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Abstract

The generalization of the families S, P and K are introduced for any a € R such that

0 < a < 1. Several properties are proved for these families . Also , the subclasses of
analytic univalent functions with negative coefficients H(w, @, 4) and K (w, «, A) for any
0<a<1land0 <A< 1aredefined here and we derived some properties of these

families .

The coefficient bounds of the functions in the families H(w, a, 1) and K (w, a, A) are
calculated . The integral mean inequality is investigated for the functions in the families

H(w,a,A) and K(w, a, A) .



Introduction

Let f be a complex- valued function on a domain D . The function f is called a

differentiable at a point z, € D if the following limit exist

lim 28— £ (Z0)
m-—-——--.

Z>Zg Z—2Z,
A function f is called an analytic at a point z, € D if f is differentiable in some

neighborhood of z, .

A function f is called univalent in a domain D if the function f does not take the same

value twice , i.eif z; # z, in D, then f(z;) # f(z,). [2]

A domain D is called a simply connected domain if any simple closed curve lies inside D

can be shrunk to a point continuously in the domain .

The theory of univalent functions is an old subject , began to take shape around the

beginning of the twentieth century , and it remains an active field of current researches .
Riemann proved that every simply connected domain can be mapped onto the unit disk
A = {z: |z| < 1} by an analytic univalent function f with f(0) = 0and f'(0) > 0. [2]

From this theorem , to study the properties of a function f on a simply connected domain

D, itis sufficient to study the properties of the functions on the unit disk A.
Therefore , the class of analytic univalent functions on A with normalization

f(0) =0and f'(0) = 1 are defined and called the class S. [2]



A function f € S has the form

f@)=z+En,a2" , |zl <1

A several properties of this family were studied in [2] , the coefficient estimate of f € S

has been proved to be |a,| <en , n=1,23, ......

A subclasses of the family S were studied in [3], here we are interested in the subclasses

P and K.

A function p € P if f is analytic and Re p(z) > 0 (|z| < 1) and p(0) = 1.

And f e Kif f € Sand

2f"(2)
Re( )

+ 1) >0 , lz| <1
In chapter one the classes S, P and K are studied and several properties are derived .

Also , a generalization of the classes S, P and K are introduced with 0 < a < 1.

In chapter two a new subclasses H(w, a, A) and K (w, a, A) of univalent functions with
negative coefficients are discussed with introduction and definitions . Coefficient bounds

are estimated . Integral mean inequality for the univalent functions is illustrated .



Chapter one

Univalent Functions

The purpose of this chapter is to review and assemble for later reference some of general

principles of complex analysis which underline the theory of univalent functions.

1.1 Basic properties of univalent functions

In this section we will present some of basic results and properties about univalent
functions .

To do this , we first define what we mean by univalent function. But before that we will
give a brief definition for analytic function.

Definition 1.1.1

A complex function is said to be analytic on a region R if it is complex differentiable at

every point in it .

If £(2) is analytic at a point z, then the derivative f' (z) is continuous at z. And if f(2)

is analytic at a point z, then f(z) has continuous derivatives of all order at the point z .

Definition 1.1.2

Let f be an analytic function in a domain Dc € , f is said to be univalent in D if it
never takes the same value twice , that is f(z;) # f(z,) for all points z; and z, in D
with

Z1F Zy .


http://mathworld.wolfram.com/ComplexFunction.html
http://mathworld.wolfram.com/ComplexDifferentiable.html

Definition 1.1.3

The function f is said to be locally univalent at a point z, € D if it is univalent in some
neighborhood of z, .

Definition 1.1.4

Let a function f : D—» € be analytic and univalent function in D, then we call it a
conformal on D .

Now , we will introduce Noshiro-Warschawski Theorem that give us a simple condition
for univalence .

Theorem 1.1.5 (Noshiro-Warschawski )
If £ is analytic in a convex domain D and Re {f'(z)} > 0, Vz € D then f is univalent
inD.
For the proof see [2] .

The following examples explain what we mean by univalent function.

Example 1.1.6
Let f(z) = —zand g(z) = z?2.Clearly f is univalent in A while g (z) = z? is not
univalentin A . To see that if f(z) = f(w)then- z = —w andsoz = w which

shows that f is univalent in A.

1 1 1
Also, g(z—) = g(— 7) =7 and this shows that g is not univalent in A.

Example 1.1.7

T
Let f(z) = sin (z).Then f is univalent in the disk D = {Z €C:|Rez| < E}



Solution :
In order to use Theorem 1.1.5 , we should find Re f'(z), but f'(z) = cosz .

If z=x+ iy, thenfrom [1] we can write cosz = cosx coshy — i sinx sinshy.
T T
Letz € D, then -5 <x< > and so cosx > 0.

also coshy > 0 for any y € R. Therefore ,

Re f'(z) = cosx coshy > 0,Vz =x+ iy € D.
Which implies that £ is univalent inD.
Example 1.1.8

Let f(z) = e“. Then f is univalent in the strip

D—{(x,y).xERan —E<y< ?}

Solution :

Letz =x +iy.Then f'(z) = e? = e**Y = e*cosy + ie*siny.
s

s
So Re(f'(z)) = e*cosy .Bute* > 0,Vx € R.And cosy > 0 if -3 <y< >

SoRe f'(z) >0,Vz € D.
Therefore f(z) = e” is univalent in D by Theorem 1.1.5 .

Example 1.1.9 :

Let f(z) = z?2, f is univalent in D= {z ED:0 < |z| <1, 0 <Argz < g}



Solution :
Write z = re'®, where r = |z| and 8 = Arg z. Then

f'(z) = 2z = 2re'® = 2rcosf + i2rsinb.
s
Since 0 < 8 < > ,then cos 8 > 0 and so Re f'(z) = 2rcos6 > 0.

Hence , using Theorem 1.1.5 we get f(z) = z? is univalentin D .

1.2 Normalized univalent function .

In this section we will normalize the univalent functions by some conditions and then
classify it in different classes and study the main properties of each class. Next we recall
an important theorem in the complex analysis.

Theorem 1.2.1 : (Riemann Mapping Theorem) [2]

let D c € be a simply connected domain and let z, € D be any given point . Then there
is a unique function f which maps D conformally onto the unit disk A and has the

properties that f(z,) = 0and f'(z,) > 0.

According to Theorem 1.2.1 we will set some conditions if the function achieves it then
we call it normalized univalent function and the normalization of univalent functions

will be introduction to study some class of univalent functions .

The following definition introduces the class S of univalent analytic functions and some

of its properties .



Definition 1.2.2 :

Let S denote the set of functions that are analytic and univalent in the unit disk A
normalized by the conditions f(0) = Oand f'(0) = 1.

Thus each f € S has a Taylor series expansion of the form :

f(Z) =z + a2Z2 + a3Z3 + i =2+ ZZLZ anzn

In [2] it was proved that |a,,| < n.Forn=2,3,...... forany f €S.

We now give some examples of normalized univalent function which is a member of S.

Example 1.2.3 :

Let f(z) = z.Clearly f is analytic in A and since Re f'(z) > 0,V z € A, then f is

univalent in A. Also f(0) = 0and f'(0) = 1.

Hence f(z) €S .



Example 1.2.4 :

Letf(z) = z — % z? ,clearly fisanalyticinAand f'(z) = 1—2z,Vz €A
Letz=x+1iy.Sinceze 4,then—-1<x<landsol—x >0,

butRe f'(z) =1—x

SoRe(f'(z)) > 0and hence f is univalentin A .

Also f(0) = 0and f'(0) = 1.
Hence f(z) € S.

Now we will talk about several properties of functions in S.



Fact :

Let f be a univalent function in A then :

1) g(2) = f(2) + cisunivalent, foranyce (.

2) h(z) = Af(2) is univalent, forany A€ C, A # 0.
Proof :

Suppose f is a univalent functionin Aandc, A€ C .

1) If g(z) = g(w) then f(z) + ¢ = f(w) + c and then we get f(z) = f(w).But fis

univalent then z = w and so g(z) is univalent .

2)If g(z) = g(w) then Af (z) = Af (w). Since A = O we get f(z) = f(w).But f is

univalent then z = w and so g(z) is univalent .
Theorem 1.2.5:
Let f € Sand ¢ : f(4) — (€ be an analytic and univalent function such that ¢'(0) # 0.

Let

o0y = 2@ =9
ZON

theng € S.

Proof

Since f € S then f is analytic univalent, f(0) = 0 and f'(0) = 1.

Also , since ¢ is analytic and univalent , then ¢of is analytic and univalent in A.



And so g(z) is analytic and univalent in D. For the normalization, we calculate

g(0)and g'(0).

_9((0) —¢(0) _¢(0) —¢(0) _

IO=""0wy T e "

¢'(f@)f' (@)
¢'(0)

¢’ (F(@)f'(0) _¢'(0).1 _

5O @

Since g'(z) = ,then g'(0) =

So g is univalent, g(0) = 0and g'(0) =1
Hence g € S.
Theorem 1.2.6 : (Omitted-value transformation)

Letz€A,w e (€ and f € Ssuchthat f(z) # w. If

wf (2)
9(z) = W——f(z)'

Theng €S
Proof:

To show g € S, we must show that g is analytic and univalent in A and g(0) = 0,

g'(0) = 1.
First, since f is analytic in A and f(z) # w,Vz € 4, then clearly g is analytic in A .

Also , since f(0) = 0, then

10



wf (0)

AREOR

v W= f@)wf'(@) = wf@)(~f' (@)
Andge) = W [@)?
So g'(0) = WZLOZ)_O =f(0)=1.

Finally , to show g is univalent, suppose g(a) = g(b) , then

wf(@ _  wf(®)
w—f(@ w-—f(b)

= (w—f(@)(wf®) = (w- ) (wf(@)

= w?f(a) —wf(@)f (b) = w?f(b) —wf(a)f(b)

= w2f(a) = w?f(b). Butw # 0, then f(a) = f(b). Since f is univalent then a = b

and so g is univalent .
1.3 : Special families of univalent functions

In this section we will introduce some subfamilies of class S consisting of convex and

starlike. Also we will investigate some classes of functions having a positive real part .

A set S in the complex space is called starlike domain if there exists x, in S such that for

all x in S the line segment from x, to x isin S.

A function f € S is called a starlike function if f(4) is a starlike domain.

11



In [3], they proved that f is a starlike function if and only if

2f (2)
Re( @

>>0, lz] <1

Now we can define the family S* as follow :
Definition 1.4.1 :

The family S* is defined as

zf (2)
f(2)

S*={f€S:Re< )>0, lz| < 1}

In [3] it was proved that if f € S* with f(z) = z + ayz% + -+ + a,z", then

la,| <n, n=2

1
For example the function z — ok S

Definition 1.4.3 ;

Let P denote the set of functions p that are analytic in A and satisfy Re p(z) > 0 and

p(0)=1|z|<1

In [3], it was proved that if p € P with

p(z) =1+ Y7 1paz" (2] <1)

then |p,| <2 (n=1,2,3,......)

1
For example the function (z + 1) — Ezz EP

12



We now introduce the family of functions which maps A conformally onto convex

domain .

Let K denote the subset of S consisting of functions f for which f(4) is a convex set .

Definition 1.4.3 :

Let f € Sthenwesay f € K if

zf"(z)
Re(f’(z) +1>>O, lz| <1

And we call it the class of convex functions .

+ 1€eK

z
For example the function 5

In [3]it was proved thatif f € K and f(2) = z+ X5 a,z"

then

la,| <1 (n=2,3,......)

13



Chapter 2
Certain Subclasses of Analytic Univalent Functions

in the Unit Disk

After we talking about some families of univalent functions in the previous chapter we

want to generalize it by defining new families of order « .

First we want to introduce new subclasses K (w,a ,4) and H(w, a, A) of analytic
functions with negative coefficients defined in the unit disk. And then we derive some
properties of functions in these classes and obtain coefficient bounds and integral means

inequality for the function f(z) under these classes.
Section 2.1 : Introduction and Definitions

An analytic function f in a domain D containing z, can be written by Taylor’s Theorem

as
F&2) = ) an(z=2)"

n=0

In this section we restrict the domain to the unit disk and impose some normalization on

the functions .

14



Definition 2.1.1 :
Let A(w) denote the class of functions of the form
f@)=(z-w) + X (z—w)
which are analytic in the unit disk A , and normalized with f(w) = 0and f'(w) = 1,
w is a fixed point in A. Also, we can generalized the family S by the following definition
Definition 2.1.2 :
Let S(w) = {f € A(w): f is univalent in A}.
If w=0,thenclearly S(w) = S.
Now we will define some classes of univalent functions of order a in A as follows:
Definition 2.1.3 :
Let0<A<1 0<a<1land zeA Afunction f € B(w,a,A) if:

1) f €S(w),and

Az - )2 f"(2) + (z — )f'(2)
2) Re( A-Df@) + Az - 0)f (@ ) >

The following function is an example of the above family:

Example 2.1.4 :

Let f(z) = (Z—l)—%(z—l)zwithwz 1,0::% and 1 = 1.ThenfeB(1,%,1)

15



To see this , it is clearly that f is analytic in A ,f(1) = 0 and f'(1) = 1, since

f'(z)=2—-z. Ifz=x+iy,then Ref'(z) =2 — x, but |x| < 1, s0 Ref'(z) > 0 for all

z € A. Hence fis univalentand so f € S(w).
Also, since f"'(z) = —1, then

D"+ GE-Df'@) _ -D*CED+E-1D2-2)

(z-1Df"(2) (z-12-2)
_ (-1
e
1—z _(1-22-2) _2-Z-2z+]|z)?
P P T = oz !

Now , if z=x + iy where x,y € R, then

-1 ")+ @-1Df"(z) 2-z-2z+|z/

C-Df' @ =T 2z !

_2—(x—iy)—2(x+iy)+x2+y2+

1
(2—-x)2+y?

_x?+y? —x+iy—2x—2iy +2

1
(2—-x)2+y? *

So, the real part is

x> +y?=3x+2 (x-1DE-2)+y?

(x—2)2+y?  (x—2)2+4y2 +1

16



But(x—1)(x—2)+y?>(x—2)%+y?since(x—2) < (x—1)

x—1Dx-2)+y?

Th >1
BT a2 +y?
x—1D(x—-2)+y? 1
H 1 =_
ence =22 + 57 +1>a >

Therefore Re ((Z — D@+ (2 Dfl(z)) > l

(z-Df'(2) 2
1
And f € B (1,5, 1).
Definition 2.1.5:
Let0<A<1 0<a<1land zeA Afunction f € Q(w,a,A) if:

1) f € S(w), and

Mz —w)f @)+ 1A +20)(z - w)f (@) + (z— w)f’(Z)) .

e ( 2z -0V @D+ G- w)f @)

The following example explains the definition :

Example 2.1.6:

Letf(z) =(z—1) +%(z —1)3.Then f € Q(l,% 1)

To see this , clearly f(1) =0, f is analytic in A and f'(z) =1+ (z — 1)? which

implies that f'(1) = 1.

17



To show that f is univalent, let z = x + iy, then

ff@=0+CE-1D)=1+((x—-D+iy)’=1+(x—-1)2?—y2+2(x— Dyi.
Therefore , Ref'(z) = 1+ (x — 1)?2 —y2 = (1 — y?)+(x — 1)2.
Since |x] < 1and |y| < 1, then

1—y?>0and (x —1)2 > 0. So Ref’'(z) > 0. Thus by Theorem 1.1.5, f is univalent

in A and we show that f € S(1).
Also,

Mz = w)’f"(2) + (1420 - w)*f"(2) + 2 - w)f'(2) _
Mz —w)?f"(2) + Mz - w)f'(2) -

2z-1P+6(z-1)?’z-1D+@Z-DA+(z-1)?)
a 2z2-1)2GzZ-D+ z—-1DA +(z—-1)?

2z-14+6z-1°+(@z-1D+z-1)° 9z-1)°+(@=-1)
B 2z=1)3+ (z—=1D + (z—-1)3 C3z-13+(z-1

_9Ez-1D*+1 6(z-1)°
T 3(z—12+1 3(z—-1)2+1

+1

_6(z-1D?[3EZ-1*+1]
B 13(z - 1)%2 + 1|2

_18(z— 1Dz - 1)? + 6(z — 1)?
B 13(z — 1)2 + 12

+1

_18]z— 112 +6(z—1)°
T Blz=1D2+1)2

+1=A

18



Now , if z = x + iy, then

_ 18((x - 1% +y*) +6((x—1)* —y*)
Re(4) = 3(z— D2 + 12 1

_18(x — 1)? +18y* + 6(x — 1)* — 6y?

1
Bz—1)2 + 12 +

_24(x—1)2+12y2+ -
T Bz-1D2+1)? - 3

Hence f(z) € Q (1,%, 1).

Let T (w) denote subclass of S(w) whose elements can be expressed in the form
f(2)=(zZ—-w)-Yr,a, (z—w)k.

Whereaq, =0, Vk =2,3, ...

We denote by H(w,a,)) and K(w,a,A) the subfamilies of B(w,a,A) and Q(w, a,})

obtained by
H(w,a,)) =B(w,a,A) NT(w)
and

K(w,a,A) =Q(w,a,A) NT(w) .

19



Definition 2.1.7 :
Let P(w) denote the class of functions of the form
P,(2) =1+ X1 B (z—w)k.

with Re P, (z) > 0 and

B, | < k=1, d=|ol

1+d)(1-d)F’ =

Example 2.1.8:

1 1 1\
Takew = 5 ,then the function f(z) =1+ = (z - —) isin P(%)

2 2

To see this,

1
ItisclearlythatP(§>=1andifz=x+iy,then
@=1+3[(x-3)+0]
f(z) = > X > iy
—1aaf(e-2) =yt ez(x-2)o]
= > X > y X > iy| ,then

Re f(z) = 1+%l<x_%)2 _yzl

2

1 1
Since y2 < 1then —y? > —1and 1 +3 (x _E) > 1,then

20



1+1( 1>2 2>1-1=
2\¥73) 7Y =

1 1\
HenceRe f(z) =1+ > [(x — E) —y? l always greater than 0 .

2 2
Arot=9 (@)

1
Now, B; =0and >0 sinced=§,

2
<
Then lBll_(1+d)(1—d)' Also,
sl 2 __ 2 _16 1
2= an (1+d)(1—d)2‘(§)(1) 3 72
2/ \4
So, |B,| < 2
> araa- oz

Hence,f € P G) .

Note that :

1) When (w, @ and 1 = 0) then B(w, a, A) is the same as family S*.
2) When (w, @ and A = 0) then Q(w, a, ) is the same as family K.
3) When (w = 0) then P(w) is the same as family P .

Where S*, K and P are illustrated in chapter 1.

21



Section 2.2 : Coefficient Estimates

In this section we want to estimate and obtain coefficient bounds , and for our main result

we first derive the following :
Lemma2.2.1:
A function f(z) € T(w) is in the class H(w, a, ) if and only if
Yo k—a) A -d)F M1 -2A4+AK)ag <1—a ..ol (2.1)
Where0 <A <1, 0<a<1land d=|w|
Proof :

Assume that the inequality 2.1 holds and let |z —w| =1 —d. Since f € T(w), then to
show that f € H(w, «,A) we must show f € B(w, @, 1), but T(w) € S(w), so f € S(w).
For the second condition , we first simplify the following :

Az = )’ f"@) + @ w)f @)
A-Df @+ 2 - w)f' @

1
Since f(2) € T(w) then f(2) = (z — w) — L=, ax (z — w)*. Therefore
f'(@) =1-%7kay(z —w)<?

" (z) = =¥3 k(k — Day(z — w)k=2. Then

Mz =w)?*f"(2) + (z - w)f'(2) =

Az —w)? X3 k(k — Dag(z = w)* % + (z = w)[1 — £3 kay (z = w)*]

22



= (z = w) Zx(—Dk(k — Dag(z - w)** + (z —w) — (z = w) X7 kay(z — w)*!
= (z = W1+ Xa(—2k(k — 1) — k) ax(z — w)*7']

=@Z-—W[1+X02,(=Ak2+ 2k — k) ar(z = W) e e e (2.2)
And

A -=Df(@) + 4z - w)f'(2) =

A=z -w)1-X7 a(z—w) '+ Az - w)[1 - P ark(z — w)*7]
=(z-w[A -1 -ZFA - Dag(z —w) " + 1= 3 dkay(z —w)*]
=W =320 =2+ 2)ar(Z =W ] e e e e a2 (2.3)
Divide (2.2) and (2.3) and subtract 1 then we get

1+ Y2 ,(—2k? + Ak — k) ap(z — w)Fk1
1-Y2(1 -2+ Ak)ag(z — w)k-1

-1

1 YR (AR? 4 A — k) ap(z = w)F T =14+ F2(1 = A+ Ak ay (z — w)* T
a 1-Y2(1 -2+ Ak)ag(z — w)k-1

T2 (—AK? 4 Ak — ke + 1 — A+ k) ay(z — w)k!
B 1-Y7A =2+ Ak)ay(z —w)k-1

C¥r,—(k— DA - 2+ Ak) ax(z — w)k?
= 1= -2+ Ak)ay(z — w)k-?

Take the modulus then we have,

23



Ticza(k = (A = A+ k) ap(z =w)* | _ XPIk = Dag(z = w)* (1 = A+ Ak)|

1-22A -2+ 2k)ap(z—w)t [T 1-Y7lap(z—w)k—1(1— 2+ kAl

390k — Daglz —w|*"1(1 = 1+ 2k)
1 -Y%aplz—wlk1(1 -1+ k)

.Replacing |z — w| by (1 — d) then we get

X3k - Da(1—-d) (1 -2+ k)
1 -YPa,(1—-ad)k 1 (1 -2+ k)

Since (k — 1) < (k — a), then by (2.1) ,
Pk —Da,(1 -1 -2+ k) <YX3(k —a)a,(1 —d)*1(1 -2+ k)
<l-a
Let A, = ax(1—d)* (1 — A + k), then ¥2(k — a)A, < 1 — a by (2.1),
which implies that
Y kA, —aY Ay <1—«a
5) kA <1—a+a) Ay =1—a(l-334,)
Adding — }.5° A, to both sides , we get
27 kA — X3 A S1—a(l—-X3A) — X7 Ak
Which implies
27 (k—1DA, <= (1 27 Ax ) —a(l — X7 Ax)

Now , dividing both sides by 1 — »5° A, , we get

24



27 (k—1)Ay < 1-274)1-a) _
1-224 ~ (1-%7Ax)

Hence , we get

25k~ Da(1 - )1 A -2+ k) _
1—y2ar(l-d)F I (1=-A+k)

-

Mz = w)?f"(2) + (z— w)f'(2)
1=Df(2) + A1z - w)f'(2)

This shows that the values of

lie in the circle whose radius is 1 — a and the center is 1. Hence the real part is lies

between a and 2 — a . So the real part of f(2) > «

Hence f(z) isin the class H(w, A, a).

Conversely assume that

Mz — 0)*f"(2) + (z — w)f'(2)
Re( 0-Df@ + 2z - o)f @ ) >« then
Divide (2.2) and (2.3) we get :

(z=w)[1=X3@k(k — 1) + K)a(z — w)* ']
z-w)[1-YYar(z—w)1(1 -1+ kA)]

_1=-YPkag(z—w)* 11— A+ k)
1 =-YPap(z—w)k1(1 =1+ k)

Mz = w)’f"(2) + (z — 0)f'(2)
1-=Df@+ Az -w)f'(2)

Since Re( ) > a then

1-YYkap(z—w)*1(1 -1+ k)
( 1- Y2 ay(z—w)F1(1—1+ka) > ¢
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Choose values of z on the real axis so that

Mz = w)?*f"(2) + (z— w)f'(2)
1=Df(2) + Az - w)f'(2)

is real.
Upon clearing the denominator and letting z — 1~ through real values then we have

A1 —w)Af"(z) + (1 —w)f'(2) hich i It 1-Y%kap(1—w)1(1 — 2+ k)
L=Df@+ AA-wf'(z) = B e (T —w)k1(1 — A + k)

But|l—-w|=1—-|w|=1-d
Hence we have

1 - 55 kay (1= 11 =2+ AK)
1->ra,(l-dFA-A+kp) ~ ¢

Then we get,

a(1=YPa,(1—d) 11—+ k) <1-32k(1 -1+ Ak)ap(l — d)k?

a—a¥Pay(l—d) 11— A+ k) <1 -3 kap(1—d)1(1— 1+ k)

Y kar(1—d)* 11— A1+ k) —a¥lay(l—d) 11— 1+ k) <1—a

Hence we get

=Yk —a)(1-D*T(1-A14+k)a,<1—-a
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Theorem 2.2.2 :
Let f(2) € T(w) be in the class H(w, a, 1) . Then we have

< l1—«a
W= —a) (1= A+ A (L — kL

Proof :
From lemma 2.2.1 we have :
Yo (k—a)(1—d)* (1 -2+ Ak)a, <1— a and since

(k—a),(1 —d)* 1, (1 — A1+ Ak) and ay, are positive terms then each term in the

summation must be lessthan 1 — « .
Hence ,(k—a)(1-d)**1-2+k)a, <1— «a

And then

< l1—«a
U=k —a) (1= A+ A (L — k1

Lemma2.2.3:
A function f(z) € T(w) is in the class K (w, a, A) if and only if

Yrok(k—a) (1 - 11 -2+ )ap <1— @ .o, (2.4)

27



Proof :
Assume that the inequality (2.4) holdsand let |z —w|=1—d .

Since f € T(w), then to show that f € K(w,a,A) we must show f € Q(w,a,7), but

T(w) € S(w),sof €S(w).

For the second condition , we first simplify the following :

Mz=w)f"(@)+ A +2DE -w)*f"(2) + - 0)f'(2)
Mz =w)*f"(2) + (z - w)f'(2)

|

AMz—w)3f""(2) + (z—=w)2f"(2) + 2A(z = w)?f"(2) — A(z — w)?f""(2)
Az —=w)f"(2) + (z— w)f'(2)

Mz = w)’f"(2) + (2 =w)*f"(2) + Az —w)*f"(2)
Az =w)*f"(z2) + (z - w)f'(2)

Mz = w)’f"(2) + 2 =w)*f"(2) (1 + )
Az =w)*f"(2) + (z = w)f'(2)

Since f(2) € T(w) then f(2) = (z — w) — X, a (z — w)*. Therefore
f'(2) =1- 53 apk(z —w)*?

f"(2) = =¥3k(k — Day(z—w)*2 . And,

f"(@) = = X3 k(k — D (k — 2)a,(z —w)*3

Mz = w)f""(2) = Mz — 0)* (- X3 k(k — D (k — 2)ar(z —w)*™?)

= — Y2 Ak(k — 1) (k — 2)ax(Z = W oo (2.5)
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(z-w)?A+Df"(2) = (z-w)?(1+ D (- ZF klk — Da(z —w)*?)
==Y+ Dk(k — Dag(z = w)¥ o e e e eev e .. (2.6)
Mz = w)*f"(2) = Az — w)* (= X5 k(k — Dax(z —w)*?)
= = TP Me(k — 1)ar(z = W)F oo i e e e e e (2.7)
(z - w)f'(2) = (z - @)1 - X3 kay(z —w)*™)
= (z—w) =X kay(Z—w) ..o e, (2.8)
Adding (2.5) and (2.6) then we get
— Y% Me(k — 1)k — 2)ag(z —w)k — (1 + D) T2 k(k — Dag(z — w)k
=—Y2A =2+ M)k(k — 1D)ar(z — W) o s s e e e et e e e e e e e (2.9)
Also adding (2.7) and (2.8) we have
X3 —Ak(k — Dag(z —w)* + (z = w) — X3 kay (z — w)*
=23 —kay (z—w)¥[A(k — 1) + 1] + (z —w)
=(z-wW1-3Ckay(z=w)* 1L =2+ )], (2.10)
Divide (2.9) and (2.10) and take the modulus then we have

2Rk — Dag(z —w) 1 (1 — 1+ Ak)
| 1-X%ka(z—w)1(1 — A+ Ak)
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< Y k(k—1Da(1—d) (1 -2+ k)
T 1-YYka,(1—-d)1(1 -2+ Ak)

Let Ay = ap(1—d)* (1 =2+ k), since X k(k —a)Axy < 1—a by(2.4),
then

YPkIA, —aYP kA, <1—«a

> Y kA <1l—a+aXYl kA, =1—a(l =X kA

Adding — Y.5° kA, to both sides , we get

Y3 kA — X3 kA <1—a(l— X2 kA) — X3 kA,

Which implies

X7 k(k=1)Ax < (1 - X7 kAy ) — a(l — X7 kAy)

Now , dividing both sides by 1 — Y5’ k4, , we get

22 k(k—DA, (A-X7kA)A-a) _

1_
1-Y2kA, —  1-Y2kA,

Hence , we get

5 k(k ~ Day(1 - 1A -2+ k) _
1-y2kay(1—d)F 1 (1—A+ k)

-

This shows that the values of

AMz=—w)3f"(2)+ A +2D)(z—-w)?f"(2) + (z — w)f'(2)
Az —=w)f"(2) + (z — w)f'(2)

lie in the circle whose radius is 1 — « and centered at 1.
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Hence the real part is lies between ¢ and 2 — « .

So f(z)intheclass K(w, A, a).

Conversely assume that

o (22— () + (L4 20)(2 = W)*f " () + (2 = W) (2)
e( 1z —w)f"(2) + (z - w)f' @) )>“

then
Az = w)f"(@2)+ 1 +2D)(z-w)f"(@) + (z—-w)f'(2) =

A=Y k(k—1D(k—2)ar(z—w)*" D)+ A+ 2D (=X k(k — Dag(z—w)k 1) +

(z=w)[1 = X3 ka(z —w)*]

= (z-w)[1 - X kay(z — w)*[1+ Ak — 1)(k — 2) + (1 + 22) (k — D]]
= (z—w)[1 - XF kay(z — w)*"1(1 + Ak? — 32k + 22 + k — 1 + 22k — 21]
= (z- w1 - X7 kay(z—w)* Tk(Ak = A+ 1] oo (2.11)
Divide (2.11) by (2.10) we get

(z—w)[1 =Y ka(z—w)*Tk(Ak — 2+ 1]
Z-wW[1-YXYak(z—w)1(1-2A+kA)]

Hence,

° (/'l(z —)l3f"@)+ @A+ 20z -w)*f"(2) + (z — w)f’(z))
) Az —w)ef"(2) + (z— w)f (@)

1— Y2 k2a,(z — w)k~1(1 — A + Ak)

=R >
T yeakz—wria—a+kn ~*
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Choose values of z on the real axis so that

Mz —w)’f"(2) + (1420 E-w)*f"(2) + z— w)f'(2)
Mz —=w)*f"(2) + (z - w)f'(2)

is real.

Upon clearing the denominater and letting z — 1 — through real values we have

A1 = w)Pf"(2) + 1+ 2D -w)*f"(2) + (1 - w)f'(2)
Az =w)*f"(2) + (z - w)f'(2)

1=k (1 —w)*"t (1 — 2 + Ak)
1Y% ak(1—w)k1(1— A+ k)

But|l—-w|=>1—-|w|=1-d
Hence we have

1 - 59 ka1 = )N — A+ AK)
1I-yeak(l-d)FT(1—2+kh) ¢

Then we get,

a(1-Ykay(1-ad) 11 -2+ k) <1-Y2k*(1 — 2+ Ak)a,(1 — d)* 1
sSa—aYlka(l—d) 11— A1+2k)<1-Y9k%a,(1-d)* 11— 1+ k)
= Y k2a,(1 — )11 — A+ k) —a Xl kap(1 —d)* 11— A+ k) <1—«a

>Y2  kk—a) 1 -1 -2+ )ap <1— «a
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Corollary 2.2.4 :
Let f(2) € T(w) be in the class K(w, @, A) , then we have

< l1—«a
=Ttk —a)(1 = A + A (1 — k-1

Proof :
From lemma 2.2.3 we have :
Y= k(k—a)(1 — )11 -2+ Ak)a, <1— a.Since

k,(k —a), (1 —d)* 1, (1 — 2+ Ak)and a, are positive terms , then each term in the

summation must be lessthan 1 — « .
Hence ,
k(k—a)(1-d)**'1-2+k)a, <1— «a

And then

< l1—«a
=Yl —a) (1= A+ Ak) (1 — d)k-1

Theorem 2.25:
Let f(z) € Hw,a,A) and f(2) = (z—w) — ay(z —w)? — ...

for 0 < a < 1andw is a fixed point in A . Then
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21— a)

el = ana-a

] < 1 1—a +2(1—a)2
T A+20) | -1 -d?) (1 -d?)?

1 21— a) 2(1 — a)? 4(1 — )3
(1+ 30 [3(1 TDA—dP " A=d)d-d?? T30 =d?)

lay| <

Proof :

Mz =w)*f"(2) + z = w)f'(2)
(1 =Df(2) + Az —-w)f'(2)

Let g(z) = .Since f(z) € H(w, a,})

Then Re g(z) > a. But f(2) = (z — w) — X5 ax(z — w)*, then we can write the

denominator of g(z) as :

A=Df (@) +Az-w)f'(2) =

1=-Dz-w1-X7az-w) ]+ Az -w)f'(2)

=(z-w[1-D-EF a1 -DE-w)' +1f'(2)]

Dividing (z — w) from numerator and denominator , we have

Mz -w)f"(2) + f'(2)

IO = A e aid = D= T A @)
W) o
Sog(w) = 1—/1+Af’(w)'butf w)=1
1
Hence,g(w) = m =1.
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9(2)—a
1

Now , define B, (z) =

.We want to show that P, € P(w)

w—a 1—a«a
gw) = =1 0<ax<l1
1—«a 1—«a

To do this, B, (w) =

g2)—a a—a

And Re P,,(z) = Re 11— .

= 0. Hence,P, € P(w)

So we can write g(z) as

Mz =w)?f"(2) + (z=w)f'(2) _
@ i~ ¢t A OR@ e 212)

Since P, (z) = 1+ Y5, Bx(z — w)¥, then

a+(1—a)P,(z2) =1+ (1 —a)XsBr(z —w)k

Then if we multiply g(z) by (1 — A)f(2) + A(z — w) f'(z) we get the left hand side

AZ = W2E"(2) + (Z = WF'(Z) oo eos oo ee e eee oo eee o ere e e e o (2.13)

Which is equal the right hand side

[(A-Df@)+A2z-w)f' (D)][1+ (1 —a)Xi-,Bi(z —w)*] ...... (2.14)

Now we will compare the coefficient of (z — w)?, (z — w)3 and (z — w)* in both sides,
to do this , let

f@)=(zZ-w)—ay(z—w)?—az(z—w)®— a,(z—w)* —as(z—w)®>— -, then
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f'(z) = 1—-2a,(z—w) —3a3(z—w)? —4a,(z—w)3 —5as(z —w)* ..... ,
and

f"(z) = —2a, — 6a3(z—w) —12a,(z — w)? — 20as(z —w)® .......
Substitute in (2.13) then we have

Az —w)?[ —2a, — 6a3(z—w) —12a,(z — w)? — 20a5((z — w)3 — -]
+(z—w)[1—2a,(z—w) —3a3(z — w)? — 4a,(z — w)3 — 5as(z — w)* ...]
So ,the coefficient of (z — w)? = —2a,A — 2a, = —2a,(A + 1),

the coefficient of (z — w)3 = —6a31 — 3a; = —3a3(21 + 1),

the coefficient of (z — w)* = —12a,4 — 4a, = —4a,(31+ 1),

and the coefficient of (z — w)® = —20asA — 5as = —5as(41 + 1).

Also , substitute in (2.14) , we get

1-Df(2) =A-D[(z-w) —ax(z = w)? —as(z = w)® — 4a,(z — w)*

— A5(Z = W) o] et e e et et et e et et e e e et e e e e a2 (2015)
Az —=w)f'(2) = A(z—w)[1 —2a,(z —w) —3a3(z —w)? —4a,(z—w)3 — ....]
= A(z—w) —2a,(z—w)? —3a3(z—w)® —4a,(z—w)* — ] s s e .. (2.16)

Adding (2.15) and (2.16) we get
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1-Df@) +Az-w)f'(2) =
z-—w)— A +Da,(z—w)2—(1+2Daz;(z—w)>+ (1 +3Da,(z—w)H +
(14 42)A5(Z = W) ot et et e e et et et et et et e e e e e en . (2.17)
Also
1+ (1-a) XY Br(z —w)k =
1+(1—a)[Bi(z=w) +By(z—w)?> +B3(z—w)> + By(z—w)*+ -] .......(2.18)
Multiply (2.17) and (2.18) we get (2.14)
So the coefficient of (z — w)? :
(1—a)B, — (1 + Na,
The coefficient of (z — w)3 :
(1—a)By — By(1—a)(1 + Da, — (1+2N)as
The coefficient of (z — w)* :
(1 - a)B; — B,(1 — a)(1 + Da, — By(1 — a)(1 + 2D)a; — (1 + 3D a,
The coefficient of (z — w)®
(1—a)B, — Bs(1 — a)(1 + Da, — By(1 — a)(1 + 20)az — B;(1 — a)(1 + 31)a,

—(1+ 4A)as

37



Now we want to compare the coefficient of (z — w)? in both sides (2.13) and (2.14) to

get the upper bound of a,

—2a,A+1)= (1 —a)B; — (1 + Aa,

—2a,A+1D)+A+VDa,=1—-a)B;

—a,(A+1) = (1 —a)B,

s _ Q= ®B1 e the modulus both sid (
0o—a, = a+n , take the modulus both sides , we ge
la,| = % . But from definition 2.1.5 we know that |B;| <
1+2 “(1+d@-4d)
So,
2(1 —a) 2(1-a)
lay| <

A+d)A-DA+D) (A+HA-d?)

Then from comparison the coefficients of (z — w)?3 in both sides we get the following
—3a;24+1)=1—-a)B, —B;(1—a)(1+ Da, — (1+ 21)a,

az(=322+ 1)+ (14+21) = (1 —a)B, — B;(1 — a)(1 + Da,

Take the modulus both sides , we get

|—2a;(2A+ 1| < |(1 —a)B,| + |B;(1 — a)(1 + A)a,|.

= 2laz|(2A+1) < (1 - a)[B;| + (1 —a)(1 + Dla||B|
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Since

2(1—a)

2
B:| < v oa—oz B = Troa-o ™% = Txha-e

Then

2(1-a) 4(1 - a)?
2|a3|(2&+1)S(l—dz)(l—d)+(1—d2)2

_ 1 1-a 2(1 - @)?
slsTon|lacoa-a T a- @2

Now for the upper bound of a, we repeat the above steps as the following :

—4a,34+1)=B;(1—a) —B,(1—a)(1+ Va, —B;(1 —a)(1 + 24)a;

(1+31)a,

Then
—4a,(32+ 1)+ (1 +30)a, =B;(1—a) —B,(1—a)(1+ Aa,

-Bi(1—-a)(1+ 21)a;

Take the modulus both sides , we get

|-3a,(3A+1)| < |B;(1 —a)| + |B,(1 —a)(1 + A)a,| + |B;(1 —a)(1 + 24)as|

3las|(32+ 1) < (1 — )IBs3| + (1 — ) (1 + DBy llaz| + (1 — a)(1 + 22)|By || as]
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Since

5l < v oa—as P <araa—ar P! *aroa-a’

1 1—a 2(1 — a)? 2(1—a)

slsaop|lacaa-at a-er ™ 4= e

Then,
2(1—a) 4(1 — a)? 2(1 —a)?
G+ D =t ra TG -0 -0 T d-dd - )
4(1 - a)3
Meeros
That is
21— a) 6(1 — a)? 4(1 — a)3

3las|(34+1) < 1-d)P(1+d)  (1-d)(1-d>2 " (1-d?)?

- 1 2(1—a) 2(1 — a)? 4(1 — )3
lasl < 735 [3(1 T —dP A= —d?Z 30 -2

Continue the comparing process we get :

las|
1 |B41(1 — a) + |B3|(1 — a)(1 + D)|az| + |B2|(1 — a)(1 + 24)|as] +]
T 41+ 44) | B1|(1 — a)(1 + 31)|a,l
And
lal
< 1 [Ile(l—a)+ |B4|(1—a)(1+/1)|az|+|le(1—a)(1+2/1)|a3|+]
~ 5(1+54) |B,|(1 —a)(1+ 3)|ayu| + |B|(1 —a)(1 + 41)|as]
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We note from the proof that :

1
la,| = m[(l —a)|B|]

1
a3l < 5oz 1810 = @) + 1B,1(1 = @) (1 + Dlas]

1
a4l < 5o (18211 = @) + 1B.1(1 = @)1+ Dlaal + 1111 = @)1+ 2Dl

las|
< 1 |B4|(1 — @) + |B3|(1 — a)(1 + D)]az| + |B,|(1 — a)(1 + 24)|as| +
T 4(1+42) | B1|(1 — a)(1 + 31)|ay|

And

lasl
< 1 |Bs|(1 —a) + |B4|(1—0£)(1+/1)|az|+Ile(1—a)(1+2/1)|a3|+]
— 51 +52) |B,|(1 —a)(1+ 31)|ayu| + |B1|(1 —a)(1 + 41)|as]

If we continue this process , we can show that

lag| <

1 |Bi-11(1 = @) + [By—2[(1 = @) (1 + Dlaz| + [By—3|(1 — a)(1 + 22)|a;|
(k—=D[1+ (k—1)A] +[By—s|(1 — a)(1 + 31)|ay| + -

Theorem 2.2.6 :
Let f(z) € k(w,a,A) and f(z) = (z—w) — a,(z —w)? — ...

for 0 < a < 1andw is a fixed point in A . Then
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(1-0a)

el =G na-a

1—a 2(1 — a)?
las| < l

1
d+20 [3(1 “DA—d) | 31 =d?)?

1 (1-a) (1 — a)? (1-a)
1+320) I6(1 T D0 —d3 T 20— —dd2 301 = a2

lay| <

Proof :

AMz=w)’f"(2) + 1 + 2Dz = w)*f"(2) + (z = w)f'(2)
Mz =w)?f"(2) + (z = w)f'(2)

€ K(w,a,))

Letg(z) = .Since f(z)

ThenRe g(z) > « .

() = WG = WP () + (L4 2@ = W) +f/(2)
g - WAz - wWf"(@) + f' @]

Dividing (z — w) from numerator and denominator , we have

_AZ=-wif"(@) + 1+ 20 -w)f" () + f'(2)
- A(z=w)f"(2) + f'(2)

9(z)
_f'(w) vn
Sog(w) = m ,but f'(w) =1

1
Hence g(w) = 1= 1

.We want to show that B, € P(w)

Z)—a
Now , define B, (2) = g(l )_ m
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gw)—a l1l-a

To do this, B, (w) = - _1—a_1 0<ax<l1

gz2)—a a—a

And Re P,,(z) = Re 1

1= 0.Hence B, € P(w).

So we can write g(z) as

Mz = wif"(2) + (L+ 220z~ wif" (@) + (2= w)f (@) _
2w @)+~ wf @ =at -0k

Since P, (z) = 1+ Y5, Bx(z — w)¥, then

a+(1—a)B,(2) =1+ 1 —a) Xy, Br(z —w)*

Then if we multiply g(z) by A(z — w)2f"(2) + (z — w)f'(2) we get the left hand side
Az =wPF"(2) + (1 + 20z = wW)2F"(2) + Z = WF'(2) e e oo o (2.19)
Which is equal the right hand side

Az = w)*f"(2) + (z = w)f' @DI[1 + (1 — @) iy Br(z — w)¥] ... ... (2.20)

Now we will compare the coefficient of (z — w)?, (z — w)3 and (z — w)* in both sides,

to do this , let
f@)=@zZ-w)—ayz-w)?—az(z—w)>— o...

then

f'(2) = 1-2a,(z—w) —3a3(z —w)? — 4a,(z—w)> — ...,

f'"(z2) = —2a, — 6a3(z—w) —12a,(z—w)? —20(z—w)3 — ........ ,and
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f"(z) = —6a; — 24a,(z —w) —60as(z—w)? — ......

Substitute in (2.19) then we have

Mz —w)3[—6a; — 24a,(z —w) — 60as(z —w)? — ...]

+(1+20)(z —w)?[-2a, — 6a3(z —w) — 12a,(z —w)? — -]

+(z—w)[1=2a,(z—w) —3a3(z —w)? —4a,(z—w)* — ..]

So , the coefficient of (z — w)? = —2a,(1 + 21) — 2a, = —4a,(1+ 1),

the coefficient of (z — w)3 = —6a31 + —6a3(1 + 21) — 3a; = —9a3(1 + 21)

And the coefficient of (z — w)* = —24a,1 — 12(1 + 21)a, — 4a, = —16a,(31+ 1)

Also substitute in (2.20) we get

Mz —w)?f"(2) =

Az —w)?[-2a, — 6az(z—w) —12a,(z —w)? —20(z—w)3 — ..] .o (2.21)

z-—w)f'(2) = (z—w)[1—-2a,(z—w) —3a3(z —w)? —4a,(z —w)3—..]..(2.22)

Adding (2.21) and (2.22) we get

Mz=w)f"(2) + (z-w)f'(2) =

(z=w)—2a,(1+D)(z—-w)?—3a3(1+2)(z—w)3 —

A5 (1 4 30)(Z = W) = ) oot oot et e et et e et eeee oot e e et e e e e e (2.23)

Also ,

44



1+ (1 -a) X7 Bz —w)F =

1+(1-a)[Bi(z—w)+By(z—w)?+B3(z—w)3+ By(z—w)*+ ] .......(2.24)
Multiply (2.23) and (2.24) we get (2.20)

So the coefficient of (z — w)? is

1—-—a)B;—2(1 + A)a,

The coefficient of (z — w)3 is

B,(1—a)—2B;(1—a)(1+A)a, —3(1 + 21)a,

The coefficient of (z — w)* is

(1-—a)B; —2B,(1—a)(1+Va, —3B;(1 —a)(1 + 21)a; —4(1 + 31)a,

Now we want to compare the coefficient of (z — w)? in both sides (in 2.19 and 2.20) to

get the upper bound of a,
—4a,(A+1)= (1—a)B; —2(1 + Aa,
—4a,(A+1)+2(1+A)a,= (1—a)B;

—2a,(A+1) = (1 - a)B,, then

_ Q= ®B1 ke the modulus both sid t
a2—2(1+/,l) , take the modulus both sides we ge
la,| = 1~ a)|Bi] But from definition 2.1.5 we know that |B;| <
2 2(1+2) o T a+da-4d)
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So,

(1-a)

el < arna-a

Then from comparison the coefficients of (z — w)?3 in both sides we get the following

—9a;2A+1) =1 —-a)B, —2B;(1 —a)(1 + Da, — 3(1 + 21)a,

—9a;(2A+ 1) +3a(1+21) =1 —a)B, —2B;(1 —a)(1 + A)a,

Take the modulus of both sides we get

|—6a;(2A+1)| < [(1 — a)By| + [2B1(1 — a)(1 + Da,|.

= 6]|a|2A+1) < (1 —a)|Bz| +2(1 — a)(1 + A)|a,l|Bil

Since

(1-a)

B2 1+ 1)1 —d?)

|B1

2
< <
<avoa—qg mdlels

< )
T (A+d)A-4d)z
Then

6las|(2A+ 1) < 211 - @) 40 - o)
(1-d)(1—d) ' (1—d?)?

i < 1 1—a +2(1—a)2
T @420 |30 -d)(1-d?)  3(1-—d?)?

Now for the upper bound of a, we repeat the above steps as the following :
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—16a,(34+1) =B;(1 —a) —2B,(1 —a)(1+ Va, —3B;(1 —a)(1 + 21)a,
—4(1 + 31)a,

Then ,

—16a,(31+ 1) + 4a(1 + 31)a,

=B;(1—a)—-2B,(1—a)(1+ ADa, —3B;(1 —a)(1+ 24)a,
Take the modulus of both sides we get
|-12a,(31+ 1)| < |B3(1 — a)| + |2B,(1 — a)(1 + Va,| + |13B,(1 — a)(1 + 21)a,|
Hence ,
12]a,|(32+ 1) < (1 — a)|B3| + 2(1 — a)(1 + D)|Byllaz| + 3(1 — a)(1 + 224)|B;||as|

Since

2
Bl = Trpa -

B2

|B1

| < Byl = :
(1+d)(1 —d)? 1+d)(1-d)

- 1 1-—«a 2(1 — a)? q - (1-a)
sl <Trma_oa—® T sa—ar| ™ el arya-e

2(1—a) 4(1 - a)? 2(1 —a)?
Rl D s g+ T a-da - T a- a - )

4(1 — )3
a-ay
That is
2(1—a) 6(1 — a)? 41— a)d

RladG+ D s maray T a-aa-an? T a-
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| < 1 (1-a) (1 — a)? (1—a)d
AT 60+ DA —d) T 21— d)(1—d2)? ' 3(1 - d?)3

Continue the comparing process we get :

las|
< 1 [IB4|(1—06)+2IBgl(l—a)(1+/1)|az|+3|Bz|(1—a)(1+2/1)|a3|+]
— 20(1 4421 4| Bi|(1—a)(1+31)|a,l

And

lag|
<6 1 [Ile(l—aH 2|B4I(1—a)(1+/1)|a2|+3|Bal(1—a)(1+2/1)|agl+]
~ 301+ 50 4|B,|(1 — a)(1 + 34)|ay| + 5|B;1(1 — a)(1 + 44)|as|

We note from the proof that :

a2 = 77 [~ @By ]
1
a3l < g [1B21(1 = @) + 21B1(1 = @)(1 + Da ]
las| <
m[lle(l—a)+2IBzI(1—a)(1+/1)IazI + 3|11 —a)(1 + 22)as] ]
las|
< 1 [IB4|(1—O:)+ 2|B5|(1 = a)(1 + Dlaz| + 3B |(1 — a)(1 + 22)|as] +]
— 2001 +42) 4| B;|(1 —a)(1 + 31)|a,l
And
lagl
< 1 [Ile(l—a)+ 2|B4|(1 — a)(1 + Dlay| + 3|B3|(1 — a)(1 + 24)|as| +]
— 30(1+51) 4|B,|(1 —a)(1 + 34)|ay| + 5|B.|(1 — a)(1 + 42)]|as|

If we continue this process , we can show that
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la| <

1 |Bi-11(1 — @) + 2|By_»|(1 = a)(1 + Dlaz| + 3|Br—3|(1 — )

k(k—1D[1+ (k—1)1] (1 +22)|as| + 4|Bi-_4|(1 — a)(1 + 3D)|ay| + -

2.3 Integral Mean Inequality [6]

In this section we want to recall the concept of subordination between analytic functions .

Given two functions f(z) and g(z) , which are analytic in A , the function f(z) is said to

be subordinate to g(z) in A if there exists a function h(z) analytic in A with h(0) = 0

and |h(z)| < 1, suchthat f(z) = g(h(z)) . We denote this subordination by

f(2) < g(2).

Now , we will introduce the relation between subordination and the integral mean

inequality by Littlewood Theorem .
Lemma 2.3.1 (littlewood) :
If £(2) and g(z) are analytic in A with f(z) < g(z) , then for u > 0 and z = re'?

0<r<i1

21

2T
f f(2)lhd < f 9(2)|d6
0

0

For proof see [4].

We want to show that the integral mean inequality can be applied to functions in the both

subclasses H(w, a, 1) and K (w, a, 1).
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Theorem 2.3.2 :

Letd >0.If f(z) € H(w, a, A) then we have

2T ) s 2T ] s
f |f(re19)| dg < f |g(re19)| do
0 0

Withz =rel® ,w =de?and0<d <r<1
Where

1—«a

Z—aa-Da+n % w)*

9(2) =(z—-w) -

Proof :

Since f(z) € H(w,a,A) then f(2) = (z—w) — Y5 ax(z —w)k?

If we write f and g as,

f@=(z-w)(1-X7az-w)?) and

_ L 1—«a
9@ = (2= W)[ T 20—+ (Z_W)]
Then we want to show that
f@ =1=) ayz—w)!
is subordinate to
Gu(2) = 1- —a (z-w)

2-a)(1-d)(1+A)
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To do this , define

(2 —a)(1+1)
GB-a)(1+20)(1—d)

h,(z2)= (z—w)+ (z —w)2 + -

which is equal to

ar(z —w)k1

S (2—a)(1+0)(1—d)
; 1-a)

Clearly h,,(w) = 0 and

|hw (2)| = a,(z —w)*?

S 2-—a)(1+0)(1—d)
nz:; 1-a)
Then,

2-a)1+10A -d)k?
1-a) i

@] < 1z =wl )

Sincek>2,then2—a<k-—a«a,and

[1+kA—A] =1+ 4],s0

ag

o (k— )1+ K+ )1 — d)?
()l <1 -y EZDET BT

But we know from lemma 2.2.1 that ¥ (k —a)(1 + Ak—A)(1 —d)*¥ 1 <1 -«

Hence
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o (k—a)(1+ Ak — ) (1 — d)k? 1-
L P e e
2

<lz-w|<1

Also

ax(z —w)*?

B 1-a CQ2-a)A+NA-d)
gw(hw (@) = 1_(2—a)(1+k)(1—d)22: (1-a)

= fw(2) .
Hence £, < gw. But f(2) = (z = w)fi,(2) and g(2) = (z — w)gw(2)

Then f(z) = g(hw(z)) ef<g.

Then , by Littlewood theorem we get that :

2T ] s 2T ] s
J |f(re‘9)| dg < J |g(rele)| de
0 0

Theorem 2.3.3:

Letd >0.I1f f(2) € K(w,a,), then

[\ faret®)| o < [F|g(ret®)| o

With z=re?? ,w=de®and 0<d<r<1
Where

1—«a

9D =C-w - e A T aarn ¢ W
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Proof :
Since f(2) € k(w,a,A) then f(2) = (z—w) — X7 ax(z —w)k1
If we write f and g as,

f@=@E-w)(1-X7az-w)*") and

l1—a
22 -a)A-d)(1+ 1)

9@ = @-wi- (z=w)

Then we want to show that
f@ =1- ay(z—w)*H
2

is subordinate to

1—«a
22-—a)1-d)(1+ 1)

gw(z) = 1- (z—=w)

To do this , define

22-a)(1+M)

(@) = =W+ m AT ma—a

(z—w)* +

which is equal to

ar(z —w)k?

S22 —a)(1+1)(1—d)
Z 1-a)

n=2

Clearly h,,(w) = 0 and
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o]

22 —a)(1+0)(1 —d)
Z 1-a)

lhw (2)| = ar(z —w)<?

n=2

Then,

22 —a)(1+ 1)1 - d)k?
(1-a)

ag

(] < 12 =w| >
2

Sincek >2,then2(2—a) <k(k—a) , and

[1+kA—-A] =1+ A4],s0

k(k—a)(1 + kL +20)(1 —d)k?
(1-a)

ag

@] < 1z =wl )

But we know from lemma 2.2.1 that Y5 k(k —a)(1 + Xk — D1 —d)¥ 1 <1 -«

Hence

k(k —a)(1+ Ak —2)(1—d)k? - (1-a)
) s lz=wig—g

lhw (2] < |z —wli
<lz-w|<1

Hence f,, < gw. But f(2) = (z — w)f,,(2) and g(2) = (z — w)gw(2)

Then f(2) = g(hy(2)),ief<g.

Then , by Littlewood theorem we get that :

21 ] s 21 ] s
f |f(rei®)|"do < f |lg(re®®)| do
0 0
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Conclusion

In this thesis I studied the analytic univalent functions and some of main related theorems
such as Riemann Mapping Theorem which leads us to define the normalized univalent

functions .

Moreover | used the normalization of univalent functions to define the class S of

univalent functions and other subclasses of S with specified conditions such as P and K .

In 2013 the researchers “B. Srutha Keerthi & M.Revathi “ in [4] defined new subclasses
of analytic univalent functions with negative coefficients H( w, @, 4) and K( w, a, 1)

and they discussed the coefficients bound for the functions in both classes.

Here we analyzed the main concepts of the paper and proved many relations that 1 used it

later to prove some theorems in the thesis .

In addition , I used the subordinate concept between analytic functions in order to prove

the integral main inequality for the functions in both classes H( w, @, 1) and K( w, a, A) .
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