficult than solving linear equations, especially using
analytical methods. In general, (1) a reliable analytical approximation is consistently at-

tainable, and (2) analytical calculations can be relied upon for accuracy across all physical



parameters, are important requirements for good analytical methods of nonlinear equations.

Let’s rigorously assess various analysis methods for nonlinear problems by benchmarking

them against the two aforementioned requirements.

All Perturbation methods are based on small (or large) physical parameters, called Per-
turbation quantities, in the governing equations or initial (boundary) conditions. Typically, a
perturbation approximation is articulated as a series of perturbation quantities. The nonlinear
equations can then be transformed into an infinite series of linear sub-problems (occasionally
nonlinear problems), with the specific form determined by the nature of the original govern-

ing equation.

Perturbation methods are characterized by their simplicity and ease of comprehension. Par-
ticularly when based on small physical parameters, perturbation approximations often carry
clear and intuitive physical interpretations. Unfortunately, not every nonlinear problem lends
itself to such straightforward perturbation quantities. Furthermore, even if a small physical
parameter exists, the associated sub-problem may lack solutions or prove to be excessively
intricate, resulting in only a limited number of solvable sub-problems. Consequently, obtain-
ing perturbation approximations for a given nonlinear problem is not guaranteed. Moreover,
itis widely acknowledged that most perturbation approximations apply only to small physical
parameters. Therefore, the validity of a perturbation result across the entire spectrum of
physical parameters cannot be assured. Hence, perturbation techniques do not meet both of

the aforementioned requirements.

To address the limitations of perturbation techniques, alternative non-perturbation meth-
ods have been developed, including Lyapunov’s artificial small parameter method [34], the
o—expansion method [5], and the Adomian decomposition method [1, 2, 6, 3, 4, 39], among
others. These methods, in essence, introduce an artificial parameter, and the approximation
solutions are expanded into series involving this artificial parameter. While these non-
perturbation methods represent significant progress compared to perturbation techniques,
there are theoretical challenges. The placement of the artificial small parameter is crucial for
obtaining accurate approximation solutions, but there is a lack of guiding theories on opti-
mizing its positioning. For instance, the Adomian decomposition method often employs the
linear operator kak, making it relatively straightforward to obtain solutions for corresponding
sub-problems through repeated integration. However, the use of such a simple linear opera-
tor leads to power series approximations with a finite radius of convergence. Consequently,
the Adomian decomposition method cannot guarantee the convergence of its approximation
series. As a result, these methods fulfill only the first requirement but not the second one

mentioned above.



As said, in 1992 Liao used the topological concept of homotopy to obtain numerical approx-
imations of nonlinear differential equations, the first homotopy analysis method (HAM) was

described in his Ph.D. thesis. For a non-linear differential equation
N[u(x)] =0, x€Q, 2.1)

where N is a non-linear operator and u(x) is an unknown function. Liao (1992) developed
a family of one-parameter in the embedding parameter 4 € [0, 1], called the zeroth-order

deformation equation
(I =)L (u(x,2) —up(x)) + AN (u(x,1)) =0,x € Q,1 € [0, 1]. (2.2)

Here, L represents an auxiliary linear operator, and u(x) serves as the initial approximation.
For a more in-depth exploration of homotopy, refer to [11] and [41]. Theoretically, the
concept of homotopy in topology allows for significantly greater flexibility in selecting both
the auxiliary linear operator L and the initial approximation compared to traditional non-
perturbation methods. At the boundary values of the parameter, 4 = 0 and 4 = 1, we have
u(x,0) = ug(x) and u(x, 1) = u(x), respectively. As the embedding parameter A ranges from
0to 1, the solution u(x, A) of the nonlinear deformation equation (2.2) undergoes a continuous
transformation, transitioning from the initial approximation u¢(x) to the exact solution u(x) of
the original nonlinear differential equation (2.1). This continuous transformation is referred
to as deformation in topology, providing the rationale behind labeling equation (2.2) as the
zeroth-order deformation equation. Since u(x, 1) also depends on the embedding parameter

A € [0,1], u(x, 2) can be expanded into the Maclaurin series with respect to A:

u(x, ) = up(x) + Z:;lun(x)/l". (2.3)

It is called the homotopy-Maclaurin series. Note that we have considerable freedom in
choosing the linear operator L and the initial approximation up(x). Assuming that the
auxiliary linear operator L and the initial approximation uy(x) are chosen appropriately so
that the above homotopy-Maclaurin series converges at 4 = 1, we can obtain the so-called

homotopy series solution

u(x) = uog(x) + Z:o:lun(x) 2.4)

This series solution satisfies the basic equation N[u(x)] = 0 as proved by Liao, [19], [22].
The sequence of functions u, (x) is governed by the so-called higher-order deformation equa-

tion

L{(un(x) = xnttn-1(x))] = =Dp-1 [N (u(x,1))],  xe€Q 1€][0,1]. (2.5)

where y is 1 when k > 2 and O otherwise, Dy is the kth order homotopy derivative operator
defined as:



1 ok

:Fﬁ at1=0.

Dy

The fact that the right-hand side of the above deformation equation is known facilitates
straightforward solutions, especially when we judiciously choose the auxiliary linear operator
L. It is crucial to highlight that Marinca and Herisanu (2008), [35], based on the uniqueness
of the Taylor series of N (u(x, 1)), reached the result (2.5) by substituting the homotopy series
(2.3) into the deformation equation (2.2) and equating the coefficients of A4 on both sides.
To ensure the convergence of the homotopy series solution, control convergence parameters
are incorporated into the zeroth deformation equation (2.2), as discussed in references [18],
[20], [22], [23], [26], [28], and [35]. The flexibility to select the operator L and the
initial approximation allows for the attainment of convergent homotopy series solutions by
appropriately adjusting the convergence control parameters. This convergence is achieved
across the entire range of physical parameters, distinguishing the Homotopy Analysis Method
(HAM) from perturbation techniques and traditional non-perturbation methods. Therefore,
HAM fulfills the two specified requirements mentioned above.

Various techniques are employed to ascertain the control convergent parameters, with one
notably effective approach being the least squares method. This method determines the

control convergent parameters by minimizing the expression:

e [ oS0 o

n=0
Despite its time-consuming nature, the presence of efficient computational packages like
MATHEMATICA or MAPLE significantly mitigates the computational time involved in ap-
plying this method.

In the forthcoming sections, we will introduce fundamental concepts of various approaches
to optimal Homotopy Analysis Method (HAM), offering comparisons between different

optimal HAM variants and delivering a systematic overview of HAM.

2.2 Basic Ideas

In this section, we explain the basic idea of the optimal HAM through the so-called Blasius,
non-linear differential equation in fluid mechanics, [29]. The governing equation reads

F0)+ 3 FOI0) =0, £(0) = F/(0) =0, f/(e9) = 1. 6



Let u > 0 denote a spatial scale parameter. Using the change of variables
1
fy) = ;u(x), X = py, 2.7)
and the chain rule of differentiation, Equation (2.6) transformed into
1
u” (x) + ﬁu(x)u”(x) =0,u(0) =u’(0) =0,u’(c0) = 1. (2.8)
U

Here the prime represents the derivative with respect to x.

Mathematically, due to the boundary condition u’(c0) = 1, we have the asymptotic property
u ~ x such that x — oco. Physically, it is a common knowledge that velocity of boundary-
layer flows mostly tends to mainstream flow exponentially. Thus u(x) could be expressed as

follows:
u(x) = Agg+x+ ) > Apax'e™, (2.9)
m=1 n=0
= Apo+x+Arge ™+ D N Ay ux"e ™. (2.10)
m=1 n=1

Here A, , 1s a constant to be determined. We start by selecting our initial approximation in
the following manner:
up(x) = Ago +x + Ay ge ™, (2.11)

where Ag and A1 ( represent unknown constants. By ensuring that u¢(x) fulfills the specified
boundary conditions, we determine Agg = —1 and A; oy = 1. Consequently, our initial
approximation becomes

up(x) =x—-1+e™*. (2.12)

Once we establish the initial guess, we select the linear operator L so that the general solution
of L(u) = 0 encompasses the initial guess, Equation (2.12). Therefore, the linear operator
that meets this criterion is defined as follows:

L(u)=u""+u". (2.13)
Based on the governing equation (2.8), we define the nonlinear operator N as:
1444 1 144
N(u) =u"(x) + —2u(x)u (x). (2.14)
2u
Let a(A4) and B(A) represent two deformation functions such that

a(0) = B(0) =0, (1) = B(1) = 1,



whose Maclaurin series
a(A) ~ Y e, B ~ )" prak,
k=1 k=1

converge at A = 1, say,

[
S
Il
g
=
~
Il

k=1 k=1
Let A € [0, 1] denote the embedding parameter, ¢y # O the convergence control parameter,
and u(x,A) a continuous mapping, respectively. We formulate the so-called Zero-order

deformation equation

[1—a(D)]L[u(x, 1) —uo(x)] = coB(D)N[u(x, ], (2.15)

subject to the boundary conditions

w=0 2" _0 atx=o0, (2.16)
ox
and 5
—u =1, asx — oo. (2.17)
ox

Notice that the deformation equation (2.15) is a generalized form of Equation (2.2). Clearly,
as A varies from 0 to 1, u(x, ) deforms from the initial approximation u(x) to the exact

solution u(x). The solution in the form of a homotopy series can be expressed as:

u(x) = up(x) + i (x),
k=1

where, following Theorem (2.8), u,,(x), m > 1 is determined by the m-th order transformation

equation:
m—1 m
L |un(x) = D amegur ()| = €0 ) BiSm-x (), (2.18)
k=1 k=1
together with the boundary conditions:

un(0)=u,(0)=0, u,(0)=0. (2.19)

In Equation (2.18), the definition of dy is given by:

0k (x) = Di {N[u(x, )]} .

According to Theorem (2.3),
1444 1 ”
D {N[u(x, )]} = Di[u™ (x, )] + _2;12D"[” (x, Du(x, )],

10



which, based on Theorems (2.4) and (2.7), leads to:

k
0ux) = Du N1 )]} = (0 + 35 D] (s ().
Jj=0

Let u?, (x) denote a special solution of (2.18), and L™! be the inverse operator of L. Then, we

have:

m—1 m—1
Up (X) = Z Ok ui (X) +Co Z BiSm-k(x),
k=1 k=1
where

Sk(x) = L7 [6¢(x)].

The general solution is given by:

Up(x) = u, (x) + Bo+ Bix + Bye™,

where the integral coefficients are determined by the boundary conditions (2.19), specifically:

d
B1=0, B)= . (uy,(x)) atx =0, Bo=—u,,(0) — B.
X

2.3 Fundamental Theorems

Theorem 2.1. For the product of two functions u(x) and v(x), and for any non-negative
integer n, the Leibniz’s rule for finding the nth derivative of their product is:

d" — (n
i CORIOEDY (k

)u(k) (x) - v 0 (x). (2.20)
k=0

Where u® (x) denotes the kth derivative of u(x) with respect to x, and (Z) represents the

binomial coefficient ’n choose k.

Proof by Mathematical Induction:
Base Case (n = 1): For n = 1, we have the standard product rule:

di(u(x) v(x) =u'(x) - v(x) +u(x) - v (x)
X

which is the base case of Leibniz’s rule.
Inductive Hypothesis: Assume that Leibniz’s rule holds for some positive integer k. That

is, assume that:
k

dt ) () - D
— ) v() = ) () (x) v )

i=0

11



Inductive Step: We want to prove that Leibniz’s rule holds for n = k + 1. Let’s differentiate

both sides of the expression obtained from the inductive hypothesis with respect to x:

d [ d* d (& (k) y
— (ﬁwu) - v(x))) - (Z ( l-)u< (ORS ><x>)

i=0

Using the product rule and the linearity of differentiation, we get:

() @) =

i=0

. k

Now, let’s rearrange the terms in the summation:

k+1 k+1

a0 v = 3 ([ 5 a0 v ([ @) a0

dxk+
i=1

Notice that the terms in the summation are in the form of binomial coefficients, allowing us

to combine them into a single summation:

k+1 k+1 . .
CZCk"'l (M(X) . V(X)) = Zl: ((l f 1) + (]:)) u(’)(x) . V(k—z+1)(x) + u(x) . v(k+1)(x)

By Pascal’s Identity ((,",) + (}) = (";1)), the terms in the summation collapse to form

binomial coefficients:

k+1 k+1

%(”(x) v(x)) = Z (k -; l)u(i) (x) - v () 4 u(x) - v (x)

i=1

This is exactly the expression for n = k + 1 in Leibniz’s rule. Hence, by mathematical

induction, Leibniz’s rule for higher derivatives of the product of functions is proven.

!
Notice that in Theorem (2.1), ) [P L and ! stands for factorial, for details on
k k!(n-k)!

Pascal identity and other identities see [10].

Definition 2.1. Let u be a function of the homotopy-parameter A, then

dmu

1
Dm(u) = %d/l_m at 1=0 (221)

is called the mth—order homotopy-derivative of u, where m > 0 is an integer, and D, is

12



called the operator of the m—order homotopy-derivative.

Theorem 2.2. For two arbitrary homotopy-Maclaurin series

u:Zuk/lk, v:ka/lk
k=0 k=0
where u and v are analytic in A € [0, a), it holds

(@) Dy(u) = up (2.22)

k, 0Lk <m,
(b) Dy(A¥u) = Dypyp(u) = { "™ * o (2.23)
0, otherwise,

(€) Din(uv) = > Dx()Dypg(v) = D vk = D Dt 0)Di(v) = > stV
k=0 k=0 k=0 k=0
(2.24)
(d) D) = > Di()Di (") = Y Dyg () D (u"). (2.25)
k=0 k=0

where m > 0,n > 1, and 0 < k < m are integers.

Proof:
(a) As per Taylor’s theorem, the unique coefficient, denoted as u,, within the Maclaurin series
representation of u with respect to the homotopy-parameter A, is determined by
1 0"u
Um = %W atd = 0,
as described by Equation (2.21) for D,, (u) leading to Equation (2.22).

(b) Since we have

(o] (o) (o)
AFu = 2% Z ujd! = Z u; MR = Z Uy A",
j:O ]:0 m=k

then employing Equation (2.21) gives
Dp(A*u) = tpy—g = Dy (), for0 < k < m,

and
D (2*u) =0, for k > m,

which proves part b.
(c) According to Leibniz’s rule for derivatives of product functions, Theorem (2.1), it holds

0" (uv) i m! O*u 0"y 3 i m! %y amky
oA Lk (m — k)1 Ak damk L k1 (m — k)! 9AkF oA

13




which gives according to (2.21) and (2.22) that

L$ (L2
B k! oAk

=0 k=0

1 0™(uv
Din(uv) =5 agm !

o

1 amky
1=0) \(m = k) dam—k

M=

Um—kVik

= > Di(w)Dy i (v) =
k=0

=~
Il

0

Similarly, it holds

m

Dy(up) = Y D) Dyt () = )t vi
k=0

k=0
and this proves part (2.24).
(d) Write v = u". According to (2.24), it holds

Dy (u"™) = Dy (uv) = X0 Dk (u)D i (v) = X4 Dic(u) D i (u™).

Similarly, it holds
Dy (") = > Di(u")Dypoi (1),
k=0

This proves part (2.25).

Theorem 2.3. If u = 377, urA* And v = P vidX are two homotopy Maclaurin series,
where u and v are analytic in A € [0, a), f and g are independent of the homotopy parameter
A € [0, 1], then it holds

Dy(fu+gv) = fDpy(u)+gDpy(v) = fuy +gvm (2.26)

Proof:
Because D,, defined by (2.21) is a linear operator, and besides f and g are independent of 4,
it has the value

Dy (fu+hv) =Dy (fu) +Dn(gv) = fDpu(u) +gDp(v).

According to (2.22), we have D, (u) = u,, and D, (v) = vy,.

14



Theorem 2.4. Let L denote a linear operator independent of the homotopy parameter A €

[0, 1]. For two homotopy Maclaurin series

[e) +00

= updk v = vk
Sudtv=S v

k=0 k=0

where u and v are analytic in A € [0, a), it holds

Dy [L(u)] = LD, (u)] = L(uy,), (2.27)
and
wlvL(w)] = ZDm W (VLD ()] = D VinonL(ttn). (2.28)
n=0

where m > 0 is an integer.

Proof:

Since L is linear and independent of A, using Theorem (2.3), we have

L) =L (Zukak) ZL(uk)/lk

k=0

Using statement (2.22), we have D,,[L(u)] = L(u;,). On the other hand, according to
assertion (2.22), it is true that L D,,[L(u)] = L(u,,). So

Dy [L(u)] = L[Dp(u)] = L(um).

Then, according to Theorem (2.2), we have

Dy [vL(u)] = Zl:() Dy (v)Dy[L(u)]

= i Dyn(VL[D,y(u)] = i Vin-nL(tp).
n=0 n=0

Theorem 2.5. For two homotopy Maclaurin series
u —Zu/l % —Zvj/lj,
j=0

where u and v are analytic in A € [0,a), ifu = vin A € [0,a) , then u,, = v, and

D, (u) = Dy, (v) for any integer m > 0 and a real number a > 0.

Proof:

15



Since u = v, then

oo

Z(uk —v)ak=0.

k=0

The above expression is true at every point A € [0, a), if and only if

Uy = Wy, m > 0,

using (2.22)
Dy (u) = Dy (v)

Theorem 2.6. Let f(u), g(v) denote two smooth functions. For two homotopy Maclaurin
series

(o) o0
u :Zui/l’,v = Zvj/l/,
i=0 =0

if f(u) =g(v)inadomain A € [0, a), then

Dy (f(u)) =D (g(v))

for any integer m > 0 and a real number a > 0.

Proof:
Write

U=f(u),V=gO).

Then, using Theorem (2.5), we have

Dy (U) = Dp(V),

which gives

Dy [f(u)] = DulgW)].
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Theorem 2.7. For an arbitrary homotopy Maclaurin series u = 33" u xAX it holds
m
(@) Dy () = ) it
n=0
m n
(b) Din(u3) Z Um—nlUn Z Up—kUf,
n=0 k=0
m k
(C) Dm(u4) = Z Um—n Z Up—k Z Up—jUj,
n=0 0 j=0
m n k k
(d) Dm(MS) = Z Um-n Un—k Z Un—k Z Uj—iuj,
n=0 k= j=0 j=0
m Il v ro-2
(e) Dp(u”) = Z Z Uri—r) Zur2 3 Z Urg p—ro_1Ury_y
1=0 2=0 r3=0 rog-1=0

where m > 0 and o > 2 are positive integer.

Proof:
(a) According to (2.22) and (2.24), it is satisfied

m

Dy (%) = i Dyyn(u)D(u) = ) thy-nitn.
n=0

n=0
(b) According to (2.29), we have

n

D, (u*) = Z Up—f U

k=0

Then, according to (2.23), it satisfies

Dm(u3) = i Dm—n(”)Dn(uz) = i Um-n i Upn—kUk
n=0

n=0 =0

(c) According to (2.30), we have

n k
3
D,(u’) = Z Un—k Z Uk—jUj
n=0 j=0

Then, according to (2.23), it holds

m k
Dy, (M4) = ZDm n(1) Dy (u :Zum nzun—kzuk—juj
=0 k=0 7=0

17
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(d) According to (2.31), we have
k J
D, (u') = Z Un—k Z Uf—j Z Uj_jll
n=0 j=0 i=0
Then, according to (2.23), this has the value

Dy (u5>—ZDm 2() Dy (u) =f]um nZun ‘

n=0 k=0

J
Uk—j Z Uj—iu;.
i=0

~.
I =~
=}

(e) The proof of this statement is by mathematical induction.
(1) According to (2.29), obviously (2.33) is true when o = 2.
(i1) Suppose that statement (2.33) is true for o = k.That is

m r r —
KY _ E E E E
Dm(” ) - Um—r, Uri—ry Ury—r3 Ure p—reaiUre_ys

r1:0 r2:O r3:0 rK,1:0

where m > 0 and k > 2 are integers. By r; replacing r , and m with | the expression above

reads as
’ K = r; 7 7 ré ’ ’ r:; ’ ’ rl/< l ’ ’
Dy (u*) = Zrézo [ Zré:O Up—r, ngfo Up—r, - - Zr; oWt U
Use the expression above and by means of (2.25) and (2.22), it holds

Dm(uk+1) = ZZ?:O Dm—ri (M)Dri (1)

Therefore, (2.33) holds for o = k + 1.

(111) According to (i) and (ii), proposition (2.33) is true for all positive integers o > 2.
Lemma 2.1. Let

o
u= Z T
m=0

denote a homotopy Maclaurin series, where A € [0, 1] is the homotopy parameter, L an
auxiliary linear operator which has the property L(0) = 0 and is independent of A. If a(Q)

is a deformation-function, i.e. @(0) = 0,a(1) = 1 and its Maclaurin series

a(d) = Z ap A
k=1
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exists and absolutely converges at « = 1, where ay is constant, then it holds

m—1
Dy {[1 = a(D)]L(u —uo)} =L (”m - Z anum—n) .

n=1

Proof:
Write

U:u—u():Zak/lk, V:cx(/l):Zozk/lk.
k=1 k=1
According to (2.22), we have
DO(U) = DO(V) =0, Dn(U) = Up, Dn(v) =a,, n > 1.
Then, using Theorems 2.3 — 2.5, we have

Dy [(1 = () L(u —uo)] = Dy [(1 =V) L(U)] = Dy [L(U) = VL(U)]

WL0)] ZD(V)DM[L(U)] LIDw(U)] = Y. Du(V)L[Dyyon(U)]
n=0

= L(uy) - Z @ L(Up—p)
n=1

which gives, since @y is constant, that

m [(1 = a()) L(u—up)] = (”m Zanum n) .

Theorem 2.8. Let L denote an auxiliary linear operator which has the property L(0) = 0
and is independent of the homotopy parameter A € [0, 1], N a nonlinear operator, ug(x)
an initial approximation of the original equation N(u) = 0, respectively, where x denotes a
vector of the spatial independent variables. Let a(A) denotes a deformation function, i.e.

a(0) = 0,a(1) = 1 and its Maclaurin series

o0
a(d) ~ Z a A,
k=1
exists and absolutely converges at A = 1, where ay is constant. If the series
oo
/1k
Bic(x)
k=0
converges at A = 1 to a non-zero function, where By(x),B1(x),... are called convergence-
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control functions, and besides if
(o]
u= Z U (x)A™
m=0

is the homotopy Maclaurin series of the zeroth-order deformation equation

D Bt
k=0

then the corresponding m-th order deformation equation reads

[1—a()]L(u—ug) =21 N(u), (2.34)

m—1 m
L |upm(x) - Z a'num—n(x)] = Z:Bk—l(x)Dm—k [N (u)], (2.35)
n=1 k=1

where D,y is defined by (2.1).

Proof:
Writing

v = Z,Bk (x) A,
k=0
According to (2.22) we have
Do(v) =0, Dy (v) = Br-1(x)
with £ > 1. According to Theorem (2.6), we have
Dy [1 = a(D]L(u = up) = Dy [vN(u)].

According to Lemma (2.1), we have

m—1
Dy [1 = a()]L(u —up) =L (”m - Z anum—n) .

n=1

Then apply (2.22) and (2.23) of Theorem (2.2), we have

Dy [vN(u)]

D D) Dk [N(w)]
k=0

D DDy [NW)]
k=1

D Bt () Dk [N(w)]
k=1
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Therefore, the corresponding higher-order strain equation is written as

L [um (x) — 2?2_11 a’num—n(x)] = ;{n:() ﬁk—l(x)Dm—k [N(u)].
For more details see [29].

2.4 Different Types of Optimal Methods

At the mth-order of approximation, we characterize the squared residual of the governing

Ey - /O“’{N [iunm

n=0

equation (2.8) as follows:

2
} dx. (2.36)

Achieving an optimal homotopy approximation involves minimizing this squared residual.
Various optimal methods exist, distinguished by the number of convergence-control param-
eters they employ, for details on this section and the following sections of chapter one see,

[29]. To reduce the CPU time espesially when m is large the discrete squared residual

no m 2
1
E, = o+ 1) ]Z:(:) {N [; ui(xj)]} ) (2.37)

is used. For the Blasius boundary layer flow (2.8), the parameters are taken to be x; = jAx,
Ax = 0.5 and ng = 20.

2.5 Basic Optimal HAM

If only the fundamental convergence-control parameter ¢ is unknown, we employ the basic
optimal Homotopy Analysis Method (HAM). Here, the deformation functions a (1) and
B(A), the initial approximation uo(x), and the auxiliary linear operator L contain no unknown
parameters. The optimal homotopy-approximation is achieved by minimizing the squared

residual E,, with respect to cy:

dEm(co) _ (2.38)
dC()
To simplify, we adopt the simplest deformation functions, (1) = A and (1) = A. The
curves of the discrete squared residual E,, versus cq for different orders of approximation
m = 6, 8 and 10 are illustrated in Fig. 2.1 Notably, the discrete squared residual decreases
within the range —1.8 < ¢p < —0.3 as the order of approximation increases. This sug-
gests convergence of the homotopy series for any value of ¢¢ in the interval [-1.8, —0.3].
Importantly, the figure suggests that the optimal value of c¢( is approximately —%. Using
Mathematica to minimize the discrete squared residual E,, results in co values that progres-
sively approach —%, as shown in Table 2.1. The final column in this table demonstrates that

the fundamental optimal HAM yields a series of f”(0) that rapidly converges to a value
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Plot of Er, versus ¢y

----- - 6th Order Approximation
8th Order Approximation

10th Order Approximation

L L " " "
-20 -15 -10 -05 00

Figure 2.1: E,, versus co form =6, 8, 10

closely matching Howarth’s numerical findings, see [19] and the references therein.

Table 2.1: Minimum of the discrete squared residual E,, and the corresponding optimal value
of ¢ given by the basic optimal HAM

m, order of approx Optimal value of ¢g Minimum of E,, |f”(0) —0.332057|

2 —-0.3897 3.46 x 1073 1.206

4 —1.0800 1.21x 1073 0.0976

6 —1.2733 3.23x 1074 0.0116

8 -1.3662 453 x 1073 0.00185
10 —1.4002 8.91 x 107 9.71 x 104
12 —1.4314 3.16 x 107 2.94 x 1074
14 —1.4760 4.76 x 1077 1.89 x 1074
16 —1.4823 6.13x 1078 8.84 x 107
18 -1.4913 8.37 x 107° 1.02x 1072
20 —1.4979 1.87 x 107° 8.08 x 107
22 -1.5180 4,90 x 10710 1.06 x 1073

2.6 Three-Parameter Optimal HAM

There are several ways to enter additional transition control parameters in the framework

of HAM. For example, Liao (2010b) proposed the following one-parameter deformation

function:
+00 +00
@(A) = ) an(c)d™, B(A) = " Bulen ™, (2.39)
m=1 m=1
where
ar=1-cnBn=1-croam=0-c)cy =0 -c)c m>1 (2.40)

and |c| < 1 and |cp| < 1 are the so-called convergence control parameter. The different
values of ¢ define different transformation functions B(1). In this case, the squared residual

E,, contains at most three unknown convergence control parameters cg, ¢, and ¢, in any
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order of approximation. In theory, the faster E,, decreases to 0, the faster the solution of
the homotopy series converges. Thus, for an approximate order m, the optimal combined
control parameters are determined by the smallest value of E,, corresponding to the set of
three nonlinear algebraic equations

OE OE OE

ac: =0, 0c’:1 =0, Bc;n =0,

This provides an optimal HAM with three parameters. In the special case of ¢ = ¢2, we

have only two control convergence parameters coandc, whose optimal values are given by

OE, 0E,,
=0, =0,
360 (9C1
It is like a two-parameter optimal HAM. When ¢ = ¢; = 0, we have a(1) = A and 8(1) = 4,

so the basic transfer control parameter ¢ is unknown. This is the basic optimal HAM. For

other choices of the convergence control parameters see [28]. The different choices indicate

that an optimal HAM can speed up the convergence of homotopy series solutions.

2.7 Infinite-Parameter Optimal HAM

If we choose the deformation function a(1) = A, and

(o)

1 n
ﬁu)=c—0;cna ,

where

(o)

00=ch¢0.

n=1

Then the zeroth-order deformation equation is:

(o)

(1= DL[u(x: 1) ~ uo(x)] = (Z cw) Nlu(x: 1))

n=1
The corresponding mth-order deformation equation is:

L[ty (x) = Xmttm—1(X)] = > €aSm-n(2),

n=1

associated with the boundary conditions

un(0) =0,u,,(0) =0,u,, () =0.
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where y; =0 and y,, = 1 for m > 2. Now the mth-order approximate solution

m
w(x) ~ ug(x) + ) un(x)
n=1
contains unknown m the control parameters ci, ¢, ¢3,...,c, Theoretically, there is an
infinite convergence control parameter cy, ¢, ¢3,... as m — oo. In this case, the optimal

approximation of the mth- order homotopy is given by a set of m algebraic equations

OE,,
dc,

=0,1<n<m.

This optimal HAM was proposed by Marinca and Herisanu (2008) as the ”optimal homotopy
asymptotic Method”. Clearly, at the mth-order of approximation, the optimal HA M proposed
by Marinca and Herisanu (2008) contains m convergence-control parameters. It is found that,
as the order of approximation increases, the approximated squared residual of the optimal
homotopy-approximation decreases faster than the basic optimal HAM that contains only

one unknown convergence-control parameter cg.

2.8 Finite-Parameter Optimal HAM

If the optimal HAM contains an infinite number of convergence control parameters, it takes
a long CPU time. Thus the so-called “asymptotic homotopy optimal method” is modified to

use only a small number (finite) of convergence control parameters. If we choose (1) = A
k k

1
and B(1) = o Z cpA", where k > 1 is a positive integer and co = Z ¢, # 0. Then the
n=1 n=1

zeroth order deformation equation is:

k
(1= DL[u(x, ) - u(x)] = (Z cm) Nu(x, ).
n=1
The corresponding mth order deformation equation is:
min(m,k)
L[t (x) = Xmttm 1 ()] = D cabmon(),

n=1

associated with the boundary conditions are used
um(0) =0,u,,(0) =0,u,(c0) =0.

Here, for m > 2, y1 = 0 and y, = 1. The homotopy approximation of order m is
m
u(x) = o (x) + ) un(x)
n=1
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include at most k control parameters
€1,€2,€3,...,Ck

even when m — oo. The optimal mth-order approximate solution is determined by

min(k,m) nonlinear equations

OE,,
80,‘

=0, 1 <i<min(m,k).
This method becomes exactly the so-called “optimal homotopy asymptotic method” suggested

by Marinca and Heris,anu (2008), if k — oo. Besides, when ¢y = cpand ¢, =0 forn > 1,

it becomes the basic optimal HAM.
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Chapter 3

Homotopy Analysis Method (HAM) for Solving Systems of Partial Differ-
ential Equations

3.1 Introduction

In this chapter, we employ the Homotopy Analysis Method (HAM) to obtain analytic solu-
tions for partial differential equations that arise in various fields such as mathematics, physics,
and engineering. The subsequent section provides an in-depth analysis of the HAM method.
Following that, in Sections 3 and 4, we showcase several examples to illustrate the efficacy
of this approach, [15, 43].

3.2 Analysis of HAM

Consider the following operator equation
Nlu(x,t)] =0 (3.1

where N is a general differential operator, (x,?) denotes independent variables, and u(x, )
is an unknown function, to be determined. For simplicity, we ignore all boundary or initial

conditions, which can be treated similarly.

By means of generalizing the traditional Homotopy method, Liao constructs the so-called

deformation equation, [19],
(1 =)L (u(x,t,4) —ug(x,t)) = AhN (u(x,1, 1)) (3.2)

where A € [0, 1] is an embedding parameter, L is an auxiliary linear operator, / is a nonzero
parameter, ug(x, ) is an initial guess of u(x, ), and u(x,t, 1) is an unknown function. One
must have great freedom to choose objects L and #in HAM. Obviously, whend = 0and 4 = 1,
because L[u(x,t,0) — ug(x,t)] = 0 then u(x,t,0) = up(x,t), and since AN (u(x,t,1) = 0
then u(x,t,1) = u(x,t). Hence the solution u(x, t, A1) varies from the initial guess ug(x, ) to

the exact solution u(x, r). Expanding u(x,t, A1) in Taylor series with respect to A centered at
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A =0, we have
u(et,2) = uo(e 1) + ) ()", (3.3)

or we write
u(x,t, ) —uop(x,t) = Z:lun(x, 1" (3.4)

By substituting the above equations into Equation (3.2) we obtain

(1-2)L [Z:o:lun(x, t)/l”] = AhN (uo(x, 1)+ Z:o:lun (x, t)/l”) (3.5

Equating the corresponding coefficients of the same powers of A on both sides of equality and
using the corresponding initial conditions the coefficients u,(x,0) =0,n =1,2,..., [35], we
determine the coefficients u,(x,t) in the series representation given in Equation (3.3). The
k' order approximate solution is derived by truncating series (3.3) and retaining only the
first (k + 1) terms.

In the next two sections, we apply the above procedure to solve several systems of Par-

tial differential equations.

3.3 Illustrative Examples for Linear Equations

As stated above, in this section, we employ the HAM method to analyze instances of linear
systems of partial differential equations in both one and two spatial dimensions, further

guaranty the convergence in these examples we set h = —1.

Example 3.1. Consider the following system of initial value problem:
U +ve=u+v,
VitUuy=u+v,
with initial conditions
u(x,0) = sinhx,

v(x,0) = coshx.

Following Equation (3.3), we assume

u(x,t,A) = up(x, 1) + Z o Un(x, )", (3.6)

and
v(x,t, ) =vo(x, 1) + Z e Valx, )", (3.7

Further, we define the operator N to be

N(u(x,t,1)) = %u(x, t,A) + :—xv(x, t,A) — (u(x,t,2) +v(x,t,2)),
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0 0
N(u(x,1,2)) = —u(x,t,2) + —v(x,1,4) — (u(x,1,4) +v(x,1,2)),
ot 0x
and we take the operator L to be
0
L(u(x,t,1) = —(u(x,t,4),
ot
0
L(v(x,t,1) = —(v(x,t,1).
ot
The deformation equation, is given by

(1 =)L [u(x,t,2) —up(x,1)] = AhN (u(x,t;2)) (3.8)

or with the help of Equation (3.3) we write

(1-)L [ © 1y (x, m"] — Ak [%u(x, 1) + ;—xv(x, 1) = (u(x, 1, ) +v(x,7,4))

3.9)
Substitute from Equations (3.6) and (3.7) in Equation (3.9), we get
(1-A)L [Z © 1y (x, z)zn] = Ak [—uo(x 0+ < Z © iy (x, )"
9 o n
+ G_VO(X’ 1) + — Z s Va(x, 1)
— (uo(x,1) + Z * it (x, )"
Fovon )+ Y v, t)/l”)]. (3.10)

We rewrite the left and right hand sides as follows:
LHS _Zoolalln(xl‘)/ln Zzolaun(xt)/ln+l

— Ml(Xf)/l+ Z;ozau%(tx t)/l” Z;o laurb(t)cl)/lml

— 5141()6 D1+ Z oo 5un+81t(x ) g+l _ 3 ;o 13Mn(x 1) g+l
RH.S.=h [ uo(x,1) + 3 vo(x 1) — (up(x,1) +vo(x, t))] P

9 1
+h Z n=1 [ un(x,1) + axvn(X, 1) = (up(x,t) +v,(x,1)) | A"
Equating the corresponding coefficients of same powers of A of L.H.S. and R.H.S. and using
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the trivial initial conditions u,(x,0) =0 foralln =1,2,3, ..., we get

dvo(x,1)

Quet) o puoiet) Sl (40 (x, 7) + vo(x, 1)], 1 (x,0) = 0

ot ot

+

B = (14 ) 220 B[ 2 — (0, ) 4+ v (6, )]t (x,0) = O
These ordinary differential equations are called the first and the (n + 1)tk deformation equa-

tion for the function u(x, ). The zeroth order deformation equation reads
0
— ,1)) =0
= (o, 1))

its corresponding initial condition is u(x, 0) = ug(x). In an analogous way, we get the zeroth,
first, and (n + 1)th deformation equations together with the appropriate initial conditions
corresponding to v(x, ¢) as follows:

% (vo(x,2)) =0,v(x,0) = vo(x),

Inibet) - ppovolen) | dult) _ (0 (v £) +vo(x, £)], vi (x, 0) = 0

Quustlont) — (9 4 pyQunled) o pypOunlel) 1y (o 1) v, (2, 1)), Ve (£,0) =0, m = 1,2, . .

We solve the previous systems of partial differential equations together with appropriate
initial conditions, as follows:

uo(x,t) = u(x,0) = sinhx, vo(x,t) = v(x,0) = coshx.

é)ula(tx 1) -1 [Buo(x 1) av%()iC,t) _ (uo(.x, l) + Vo(x, l))] = cosh x.

The solution reads u(x,t) = ¢ coshx.
Similarly, we have

‘”‘a—(tx’t) =h [av%(tx”) + aMO(X D — (ug(x, 1) +vo(x, t))] = sinhx. Thus v{(x,¢) = ¢ sinh x.

Continuing this process we have

Yolit) - (1 4 py2uted) 4 »6”6(;”) = (1 (x,1) +vi(x.0)| = rsinhx, up(x, 1) = £ sinhx,

—avza(tx’t) =(1+h) av‘(,)(tx’t) +h »aula(;’t) = (ur(x, 1) +vi(x,1)) | =t coshx, va(x, 1) = tz—z!coshx,

5”36(;(’” =(1+h) 6”2(x Dy h »av%(;’t) = (ua(x,1) + vo(x, t)) = é—z!coshx, uz(x,1) = g—icoshx,

Palel) — (] 4 pyalet) 4, »3”2;;’” ~ (u2(x, 1) +v2(x, 1)) | = £ sinhx, v3(x,7) = & sinhx,
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and so on.
Finally, with A = 1, the series solution reads
u(x,t) = up(x, 1) + 27 uo(x, )
= sinhx + t coshx + ;—2, sinh x + 3—3, coshx + ...
v(x,1) = volx, 1) + 2 gvo(x, 1)
= coshx + ¢ sinhx + 2—2, coshx + % sinhx + ...
With the aid of the definitions of sinh x and cosh x and the Maclaurin series of e’ and e, the

obtained series solutions converge to u(x, ) = sinh(x + ¢) and v(x, 7) = cosh(x + 7).

In Figures 3.1 and 3.3 we plot the exact solutions u(x, ) = sinh(x+¢) and v(x, ) = cosh(x+1?)
respectively. The third order approximate solutions u(x,t) = ug(x,t) + ui(x,t) + up(x,t) +
us(x,t) and v(x,t) = vo(x,t) +vi(x, 1) +va(x,t) + v3(x,t) are plotted in Figures 3.2 and 3.4

respectively.
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Plot of u(x,t) = sinh(x+t)

Figure 3.1: Exact solution u(x, t) = sinh(x + ¢)

Plot of Order 3 Approximate Solution of u

20

10
uapprox(x,t) 0

Figure 3.2: Approximate solution of u(x, ) (HAM)
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Plot Uj__v(x.t) = coshx+t)

Figure 3.3: Exact solution v(x, ) = cosh(x + ¢)

Plot of Order 3 Approximate Solution of v

20

(x.t) 1
vapprox(x,
pp 3

Figure 3.4: Approximate solution of v(x, ) (HAM)
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Example 3.2. We consider the system of the two-dimensional spatial partial differential
equations

U+ ve+wy =w,

Vit Wy Uy = U,

Wi+ Vy —Vy ==V,

together with initial conditions

u(x,y,0) =sin(x +y),

v(x,y,0) =cos(x +y),

w(x,y,0) = —sin(x + y).

Again, following Equation (3.3) we assume that

u(x,y,t,1) = up(x,y,t) +Z;°:1un(x,y,t)/l”, (3.11)

v(x,y,t,) = vo(x,y, 1)+ Z o valx,y,0)A", (3.12)
and

w(x,y,t,4) = wo(x, y, 1) +Z;’l°:1wn(x, y,1)A". (3.13)

The operators L and N are taken to be

L(u(x,y,1,2)) = 5 (u(x,y,1,4),

L(v(x,y,1,4)) = 5 (v(x,y,1,),

LOw(x.y.1,0) = & (w(x.y.1,2).

and

N(u(x,y,t,1)) = %u(x, v, t,Ad) + %v(x, v, t,A) + (%w(x, v, 5, ) =w(x,y,t,4),
Nw(x,y,t,2)) = %v(x, v, t, ) + (%w(x, v, t, ) + %u(x, v, t, ) +u(x,y,t, ),
N(w(x,y,t,1)) = a%w(x, v, 1, ) + a%v(x, v, t,A) — g—yv(x, v, t,d) +v(x,y,t,A).
The deformation equation corresponding to u(x, y, f) is given by

(1 =)L [u(x,y,t,4) —uo(x,y,1)] = AN (u(x, y,1,4)). (3.14)
or with the aid of Equation (3.11) we write
(1-A)L [Z“’ y (x t)/l"] T e LA
}’L=1 n ayv - (91‘ 7y5 bl ax ,y’ 9

0
+a—yW(x,y,t,/l) -w(x,y,t,4) (3.15)
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Substituting from Equations (3.11-3.13) we get

- 0 0 ¥ w
(1= DL 2 yuney, 0] = Ah[ g, y.0) + = 3 (2,5, 0"

0 0 o "
+ —volx,y, 1)+ — Z o Vn(x,y,0)A

0x 0x
6 a o] n
+ gyl - 7 D walx, y, )A")
+ wo(x,y,1) — Z o walx,y,0)AM)]. (3.16)

The left and right-hand sides are simplified to
L.HS. _Zoo aun(xyt)/l}’l Zoo aun(x)’l)/lrwl

_ aul(xyt)/l + Zoo 5un(xyf)/ln Z ) 6u,,(xyt)/1n+1

_ 3141(ny)/l " 2 oo 3Mn+1(xyf)/1n+l Z 0o 5un(xyl)/1n+l

RHS. = | Zuo(x, v, 1) + Evo(x, 1) + Ewo(x, v,1) = wolx, .1 2

+h 3, [Eun(x, v, t)+ avn(x, v, t)+ Ewn(x, v, t) —wu(x,y, t)] At

By equating the corresponding coefficients of same powers of A on both sides and using
the trivial initial conditions u,(x,y,0) = 0, forall n = 1,2,3..., we obtain the zeroth, first
and (n + 1) order following deformation equations associated with the appropriate initial
conditions.

Oug(x,y,t) _ = Up\Xx,)y =0
% () u(x Y, ) ( ) up(x,y 0

ou —Ug(X,y +

L (,;Ctyt) h at ( ,t) H»(x y, t) + 6)W0(x ’t) WO( ’ ’t)] ’ 1( 7 )

Ouns1(x,Y,
W = (1 +h)mun(x, Y, t) +h [a_xvﬂ(xay’ t) + a_ywn(xa ) t) _Wn(x’ yat)] ’

ul’l+1 (x7 y’ O) = O
Similarly, the zeroth, first, (n+ 1)k order deformation equations together with the appropriate

initial conditions corresponding to v(x, y, t) and w(x, y, t) are
Ovo(x,y,1)

o =0,v(x,5,0) =vo(x,y),
—6V'(@x,y[) h a,Vo(x y, 1)+ 3xW0(x y,t)+ Fy uo(x, y, t) +up(x, y,t)] vi(x,y,0)=0

‘”%(tx’yf) =(1+ h)gvn(x,y,t) +h [mwn(x,y,t) + Eun(x,y, 1) +v,(x,y, t)] ,

Vn+1(x’ y»o) = O

Owo (x,y,1)

G = 0,53, 0) = wo(. ).

0 .Y,

% h [aWO(X v, 1)+ 2vo(x,y,1) - vO(x ¥, 1) +vo(x,y, t)] wi(x,y,0)=0
a n+ 2)

W =(1+ h)Ewn(x,y, t)+h mvn(x,y,t) - avn(x,y,t) + vn(x,y,t)] ,

Wn+1(X,y, 0) = 0
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Analogous to the previous example we have
uo(x,y,t) =u(x,y,0) = sin(x +y),
vo(x,y,t) =v(x,y,0) = cos(x +y),

wo(x, y,1) = w(x,y,0) = —sin(x + y).

We solve the previous governing equations as follows (to get convergence we set h=-1):

P |t o0) + o 20) + oo ye) = wote )|
=cos(x +y).

Hence u(x,y,t) =tcos(x +y).

Ivi(x,y.t 9 0 9
neyn _ [—vo(x,y,t)+—wo(x,y,t)+5“0(%%0‘*“0(%)””]

ot ot Ox
= —sin(x + y).
Therefore v (x, y,t) = —tsin(x + y).
%nd 0 0 0
b ’t
% =h [EWO(X,)’, 1) + aVo(x,y, 1) — 5Vo(x,y, 1) +vo(x,y, t)]

= —cos(x +y),
which leads to wi(x, y,t) = —tcos(x +y).
Continuing in this process we get

d 12

EMZ(X’ v, 1) = —tsin(x +y), ux(x, y,t) = 5 sin(x + y)
d 12

EVz(x, y,1) = —tcos(x +y), va(x,y, 1) = 5 cos(x +y)
d , .

sz(x, y.t) =tsin(x +y), wa(x,y,t) = N sin(x + y)

0 eyt = =L cos(r + ), us(r.y. 1) = - cos(x + )
—u3(x,y,t) = —— X ,uz(x,y,t) = —— X

£y 3(X, Y 2 y 3(X, Yy 31 y
0 1 P
EVS(X,)’J)—2_!Sln(x+}’),V3(X,yat)—§SIH(X+Y)

0 ( 1) 2 cos(x +y) ( t) x cos(x +y)
—ws3(x,y,1) = — X ,wa(x, v, 1) = — X

o1 30X, Y o y 3(X, Y 31 y

and so on. With A = 1, the series solutions are

u(x, 1) = uo(x, v, 1)+ )~ tn(x,y,1)
1? r
=sin(x+y) +tcos(x +y) — 5sin(x+y) - ;cos(x+y) e

V06 Y1) = Vo3 0) + ) va(x,3,1)
12 &
=cos(x+y) —tsin(x+y) — Ecos(x+y) + ﬁsin(x+y) e
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w(x,y,t) =wo(x,y,t) + anlwn(x, v, 1)
1 r
= —sin(x +y) —tcos(x+y)+gsin(x+y) +§cos(x+y)...

Notice that the exact solution for this system of partial differential equations reads

u(x,y,t) =sin(x+y+t),

v(x,y,t) =cos(x+y+t1),

w(x,y,t) = —sin(x +y +1).

Note also that using the complex definition of sin(x + y + ¢) and cos(x + y + ) we can show
that the series solution converges to the exact solution. In Figures 3.5, 3.7, 3.9 we plot the
exact solution at ¢ = 2, while in Figures 3.6, 3.8, 3.10 third order approximate solutions

3
u(‘x’y’l) = MO(x’yat)"'Zun(xay’t)’
n=1

3
V(x’y’t) = VO(x’y,t)"'ZVn(x,y,f),
n=1
3
Wiy, 1) = wolx,y,1) + ) walx,y,1).
n=1

are plotted at the same value of 7.
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Plot of I._J{X,y'2) =sin(x+y+2)
1‘. \\

Figure 3.5: Exact solution u(x, y,2) = sin(x + y + 2)

Plot of Order 3 Approximate Solution of u

Figure 3.6: Approximate solution of u(x, y,2) (HAM)
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Plot of v(x,y,2) =cos(x + y + 2)

Figure 3.7: Exact solution v(x, y,2) = cos(x + y + 2)

Plot of Order 3 Approximate Solution of v

0.5
vapprox(x,y,2) 0.0

Figure 3.8: Approximate solution of v(x, y,2) (HAM)
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Plot of w(x,y,2) =-sin(x + y + 2)

Figure 3.9: Exact solution w(x,y,2) = —sin(x + y +2)

Plot of Order 3 Approximate Solution of w

Figure 3.10: Approximate solution of w(x, y,2) (HAM)
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3.4 [Illustrative Example for Nonlinear Equations

In this section, we apply Homotopy Analysis Method (HAM) to get analytic solutions of
nonlinear partial differential equations.

Example 3.3. In this example we consider the following system of nonlinear PDEs:

Up + UV +UyVy = —U,
Vit VW — Vywy =,

Wi+ Wylly + Wylly, =W,

with initial conditions

u(x,y,0) = &%,
v(x,y,0) = &7,
w(x,y,0) = e,

According to HAM, we assume that the solution has the series representation

u(e . 1,4) = uo(e, 3. 1) + ) un(x.y, 0", (3.17)

n=1
v(x,y,t,A) =vo(x,y,1) + Z va(x,y,0)A", (3.18)

n=1

and -
w(x,y,1,d) = wo(x,y,1) + an(x,y,t)/ln. (3.19)

n=1

We define the operators L and N as

L(u(x,y,t,2))

%(u(x, v, t, ),

L(v(x,y,1, 1))

0
E(v(x, v, t,4),

L(w(x,y,t, 1))

0
E(w(x,y,t,/l),
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and
0 0 0
N(u(x,y,t,2)) = —u(x,y,t,A) + —u(x,y,t, 1) —v(x,y,t,4)
ot ox ox
+iu(x, v, 1, /l)iv(x, v, t,A) +u(x,y,t,1),
dy dy
0 0 0
Nw(x,y,t,2) = —=v(x,y,,) + —v(x, 3,6, ) —w(x,y,1, )
ot 0x ox
0 0
——v(x,y,t, )—w(x,y,t,2) —v(x, y,t, 1),
dy dy
0 0 0
Nw(x,y,t,2)) = —=w(x,y,t,2) + —w(x,y,t,) —u(x,y,t,1)
ot ox ox

+iw(x, v, t, ﬂ)iu(x, v, t,A) = w(x,y,t,4).
dy dy

The associated deformation equation corresponding to u(x, y, t) reads
(I =) L[u(x,y,t,1) —up(x,y,t)] = AhN (u(x,y,t, 1)), (3.20)

or with the aid of Equation (3.17), we get

i un(x,y, t)/l”]

n=1

(1-A)L

0 0 0
Ah | — )+ — £, ) — A
[atu(x,y,t, )+axu(x,y, ,/l)aXV(x,y,t, )

+

0 0
—u(x,y, t, ) —v(x,y,t,) +u(x,y, t,)|. (3.21)
ay ay

Substituting from Equations (3.17) and (3.18), we get

(-0 lz tn (. . rw]

n=1
= Ah %MO(X, v,1) + % ; uy(x,y, )"
+ (:—xuo(x, v,1) + ;—x ; uy(x,y, t)/l") (:—xvo(x, v,1) + ;—x ; va(x,y, t)/ln)

Ay Ay Ay dy

n=1 n=1

+ (iuo(x, v,1) + i i uy(x,y, t)/l") (ivo(x, y, 1) + i i va(x,y, t)/l”)

+uo(x, y, t) + Z uy(x,y,)A") | . (3.22)
n=1

The left and right-hand sides can be rearranged as
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uy(x,y, t)A" — Z %un(x, y, t)/l’1+l

Q')lQ"

LHS. = i
n=1

= ul(x v, t)/l+Z —un(x y,1)A" — Z —un(x y, A1
= Juey, r)ﬂ+Z o tine (3., )" Z oo (x, . )",

o 0 © .
R.H.S. = Ah [EUO(X,)’,I)'i'EZun(xay’t)/l

n=1

0 0 < (0 0 < .
+ (auo(x,y, t)+azun(x,y,t)/l )(avO(x,y,tHaZvn(x,y,t)ﬂ )

n=1 n=1

0 (RN 0 d <
+ (Wo(x, Yo+ 5o Dt rw) (Wo(x, R T IICS rw)

n=1 n=1

+ up(x,y,1)+ Z un(x,y,)A"| .

n=1

Equating the corresponding coefficients of same powers of 1 on both sides and using the
trivial initial conditions u,(x,y,0) = 0, for all n = 1,2,3 ..., we get the zeroth, first, and
(n + 1)) order deformation equations associated with the appropriate initial conditions.

Euo(x,y, 1) =0,uo(x,y,0) = up(x,y).

%MI(X,}’J) =h [%uo(x,y,t) + (%uo(x,y,t)) (;—XVO(x,y,t)) + ((%Mo(x,y,t)) ((%V()(x,y,t))
+ uo(x,y,t)] ,uij(x,y,0)=0

(%MO(X’ y’t)) (%v”(x’y’[))
+ (:—xun(x,y’f)) (:—xvo(xay, l)) + (%MO(X’y’ t)) ((%vn(x’y,t))

0
Eun+l(-x,y’t) (1+h) ui’l(x y9t)+h

+ (06 un(x,y, t)) (%vo(x v, t)) +uy(x,y, t)] Unt1(x,y,0) =0

Similarly, the zeroth, first, and (n + 1))’ order deformation equations together with the

appropriate initial conditions corresponding to v(x, y,t) and w(x, y, t) are
0
EVO(X’ ) t) =0, VO(X9 Y, 0) = VO(x’ y)

%Vl()@ y7t) =h [%VO(X’ Y, t) + (%VO(X’ y>t)) (%WO()C’ y7t)) - ((%VO(X’ y’t)) (%WO(X7 y9t))

— vo(x,y,l)] ,v1(x,y,0) =0.
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0 0
Evn+l(-x9ya t) = (1 + h)EVn(x, y’t) + h

F d 0 0
+ (avn(x,y, l)) (awo(x,y, l)) - (6—yvo(x,y,f)) (a—ywn(x,y,t))

(%VO(X’ Y, t)) (aa_an(x’ Y, t))

- (aivn(x9 y’ t)) (iWO(x’ )’J)) - Vn(x’ y’ t)] 7vn+l(x’ y’O) = O
y dy

0
EWO(x’y’ 1) =0,wo(x,y,0) = wo(x,y).

0 0 0 0 0 0
EWl(x,y,t) =h [EWO(X,)’J) + (aWo(x,y,t)) (auo(x,y,t)) + (a—ywO(x,y,t)) (8—yuo(x,y,t))

- wo(x,y,t)] ,wi(x,y,0) =0.

0 0
Ewnﬂ(x, v, 1) =(1+ h)awn(x, v,t)+h

(aa_xWO(x’ Y t)) (%un(x’ Y t))

+ ((,f—an(x,y,t)) (:—xuo(x,y,t)) + ((%wo(x,y, f)) ((%un(x,y, t))

0 0
+ | =wn(x, v, 0) | [ —uo(x, y,6) | = wu(x,y,0) |, wnt1(x,y,0) = 0.
dy dy

Analogous to previous examples we have

uo(x,y,t) =u(x,y,0) =,
vo(x,y,1) =v(x,y,0) =¢e"”,
wo(x, v, 1) = w(x,y,0) = e,

We solve the previous governing problems corresponding to u),s, v, s and w),s,n = 1,2,3,.. ..

Further, for convergence, we set h = —1.

0 [ O 0 0 0 0
EMI(X,}’J) =h »Euo(x,y,t) + (auo(x,y,t)) (3—XVO(x,y,t)) + (a—yuo(x,y,t)) (a—yVo(x,y,t))

+ uo(x,y, t)] = -, Thus u;(x, y,t) = —te**?,

0 [ O 0 0 0 0
Evl(x’y’t) =h »EVO(X,)’, 1) + (avo()ﬁy,t)) (awo(x’y,l)) - (6—)}"0()&)’,1)) (awo(%)”f))

—vo(x,y,1)] = e*7”. Hence vi(x, y,t) =te* 7,

9 0 0 0 0 0
Em(x,y,t) =h [EWO(X,)’J) + (aWO(X,y,t)) (auo(x,y,t)) + (a_yWO(X,yat)) (auo(x,y,t))

—wo(x,y,1)] = e, Therefore wy(x, y,t) = te .

Continuing in this process we get
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0 2
5,02y, 1) = 1€ ua(x, 3, 1) = e,

d x—y 2 x—y
Evz(x,y,t) =te" 7, va(x,y,1) = 57,

d —Xx+y 2 —x+y
sz(x,y, 1) =te, wax,y, 1) = 5567,
0 12 3
Eug(x,y, 1) = 5ex+y cuz(x,y, 1) = —5e*,
0 t2 _ 3
E\@(x,y,t) = 56’)( Yova(x,y,t) = G,
0 ? 3
Ewﬂx,y, t) = ¢ Y ows(x,y, 1) = SeT .

and so on. with A = 1, the series solutions are

u(x,y,t) =up(x,y,t) + anlun (x,y,1)

12 3
=™ -tV + = - —e™V L,
2! 3!

V06 Y, 1) = Vo6 30 + ) va(x,3,1)

2 t3

_ oy T
="V +te"V+ ="V +

N
21 3¢

Y.

w(x, y,1) = wo(x, y,1) + anlwn(x, Y1)

1> r
=e Ve 4 Ee_“y + §e_x+y ...

These series solutions simplified to
u(x,y, 1) = e

v(x,y, 1) = e

w(x, y, 1) = e,

In Figures 3.11, 3.13, 3.15 and Figures 3.12, 3.14, 3.16 we plot the exact solutions and the

fourth order approximate solutions at x = 1, respectively.
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Plot of uiT,y.4 = EXpl1+y-1)

1x10%

i(1,y,1) 5 = 10°!

Figure 3.11: Exact solution u(1, y, ) = e{1*~"

Plot of Order 4 Approximate Solution of u
PN

1.5%1023
1.0x10%%
uapprox(1,y.1)5.0 x 1022

Figure 3.12: Approximate solution of u(1, y, ) (HAM)
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Plot of w{T1,y.1) = exp{T-y+)

Figure 3.13: Exact solution v(1,y,7) = e(1-y+)

Plot of Order 4 ,ﬂ_\pproximate Solution of v

—
—
———

‘ o

vapprox(1.y.t)100

Figure 3.14: Approximate solution of v(1,y,?) (HAM)
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Plot of wi(1,y,t) = exp{-T1+y+f)

2x10%

w1yt 1= 107

(—1+y+1)

Figure 3.15: Exact solution w(1l, y,t) = e

Plot of Order 4 Approximate Solution of w
N

1%1023

22
wapprox(1 ,y,t)s *x10

Figure 3.16: Approximate solution of w(1, y, ) (HAM)
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Chapter 4

Optimal Homotopy Asymptotic Method (OHAM) for Solving Systems of
Partial Differential Equations

4.1 Introduction

In this chapter, we utilize the Optimal Homotopy Asymptotic Method (OHAM) to obtain an
analytical solution for partial differential equations,[15, 43]. The following section provides a
detailed analysis of the OHAM approach, while Sections 3 and 4 showcase various examples

to illustrate its effectiveness.

4.2 Analysis of OHAM

Consider the following operation equation
L(u(x,t)+g(x,t) + N(u(x,t)) =0, 4.1

where L is a linear operator, (x,?) denotes independent variables, u(x,?) is an unknown
function, g(x, t) is a known function, and N (u(x,t)) is, in general, a nonlinear operator. For

simplicity, we ignore all boundary or initial conditions, which can be treated similarly.

By means of the Optimal Homotopy Analysis method, we first construct a family of the

so-called deformation equation:
(I =D)[L(u(x,t,)+g(x,t)] = H(x,)[L(u(x,t,A) +g(x,t) + N(u(x,t,1)], 4.2)

where A € [0, 1] is an embedding parameter, H(x, 1) is a nonzero auxiliary function for A
# 0 and H(x,0) =0, u(x,tA) is a unknown function. Obviously, when 4 = 0 and 4 = 1,
we have respectively, since L[u(x,t,0) + g(x,1)] = 0, u(x,7,0) = uo(x,t), L is chosen
such that ug(x, t) is easy to determine, and since [L(u(x,?,1) + g(x,1) + N(u(x,,1))] =0,
u(x,t,1) = u(x,t). Thus, as A varies from O to 1, the solution u(x, z, A1) varies from ug(x, t)

to the exact solution u(x, f).
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Expanding u(x, t, 1) in Taylor series with respect to A centered at A = 0, we have

u(x,t,A) = up(x, 1) + Zzo_lun(x, t,c;)A", i=1,2,.... 4.3)
By choosing the auxiliary function H(x, 1) to be H(x,1) = Zc j/lj and substituting
j=1

from Equation (4.3) into Equation (4.2), then equating the corresponding coefficients of
same powers of A of both sides of equality and using the corresponding initial condi-
tions, ug(x,0) = ug(x) (a given function), u,(x,0) = 0, n = 1,2, ..., we get the governing
problems, deformation equations and corresponding initial conditions, for the coefficients
up(x,t,¢;), n=0,1,2, ..., [35]. The k' order approximate analytic solution reads

k
u(x,t) :uo(x,t)+2un(x,t, c),i=1,...,n. 4.4)
n=0
The convergence control constants ¢y, ¢2, . . . , ¢} are determined by minimizing the L,—error

T
/ / (L(u(x,1)) + g(x, 1) + N(u(x,1)))*dxdy, (4.5)
0 Q

where Q C (—o0, 00) and Q X [0, T'] is the domain of the problem. Note that in the following

sections, we will be writing u, (x, ) to mean u,(x,t,c;),i =1,2,....
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4.3 Illustrative Examples for Linear Equations

In this section, we return to the examples discussed in Section (3.3) and employ OHAM to
approximate solutions for these cases.

Example 4.1. Consider the following system of initial value problem:
U+ vy =u+v,
VitlUy=u+v,
with initial conditions
u(x,0) = up(x) = sinhx,
v(x,0) = vo(x) = coshux.

Following Equation (4.3), we assume that

u(x,t,A) = uo(x,t) + Z un(x,1)A", (4.6)

n=1

and -
v(x,t,d) = vo(x, 1)+ Z Va(x,)A". 4.7

n=1

Further, we define the operator N to be

N(u(x,t,2)) = aﬁv(x, t,A) — (u(x,t,1) +v(x,t, ),
X
0
N(x,t;2)) = a—u(x, t,A) — (u(x,t,1) +v(x,t, 1)),
X
and we take the operator L to be
L(u(x,t,Q) = 2(u(x t,A)
s by - 6[ L) s

0
L(v(x,t,1) = —(v(x,1,1).
ot
The deformation equation corresponding to the first partial differential equation is given by

(1 =A)L[u(x,t,A)] = H(x,)[L(u(x,t,2) + N(u(x,t,1)]. (4.8)

Note that g(x, 7) in this example is identically zero. Applying the definitions of the operators
L and N and substituting from Equations (4.6) and (4.7) and taking the auxiliary function
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oo

function H(x,t) = Z c j/lj , the deformation equation (4.8) becomes
j=1

o0

) ) .
Fouo(e 1)+ = D un(x.0)

n=1

(I-2) —uo(x 1) +Z —un(x t)/l"] = (i cj/lj)

J=1

o0

9 0 .
Z0(E 1)+ = > va(x )

+

n=1

- (uo(x, r) + i un(x,1)A"
n=1

+

vo(x, 1) + Z Vi (x, t)/ln) . 4.9)
n=1

We rewrite the left and the right-hand sides as follows

L.H.S.
0 0 o 0 o 0
= Euo(x, t) — /lauo(x, t) + Z Eun(x, HA" - Z Eun(x, A"
= %uo(x t)+A (%ul(x ) — —uo(x t)) + nZ:; % a(x, )" = Z —un(x A"
= %uo(x H+A4 (%ul(x t) — —uo(x t)) + ; ( Up1 (X, 1) — %un(x, t)) AT
R.H.S.

= Acy [%uo(x, )+ gvo(x, t) — (uo(x,t) + vo(x, t))]

+c12[ tn(.0) + 0 2 -va(x.1) - (un(x,t)+vn(x,t))]/l”+1

+/l (o%) [ﬁuo(x, t) + iV()(x, l‘) - (uo(x, l‘) + V()(x, t))]
0 ox

+sz l tn(.0) + g 2=V 0) = (. ) + v, r))] A

+2%¢5 [guo(x, 1)+ aivo(x, 1) = (uo(x,1) +vo(x, t))]

+c3 Z l u,(x,1) + —vn(x 1) — (uy(x, 1) + vy(x, t))] pUas

= Acy [ﬁuo(x, )+ iv()()c, 1) — (uo(x,t) + vo(x, t))]

ot ox
+22% | ¢ (%ul(x, t) + (;9—xv1(x, 1) — (uy(x,t) +vi(x, t)))
+ ) (guo(x, )+ ;—xvo(x, t) — (uo(x,t) +vo(x, t)))]
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+2°

c1 (%uz(x, )+ ;—xvz(x, 1) — (up(x,t) + vo(x, t)))

+ ¢ (%ul(x, )+ %vl(x, 1) — (up(x,t) +vi(x, t)))
+c3 (%uo(x, 1)+ :—xvo(x, t) — (ug(x, 1) +vo(x, t)))]

+...

Equating the corresponding coeflicients of same powers of A of L.H.S. and R.H.S. and
using the initial conditions u,(x,0) =0, foralln = 1,2,3, ... and uo(x,0) = u(x, 0), we get:

The zeroth order problem
0
—uo(x,1) =0, up(x,0) =u(x,0).

ot

The first Order problem

ﬁul(x, t)=(1+cy) ﬁuo(x, 1) +cq ivo(x, 1) — (up(x,t) +vo(x,1))|, ui(x,0)=0.
ot ot ox

The second order problem

0 0 0
el = (1 el il
6tu2(x’t) (1+¢cy) atul(x,t)+czatuo(x,t)

+c (;—xvl(x, 1) — (up(x,t) +vi(x, t)))

+cp (ivo(x, 1) — (uo(x, 1) +vo(x, t))) , uz(x,0)=0.

0x
The third order problem
2u (x,t) =(1+c¢ )iu (x,t)+c ﬁu (x,1)+c éu (x,1)
or YT alatz’ 2ot Yot O
+er|gova(n ) — (ua(x, 1) +va(x, 1))

+c3 ;—xvl(x, 1) — (uy(x,t) +vi(x, 1))

+c3 :—XV()(X, t) - (uo(x, l‘) + V()(x, t)) R ug(x, 0) =0.

In general the (k + 1)th order problem reads

0 0 0 0 0
g —(1+c)) 2 9 s 9 s g
atukn(x, 1) =(1+cy) 6tuk(x,t)+czatuk 1(X,f)+630tuk 2(x, 1) + +Ck+1atu0(x,t)

+c ;—ka(x, 1) — (up(x,t) +vi(x,1))

+co in-l(x, 1) = (ug-1(x,1) +vi_1(x,1))

ox
+c3 ;—ka—z(x, 1) = (ug—2(x,1) + via(x, f)))
+...
+ck %vl(x, 1) — (up(x,t) +vi(x, t)))
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0
+ Ck+1 EVO(-)C’ t) - (MO(-X7 t) + V()(.x, t)) ’ l/lk+1(x, O) = 0
The differential equations within any of these problems are called deformation equations
associated with u(x, ).
Analogously, we get the zeroth, first, second, third, and (n + 1)tk deformation equations and

problems corresponding to v(x, ). We just interchange u;(x, t) and v;(x,1).

o . . 0
To solve these initial value problems associated with u(x, ) and v(x, t), note that Euo (x,1) =

0, uop(x,0) = u(x,0) = sinhx implies ug(x,t) = sinhx
and

0
Evo(x, 1) =0, vo(x,0) =v(x,0) = coshx implies vo(x, 1) = coshx.

ot
ui(x,0) =0. Hence u;(x,t) = —cqt coshx

D ety = (14e1) %Mo(x, f+e (gv()(x, ) = (o (x, 1) + vo m) ~ —¢y coshu,
X

and

0 et = (1 en) Lvoe )+ er [Luo(, 1) = (uolr, 1) +vo(x, 1)) | = —e1 sinhx,
ot ot ox

vi(x,0) = 0. Hence v{(x,) = —ct sinhx.

Similarly, we find

2
=
uy(x,t) = —citcoshx — c%t coshx + C%E sinhx — ¢t cosh x,
2
va(x,t) = —cit sinhx — c%t sinhx + 6%5 coshx — ¢ot sinh x,

us(x,t) = —citcoshx — ZC%I coshx + c%t2 sinhx — ¢t coshx — c?t coshx

. ! .
+ 3% sinhx — ¢3— coshx — cicot coshx + clczz‘2 sinhx — c¢3f cosh x,
1 l3y
v3(x,t) = —cit sinhx — 2c%t sinx + c%t2 coshx — ¢rf sinhx — c?t sinh x
3t

+ c?t2 coshx — 13y sinhx — ¢jcot sinhx + ¢jcpt? cosh x — ¢3¢ sinh x,
and so on. '
The third-order approximate solutions are:
u=uo(x,t)+ui(x,t) +ur(x,t) +usz(x,t)
= sinhx — 2c¢qt coshx — c%t coshx + c%% sinhx — ¢yt coshx — ¢yt coshx — ZC%I coshx +
/3
c%t2 sinh x—c»t cosh x—c?t cosh x+c?t2 sinh x—c?§ coshx—cjcat coshx+c1czt2 sinh x—
c3t coshx, '

and
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v=vo(x,t) +vi(x,1) +vo(x,t) + v3(x,1)
)
= coshx — 2c¢;t sinhx — c%t sinh x + C%E coshx — ¢pt sinhx — ¢yt sinhx — 2c%t sinh x +

3
. . . .
c%t2 cosh x—c5t sinh x—c?t sinh x+c?t2 cosh x—c? e sinh x—ccat sinh x+c1czt2 coshx—

c3t sinh x.
To determine the convergence control constants c1, c; and c¢3, we use MATHEMATICA to
minimize the L,—error, Equation (4.5). We find that ¢; = 0.342760, ¢, = —0.806561 and
c3 = —0.251945. In Figures 4.1 and 4.3 we plot the exact solutions u(x,?) = sinh(x + ¢) and
v(x,t) = cosh(x + t), respectively. The third order approximate solutions are plotted in Fig-
ures 4.2 and 4.4, respectively. Comparing these results with the results of HAM Figures 3.2
and 3.4 we see a better improvement.
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Flot of ux,t) = sinh{x+t)

n

Figure 4.1: Exact solution u(x, ) = sinh(x + )

Flot of Urder 3 Approximate Solution of u

il 1)

Figure 4.2: Approximate solution of u(x,1) (OHAM)
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Plot oiy(x.t) = cosh(x+t)

-

Figure 4.3: Exact solution v(x, t) = cosh(x + 1)

Plot of Order 3 Approximate Solufion of v

2‘] -

15
il 1)
10

Figure 4.4: Approximate solution of v(x, 1) (OHAM)
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Example 4.2. In this example we Consider the two space variables system of partial differ-
ential equations:

Up+ve+wy, = w,

Vit Wy + Uy = —u,

Wi+ Vy —Vy = -V,
together with initial conditions

u(x,y,0) =uo(x,y) = sin(x +y),

v(x,y,0) =vo(x,y) = cos(x+y),

w(x,y,0) =wo(x,y) = —sin(x + y).

Again, following Equation(4.6), we assume that

u(x,y,t,d) =up(x,y, 1) + Z uy(x,y, )", (4.10)

n=1

and -
v(x,y,t,A) =vo(x,y,1) + Z Va(x,y,0)A", 4.11)

n=1
w(x,y,t,d) = wo(x,y,t) +an(x,y,t)/1”. (4.12)

n=1

The operators L and N are given by
0
L(u(x,y,t,A)) = Eu(x, v.t,4),

L(v(x,y,t,2)) = %V(x,y,t;/l),
L(w(x,y,t,A)) = %w(x,y, t, 1),

and

N(u(x,y,t,1)) = iv(x, v, 1, ) + iw(x,y, t,) —w(x,y,t,A),
0x 0y

N(v(x,y,t,4)) = QW(x,y, t,A) + iu(x,y, tLA) +u(x,y,t,4),
0x oy

0 0
Nw(x,y,t;1)) = av(x, v, t,A) — av(x, v, t, ) +v(x,y,t,A).

The deformation equation corresponding to u(x, y, t) is given by

(I =AL[(ulx,y,t,2) +g(x,y,0)] = HA)[L(u(x,y,t,4)) + N(u(x,y,1,4)) + g(x,y,1)]
4.13)
Notice, again, that g(x, y, 7) is identically zero. With the aid of Equations (4.10-4.12) and the
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definitions of the operators L and N we write Equation (4.13) as

E 1/ g n
( Cj/l )|:atu0(x’y’t)+n:1 atun(X,y,t)/l

J=1

d > 4 ;
(1-2) | Zouo(r.y. 1) + Z; Zoun(x. y. 1)

0 0 "
+ avo(x,y, )+ Z avn(x,y, HAa

0
- i A
+ 8yw0(x Vs t)+nzoaw (x,y.1)

- Wo(xayat) _an(x7yst)/1n (414)
n=1
The left and right-hand sides are rearranged in the forms
LHS. = 2u()()c y,t) — —uo(x v, 1)+ i —uy(x,y,0)A" — iﬁu (x,y,0)A"*!
. O N 8[’ s ) ) £ n ) - 8[ n s )
0 0 0
= EMO(X’ v, 1)+ (Eul(x, v, 1) — EMO(X’ v, t)) A
N d 9 n+l1
+ ;(Eunﬂ(?ﬂyat)_Eun(x,y,t))/l
0 0 0
R.H.S. = ¢ |=uo(x,y,t)+—vo(x,y,1) + —wo(x,y,1) —wo(x,y,1)| 1
ot 0x oy

( [%ul(x y, 1)+ aim(x y, 1)+ :—ym(x y, 1) —wi(x, y,t)]

0 0 0
+ ca | zuo(x, ¥, 1) + —=vo(x, ¥, 1) + —wo(x,y,1) — wo(x, y, 1) | | 22
ot 0x ay
0 0 0
( [EMZ(X yat)+8_v2(x y’t)+$W2('x yat) WZ(X yat):|
+ c 2 (x t)+iv(x t)+iw (x,y,t) =wi(x,y,1)
2 al’ul 9y5 6)(,' 1 $y9 ay 1 ays 1 ay$
v e | Lol + Lvolroyt) + Lo yar) — wolryn) || 243
ot 0x oy
+
- 9 d
+ Z i —un LG 1) oVt (@3, 1) + oWt (6,3 0) = Wt (3, 7, 1)
— X oy
+ c 2 (x,y,t) + iv (x,y,1) + iw (x,y,1) — (x,y,1)
2 atun—Z $y9 6)(,' n-2 9y9 ay n-2 ’ y» Wn—2 ’y9
+
0 0 0 "
+ cn | =—uo(x,y,t) + —vo(x,y,1) + —wo(x,y,t) —wo(x,y,1)| | 4
ot 0x ay

Equating the corresponding coefficients of same powers of A4 on both sides and using the
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initial conditions u,(x,y,0) =0, foralln = 1,2,3... and ug(x, y,0) = ug(x, y), we get the
following zeroth, first, and k' (k > 2) order problems (consist of deformation equations and
initial conditions) corresponding to u(x, y, t):

Zeroth-order problem:

0
EMO(X’ v, 1) =0, uo(x,y,0) = up(x,y).

First-order problem:

0
Eul(x, y’ t)

ui(x,y,0)

0 0 0

(I+c1) —uo(x,y,t) +c1 | —=vo(x, y, 1) + —wo(x,y,1) —wo(x,y,1)],
ot 0x oy

0.

k'"-order problem:

%uk(x’ y1) — %uk—l(x’y’t) = [%uk—l(x’ Y1)+ aa—ka—l(x, Y1)+ ;—ywk—l(x,y,f) - Wk—l(x,y,f)]
0 0 0
+ [Euk—z(x, Y1)+ a\/k—z(x, Y1)+ 6—Wk—2(x,y,f) - Wk—z(x,y,l)]
y
+ ...
N [ﬁmx, ¥o0)+ (53, 1) e (3, ,1) = W (5.3, r)]
ot ox ay
b e[l vl + ot vl
ot ox ay
u(x,y,0) = 0, k=23,....

Similar problems can be derived for v(x, y,t) and w(x, y, ). Respectively, they are Zeroth-
order problem:

0
EVO(L)’J) :0’ VO(x’y’O) :VO(x’y)'

First-order problem:

0 0 0
(L4 1) 22vo(x, y.1) + €1 | Z=wolx, y, 1) + =g (X, ¥, 1) + up(x, y. 1) |

0
0.

ot
vi(x,y,0)
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k'"-order problem:

d 0 d 0 0
Evk(x,y,f) - Evk—l(x» y,1) 1 [Evk—l(x,yvt) + awk—l(x’ y.1)+ 5”1(—1()6,)’,1) + uk—l(x’y’t)]

0 0 0
+ [Evk—z(x,y,l) + awk—z(x, y.1)+ auk—z(x,y,l) + Mk—z(x,y,f)]

0 0 0
+ Cr-1 [Evl(x,y,t) + awl(x,y,t) + aul(x,y,t) +uy(x,y, t)]

0 0 0
+ Ck [EVO(X’ v, 1)+ awo(x, v, 1)+ 6_yu0(x’ v, 1) +uo(x,y, t)} ,

vi(x,y,0) 0, k=273,....

Zeroth-order problem:

0
EWO(X’)’J) :Oa WO(X,Y’O) :WO(X,y)-

First-order problem:

0 0 0 0
—wi(x,y,1) = (1+¢y) Ewo(x,y, 1) +cy (—vo(x, v, 1) — avo(x,y, 1) +vo(x,y, t)) ,

ot 0x
wi(x,y,0) = 0.
k"-order problem:
0 0 0 0 0
Ewk(%)’, 1) - Ekal(x,y,t) = ¢ [Ewkl(%)’, 1+ avk—l(% v, t) = 5Vk71(x,y, 1)+ Vk](X,y,t)]
0 0 0
+ oo | w20, ¥, 1) + —vi—2(x, ¥, 1) = —Vi-2(x, ¥, 1) + vi_2(x, ¥, 1)
ot ox ay
+ .
0 0 0
1= = £ — — f t
+ ck 1[6IW1(x,y,t)+6xw(x,y, ) aym(x,y, ) +vi(x,y, )]
+ Ck [%wo(x,y,t) + ;—xvo(x,y,t) - ;—yvo(x, v, t) + vo(x,y,t)] ,
wi(x,y,0) = 0, k=2,3,....
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Solving these problems up to order three gives

uo(x,y,t)
ui(x,y,1)

us(x,y,t)
va(x,y,t)

wa(x,y,1)

usz(x,y,t)

va(x,y,1)

wi(x,y,1)

Sin('x+y)’ VO(X’ ) t) = COS('x +)’), WO('X’ Y, t) = _Sin('x +)’),

—citcos(x +y), vi(x,y,t) =citsin(x +y), wi(x,y,t) = citcos(x +y),
2
—citcos(x +y) — c%t cos(x+y)+ 0%5 sin(x +y) — cotcos(x +y),

2

21
- c1 X cos(x +y) + cot sin(x + y),

2
-
citcos(x +y) + c%t cos(x +y) + C%E sin(x +y) + cat cos(x + y),

citsin(x +y) +c¢ tsm(x +y)

—citcos(x +y) — 2c%t cos(x+y) — c%t2 sin(x +y) — c*i’t cos(x +y)
3
3t
+c1§ cos(x +y) — cj 312 sin(x + y) — cat cos(x + y) — 2¢1cat cos(x + y)

—cicat? sin(x + y) — c3t cos(x + y),

citsin(x +y) + 20%1‘ sin(x +y) — c%t2 cos(x +y) + c?t sin(x + y)
3

31t . .
—c1 N sin(x +y) — c cos(x +y) +catsin(x +y) +2cicat sin(x + y)

—cicat? cos(x + y) + c3t sin(x + y),

citcos(x +y) + 2c%t cos(x +y) + c%t2 sin(x +y) + c?t cos(x +y)

3
31t

-1 3l cos(x +y) + ¢y 312 sin(x + y) + cat cos(x + y) + 2cicat cos(x + y)

+crcat? sin(x + y) + c3t cos(x + y)

and so on. The third-order approximate solutions read
u=uo(x,y,t) +ur(x,y, 1) +uz(x,y,1) +uz(x,y,1),
v=volx,y,t) +vi(x,y,1) +val(x,y,t) +vi(x,y,1),
w=wo(x,y, 1) +wi(x,y,1) +wa(x,y, 1) + wa(x, y,1).

To determine the convergence control constants ¢y, ¢2 and c3, we utilize MATHEMAT-
ICA to minimize the Lr—error, Equation(4.5). As a result, we obtain ¢; = —0.000453,
¢y = —367.916735 and c3 = 735.168163. In Figures 4.5, 4.7 and 4.9 we will illustrate the ex-

act solutions u(x, y,t) = sin(x+y+t), v(x, y,t) = cos(x+y+t) and w(x, y,t) = —sin(x+y+t)

at + = 2. Meanwhile, in Figures 4.6, 4.8 and 4.10, we depict the third order approximate

solutions u#, v and w on same domain. Upon comparison with the results obtained from the

HAM method shown in Figures 3.6, 3.8, and 3.10, we observe some improvement.
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Flot of uix,y,£) =sin(xX+y+£)
i Y

- —

Figure 4.5: Exact solution u(x, y,2) = sin(x +y + 2)

Plot of Order 3 Approximate Solution of u

- e

Figure 4.6: Approximate solution u = util(x, y,2) (OHAM)
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Plot of v{}_{,y.z} =COS(X +¥ + 2)

Figure 4.7: Exact solution v(x, y,2) = cos(x + y + 2)

Plot of Order 3 Approximate Solution of v

Figure 4.8: Approximate solution v = vtil(x,y,2) (OHAM)
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Flot at wt)E,y,Z} =-5IN{X + ¥ + 2)

i

Figure 4.9: Exact solution w(x, y,2) = —sin(x + y +2)

Plot of Order 3 Approximale Solution of w

Figure 4.10: Approximate solution w = wtil(x, y,2) (OHAM)
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4.4 Illustrative Example for Nonlinear Equations

Example 4.3. We consider the two space variables nonlinear system of partial differential

equations :
U+ uyvy +uyvy+u = 0,
Vit vwe —vywy, —v = 0,
Wi+ Wity + wyuy, —w = 0.
together with initial conditions
u(x,,0) = wuop(x,y) =e"",
vix,y,0) = volx,y)=e"",
w(x,y,0) = wol(x,y) =e >,

Again, following Equation(4.3), we expand u(x, y, 1), v(x, y,t) and w(x, y, t) in power series

in A as
u(x,y,1,0) = ug(, 3, 1) + Yo (x, y, A", (4.15)
v(x,y,t,1) =vo(x,y,t) +Z;’l°=1vn(x,y,t)/l”, (4.16)
and
w(x,y, t,d) = wo(x,y, 1)+ Z o wa(x,y, )4, 4.17)

The operators L and N that appear in the deformation equation (4.8) are defined as

0
L(”(x’y,f»/l)) = E”(X’y’t)’

0
L(v(x,y,t,d)) = EV(X, v, 1),

LOw(e,y, 1) = ﬁw(x,y,o,

N(u(x,y,t,1) = iu(x y,t) v(x y,t)+iu(x y,t) V(x y:1) +u(x,y,1),
NGyt D) = vy, 5wy, ) - iv(x P ) = (3.
NOW Gy ) = ey Seut y,r)+%w(x w)au(x 1o1) = w(x, v, 1)

The deformation equation corresponding to u(x, y, t) is given by

(1 =AD)L[u(x,y,t,2)] = HQA) [L (u(x,y,t,2)) + N (u(x,y,t,2))], (4.18)

or we write with the aid of Equations (4.15-4.17) and the definitions of the operators L and
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N we write Equation (4.18) as

0 > 9 i
(1-2) Euo(x, v, 1)+ HZ:; Eun(x, v, A
= ZCW [—uo(x ¥y, 1) +Z —up(x,y,0)A"
j=1
o . [0 . .
+ (auo(x,y, t) + nZ:; aun(x,y, 1A ) (avo(x,y, )+ nZ:; avn(x, v, )4 )
d > 9 9 > 9
— t — HA' | — t — HaA"
+ (ayuO(X,y, )+;0yun(xay, ) )(ayv()(x’y’ )+;0yvn(x’y’ ) )
+ up(x,y, 1)+ Z un(x,y, t)/l”] 4.19)
n=1

The left and right-hand sides are rearranged in the forms

_ 0 N n n+l
LHS. = Euo(x,y,t)— —uo(x y,b) + Z:; —Un(x,y,1)4 Z—un(x y, )4
= gtuo(x y, 1)+ (gul(x y.t) = guo(x y,t))
S d 0 n+1
+ Z(Eun+l(x’yat)_Eul’l(x’y’t))/l

n=1

R.H.S.

0 0 0 0 0
c1 [6 uo(x, y, t) + a—uo(x , Y, t) vo(x v, 1)+ guo(x LV, 1) yvo(x, v, 1) +u0(x,y,t)] A

9 d 9 d
+ (C1 [a—ul(x y,1) + a—uo(x y,t) vl(x y,1)+ —ul(x y,t) VO(x v, 1) +

0 0
—up(x,y, t)—vl (x,y,t) + —ul(x, v, t)—vo(x, v, 1) +u(x,y, t)]
dy y dy

+

a d d
—uo(x,y, t) VO(x y,t) + —uo(x,y, t)—vo(x y,1) +uo(x,y,1)
Ox dy dy

0
) [EMO(X’ v, 1)+ —

0 0 0 0
. &{gmuyn+;wuyn O o)+ Ly ity +

%%@mﬂaw@m0+%m@mﬂ%m@mﬂ+%m@mﬂ%w@m0+

0 0
—up(x, y, t) —va(x, y,t) +uz(x,y, 1)
ady ady

[0 d d d
+ 6—u1(x LY.t + 6—uo(x y,t) V1(x ¥, 1)+ —m(x y,t) VO(x y.1) +

(;9—))”0(36, yst)a_yvl(-x’ y, t) + aa_yul(-x» y, t)@‘}O(x, Yy, t) + ul(-x, Yy, t)]

) 0 0 0 0
b o | Loty + Loty m@%0+$wﬁxﬂymﬁdﬁ+mumﬂhf
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Equating the coefficients of the same powers of 4 on both sides we get the deformation
equations:

Zeroth order deformation equation:

0
EMO(X’ v, 1) =0

First-order deformation equation:

0 0
Ezu (x,y,t) — Euo(x, v, 1)

0 9 9 0 0
=c [a (X, y, ) + = uo (X, y, 1) 7-vo(x, y. 1) + auo(x Y )—vo(x Y1) +uo(x, y, 1) | -

Second-order deformation equation
0 0
EMZ(X’ y,t) — Eul(x, v, 1)
0 0 0 0 0
= [Eul (x,y, 1) + —uo(x, v, t)—vl (x,y, 1) + —ul (x,y, I)avo(x,y, ) +

0 0
a—uo(x,y,t) vi(x, y,t)+—u1(x y,t) vo(x v, ) +up(x,y,t)| +
y dy dy

0 0 0 0 0
) [6 uo(x, y, t) + —uo(x v, t) vo(x v, 1)+ —yuo(x , Y, )—yvo(x V. 1) +uo(x, y,t)}
Third-order deformation equation:

L 3,1) = (e 3.0)
0 0 0 0 0
=cy [atuz(x v, 1)+ a—uz(x y,t) Vo(x v, 1)+ —u1(x y,t) Vl(x y,1) +
0 0 0 0
—up(x,y, t) vz(x v, 1)+ —us(x, y,t) vo(x v, 1)+ —ul(x y,t) v1(x v, 1)+
Ox ay oy
0
—uo(x,y,t)—vz(x,y, ) +ux(x,y, )|+
dy dy

0 0 0 0 0
cr | gt + a—uo(x 1.0 D30 (e, 0) 3. +

0 0 0
—uo(x,y,t) vl(x v, 1)+ —u;(x, y,t) vo(x, v, 1) +ui(x,y,
dy dy 6y dy

c3 [%uo(x, v, 1)+ aa—xug(x, v, I)avo(x, v, 1)+ :—yuo(x, v, t);—yvo(x,y, t) +uo(x,y, t)] s

and so on. Similarly, with the aid of Equations (4.15)-(4.17) and the definitions of the
operators L and N we derive the following deformation equations for v(x, y, ) and w(x, y, 1):
For v(x, y,1):

Zeroth order deformation equation:

0
EVO(X’ vy, 1) =0
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First-order deformation equation:

0 0
a_Vl(x y,t) _VO(X y’t)

~ e [%w,y, 1)+ 2vo(x, 1) - wolx,y,1) - j—yvou,y, r)j—ywooc,y, ) = vo(x,y. 1)

Second-order deformation equation
0 0
EVZ(X,)’, t) - Evl(x’ y7t)
0 0 0
=cy Evl(x,y,t) + am(x,y,t) wl(x v, 1) + —vl(x y,t) wo(x v, 1) —

0 0
5vo(x,y,t) wl(x v, 1) — yvl(x y,t) wo(x v, 1) =vi(x,y,0)| +

(&)

0 0 (9 0
EV()()C’ y7t) + av()(x’ y’t)aw()(x’ y7t) - 8_yv0(x’ y’t)aw()()“ y7t) - V()(X, y7t)] .

Third-order deformation equation:

0 0
EV’:‘(X’)’J) - EVZ(xuy?t)
0 0 0 0 0
=1 | B30 4 Va3 ) Sk 30 4 A () S (5 +
0 0 0 0
av()(x’y’ t)aWQ(X,y, t) - a_yVZ(x’y7t)a_yW0(x’y’t) - 8_yvl(x’y7 t)awl(x’y’ t)_

0 0
—vo(x,y, 1) —wa(x,y, 1) —va(x,y,t)| +
dy dy
0 0 0 0
le) [Evl(x v, 1)+ 6_V0(x y,t) wl(x v, 1)+ —vl(x y,t) wo(x v, 1) —

0 0
a—vo(x,y,t) wl(x v,1) — —vl(x y,t) wo(x v, 1) = vi(x,y,
y dy dy

c3 [%vo(x, v, 1)+ aa—xvo(x,y, t)aa—xwo(x, y,1) — aa—yvo(x,y, t)aa—ywo(x,y, t) —vo(x,y, t)] ,

and so on.
For w(x, y,1):

Zeroth order deformation equation:

0
Ewo(x,y, t)=0

First-order deformation equation:

0 0
Em(x,y, 1) — EWo(x,y,t)

0 0 0 0 0
= c1 [ owolx, y,1) + ——wo(x, Y, t) CUo(X, 1) + == wo(x, y, t)—uo(x ys1) = wo(x, y,1)
ot 0x oy ay
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Second-order deformation equation
0 0
Evm(x, v, 1) — Ewl(x, v, 1)
0 0 0 0 0
= 1| 5w 0y 1)+ oowolw, . 1) Zoun (6,3, 1) + 2w (6, y, 1) 2uo(x, v, 1) +
ot ox Ox

0 0 0
B_yWO(x’ v, t)a—yul (x,y,t) + 6—yw1 (x,y, t)auo(x, v, 1) —wi(x,y,

0 0 0 0 0
2 [EWO(X v, 1)+ 6_W0(x 5 Vs t) uo(x y.1)+ 5w0(x y,t) ”0(x y.1) = wo(x,y,t)] ‘

Third-order deformation equation:

0 0
EWs(x y.t) = sz(x,y,t)
=c] [%wz(x, v, 1)+ ;—xwz(x,y,t);—xug(x,y,t) + ;—xwl(x,y,t);—xul(x, v,1) +
0 0 0 0 0
—wo(x, y,t) uz(x v, 1) + —wa(x, y,t) uo(x,y,t) + —wi(x,y,t) —ui(x, y, t)+
ox ay ay ay ay
0 (9
B_WO(x Y, t) ur(x,y,t) —wo(x,y, )| +
y dy
0 0 0 0 0
) [Ewﬂx,y,t) + awo(x,y,t) up(x,y,t)+ —wl(x y,t) uo(x y,t) +

0 0 0 0
—wol(x,y, t) ui(x,y, t) + —wi(x,y, t) uo(x,y, t) —wi(x,y, )| +
dy dy dy dy

c3

0 0 0 0
—wo(x, y,t) + —wo(x,y, t) uo(x v, 1)+ —wo(x,y, t) uo(x, y, t) —wo(x,y, 1),
ot Ox ay ay

and so on. Solving the previous deformation equations by applying the initial conditions

uo(x,y,0) = up(x,y) =™, vo(x,y,0) = vo(x,y) =", wo(x,y,0) =wo(x,y) = e

and

up(x,v,0) =v,(x,y,0) =w,(x,y,0) =0, n=1,2,3,...,
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leads to

+ - —x+
ui(x,y, t) = cite™, vi(x,y, t) = —cite*™, wi(x,y, 1) = —cite™,
2
t
ur(x,y,t) = cite™ + c%te“y + C%Ee“y + cote™,
)
va(x,y,t) = —cite*™ — c%tex_y + C%Eex_y —cote* ™,
2 ) 12
_ —x+ —x+ —x+ —x+
wa(x,y,t) = —cite ™ —cite y+clae Y —cote™,
_ x+y 2, x+y 2.2 x+y x+y 3, x+y 3.2 x+y
uz(x,y,t) = cite’™ +2cite’™ +cit7e’™ + cpte™™ + cjte™™ + e +

3 2
3t

t
clye“y +cicate’™ + cwzieﬁy + cate™,

v3(x,y,1) = —cite’™ — ZC%tex_y + c%tzex_y —cote™™ — c?tex_y + c?tzex_y -

3 2
t _ _ t _ _

c?—ex Y—cieate’ ™ +cjcp—e Y — c3te™ Y,
3! 2!

_ —xty _ o 2, —x+y 2.2 —x+y —X+y 3, —x+y 3.2 —x+y
wi(x,y,t) = —cite - 2cite +cite — oote —cyte +cjte -
313 t?
clye_“y —cieate™ + 016256_)”)} — c3te™,

and so on. Combining these solutions we get, for example, the fourth-order approximate

solutions of u(x, y, 1), v(x,y,t) and w(x, y, t), respectively:
4

u

1%

uo(x,y,1) + D i (x,3,1)
k=1

4
vo(x, ¥, 1)+ D vi(x,3,1)
k=1

4
w=wo(x,y,1)+ Z wi(x,y,1)

k=1

Note that in general, the deformation equations for u(x, y, t) can be restated using the operators
L and N as follows:
The zeroth, first, and kth deformation equations, respectively:

L(”O(x’y’t)) =0,
L(ul(x’ y’t) = CINO(MO(X’ y’t))’
L(uk(x7 y9t) - Mk—l(xv y7t))

= cxNo(uo(x,y,1)) +
k-1

D e (Lui(x,y,0) +
i=1

Nk_i(uo(‘x’ y’ t)’ul(‘x’ y’ t)’ A I/tk—i(-x, y’ t)’ VO('X, y’ t)’vl('x’ y’ t)’ ct ’vk_i(x’ y’ t))) b

where N, (ug,uy, ..., Uy, Vo, V1,...Vy) is the coefficient of 2™ obtained by expanding
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N(u(x,y,t, 1)) in series with respect to the embedding parameter A. In fact

b

au() aV() 6u0 01)0 )
Uo
(x,y.1)

8x0x+8y0y+

NO(”O(X’ Y, t)) = (

dug Ov ouy Ovy,— iy, OV
N (U0, U5« s s V0, V15 -+ Vi) | (x,y.1) (a—xoa—:+a—x1 6W;c ! +'“+6_;1(9_x0+
Ouo Qv | 01 vy | Ottm OV )
ay ay ~ay ay 7 ay ay " ey

Similar zeroth, first, and kth deformation equations for v(x, y, t) and w(x, y, t) can be derived.
As in previous examples, to determine the convergence control constants cy, ¢z, ¢3 and
cq, we utilize MATHEMATICA to minimize the L,—error, Equation(4.5), over the spacial
domain [-5,-5] X [-5,-5]. As a result, we obtain ¢; = 0.586623, ¢, = —3.40891,
c3 = 7.86808 and c4 = —8.83021. In Figures 4.11, 4.13 and 4.15 we will illustrate the exact
solutions u(1,y,7) = e v(1,y,1) = e"*) and w(l,y,t) = e+ Meanwhile,
in Figures 4.12, 4.14 and 4.16, we depict the fourth order approximate solutions u, v and
w on same domain. Upon comparison with the results obtained from the HAM method
shown in Figures 3.12, 3.14 and 3.16, we observe greater improvement, particularly in the u

component.
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PGt of G170 = SXpIT=y-1)

Figure 4.11: Exact solution u(1,y,t) = e(*>=)

Plot of Order 4 Solution of o

107
iy 8 *10°
0

0

Figure 4.12: Approximate solution u = util(1, y,t) (OHAM)

PTGt of V1,71 = EXp(T-y+1)

Figure 4.13: Exact solution v(1,y, 1) = e(!=*9)

Plofof Order & Solution of v

Figure 4.14: Approximate solution v = vtil(1,y,1) (OHAM)
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Plot of wiy,t) = exp(~Tsy+t)

Figure 4.15: Exact solution w(l,y,) = e(-1+3+)

PIot of Order &

Figure 4.16: Approximate solution w = wtil(1, y,t) (OHAM)

73



Conclusion and Outlook

The Homotopy Analysis Method (HAM) and the Optimal Homotopy Asymptotic Method
(OHAM) are utilized to derive analytical approximate solutions for linear and non-linear
systems of partial differential equations. A comparison between the resulting approximated
solutions and the exact solutions demonstrates OHAM’s reliability and capacity to offer an-

alytical approximate solutions for such equations.

The close correspondence between the derived analytical approximated solutions and the
exact solutions serves as an encouragement to explore the application of this technique in
solving physical systems of partial differential equations, particularly in cases where the
initial conditions lack smoothness. Furthermore, the method developed in this thesis can be
analogously applied to systems in three or more spatial dimensions, just as they are applied

to systems in two spatial dimensions.
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